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1. Introduction

One of the central problems of surgery theory for TOP or PL manifolds is the realization
problem for obstructions in the Wall groups by normal maps of closed manifolds. This
problem has been solved for a large class of manifolds with different fundamental groups
(cf. [6,8]). We consider a new type of this problem, namely, we study the following
question.

Under which conditions can various splitting obstructions be realized by
homotopy equivalences of closed manifolds?

In [9] this problem was considered for special cases (cf. Example 2.3). It turns out that
it is closely related to the problem of classification of homeomorphisms of closed non-
simply connected manifolds, up to isotopy (cf. Corollaries 2.7 and 2.8). On the other
hand, it is also connected with the study of the obstruction groups LS to splitting along a
submanifold whose fundamental group maps onto the fundamental group of the manifold
itself (cf. Proposition 2.10).
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2. Main results

Let Y be a closed connected topological manifold of dimension n + 1 ^ 6 , X C Y a,
submanifold, and / : M - > Y a simple homotopy equivalence, [/] 6 <STOP(y). Denote
N = f'1(X). The question is whether there exists a map / i : M —» Y which is homotopic
to / and such that the restrictions

f!\N:N->X and / i | M X A r : M \ N -> Y \ X

are simple homotopy equivalences of topological manifolds?
The map /i : M —> Y is called a splitting of / along X and the question about its

existence is called the splitting problem. If Y is a manifold with boundary dY, then the
splitting problem still makes sense; one must only assume that it is already solved on
the boundary dY, i.e. that the map f\gM '• dM —¥ dY has been split along dX C dY,
and that the homotopies between f\ and / remain fixed on dY, where [/] 6 <STOP(Y) =
[Y/dY,G/TOP] = Hn+1(Y;L).

In the case when X is a one-sided codimension one submanifold, the splitting problem
was studied in [2,9] for special cases, and in [14] for the general case. Algebraic tools
were developed in [11,12]. It turned out that in the case when the inclusion-induced
homomorphism i : ni(X) —»• TTI(Y) is an isomorphism (we shall hereafter call such
manifold pairs (Y, X) admissible), the group of obstructions to the splitting problem is
denned algebraically and it depends only on dimension n (mod 4), as well as on the
homomorphisms of fundamental groups

induced by the embedding Y \ X —> Y. For an admissible pair, the homomorphism I
is an embedding of a subgroup of index 2. The groups •K and G are equipped with the
homomorphisms

<+>Y\X '• ft -> %2 a n d wy • G -> Z2 ,

which are defined geometrically as the orientation homomorphisms for the manifolds
Y \ X and Y, respectively.

We shall denote by G~ the group distinguished from G by the value of wy on G\ir. It is
not difficult to check that the homomorphism u)y\x is induced by the homomorphism uiy,
under the embedding £. According to [14], the obstruction group is denoted by LNn(?r —¥
G). This group is the Witt group of quadratic (n/2)-forms (respectively ((n - l)/2)-
formations) over the group ring Z[7r], equipped with the antistructure (cf. [12]).

In the present paper we consider the calculation in the simplest case G = n x Z2.
In this case we have LNn(?r —» G) = £n+i+w(t)(7r)) where t is the generator in Z2 and
u>{t) = +1 or - 1 . In the general case, the obstruction group is defined as the Wall group
over the ring with antistructure (Z[7r],a,£2), where t £ G \n, a : Z[?r] —>• Z[7r] is the
automorphism given by a(u) = tut'1. The obstruction to splitting of / along X is
denoted by u(f) e LNn(n -¥ G).
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We now introduce some key definitions. For an arbitrary admissible pair (Y, X), we
shall denote by BL(Y, X) C LNn(7r -» G) the subset consisting of the elements which
can be realized as an obstruction^under some choice of the simple homotopy equivalence
/ : M —» Y. Let us denote by BL(Y, X) C BL(Y, X) the subset of those obstructions
u(f) which can be realized by a simple homotopy equivalence / : M —» Y having the
trivial normal invariant

S(f) 6 [y;G/TOP] = Hn+1(Y;h).

The subsets BL(Y, X) and BL(Y, X) can be described by means of the Ranicki assembly
construction and they are well-defined abelian groups (see §3).

Proposition 2.1 (C. T. C. Wall). Let {Y,X) be an admissible pair of manifolds
with non-empty boundaries dY D dX, such that the pair (dY, dX) is itself admissible,
and the homomorphisms TTi(dX) -»• ni(X) andir^dY) —>• ni(Y) are isomorphisms. Then
the group BL(F, X) is equal to the entire group LNn(?r —> G).

Problem 2.2. Let (Y, X) be an admissible pair of closed manifolds. Describe the
subgroups BL(y, X) and BL(Y, X) of the group LNn(7r -> G).

We remark that analogous problem can be asked for the groups LP(Y, X) (cf. [10]). Let
us calculate the groups BL(y, X) and BL(y, X) for some specific examples of manifold
pairs.

Example 2.3 (cf. [9]). Let JK = RP7 D RP6 = X, m(Y) = Z% and dimX = 2
(mod 4). Then the subgroups BL(Y, X) and BL(Y, X) coincide with the entire group
LN2(0 -> Zj) = Lo(l) = Z.

Example 2.4. Let Y = M.P2 x RP5 D_ RP2 x RP4 = X, i:x{Y) = Ẑ " © Z^ and
AvmX = 2 (mod 4). Then the subgroup BL(Y,X) is trivial, whereas BL(Y, X) coincides
with the entire group L2(ZJ ->• ZJ © Zj) = L0(Z^") = Z2.

Example 2.5. Let Y = RP3 x RP3 D^RP2 x RP3 = X, m{Y) = 1% © Zf and
dimX = 1 (mod 4). Then the subgroups BL(Y,X) and BL(Y,X) agree with the entire
group LNi(Zj -> Z j © Zj) = L3(Zf) = Z2.

Example 2.6. Let Y = RP3 x RP3 x RP3 x RP3 D RP3 x RP3 x EP 3 x RP2 = X,
ITI{Y) = (Zj)4 and dimX = 3 (mod 4). Then the subgroups BL(Y,X) and BL(y,X)
are trivial, LN3((Z;j-)3 -»• (Zj)4) = Za((Zj)3) = Z2.

Let us consider an application, connected with the group BL(y, X). Let f,g:M—*M
be any homeomorphisms and let dim M ^ 5. We shall say that / and g are connected via
a pseudoisotopy or concordant if there exists a homeomorphism F : M x [0,1] ->Mx[0,1]
such that F|MX{O} = / a n d F\MX{I} = 9-

Proposition 2.7. There exists an infinite set of homeomorphisms

fi : RP3 x S 3 ^ RP3 x S3,

homotopic to the identity map, such that no two among them are concordant.
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Proposition 2.8. There exists a homeomorphism

f : MP3 x RP3 x S 3 ^ RP3 x EP3 x S3,

which is homotopic, but not concordant to the identity homeomorphism.

The main result of this paper—Theorem 2.10—is related to the following problem.

Problem 2.9. Does the subgroup BL(Y, X) depend on the homotopy type of the
manifold Y?

Theorem 2.10. Suppose that the element a £ BL(Y,X) C LNn(7r -> G) can be

realized as the obstruction a = u(f) to the splitting, for some choice of f and for an

arbitrary admissible pair (Y,X) of closed manifolds with the given TTI(Y) = G and

n = dimX. Then the surgery obstruction b G Ln(G~) of the normal map f : N —> X lies

in the image of the homomorphism Ln( * Z±) —> Ln(G~), induced by some epimorphism
k i= l fe
* Z* -» G~, which preserves the orientation of w. (Each element in Ln{ * Z±) lies in

i=l k i=l

the image of Ln(Z
±), for some map Z± -4 * Z± (cf. [4]).) In particular, a is not the

Art invariant in codimension ^ 3 (cf. [5]).
The subgroup BL(Y, X) C BL(Y, X) is defined algebraically (see the next section) and,

therefore, this subgroup doesjiot depend on the admissible pair (Y,X). Examples 2.3
and 2.5 show that the group BL(Y, X) (and therefore BL(Y,X)) is non-trivial for some
pair (TT C G,n). We also note that any non-trivial element of BL(Y, X) yields an example
of a non-zero element of LNn(7r —> G) which can be realized as the splitting obstruction,
for an arbitrary manifold pair (Y, X), with given TT\(Y), n = dimX.

The proofs are organized in the following way. In § 3 we recall algebraic properties of
the splitting obstruction group for admissible pairs of manifolds and we present the com-
putations of Examples 2.3-2.6. In § 4 we recall some algebraic properties of the splitting
obstruction group when the pair (Y, X) is inadmissible and the inclusion X CY induces
an epimorphism TTI(X) —> TTI(Y). At the end of the section we prove the main theorem.

3. Admissible manifold pairs

Proof of Proposition 2.1. Let (Y,dY) D (X,dX) be an admissible pair. Consider
a neighbourhood U D dY of the boundary dY such that U = dY x / , where / = [0,1].
Assume that dY x {1} is identified with the boundary of the manifold Y.

According to a result of [14], there exists a simple homotopy equivalence

F: (W,W0UWi) -> (YxI,dY x {0}l)dY x {1}),

such that F\w0 is a homeomorphism and F\w0 is a simple homotopy equivalence, split
along the submanifold dX x {1} c dY x {1}, where the obstruction to splitting of F
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along the submanifold dX x / C BY x I (rel d) coincides with an arbitrarily chosen
obstruction a from the group LNn(7r —> G). We now glue the map F with the identity
map Id : Y\U -> Y\U, along the boundary dY', f = FUgy Id. Then a is the obstruction
to splitting of / along X. •

We recall some properties of the splitting obstruction group. Consider the following
diagram [11, p. 582]:

STOP{Y) « > LSn(Y,X) ^ >

The map u gives the splitting obstruction of a simple homotopy equivalence / : M —>Y
along X CY, [/] € <STOP(y) = [Y/dY,G/TOP] = Hn+1(Y,L). The map d is a map in
the algebraic surgery exact sequence [12, p. 8], l\ =uod. The map £2 gives the surgery
obstruction of the restriction /|jv : jV -4 X.

By construction we have that BL(Y, X) = lm£i and BL(F, X) = Imu. The set
iSTOP(y) is equipped by an abelian group structure, hence the sets BL(Y, X) and
BL(Y, X) are abelian groups. If the pair (Y, X) is admissible, we have

(i) L

(ii) £2=toi: LNn(7r -> G) -> Ln{G~); and

(iii) h = i- o r 1 : Ln+2(G) -> LNn(7r -> G);

where i ! o r ' is a composition of the transfer homomorphism with the scaling homomor-
phism, i is induced by inclusion n —>• G.

Recall the usual diagram

I
•Ln+i(G,uj) -¥ Ln+2(x-+G;u>oip) -4 LNn(7r

i

where n is the kernel of the epimorphism ip : G -» "L2. Due to the lack of space, we shall
only make some remarks about i and t. In particular, LNn(7r -> G\u) is isomorphic to
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Ln(n, anti), where anti means the L group with some antistructure: i denotes the inclusion
and transfer from Ln(TT,anti) to Ln(G,anti) and v denotes the transfer going in the
opposite direction. The maps t used above are isomorphisms t: Ln{G; anti) —> Ln(G;w)
and t : Ln(G; anti) -t Ln-2(G;cj o </>).

The final remark needed to understand most of our proofs is that if there exists an
element t G G\n such that t2 = e (as in the case of all our examples) LNn(7r -* G; w) =
Z/n_2(7r;w) if w(t) = - 1 or LNn(7r -» G\UJ) = Ln(n;w) if w(t) = 1.

We also observe that the map v ot"1 : Ln+2{G) —> LNn(7r —> G) in the exact sequence

> L n + 2 ( r : G ^ > n ) ^ L n + 2 ( i r ) -»• L n ( n - > G) - > • • •

is described in [12, p. 264] in terms of algebraic Poincare complexes, whereas the map
t oi : LNn(?r —> G) —> Ln(G~) in the exact sequence

> Ln+i(G~) -> Ln+2(7r -> G) -> LNn(7r -> G) -^4 Ln(G") -> • • •

is described geometrically in [14, Theorem 11.6].

Calculations of Examples 2.3 and 2.5. It suffices to prove that the maps

v : L0(Z+) -• L0(l)

and

are epimorphisms. This was done in [14]. •

Calculations of Example 2.4. The map

v :

is trivial. Therefore BL(Vr,X) = 0. Next, let [a] G ^ ( Z J ) = Z2 be a generator and
consider the quadratic form b — (t o i«)(a) S 1*2(ZJ © Z2"). This form corresponds to
the obstruction to surgery of the normal map f : N -> RP2 x RP4 to a homotopy
equivalence.

Let

[/'] 6 H6(RP2 x RP4;L(Z)) = ^# 6 _ f e ( ]RP 2 x RP4;Lfc(Z)), A([f'}) = [b],
fc€Z

where A is the assembly map in the surgery exact sequence. The form t(b) over Z[TT] is
equipped with the Lagrangian A C r (6) (the trivialization) such that v (b) = A © TA,
where T : i'(b) —> i'(b) is a homomorphism, given by the multiplication of t G G \ IT
(cf. [7]).

The map / ' : N —> RP2 x S4, being a 2-fold covering of / , has the trivial normal
invariant [/] G H6(RP2 x 5 4 ; L Q ( Z ) ) and consequently, the map / can be surgered to a
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homeomorphism h" : N" —> RP2 x S4, by means of a normal cobordism F, which in
turn is determined by the choice of the trivialization A" of the form A'(f).

The trivialization A" need not coincide with the prescribed trivialization A by which
the surgery obstruction a was denned. The homotopy equivalence h! : N' -> RP2 x S4,
obtained by surgery of / ' in accordance with the trivialization A, differs from the
homeomorphism h" by the action of some element of the group L^iW,^) o n the set
STOP(RP2xS4) of the homotopy structure on the manifold RP2 xS4. On the other hand,
L3CZ2) = 0 and the map h" is homotopic to h'. Consequently, b! is a homeomorphism.

We define / : M —> RP2 x RP° by gluing the equivariant homotopy equivalence

G = F (J ->-RP2 xS 4 x [-1,1]

along the boundary N'UTN' = d(G) by two standard copies of (RP2 xB5,d). The
element a is realized as the obstruction to splitting of / along X. D

Calculation for Example 2.6. The map

toi: L1((Z+)3) -> Li((Zj)3 © ZJ)

is an isomorphism. By a theorem of Kharshiladze [8], the single non-trivial element of
the group Li((Zj)3 © ZJ) cannot be realized by a normal map of closed manifolds.
Therefore, the non-trivial element of the group LN3((Z^)3 —> (Zf)4) cannot be realized
as the splitting obstruction. D

Proof of Proposition 2.7. Let Y = RP3 x S3 x [0,1] and consider the set STOP(Y)
of homotopy structures of manifolds Y, rel<9Y. Then STOP(Y) can be represented by a
homotopy equivalence / : Y —» Y, such that the restriction / |av is a homeomorphism.

The group Lo(Zj) acts on the elements of the set STOP(Y) by means of the map
r]: L0CL2) —> <STOP(F) from the surgery exact sequence in the category of manifolds with
boundary [12, p. 208]. Define / , as the result of the action of the element bi € LQCL^),

where we choose the sequence of elements bi in every residue class with respect to the
kernel of the epimorphism.

There is some arbitrariness in the choice of the parametrization of the preimage of
the map fi, homeomorphic to Y. We shall assume that /i|Rp3Xs3x{o} is the identity
homeomorphism. Then fi\^p3xs

3x{i} is the initial homeomorphism. Denote this home-
omorphism by hi : RP3 x 5 3 - > RP3 x S3 and let us prove that hi is not concordant to
the identity homeomorphism Id : RP3 x S3 -> RP3 x S3.

Suppose to the contrary. Let

5tbp3xs3x{i} = hi and 3IUP3XS3X{2} = Id.

Consider the map

ki = fiUgi :RP3 x S3 x [0 , l ]U 2 P 3 x S 3 x ( 1 } lP 3 x S3 x [1,2]-> KP3 x S3 x [0,2].
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By construction, ki induces the identity map of the boundary RP3 x S3 x {0,2}.
We shall prove that the map kt splits along RP3 x S3 x [0,2] (rel d). Let pt e RP3

be the distinguished point and a € TTI(KP3 X S3) a loop denned as the projection of the
path ki{pt x [0,2]) C MP3 x S3 x [0,2] onto RP3 x S3.

If a ^ 0, take an isotopy

I : [2,3] x MP3 x S 3 ^ [2,3] x RP3 x S3

such that I([2,3]) is projected onto RP3 x S3 as a generator in TTI(RP3 X S3). Consider
the map

k'i = ki ( J X : [0,3] x RP3 x 5 3 - > [0,3] x RP3 x S3.
{2}xRP3xS3

After the reparametrization [0,3] —> [0,2] we have the map fc", under the condition a = 0.
Obviously, the reduced map k" splits (rel d) if and only if the map ki does. We denote
below the map k" by ki.

We construct the map

Pi : RP3 xS3xS1 -> RP3 xS3 xS1

by the identification of the two components of the boundary of the map ki. By construc-
tion, pi joins via homotopy with the identity map. Indeed, the homomorphisms

(Pi)# : TTiQRP3 x S3 x S1) -> ^ ( R P 3 x S3 x S1)

are identity.
Therefore, the splitting obstruction of the map pt along RP2 x S3 x S1 is zero. The

splitting obstruction of the map fcj (rel d) along RP3 x S3 x I can be expressed using the
splitting obstruction of the map pi along RP2 x S3 x S1 by the Shaneson decomposition
of the Wall group

see [13]. Therefore kt splits over RP2 x S3 x I (rel d).
On the other hand, the obstruction a(ki) to the splitting of ki along the submanifold

RP2 x 5 3 x [0,2] c RP3 x S3 x [0,2]

is non-zero. Moreover, a(ki) =£ cr(kj) for any i ^ j (see the calculation of Example 2.3).
Therefore the homeomorphisms fcj from the group Homeo(RP3 x S3) belong to different
residue classes with respect to the subgroup induced by the relation of concordance. •

Proof of Proposition 2.8. The argument is analogous to the proof of Corollary 2.7:
apply results from the calculations of Example 2.5. •
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4. Inadmissible manifold pairs

We recall basic properties of the splitting obstruction group LSn(Y, X) if the pair (Y, X)
is inadmissible and the homomorphism TTI(X) —> TTI(Y) is an epimorphism. The group
includes into the exact sequence (see [1])

Nn(7r -* G)
(4.1)

Let (y, X) be an admissible pair, X' C Y x {1} a manifold, concordant to X x {0} in
Y x [0,1], and ni(X') -> 7Ti(y) an epimorphism. For an arbitrary [/] e <STOP(y) the
splitting obstruction u(f) lies in the subgroup Im(p) = Ker(d) in the sequence (4.1).
Some examples give Ker(d) ^ LNn(y, X) (cf. [1, Diagram 7]).

Example 4.1 (A. F. Kharshiladze). Let Y = L3(Z4)xSN, where L3(Z4) = S3/Z4

is the standard lens Z4-space. There exists a one-sided submanifold K2 x SN C Y, where
K2 is the Klein bottle. We have

(i) n1{K*) = Z * Z = { t 1 , t 2 \ t l = t l h

(ii) 7r1(L3(Z4)) = Z4 = { t | t 4 = l } ;

(iii) Z * Z -> Z4;

(iv) i#( t i ) = i#(<2) = <; and

(v) w*-2(*i) = ^^2(^2) = - 1 .

Therefore for an admissible pair (Y, X) the splitting obstruction lies in:

u(f) e Ker[LNn(y,X) 4 Ln(Z * Z -> ZJ)].

Definition 4.2. Let (Y, X) be an admissible pair of closed manifolds. We shall say that
the manifold Y is exceptional if there exists another one-sided submanifold X' C Y in the
same concordance class, such that X' has a free (non-abelian) fundamental group and the
homomorphism KI(X') —)• TTI(Y), induced by the inclusion X' C Y, is an epimorphism.

Example 4.3. The manifold Y = Sk x RP2, fc ^ 2, is exceptional since there exists
a submanifold X = Sk x RP1 C Sk x RP2 with TT^X) = Z. On the other hand, the
manifold Sk x IRP4, k > 2, is non-exceptional.

In order to verify this, suppose to the contrary. Then there exists a submanifold X C

Sk x MP4 such that TTI(X) = * Z+. Every epimorphism * Z+ ->• Zt factors through
fc 1 = 1 2 = 1

the map .* Z + -» Z+ -»• Zf. Let

p : x RP4
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be the map which induces an isomorphism of fundamental groups, such that p~1(M.PN) =

X. Consider q = p\x • X -¥ RPN~1. The map q factors through the map q' : X ->

S1 C RP^" 1 . Therefore, p can be chosen so that the preimage p~1(M.PN~3) is empty.

On the other hand, the cocycle p*(t3) 6 H3(Sk x RP4; Z2), where t € H3(RPN; Z2) is a

generator, is not cohomologous to 0. Therefore the manifold Sk x RP4 is non-exceptional.

Proposition 4.4. For every finite group G, equipped with the orientation character
UJ, and for every n ^ 5, there exists a closed exceptional manifold Y of dimension dim Y =
n+1, such thatn^Y) = G and CJ = wi(Y) € H1{G;Z2).

k

Proof. Consider the epimorphism r : * Z -»• G of the free group on k generators
i=l

onto the group G, and let us construct a manifold X' as the connected sum of k copies of

the pair (5™"1 x S1, Sn~1 xS1) in accordance with the orientation character on the group
k

G~. Consider the 1-fibration rj —> X' which corresponds to the subgroup r~ (n) c * Z
i = l

of index 2. A tubular neighbourhood dr) is then the boundary of some manifold W,
dW = drj, and the homomorphism TTI(W) —> •K agrees with the given one on dr\.

We perform a surgery on the manifold W to obtain W, by means of interior surgeries
on handles of index 2, and we kill the kernel of the map TTI (W) —> n. We have that dW =
dW and we get a well-defined manifold Y = rj Ug^ W. By construction, TTI(F) = G.
Moreover, the submanifold X <ZY is the result of a surgery on the submanifold X' inside
Y, of handles of index 2, killing Ker[7Ti(X') -> TTI(Y)]. The pair (Y, X) is admissible and
the manifold Y is exceptional. D

Proof of Theorem 2.10. Suppose that the obstruction to surgery of a simple homo-
topy equivalence / : M —> Y equals u(f) € LNn(7r -» G). By construction, u(f) lies in
the image of the group LSn(F, X) —> LNra(7r —> G), where X' C Y is a submanifold with
a free fundamental group.

Passing to the normal map f\w : N —> X we observe that the obstruction to surgery of
_ k _

this map in the group Ln(G~) lies in the image of the subgroup Ln{ * Z±) -> Ln(G~).
i—l k

Finally, from the Mayer—Vietoris sequence (cf. [3]) we conclude that the group Ln( * Z )

is generated by the image of Ln(Z±) —> Ln( * Ir^) under the homomorphisms induced
fc i=\

by the regular embeddings Z* C .* Z±. D
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