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ON EQUIVARIANT VECTOR BUNDLES ON AN ALMOST

HOMOGENEOUS VARIETY

TAMAFUMI KANEYAMA

§ 1. Introduction

Let k be an algebraically closed field of arbitrary characteristic.
Let T be an ^-dimensional algebraic torus, i.e. T = Gm X X Gm Oft-
times), where Gm = Spec (k[t, ί"1]) is the multiplicative group.

An almost homogeneous variety under an action of T is an algebraic
variety X over k endowed with an action of T and which has a dense
orbit. Normal effective almost homogeneous varieties under torus action
have been classified in [2,4]. We review the results briefly in §2.

Let E b e a vector bundle on an almost homogeneous variety X with
an action of T. For every fc-rational point t in Γ, the action of t on
X is denoted by t: X-+X (x •-> tx). We say that E is equivariant if

there exists an isomorphism φt: t*E —^-> E for every fc-rational point t
of T. Furthermore we say that an equivariant vector bundle E is T-
linearized if, for every pair of fc-rational points t, V of T, φw = φt, t'*φt

holds where

φt. tf*φt: (tt')*E = t'*t*E Ά t'*E JU E .

In this paper we study equivariant vector bundles on a smooth complete
almost homogeneous variety. In § 3 we show that an equivariant vector
bundle E on X always has a T-linearization. Thus we study Γ-linear-
ized vector bundles on X. Let {Ui} be a covering of X by Γ-stable affine
open sets. We show that the restriction of E to Z7< has a semi-invariant
base with respect to the action of T, where a section u e E(Ui) is semi-
invariant if for some character ξ

Φt(u) = e(ξ)(t)u
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66 TAMAFUMIKANEYAMA

holds for every ^-rational point t in T. e(ξ)(t) is the value at t of the
function ξ: T —> Gm. Then in § 4 we describe a T-linearized vector bundle
E on X in terms of these semi-invariant, i.e.

Theorem 4.2 Let (X, T) be a smooth complete almost homogeneous
variety defined by a cone complex (Γ, ̂ ) . The set of Γ-linearized vector
bundles of rank r up to T-isomorphism corresponds bijectively to the set of
(m,P) up to equivalence. A detailed description of (m,P) is in §4.

Finally, we give examples of equivariant vector bundle of rank 2
on P2 which are indecomposable.

The auther wishes to thank Professor T.Oda for his advise during
the preparation of this paper.

§ 2 . Almost homogeneous varieties

Let (X, T) be an w-dimensional almost homogeneous variety where T
is an ^-dimensional algebraic torus. Let 3 — B(T) = Homfc_&r (T, Gm) be
the additive group of characters of T. 3 is a free Z-module of rank
n = dim (Γ). Let the exponential map β: 3 -> fc(T)* be the homomorphism
which sends ξ in 3 to the corresponding rational function e(ξ) on T.
Let Γ = Ή.omk_gr (Gm, T) be the additive group of one-parameter subgroup
of T. Γ is a free Z-module of rank n — dim (Γ) and is the dual Z-
module of 3.

We call a non-empty subset C of ΓQ = Γ ®ZQ a strongly convex
polyhedral cone with apex at 0, or simply a cone, if CΠ(-C) = {0} and
if there exists a finite subset {φl9 , φm) of Γ such that C — Qoφ1 + •
+ QoΦm where Qo denotes the set of non-negative rational numbers. If
{Φiy'"9φm} is irredundant and each φt is primitive, i.e. is an integral
multiple of no element of Γ, we call φlf 9φm verticial elements of the
cone C. Let the dimension of C be the dimension of the Q"vector space
C + (-C). A non-empty subset C of a cone C is called a facial cone
of C if there exists an element ξ of 3 such that φ(ξ) ^ 0 for all φ in C
and that C" = {φ e C \ φ(ξ) = 0}.

A cone complex (Γ, ̂ ) , or simyly #, in ΓQ is a finite collection of
cones of ΓQ with properties:

(i) if C is a facial cone of C in # then C7 is in #,

(ii) if C and (7 are in # then the intersection C Π (7 is a facial
cone of C as well as of C'.
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THEOREM 2.1. The category of normal effective almost homogeneous

varieties under torus action and equίvariant morphisms is equivalent to

the category of pairs (Γ,^) consisting of a free Z-module Γ of finite

rank and a cone complex <g in ΓQ and maps which are defined as fol-

lows:

A map from a pair (Γ, <?) to another pair (Γ", #') is a homomorphism

of finite cokernel from Γ to Γf whose scalar extension to Q sends any

cone of <$ into some cone of <€f.
Moreover, X is complete if and only if the associated pair satisfies

ΓQ = Uce* C X ίs smooth if and only if every cone (resp. every max-

imal cone) in <€ is regular, i.e. the set of its varticial elements can be
extended to a Z-base of Γ.

See [4].

PROPOSITION 2.2. Let (X, T) be a smooth almost homogeneous variety

and let x in X be a T-fixed closed point. Let V be the union of T-orbίts

whose closure contains x. Then there exists a base {a19 ,αn} of Ξ such

that V is T-equίvariantly isomorphic to the afβne space Spec(fc[e(<*i), ,

e(an)]) which has the canonical diagonal T-action e(ξ) ι-> e(ξ) (x) e(ξ).

See [4].

§ 3. Equivariant vector bundles

From now on (X, T) is a complete smooth almost homogeneous

variety unless otherwise stated. Hence X is covered by T-stable open

sets isomorphic to the ^-dimensional aίRne space with a diagonal action

of T by proposition 2.2. For every fc-rational point t of T, the action

on X of t is denoted by t: X -+ X sending x to tx.

DEFINITION 3.1. An equivariant vector bundle E on (Z, T) is the

vector bundle on X such that, for every fe-rational point t in T, there

exists an isomorphism φt: t*E - ^ > E.

DEFINITION 3.2. An equivariant vector bundle (E,φt) is called T-

linearized if, for every pair of fc-rational points t, V of Γ, φw = φt, t'*φt

holds where

φv tf*φt: (ttTE = t'*t*E ^> t'*E - ^ > E .
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Let E be an equivariant vector bundle on (X, Γ). Let G(E) be the

set of pairs (ί, φt) where ί is a fc-rational point of T and φt is an iso-

morphism φt: t*E -* E. G(E) is an algebraic group whose multiplication

is given by

Then G(E) is an extension of T by the bundle automorphism group

Aut (E)

0 > Aut (E) -i-* G(E) -?U Γ > 0

j sends φ to (1,0) and 39 sends (t, φ) to ί. Note that a Γ-linearization

for E corresponds to giving a group section s: T

PROPOSITION 3.3. TΛe above exact sequence has a group section

s:T-* G(E). Hence equivariant vector bundle can always be T-linearized.

Proof. Since T and Aut(Z?) are linear algebraic group, so is G(E).

Let Tf be a maximal torus of G(E). Since p(T0 = T and a surjective

homomorphism from a torus to a torus always has a section (see Borel

[1]), there is a section

s: T-+T' c G(#) . Q.E.D.

Let E be a Γ-linearized vector bundle on an X which is defined by

a cone complex (Γ, ̂ ) . Let C in tf71 be a maximal cone and let U be

the corresponding Γ-stable affine open set i n Z , i.e. U = Spec (A) where

A = Me(D)] is a polynomial ring with D = C* Π £\ A is a i?-graded

ring since there is a Γ-action on A. Namely

A = 0 A,

where Af consists of element α of A with

a1 is the translation of a induced by the automorphism t: C7 -> U. We

note that A€ = ke(ξ) if f e D and Ae = 0 if ξ & D.

PROPOSITION 3.4. Let D be a sub semi-group of S such that A =

k[e(D)] is a polynomial ring. Let M be an A-module. Then a T-

linearization on the sheaf M on Spec (A) coincides with a Ξ-graded A-
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module structure on M.

Proof. Let M be a ^-graded A-module, i.e.

Then there is a fc-isomorphism

t*: AT -> AT

sending m to mt = Σξese(ξ)(t)mξ if m = Σ ? 6 s m £ where β(?)(0 is a value

at ί of a function e(ξ). Since A is a Jϊ-graded module there exists a

fc-isomorphism

ί* : A — A

sending α to α*. We denote £*A — A'. Let A7 be an A-module through

ί*, A' ®^ M is A-module. Furthermore A7 ®A, M ~ M by trivial iso-

morphism A' ~ A. So we have ί-semi-linear A-isomorphism

ί*: A' ®A M -> A7 (x)^ ikί

sending a1 ®m to α* ® m*. Thus we have

By construction, for every pair (*,*')»(**')* = ί/ϊ|s t* means the relation

So M has a T-linearization. Conversely if M has a Γ-linearization we

can reverse the above order so M is a ^-graded module. Q.E.D.

EI £7 is associated to a protective A-module M. Since M has a Γ-

linearization we see that M is a ungraded A-module. Let D be a sub-

semi-group of Ξ generated by a Z-base {ηx, ,^} of i?, i.e. D = Z^x +

• + Z0^π, where Zo is the set of non-negative integers. Let A = k[e(D)],

i.e. A = fc[^j, ,un] is a polynomial ring of ^-variables u€ = e(̂ <) (i = 1,
• , n) with the ^-gradation given by deg (u€) = ^ For ξ e Ξ we denote

by A(f) the 5-graded A-free module of rank one defined by

A(ξ), - Aξ+η .

THEOREM 3.5. Let A = fc[e(Z))] &e as above. If M is a finitely

generated Ξ-graded A-projective module of rank r, then there exist ξlf

• , ξr in Ξ such that
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M~ A(-£1)Θ...ΘA(-£r)

as Ξ-graded A-module, in particular M is a free A-module.

Proof. Let {x19 , xp} be a minimal set of generators of M as an

A-module. We may assume xl9 , xp are homogeneous with characters

ft, , ft, respectively. Let

and let βt be the element of A( —ζt) corresponding to 1. We define a

degree preserving A-homomorphism

f:F->M

by f{βi) = #< (ί = 1, ,p). / is a surjective homomorphism of B-

graded A-modules. Let N be the kernel of /, hence we have an exact

sequence

0 >N-UF~^->M >0 .

By renumbering if necessary, we may assume that

ξι== ... =ξq9 ξό<£ ξx + D i f j > q .

In fact put

If ξ2 e P and f 2 =£ f x then there is non-zero η in D such that £2 = £i + 9

Put

Since Z> is a semi-group with zero and with no subgroup we see that

Pr dP and ξ1eP'. Thus we replace ft by ft. We do the same for this

new ft and keep on doing the same. The process terminates since the

original P is finite.

We may assume q < p. In fact suppose ft = = ξP and let

V

i = l

be a homogeneous relation satisfied by xt = /(e<) with at homogeneous

in A. Since deg(xt) = ft for all i, there exists an 27 in D such that
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deg (di) — η for all i. Hence we can write at = kφiy]) where kt are in fc.
Therefore our relation becomes

e(rj) Σ kiXt = 0 .
ί = l

Since M is A-flat we have 2f=1 ktxt = 0. If there is i such that fc* ̂  0,
then Xi — —Σjφi k^kjXj. This is a contradiction to the minimality of
the set of generators {x19 , xp}. If kt = 0 for all i then αt = 0 for all
i. Hence {xi9 , #p} forms an A-free base of M, thus M is free. There-
fore we may assume that q < p.

We prove proposition 3.4 by induction on rank (F) = p. If rank (F)
= 1 we are done. Thus suppose rank (F) > 1 and q < rank (F). Since
M is A-projective there is an A-module section s:M->F such that f-s
= 1. This means

as A-module. We want to show that F = N Θ s(M) as i?-graded A-
module by replacing s. Since Horn (.M, F) is T-linearized vector bundle
Horn (My F) is i?-graded A-module. So we take s0 as a section where s0

is the degree 0 part of s. Since ^-graded homomorphism

Horn (M, F) -> Horn (M, M)

is surjective and sending s to identity, so s0 is not zero. So this s0

satisfies the assertion.
We continue the proof of proposition 3.4. We may assume that

F = N Θ s(M) as 5-graded A-module. Since

Fξι ® t A = Aί-ft) Θ Θ A(-ξq)

by the choice of ξλ and

(iV Θ s(M))ζl ®kA = (Nζl ®k A) Θ (s(M)ζl ® 4 A)

we have

A(-f,+1) Θ Θ A(-ξp) = F/Fξl ®, A

= (iV Θ s(M))/{(Nξl ®k A) Θ (βCΛOe, ®* A)}

®fc A) Θ (s(M)/s(M)ίx ®fc A) .

Since s{M)js{M)ζl®kA is a direct summand of A-free module
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it is A-projective. Thus, by induction assumption, we have

s(M)/s(M)ξι ®* A = A(-50 Θ Θ A ( - f J

is a free A-module for some £J. Since s(M)ei®fcA is A free we have

M ~ s{M) = A(-fO θ • ® A ( - f J θ (s(M)ξl ®k A)

is a free module of rank r. Q.E.D.

Let (iίJ, ̂ ί) be a T-linearized vector bundle on U = Spec (A) with
A = Me(D)] for some subsemi-group D of Ξ. We say that m e M =
Γ(U, M) is semi-invariant if there exists a character f e Ξ such that

is satisfied for every ί, i.e. m is homogeneous element of degree ξ of M.

COROLLARY 3.6. Let (M,φt) be as above. Then M has a semi-invari-
ant base.

Proof. By the theorem there exist characters ξ19 ,fr so t h a t

Let β< be the element of A(—f<) corresponding to 1. We denote by the
same letter the element of M corresponding to et. Then we can easily
see that et is semi-invariant. Furthermore {et} is a base of M as A-
module. Q.E.D.

§ 4. Construction of an equivariant vector bundle

Let (X, T) be a smooth complete almost homogeneous variety defined
by the cone complex (Γ, #). Let # be a T-linearized vector bundle of
rank r on X. We have shown that E | £7 has a semi-invariant base where
Z7 is a Γ-stable affine open subset of X. Let C7 and Uf be Γ-stable afϊine
open subsets corresponding to C and C" in ^ π respectively where ^ % is
the set of ^-dimensional (maximal) cones of <g. Let (Ui) and (^ ) be
semi-invariant bases on E(U) and E(U') respectively and let (f*) and (ξ'j)
be corresponding characters respectively. There is a natural pairing
< , > : 5 x Γ - > Z . It can naturally be extended to ΞQ x ΓQ -> Q. We
denote 0(?) = <f, ^> for ξeΞQ and ^ e ΓQ.
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PROPOSITION 4.1. In the above situation there is a permutation σ

such that φ(ξi) = 0(£',(i)) for every φ in C Π C".

Proof. We note Γ c l Since P D Γ and Z7' D T we have

£7 |Z7| Γ ~ ff|I7'| T .

We denote

Af = E{ϋ) = Awx Θ Θ A^ r - A ( - f J φ 0 A(- f r )

ilί7 = E{JJi) = A X φ . . . φ AVr - A'(-fO Φ Φ A ^ - f O

where A = fc[e(C* Π 5)] and A' = fclXC7* Π Ξ)] are affine rings corre-

sponding to U and Z77 respectively. The above isomorphism restricted to

T induces the isomorphism

k[T] ®AM~ k[T] (8^, M'

as iδ'-graded fc[Γ]-modules. Since

k[T] ®AM~ k[T] ®

km ®A, w ~ km ®k

we have fc-isomorphism

0 ke{-ξi)Ui ~> 0 kei-ξ'^u]

ί=i y-i

i.e. there is a matrix P = P(C, C) in GLr(k) such that

(e(-ξί)uί\

Then
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where pis is the (i, /)-entry of P. Since, on U Π U', Pifiiξi — S'j) are

regular functions

for every φ in C Π C" if jfy =£ 0. Since

there exists a permutation σ such that piσii) Φ 0 for every i. Thus

for every i and every φ in C ΓΊ C. Furthermore since

det (p^efo - ?;•)) = det (P)e(ξi + . . + ξr - f [ ξ'r)

is a unit on U Π t/7, we have

Φtii + + f r - f ί ft) = 0

for every ^ in C Π C. Compairing this equality with the above inequality,

we have

for every i and every φ in C Π C;. Q.E.D.

By virtue of Proposition 4.1, a T-linearized vector bundle of rankr

on X gives rise to the following data:

( i ) m:Sfc1(<r) = ίf1 = {&, •• f ^ } - > Z Θ r

sending 0 to m(0) = (m(φ\, , m(φ)r) where Sk\^) is a set of

1-dimensional cones of #, and for every C in ^ w

m c : C Π SkKW

so that there is a permutation τ such that

mo(^) = (mc(φ)u , mc(φ)r)

for every ^ i n C f l SA;1^.

Suppose the data (i) are given, then for C in ^n we have charac-

ters ξ(C)i by solving equations
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for every φ in C Π Sk1^). For maximal cones C and C" there exists a
permutation τ such that

#£ (CW = φ(ξ(C%t))

for every i and every φ in C Π C by the condition on mc and mc, in
(i). Conversely if we have these £(C)< then the data (i) is obtained. So
(i) is equivalent to

(i') £ :#«_»£Θr

sending C to ?(C) = (ξ(C)19 ,?(C)r) such that for every pair
of cones C, C" in ^ n there exists a permutation τ so that

= 0(£(C")r(ί)) for every i and every φ in C Π C .

(ii) P:Vn x Vn-
sending (C, CO to P(C, CO = (P(C, 0%) such that P(C, C')i3 Φ 0
only if mc(φ)i ^ m ^ ^ j for every φ in (C Π CO Π SA;1^) and
such that

P(C, C')P(C, C") = P(C, C70

for every C,C',C" in ̂ n .
(iii) For two pairs (m,P) and (m',Pf), we say that they are equiv-

alent if there exists a permutation a = σ(C) in ©r such that

(mc(φ\, , mc(φ)r) = (m£(0),(1), , m'c{φ)a{r))

for every C in ^ and 0 in C Π SfcW and if there exists

such that

for every C and Cr in c€n.

THEOREM 4.2. Lei (Z, T) be a smooth complete almost homogeneous
variety defined by a cone complex {Γ,^). The set of Ύ-linearized vector
bundles of rank r up to T-isomorphism corresponds bίjectively to the
set of data (iθ and (ii) up to equivalence (iii).

Proof. Let (E,φt) be a T-linearized vector bundle of rank r on X.
Let U be an affine open subset of X corresponding to C in <€n. Let (ut)
be semi-invariant base of E \ U on U and let (f i) be characters corre-
sponding to (Ui). We define mc by
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, r

for every φ in C Π Sk\^). Then the condition of (i) are satisfied. P is
obtained in Proposition 4.1. Let (F,ψt) be a Γ-linearized vector bundle
of rank r on X. Let 0^) be semi-invariant base of F \ U on U and let
(vjj) be characters corresponding to (vj). Suppose E and F are Γ-iso-
morphic. We denote

M = £;(C7) = Awx Θ 0 Aur

where A = Ac is a polynomial ring corresponding to the cone C. Since

EI C7 ~ F117 we have ^-graded A-isomorphism

M = A ® ( © Λeί-f ί)^) -* N = A

So we have fc-isomorphism

r r

φ ke(—ξi)Ui -> 0 kei

i.e. there exists a matrix ^ = (̂(7) in GLr(k) such that

Ί

Then

M
:

W
where piά is the (i, y)-entry of p. Since, on U,pίje(ξi — >̂ ) are regular

functions we have

ΦQSt) ^ #?i)

for every φ in C if piό Φ 0. Since

det (» = 2 sgn (σ) X pίσ(i) ^ f f ( r ) =̂ 0

there exists a permutation σ = σ(C) such that |0<<r(<) Φ 0 for every i. Thus
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for every i and every φ in C. Furthermore since

det (pijβiξi - ηj)) = det (/o)e(fx + + ξr - % - - ηr)

is a unit on [7, we have

#(fi) + + Φ(ξr) = ^ α , ) + + #?.(r>)

for every 0 in C. So

for every 0 in C. So this σ satisfies the condition of σ(C) of (iii). Let U'

be an affine open subset of X corresponding to C" in # n . Consider the

diagram on U Π Z7'

E\Uf >F\U' .

Let P = P(C, CO be defined in Proposition 4.1 for E and let Q = Q(C, CO

for F. Then by virtue of above commutative diagram we have

where p is defined above. This means the second part of (iii).

Conversely if we have the data (iθ and (ii), then the Γ-linearized

vector bundle E of rank r can be constructed as follows. For C in c€n,
we write by Uc = Λn = Spec (Ac) a Γ-stable affine open subset of X

corresponding to C. Suppose m and P are given. Let

E(Pc) = Ac(-f(CX) Θ Θ Ac(-ξ(C)r)

for each C in ^ w . The ^-graded Ac-module structure on E(UC) gives

rise to a Γ-linearized vector bundle E\UC = E(UC) on Z7C. Let

be iS'-graded AcnC7/-module isomorphism defined by

diag (e(ξ(COO, , β(f(COr))P(C, CO"1 diag (eί-f ίO,), , e(-ί(C) r)) .

This fCtC, gives rise to an isomorphism

fo,c> :E\Uc\UcnUc,-*E\Uc,\ Uc, fl I7C
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compatible with the action of Γ. By the condition of (ii) we can patch
E\UC and E\UC, along Uc Π TJC,. So we obtain a Γ-linearized vector
bundle E = E(m9 P) on X. The data (m, P) is equivalent to the data
(m', PO then by the construction E(rn,P) and E(m',P') are Γ-isomorphic
Γ-linearized vector bundles. Q.E.D.

Remark 4.3. Two Γ-linearized vector bundles E(m,P) of rank r and
E(m',P') of rank r' are given. Then the Γ-linearized vector bundle
E(m, P) ® E(m', P') is #(ra ® m', P ® PO where

and P®P' means the Kronecker product. The Γ-linearized vector bundle
det E(m, P) is #(det m, det P) where

and

(det P)(C, CO = det (P(C, CO) .

Remark 4.4. The case of rank = 1. For φt e Skl&) we denote by
mt the value m(^). Let D* be the divisor corresponding to φ€ i.e.
Di = div (e(f ί)) on Γ-stable aίiine open Uk where ξt is a character so that
φj(ξi) = 3 i t for φjβSfcffiΓiCjc. Then the data m = (mέ) corresponds to
the line bundle O x (—2 miDi).

§5. Examples on P2

In this section, we consider X = P2 = Proj (fc[-SΓ0, Xx, Z2]) with the
standard action of T — Gm x Gm. Let E(a, b,c) be a vector bundle
defined by the exact sequence

0 -> Ox -> Ox(α) 0 Ox(δ) Θ Oz(c) -> ̂ (α, 6, c)* -> 0

where α, 6, c are positive integers. It is easy to see that E(a9 b, c)* is
an equivariant vector bundle for positive integers a,b,c.

THEOREM 5.1. Let T be a 2-dimensional torus. T acts naturally on
P2 and it becomes an almost homogeneous variety. An indecomposable
equivariant vector bundle of rank 2 on P2 is ίsomorphic to E(af b, c) ®
Op2(ri) for some integer n and some positive integers a, 6, c.
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We now compute the data (m, P) for E{a, b, c). Put S = k[X0, Xu X2]
and let M be the kernel of

Se0 θ Se, ®Se2^S

e0 ^ X$

e, >-+ XI

e21-> X\.

The generators of M are

Xle0 - Xζeι , X\e2 - X\ex, X$e2 - Xfo .

Put x = Xo/X2, y = XJX2 and let Uu U2, U3 be affine spaces denned by
X2 Φ 0, Xo Φ 0, Xi Φ 0 respectively, i.e.,

U, = Spec (k[x, y]) , U2 = Spec (fcfi, ^-1) , U3 = Spec (fcfl, -^1) .
V Lx x\ι \ Vy y 1/

Put

V
x\

xj x$
X

Let ί = (λ,μ) in T be acts by tX0 = AX0, ίZL = t̂XΊ, ίZ2 = X2. Then

and

tx = λx , ty ~ μy .

In this case we take semi-invariant basis (uί9Vi) on Ui and we have

*y-> 0 \ / t t Λ / l - l \ / r δ 0 \/MΛ
0 a;eΛi;a/ \0 1 A 0 χ-a)\vj '

aya 0\(uΛ = (l 0\(xbyb 0\(uΛ
0 yc)\vj \1 lA 0 xc)\vj '

(y~b 0 \/^\ = / 0 l\(x-y* 0 \(uΛ
\ 0 χ-a)\vj \-l lA 0 yc)\vj '

Let φl9φ2eΓ be such that
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1 , ^ ) = φ2(X) = 0

where λ, μ are characters of T. Then the decomposition of ΓQ by

(Φitφziφs = — A — Φd defines a cone complex corresponding to P2 (see [4])

i.e. put

i = {vΦi +

then ΓQ = CΊ U C2 U Cs, and d corresponds to an afϊine space Σ7<β Let

fi, 5i be the characters corresponding to uu vt respectively i.e.

Then

These integers mean the data m in §4, i.e.

miφd = (0, α) , m(^2) = (6,0) , m(^3) = (0, c) .

To prove Theorem 5.1 we have only to show that the data in §4

define a vector bundle

E(a, b,c)® OP2(ri)

for some integer n and some positive integers α, b, c. Let Dt be the

divisor corresponding to φo By Remarks 4.3 and 4.4, the data m for

E (8)

are

W(0i) =

- m 2 , m(^2)2 - m2)

m(φ3) = (m(^3)! — ra3, m(^3)2 — m3)

where m(^) = (m(^)19 m(φi)2) are the data m for Γ-linearized vector bundle
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E. Thus by tensoring

Opz{ml + m2 + ra3) = OP2\Tι miDA

with the jΓ-linearized vector bundle E, if necessary, we may assume that

the data m for E are

m(φi) = (aif 0) or m(φi) == (0, α<)

for non-negative integers «<. Furthermore by changing the base if

necessary, we may assume that

m j ^ ) = mCa(^) = (α2,0)

and one of

a) mσβ(^3) = ra<73(&) = (α s, 0)

b) mC a(^ 3) = mσ3(^3) = (0, α3)

and one of

1) mCt(φύ = m ^ J = («!, 0)

2) mCt(φ0 = mCl(^) = (0, «!>

3) m ^ ) = (αx, 0), mCl{φd = (0, «i)

4) mσ,^) = (0, α^, mCl(φd = (α^ 0) .

We note that if the data P are of the form

C
\0

i.e. P(C1,C2),P(C2yC3),P(C3,C1) are of the above form, then the vector

bundle E(m,P) is decomposable.

If one of cii is zero, we may assume ax = 0, then

a,

or

In the equivalence data, we take
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(1 —\ (l - b '

0 1/ X ϋ 1 7 \0 1

or

(1 \ (J J) K J

then

^(C,, C2) = ftCd-ΨiPv

P^(C2, C3) =

Consequently we get

from the relation

P'(C19 C2)P'(C2, CZ)P\CZ, Cd = (J J) .

So £7 is decomposable thus we may assume that at are positive integers.

Case a, 1) In the above argument, we may take c" = 0. So the

vector bundle E is decomposable.

Case a, 2) This case means that

From the relation

we have

c" = 0 and ab' + bd' = 0 .

We take
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/l - A \
plPd = /o(C3) = (J J) , p(C2) = α

\O 1/ \0 1/
then

\0 b/

Fie o = p(cyψ(c cMC) = (a' b' + 7dλ

\0 b'

So ί? is decomposable.
Case a, 3) In this case

Then

o = (m'a" + W + M>)c" aa'b")

This contradicts the relation

P(C19 C2)P(C2, C3)P(C3, Cd = ( J J )

So this case cannot happen.
Case a, 4) This case cannot happen for the same reason as in the

case a, 3).
Case b, 1) This case determine the decomposable vector bundle for

the same reason of the case a, 2).
Case b, 2) This case cannot happen for the same reason of the case

a, 3).
Case b, 3) In this case

By taking
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\0 d) ' \0 1/

we may assume that

Since

we have

(1 + bc')a" + be" = c'b" = 1

(1 + bc')b" = c'a" + e" = 0 .

Then

b" =-b , c" = b~ι, c'^-b-1, α" = l.

Furthermore we take

then we may assume that

We note that transition matrices in the example are

P(C3,0 = P(C2,

So this case determines the vector bundle of the type of the example.
Case b, 4) For the same reason as in the case b, 3), we may assume

that
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Then

Picl9 c2)P(c29 cz)P(Cs, co = ( & c " ( 1 + b&)h" + b d " ) .

So c" must be zero, then be" = 0. This is a contradiction. This case

cannot happen.

Thus every indecomposable vector bundle of rank 2 on P2 is of the

form

E(a, 6, c) ® Op2(n)

for some integer n and some positive integers a,b,c. Q.E.D.

Remark 5.2. I f α = & = c = l, then the vector bundle E(l, 1,1) ®

Op200 is homogeneous, i.e. equivariant with respect to the standard

action of PGL(2) on P2. Conversely every homogeneous indecomposable

vector bundle of rank 2 on P2 is necessarily of the form £7(1,1,1)® Qptiri)

(chfc = 0). [See 5]

The following problems can be posed about equivariant vector bundles

on almost homogeneous varieties.

PROBLEM 5.3. Classification of equivariant vector bundles of rank

greater than 2.

PROBLEM 5.4. Is there any indecomposable equivariant vector bundle

of 2 ^ rank ^ ^ - l o n P w (%^3)? We can construct those of rank n

as in the case of 2.

PROBLEM 5.5. Classification of equivariant vector bundles on X,

when X is an almost homogeneous variety of dimension 2.
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