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In recent years interest in the mixed boundary value problems of mathematical physics
has increased appreciably because of various applications. The mixed boundary value prob-
lems for simply-connected regions have been investigated widely and it can reasonably be
hoped that within a short time the theory will reach a satisfactory stage. It appears, however,
that very few problems for multiply-connected domains have been solved. Recently Srivastav
[2] has considered the problem of rinding an axisymmetric potential function for a half space
with a cylindrical cavity subject to mixed type boundary conditions. In a subsequent paper
[1], Srivastav extends the analysis to the asymmetric problem and formulates the problem in
terms of dual integral equations involving Bessel functions of the first and second kinds whose
solution leads to the solution of the potential problem. The latter paper, however, involves
heavy manipulations and complicated contour integrals.

In this note, making use of the technique adopted by Sneddon [3] for solving the problem
of an electrified disk inside an earthed cylinder, we show that the integral equation obtained by
Srivastav [2] can be obtained in a straightforward manner. The analysis used is purely formal
and no conditions have been determined under which changes of order of integration and so on
are legitimate.

Two types of boundary value problems of interest arise.

(a) The lateral surface of the cylindrical cavity is maintained at zero potential.

(b) The normal derivative of the electrostatic potential across the lateral surface of the
cavity is zero.

In this note we shall consider the problem (a), which can be stated as follows:

Determine a function <j>(p, 9, z) which satisfies Laplace's equation

v V - ^ + i ^ + ^ + j ^ - O (l<p<oo,O<;0g2*,Ogz<oo) (1)
dp2 p dp p2 392 dz2

and the boundary conditions

,z)^0 as V(P2 + zV°°> (2)

I, 6,z) = 0 (0 ̂  9 ̂  In, 0 ̂  z < oo), (3)

<j>(p, 9, 0) = 0 (0 £ 6 £ In, 1 ̂  p < a), (4)

/ • i(p, 9,0) = -(/n(p) cos n9+gn(p) sin n9) (p£9£2n,a<p< oo). (5)
oz
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We shall assume that g(p) = 0 for the sake of convenience in presentation. In case g{p) ^ 0,
the modification in the method is obvious.

A suitable representation for the harmonic function <j>(p, 9, z) which tends to zero as
z2)^> oo is given by the equation

4>(p, 9, z) = cos nB Uyn(OJn(tp)e-iz d^+jxJiOK^P) sin tfz) # 1 , (6)

where /„ is the Bessel function of the first kind and Kn is the modified Bessel function of the
second kind. The boundary conditions (3), (4) and (5) are fulfilled if we can determine ij/n(£)
and xn(£) such that following three equations are satisfied:

Jo

r
Jor
Jo

= 0 (0<z<oo), (7)

(8)

: (P>a). (9)

From the theory of Fourier transforms it easily follows that the equation (7) is equivalent to the
equation

( = 0. (10)

Let us suppose now that
0 (1 < p < a),

-n["_J
JoV(P

(11)

where g(t) is an as yet unspecified function. On using the inversion theorem for Hankel
transforms and then interchanging the order of integration, we obtain

Since [4, (32), p. 25]

we therefore have
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If we put the above value of i]/n(£) in the equation (8) and interchange the order of integration,
we find that (8) is identically satisfied by $„(£) f° r aU those functions g (t) for which we can
interchange the order of integration. If we substitute the value of \j/n(0 from (12) in the
equation (10), it is reduced to the equation

Multiplying (9) by pl~" and integrating over (p, oo) with respect to p, we find that

r
Joo JP Jo

If we substitute the value of ^B(f) from (12) in the equation (14), we find that it is reduced to
the equation

C° afrit1'2" I*00 1*
^ 4 K * = P1""/n(p)dp+P1-n

JP \JKt ~P ) Jp J
which is easily shown to be equivalent to the equation

2""

The expression for g(t) still involves an unknown #„(<!;). If we now combine (13) and (15) we
obtain the integral equation

where

K(u, t) = f" f -^l K^uQKt-JtQ d£, (16)
Jo ̂ n(C)

which is the same as that obtained by Srivastav [1].
I am greatly indebted to Dr R. P. Srivastav for many helpful discussions in connection

with the problem discussed in this paper.
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