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CAUCHY POINTS OF METRIC LOCALES 

B. BANASCHEWSKI AND A. PULTR 

A natural approach to topology which emphasizes its geometric essence inde
pendent of the notion of points is given by the concept of frame (for instance [4], 
[8]). We consider this a good formalization of the intuitive perception of a space 
as given by the "places" of non-trivial extent with appropriate geometric rela
tions between them. Viewed from this position, points are artefacts determined 
by collections of places which may in some sense by considered as collapsing 
or contracting; the precise meaning of the latter as well as possible notions of 
equivalence being largely arbitrary, one may indeed have different notions of 
point on the same "space". Of course, the well-known notion of a point as a 
homomorphism into 2 evidently fits into this pattern by the familiar correspon
dence between these and the completely prime filters. For frames equipped with 
a diameter as considered in this paper, we introduce a natural alternative, the 
Cauchy points. These are the obvious counterparts, for metric locales, of equiv
alence classes of Cauchy sequences familiar from the classical description of 
completion of metric spaces: indeed they are decreasing sequences for which 
the diameters tend to zero, identified by a natural equivalence relation. 

The basic concept considered in this article is that of metric locale, that is, 
a locale enriched by a diameter naturally generalizing the usual notion of a 
diameter of subsets of metric space. This concept then turns out to be strong 
enough to permit the extension of the classical definitions of uniform, Lipschitz 
and contractive maps between metric spaces, providing us with three different 
categories and the expected inclusions between them. These categories are re
lated to the corresponding classical categories of metric spaces by appropriately 
enriched versions of the usual spectrum (E) and open-sets (Q.) functors between 
locales and topological spaces, again adjoint as in the non-enriched case. 

Now, the Cauchy points of a metric locale A carry a natural metric induced 
by the diameter, providing a complete metric space called the Cauchy spectrum 
*¥A of A. This construction determines functors *F from the above categories 
into the respective categories of complete metric spaces. Our main result then 
is that this functor *F is adjoint on the left to the corresponding (restriction 
of) Q. This, for instance, explains the behaviour of Q on complete metric (or 
completely metrizable) spaces: being a right adjoint it preserves products and 
in the uniform case, product is given by the product of the underlying locales. 
Moreover, we obtain new limit preservation laws in the other cases, where the 
product is different [13]. 

A further aspect of the Cauchy spectrum is that it gives a new description of 
the completion of metric frames. It is worth noting that this is done by essentially 
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the same device used classically for metric spaces. Further, the completion of 
metric spaces can be obtained just by combining our *F — £2 adjunction with the 
Q, — X adjuction. 

Finally, using an appropriate notion of regular ideal we give an alternative, 
purely algebraic direct description of the completion of totally bounded metric 
locales which is in fact a compactification. 

For general facts concerning locales we refer to [7], and for category theory 
to [10]. 

1. Preliminaries. 1.1. A diameter on a frame A (see, for instance, [12], [13]) 
is a mapping d : A —• R+ (non-negative reals plus +oo) such that 

(1) d(0) = 0, 
(2) a^b^ d(d) è d(b), 
(3) aAb^0^d(aVb)è d(a) + d(b), 
(4) for each e > 0, Ue — {a \ d(a) < e} is a cover. 
A star-diameter satisfies, moreover, 
(*) if a G A and S C A are such that s A a ^ 0 for each s G S, then 

d(aV\/s) ^ d(a) + sup{d(b) + d(c)\b,ceS,b^ c}. 

A metric diameter satisfies 
(M) for each a eA and e > 0 there are x,y ^ a such that 

d(x), d(y) < e and d(x V y) > d(a) - e. 

It is easy to check that (M) implies (*). 
Sometimes the condition (4) will be dropped. Then we speak about prediam-

eters. 

In the sequel, we will confine ourselves to metric diameters. According to 
Remark in 1.4 below, this is not a serious restriction. Most of the statements 
can be, however, extended to star-diameters. 

1.2. Recall the notation 

Ua = \J{x\x e ( / , i A a / 0 } 

for subsets U of A and a G A. One has U V ai — V Uai a nd hence there is 
au : A —y A satisfying 

Ua ^ b if and only if a ^ ocu{b). 

We write ae instead of aUt. 

Observations. 1. a S ae(Uea),Ueae(a) è a. 
2. UeU8a ^ Ue+èa,ae+6(a) ^ ae(as(a)). 
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3. For star-diameters, d(Uea) ^ d(a) + 2e. 

1.3. Observation. From (4) one immediately obtains that for each a and for 
each e > 0, 

a = \J{x | x ^ a, d(x) < e}. 

1.4. A prediameter d on a frame A is said to be compatible if for each a, 

Of course, for a diameter, this condition amounts to the identity 

a = \J aea. 

A diametric frame is a frame together with a compatible diameter; if the 
latter is metric we speak of a metric frame. A,B,... shall denote diametric 
frames, dA,dBl... (or just d) will indicate the respective diameters and we shall 
notationally confuse a diametric frame with its underlying frame. 

Remark. By [14], the following statements are equivalent for a frame: 
it is metrizable in the sense of Isbell [6], 
it has a compatible diameter, 
it has a compatible metric diameter. 

1.5. For metric frames A and B, a frame homomorphism / : A —» B is called 
uniform if, for each e > 0 there exists è > 0 such that, for any b G B with 

d(b) < 6, there exists a G A for which b èf(a) and d{a) ^ e; 
Lipschitz if there exists £ such that, for any e > 0 and K Ô with d(Z?) < e, 

there exists a G A for which /? =f(a) and d(a) ^ £e; 
contractive if, for any e > 0 and b £ B with d(fr) < e, there exists « G A for 

which /? ^f(a) and d(a) < e. 
Note that contractive implies Lipschitz which in turn implies uniform. 
The resulting categories will be denoted by 

UnifMFrm, LipMFrm, MFrm, resp. 

Their duals, the categories of metric locales will be denoted by 

(1) UnifMLoc, LipMLoc, MLoc. 

The categories of metric spaces with uniformly continuous resp. Lipschitz resp. 
contractive mappings are denoted by 

(2) UnifMetr, LipMetr, Metr 
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and their subcategories of complete metric spaces by 

(3) CUnifMetr, CLipMetr, CMetr. 

In the sequel we will formulate statements concerning the categories above 
by writing ML for any of the categories in (1) and M resp. CM for the 
corresponding category in (2) resp. (3). 

1.6. The usual open-set functor Q : Top —• Loc modifies in the obvious way 
to 

Q : M ->ML. 

We shall use the same notation for the restriction of £1 to C 9si. 
The usual spectrum functor X : Loc —+ Top modifies to 

1:ML ^><M 

by defining 

pi^r]) = inf{d(a)\ti(a) = r](a) = \}. 

One can easily prove ([13]) that, again, X is right adjoint to Q. 

1.7. Let A be a diametric frame and/ : A —>B a surjective frame homomor-
phism. In order to make B into a diametric frame we define 

dB{b) = M{d(a)\f(a) ^ b}. 

It is easy to see that 
ds is indeed a compatible diameter, and 
f : A—+B is contractive. 

The resulting diametric frame will be called a diametric sub-locale (or: diametric 
quotient frame). Also, it is not hard to prove that a diametric sublocale of a metric 
one is metric. 

1.8. The following is straightforward: 

LEMMA. Let f : A—+ B be uniform, resp. Lipschitz, resp. contractive. Then 
for each e > 0 there is a 6 > 0 such that ae ^ atf, resp. 
there is a k such that, for any e > 0, fa^ ^ aj, resp. 
for any e > 0, fae û a J'. 

The inequalities fae ^ atf in these formulas can be replaced by Urf =fUe. 

Note. For metric frames, the converse of the third statement is also true, 
whereas it fails for the general case ([13], [15]). The corresponding question 
concerning the other two statements is open. 
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2. Cauchy points and Cauchy spectrum. 2.1. Let A be a metric locale. 
An end in A is a decreasing sequence (an)neuJ of non-zero elements of A such 
that 

\\md(an) — 0. 

Ends (an)neu, (bn)neu are said to be equivalent (write (an)neu} ~ (bn)neuJ) if also 
(an A bn)neuJ is an end. The equivalence classes are called the Cauchy points of 
A. For Cauchy points £, 77 put 

p(£,77) = lim <*(*,, V3O 

where (x„)^Ga; G £ and ( y A ^ G rj. Obviously this does not depend on the choice 
of representatives and constitutes a metric on the set of all Cauchy points. The 
resulting metric space is called the Cauchy spectrum of A and denoted by 4M. 

We emphasize that 4M is never empty for non-trivial A: Pick any non-zero 
a\ G U\ and if non-zero a\ G f/i , . . . , ak G U\/k are chosen such that a\ ^ • • • ^ 
ak, then there exists (recall 1.3) a non-zero 0̂ +1 ^ au such that 

a^+i G U\/(k+\)-

Since d(<2„) < 1/w, this process determines an end. 

Notes. 1. The term "end" appears in various places in the topological liter
ature; it is used for notions more or less related to ours whose purpose is to 
define specific types of extension spaces ([3], [5], [9]). An analogous concept 
is that of Cauchy approximation in the context of normed algebras ([11]). 

2. In the Introduction, we have outlined a certain general pattern of defining a 
"point" in a locale, including the arbitrariness in the choice of the equivalence. In 
view of this, we note that the equivalence chosen here is in a way canonical. The 
above formula for p evidently defines a pseudometric on the set of ends; once 
one agrees this definition is natural, our equivalence appears very particular, 
being the only one under which this pseudometric becomes a metric. Also, it is 
the smallest equivalence containing the relation R with 

(an)R(bn) if and only if for all «, an A bn =̂  0. 

However, another choice of equivalence of ends of interest is, for instance, the 
smallest one containing the relation of being a subsequence. We intend to present 
a more detailed study of the arbitrariness aspect in the fabrication of "points" 
in "pointless topology" in a further article. 

PROPOSITION 2.2. 4M is complete. 

Proof. Let £n be a Cauchy sequence in 4M. Choose representatives (xni)ieuJ G 
£ so that d(xni) < \/i. We have 

Ve > 0 3n, Vit, / ^ n => p(£k, £,) < e. 
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Thus, 

Ve >03AZ,VÂ:, /= n3r = r(k,l)1s ^ r ^ d(xks V x[s)< e. 

Put 

Xn = V' *kk-
k^n 

Take e > 0 and take the n from the formula above. Moreover, choose n suffi
ciently large so that \jn < e. Then, for k,l ^ n, 

d(xkk V xu) ^ d(xkk V xks V xts V x„) < 3e 

and hence, by the star property, d(xn) < le. Let £ be the class of (jt„). We have 

p(£n, 0 ^ d(x™ Vxn) = dfc) 

and hence £„ converges to £. 

2.3. Let / : A —> B be uniform. We easily see that for an end (bn) in B there 
is an end (an) in A such that/(aw) ^ /?„ for each n. Furthermore, iff{an) ^ bn, 
f(a'n) ^ ^ and (bn) ~ (b'n) then (#„) ~ (<^). (Indeed, there is an end (cn) such 
that/(<:„) ^ frw VZ?̂ . Consequently, 

cnAan^0^cnA a'n 

and hence 

dfo, V a'n) û d(an V c„ V a'n) Û d(an) + d(cn) + d(ctn) — 0. ) 

Thus, we can define a mapping 

*F/ : ¥ £ -+ 4M 

by the formula 

*F/(£) 3 (an) such that/O^) ^ /?„ for some (bn) G £. 

PROPOSITION. Thus defined *¥ constitutes a functor 

Proof. Let Ve > 0 38 > 0 such that 

d(b) <6^ 3a,d(a) < e,f(a) ^ b 
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(resp. 3k, S = k le; resp. 6 = e). Let 

fà,ri)<6,(xn)e£,(yn)eri. 

Thus, for sufficiently large n, d(xnVyn) < 8 and hence there is an a with d(a) < e 
mdf(a) ^ xnVyn. Let/(w„) ^ xn,f(yn) ^ yn. Evidently 

unAa^0^vnAa dndf(un Aa)t xnif(vn Aa)^ yn. 

Thus, 

pC¥f(0^fm^d(a)<e. 

LEMMA 2.4. For any point £ : A —> 2 there exists an end (an) such that 
^(an) = 1 for all n; moreover, any two such ends are equivalent. 

Proof by induction. Since t;(\/U\) = 1 there is an a\ with d(a\) < 1 such 
that £(#i) = 1. Let us have a\ ^ • • • ^ an-\ with t;(ak) — 1 and d(ak) < l/k. 
By 1.3 there is an an ^ an-\ such that £(an) = 1 and d(an) < l/n. 

Let (bn) be another end with ^(bn) = 1. Then 

£{an A bn) = 1 

and hence an A bn ^ 0. 

2.5. By 2.4 we have mappings 

0A : SA -> ¥A 

defined by the condition: 
there exists (an) G IPA(0 such that £(#„) = 1 for all n. 

PROPOSITION, 0A are isometric imbeddings and constitute a natural transfor
mation 0 : £ —• *F. 

Proof Let p(£, rf) <e. Thus, there is an a with d(a) < e, £(<?) = 77(a) = 1. Let 
£(#„) = r](bn) = 1. Then anAa ^0^ bnAa, and (anAa) G -0(0? Q>nAa) G 0(r/). 
Thus, 

p W O , 0 W ) < e . 

On the other hand, let 

There are {an), (bn) such that £(an) = 1 = rç(W and, for sufficiently large /:, 

d(akWbk)<e. 
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Since 

t(akVbk) = ri(akVbk)=l, 

we have p(£, 17) < e. 
Now let / : A —> B be uniform. We have an end 

(an) G W ( O ) 

such that/fa^) ^ &„ for some end such that £(bn) = 1. Then 

C£f(0)(an) = m<*n))^&bn)=l. 

Thus, i/jolf = x¥f O\IJ. 

Remark. It should be noted that 1/̂  niay be trivial, that is, the embedding of 
the empty metric space. For instance, if R is the real line with its usual metric, 
and A the metric quotient of double pseudocomplementation, then IA = 0 since 
the underlying frame of A is the Boolean algebra of regular-open sets in R which 
has no atoms and hence no points. Note that by way of contrast, *FA = R. In 
particular, of course, H*A should not be mistaken for the completion of IA. 

LEMMA 2.6. Let a^ b. Then there is an end (an) such that a\ ^ a and, for 
all n, an ^ b. In particular, if a ^ 0 then there is an end (an) with an ^ a. 

Proof by induction. By 1.3 there is an a\ such that d(a\) < 1 and a\ ^ b. 
Let a\ ^ • • • ^ an-\ be such that an_\ ^ b,d(ak) < l/k. By 1.3 again, there is 
an an such that d(an) < l/n,an ^ an-\ and an ^ b. 

2.7. Write 

a G ^ ( 0 

if there is (xn) G £ such that xk S a for some k. Further, write 

if there is e > 0 such that aea G 9^(0- Define subsets 9(a), 9+(a) of *FA by 
putting 

9(a) = {i\a G 9i (£)}, 0+(a) - {£|« G ^ ( 0 } « 

LEMMA 1. £#c/z 0(a) is open in *¥A. Thus, 9 is a monotone mapping A —•> 
Q*FA. 

2. diam 0(a) ^ d(tf). Consequently, for each £ G U G Q*FA //z r̂̂  w a« a 
swcft r t o £ G 0(a) Ç î/. //ewce {9(a)\a G A} w a basis of QWA. 
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3. We have the implication 

6(x) Pi 0+(a) ^ 0 => 6(x) D 6(a) i- 0. 

Consequently, C\0+(a) = CI 0(a). 

Proof. Let £ 3 (xn),Xk = <*2€tf and p(£, r?) < e. Thus we have a (j„) G 77 and 
an / ï̂  & such that 

d (y iV* i )<e . 

Since xk ^ ô etf ^ aeaea, we have j i ^ aea and hence 17 G 6(a). 
2. This immediately follows from the definition of distance in *¥A. 
3. Let for some (xn) ~ (yn), k and e > 0 

Xk ^ aex and yk ^ a. 

Since, for sufficiently large r ^ k, 

d(xrVyr)<e1 

we have j r ^ x and hence 0^ yr ^ x Aa. Since 

* — v aex and a = \J aea, 
e>0 e>0 

we have, be distributivity, aexAaea ^ 0 for some e > 0 and hence 6(x)H6(a) ^ 0 
by 2.6. The consequence follows from 2. 

LEMMA 2.8. Let a^ b. Then 9(a)\0(b) ^ 0. 

Proof. Since a $ b, there is an e > 0 such that aea ^ fr. By 2.6 there is an 
end (an) such that a\ ^ aea and an^ b for all w. Let £ be the class containing 
(a„). Thus, £ G 6(a). If (/?„) G £ is such that bk < ot^b, we have, for sufficiently 
large k, 

d(ak Vbk)<6 

and hence a contradiction ak ^ b. 

LEMMA 2.9. Lef/ : A —> B be a uniform homomorphism and a £ A. Then 

0»ff(B(a))QB(f(a)) and Vf(6(f(a)))Ç6+(a). 

Proof. Let 

c G £w/(0(<i)) = p p / r 1 » . 
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Then ¥/(£) G 0(a) and we have (an) G £ and (Z?„) G ¥/(£) such that/(*w) ^ a„ 
and, for a suitable e > 0 and k, bk ^ ae«. Thus, by 1.8 we have for some 6 > 0 

a ^ / ( W ^ / ( a c f l ) S a ^ ( £ i ) 

and hence £ G 0(f(fl)). 
Let £ G 0(/(a)). Choose (an) G £ and such that/(&„) ^ a„. Thus,/(£„ Aa) ^ an 

and hence /?„ A a f- 0. We have (&„ A a) G ¥/(£) and hence ¥/(£) G 0(a). 

3. *F — £2 adjunction. 3.1. In this section, Q will be understood as defined 
on CM. By 2.7 we have monotone mappings 

e = 6A :A-+a*¥A. 

Define 

T = TA: QWA —• A 

by putting 

T<£/) = V ^ l ^ ) £ U}' 

PROPOSITION, r /s a left adjoint to 9; moreover, id(a) — a for each a. 

Proof. By 2.8 we have x ^ a if and only if 0(x) ^ 0(a). Hence, 

rd(a) = \/{jt|0(jt) ^ 9(a)} = \/{x\x ^ a} = a. 

Let £ G £/. By 2.7.1 there is an a such that £ G 0(a) Ç U. Since 0(a) Ç [/ we 
have a^r(U) and hence finally 

£ G 0(a) Ç 0T((/). 

Thus, also U Ç 0r(£/). 

Remark. As a result of this adjointness, we also have 

T{U) = /\{x\UQ8(x)}, 

apart from the original definition. 

LEMMA 3.2. We have 

r(U) = \J{x\C\0Qc) CU} = \J{x\9+(x) Ç U}. 
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Proof. By 3.1, r preserves joins. Thus, 

iiU) = \Ji{a€U) 

= \J\J{x\6(x)^aeU} 

^ \J{x\C\9(x)Ç U} èr(U). 

Now, use 2.7.3. 

PROPOSITION 3.3. The mappings rA are metric quotient frame homomorphisms 

Proof By 3.1, r preserves joins (and 9 preserves meets). Obviously r(l) = 1. 
By distributivity 

T{U)/\T{W) = \J{x Ay\0(x) Ç U,0(y)CW} 

= \/U^y\0(xAy)ç unw} 
^7iunw)^T(U)A7iW). 

Thus, r is a homomorphism. Since r6(a) = a and 

dmm 6(a) ^ dA(a), 

T is contractive. Thus, to prove that dA is induced by the diameter of QWA as 
in 1.7 it suffices to prove that one cannot have a ^ T(U) and d(U) < dA(a). 
Suppose this has occurred. Choose e > 0 so that d(U) < dA(a) — 4e. Since dA 

is metric, there are non-zero b,c ^ a such that d(b), d(c) < e and 

d ( f l ) < # V c ) + £. 

Since 

a ^ \J{z\6(z) Ç U}, 

we have x' and y' such that 

0(JC'),0(y') Ç U and x = x Ab ^ 0 ^ / Ac = y. 

Since 6 is injective, we have 0(jt), 6(y) ^ 0. Choose Ç G #(JC), ry G #(y), (xn) G 
C?CVn) £ *7 an (l £ s u c n m a t ^ = x->yk = y- Then, for sufficiently large k, we 
obtain the contradiction 

d(xk V ^ ) < p(£, 77) + e ^ d(tf) + e < d(fl) - 3e 

<d(bVc)-2e ^d(xkVyk). 
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3.4. As metric quotient frame homomorphisms, the rA : QWA —» A are con
tractive and hence belong to the category MFrm. Moreover, we have 

PROPOSITION. The T& constitute a natural transformation r : Q}¥ —» id. 

Proof. Let / : A —> B be uniform. By 3.2 and 2.9, 

/Wf/)) = \J{f(x)\0+{x) Ç U} 

£ \J{f(x)WW(x))) Ç I/} 

^ Vfr W W ) £tf} 

= V^l%)^0F/r1(f/)} 

= V^i%) ç *wyw)} 
= 7 ( O W ) ) . 

On the other hand, by 2.9 and 3.1, 

i{QWf(U) S Tin^fiÛTiU))) 

£T9tf(j(U)))=mU)). 

3.5. Let (X, p) be a complete metric space and let (Un) be an end in £2(X, p). 
Then f] CI £/„ is a one-point set and, obviously, if (Un) ~ (W„) then p| CI Wn = 
nciC/„. Thus, the formula 

MO = M(x,P)(0 ef]CWn where (t/„) G £ 

defines a mapping 

/ i ( X , p ) :¥Q(X,p)^(X,p) . 

PROPOSITION. Each fi(x,p) ^ ow isometry and the system 

M — (M(x,p))(X,p) 

constitutes a natural equivalence 

H : TO 9* id. 

Proof. Obviously /i is onto. Let d be the usual diameter in Q(X, p). If x G 
fi CI £/„, y G fl CI W„ where (Un) G $ and (Wn) G ry, we have 

p(£, r?) - lim </(!/„ U Wn) = limd(Cl t/„ U CI W„) = p(x,j). 
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Let / : X -+ Y be uniform, (Un) G ( E *Fft(X). We have 

(Wn) e vtitfxo 

such that/_l(W„) D £/n for each n. Since/ is continuous, we obtain 

rl(C\Wn)DC\f'\Wn)DC\Un 

and hence 

r1 (f|C1^) = fV-1^™ 2 f|C1^3 M(O 
so that/(//(£)) G f l C l ^ and hence 

//x(0 - MW(O)-

LEMMA 3.6. For each U G QWA, C\9T{U) = ClU. 

Proof. Recall 2.7.2. Let £ G C10T{£/). If $ G 0(a) then 

0 ^ (9(a) H OT(U) = 9(a A T{*7)) 

and hence a A T(£/) 7̂  0. Thus, there is an x such that « A x ^ O and 0(x) Ç {7. 
By 3.1, 0 is one-one and hence 

0 ^ 9(a A x) = 0(a) H 0(x) C 0(a) n £/. 

Thus, £ G Cl *7. 

LEMMA 3.7. For £/, W G Q(X, p) one /zas 

0(WO C fi'\U) if and only ifW ÇU. 

Proof Let 9(W) Ç /J,~X(U) and let i G W. Choose a decreasing system 
Zi 2 Z2 2 • • • of neighbourhoods of x such that Z\ Ç aeW and d(Zn) —-»• 0, and 
denote by jc the Cauchy point containing (Zn). Then je G 0(W) and JC = /x(3c) G £/. 

On the other hand, if £ G 0(£/) we have (Zn), & and e such that Z^ Ç aeU. 
Hence C1Z* Ç (7 so that /i(£) G Z*. Thus, 0(£7) Ç / i " 1 ^ )• 

THEOREM 3.8. The functor Çl\C94 —> ML is a right adjoint to *F : ML —> 
C 94 . The transformations r : id —> Q}¥ (localic interpretation) and /1 : ^¥0. = 
id are the units of this adjunction. 

Proof Let (an) € £ € *FA. Hence there is a (JJn) G *FT(0 such that r(Un) ^ 
an. Thus, by 3.6, 

Cl£/n = C10r(£/„)2C10(an). 
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By 2.7.3, 

£ e 9+(an) Ç CI 0(an) 

and hence £ £ f] CI Un so that 

C = MOJMO). 

Thus, 

/x¥ o *Fr = id. 

Let U Gfl(X,p). By 3.7, 

7(Q/x(£/)) = Tt/i-1^)) = |J{W|0(W) Ç /x_1(^)} 

Thus, 

T Q O Çlfji = id . 

3.9. Remarks. 1. Recall 1.6. The adjunctions 

^ a i 
Cflf ; >ML ; >flf 

compose to 

the reflection of CfTVf in 94 (the classical completion). 
2. In analogy with corresponding facts for metric spaces, a metric frame 

is called complete whenever it has no proper dense extension in MLoc, or, 
equivalently, there is no proper dense metric quotient homomorphism to it. It 
follows from the results of Isbell ([6]) that, for any complete metric space X, the 
metric frame OX is complete. Since TA : QWA —> A is a dense metric quotient 
frame homomorphism (3.3) and *¥A is complete (2.2), this makes TA : QWA —» A 
the completion of A. Note that this makes any metric frame a dense quotient of 
a spatial one. 

3. By 3.8, in particular, Q, which preserves colimits in 94 preserves also 
limits in C 94 . Realize that the case fW = UnifMetr implies also the preservation 
of limits of completely metrizable frames under Q. : Top —> Loc. On the other 
hand, in the case 94 — Metr we obtain preservation of different constructions 
(see [13]). 
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4. The mappings 6 : A —•» QWA are not, in general, frame homomorphism. 
In the composition with Clxj; 

A - % Q4M —U QIA 

(recall 2.5), however, they yield the unit of the Q — X adjunction (sending a to 

5. Theorem 3.8 holds also for the corresponding categories of star-diametric 
locales. The property (M) has been used only in proving that r is a sublocale 
mapping (3.3); r is contractive anyway. On the other hand, in the Q — £ adjunc
tion, (M) may be essential ([13]). 

PROPOSITION 3.10. 1. For any A, every Cauchy point of A is a point if and 
only if A is complete spatial. 

2. The embedding ipA is dense if and only if the adjunction unit TJA ' A —> Q1A 
is dense.. 

Proof. 1. Let each Cauchy point of A be a point, that is, let the embedding 
ifjA from 2.5 be an isomorphism. Thus, since T6 = id, we have by 3.9.4, j]A = 
QX/JA ° 6U one-one. As T]A is onto anyway, it is an isomorphism and hence A is 
spatial. Furthermore we have 

6 = (QVO-1 o £ty o 0 = (flVT1 o rç 

so that in this case 0 is a frame homomorphism, onto, and since it is anyway 
one-one, it is an isomorphism. Thus, A is complete, since ^A is. 

On the other hand, let A be complete spatial. Thus, 
(a) T]A is an isomorphism, and 
(b) TA : QWA —-> A is an isomorphism. 

Since T6 = id we have by (b) that 0 is an isomorphism and, by (a) and 3.9.4, we 
see that QIJJA is an isomorphism. Since, for sober spaces, £1 reflects isomorphism, 
ipA is one. 

2. If ifiA is dense, we obviously have T]A = ^ ^ A ° @A dense. On the other 
hand, let TJA be dense and let U G QWA be non-void. By 2.7.2, there is an a ^ 0 
such that 6(a) Ç U. Thus, 

Ç1^(U) ^ Çhl){B(a)) = î](a) ^ 0. 

COROLLARY. For any compact A, every Cauchy point is a point. 

Proof Recall that for arbitrary frames, compact regular implies spatial. 

Remark. Note that, even for metric A, r/A : A —» QIA may be dense without 
A being spatial. 

4. Compactification of totally bounded metric locales. In this section, we 
present an alternative description of the completion in a special case, that of 
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totally bounded diameters, defined by the condition that each of the covers Ue 

(1.1.(4)) has a finite subcover. For this we shall use the ideal frame *\$A of A in a 
manner analogous to one of the descriptions of the Stone-Cech compactification 
of frames in [1]. 

4.1. Let A be a diametric frame. An ideal / G SA is said to be regular if, for 
each x G / , we have also Uex G / for some e > 0. The system of all regular 
ideals will be denoted by $IA. 

PROPOSITION, diA is a subframe of $A. 

Proof. Trivially 0 and A are in 9ÎA, and obviously 9tA is closed under inter
sections and up-directed unions. Thus, it suffices to prove that it is closed under 
binary unions, let J,K G D̂A and x = a V b € / V K (a G / , b G K). We have 
Uea G / , Usb G K for some e,<5 > 0. Let, say, e ^ 6. Then 

Uex Û Ue(a Vb) = Uea V Ueb ^ Uea VU6b£J\/K. 

Thus, J V K is regular. 

4.2. In the following, we let UnifDFrm be the category of diametric frames 
and uniform homomorphisms. Further, for / : A —» B a map in this category 
and / G ÏRA, put 

dif(J) = {x\x ^f(a) for some aeJ}. 

Finally, let KFrm be the category of compact frames. 

PROPOSITION. The correspondences A \—+ dlA, f i—> SR/ define a functor 9t : 
UnifDFrm -+KFrm. 

Proof Since 3tA is compact as subframe of SA, it suffices to prove that 

{x\3a<EJ,x ^f(a)}, 

which is obviously an ideal, is regular. Let x = / («) , a G J. There is an e > 0 
such that Uea G / . By 1.8 we have a 6 > 0 such that 

Usx^Utf{a)^f{Uta). 

4.3. Let a be an element of a diametric frame A. Put 

a(a) = {x\3e >0,Uex ^ a}. 

By 1.2.2, a(a) G 9tA. Since d is compatible we have 

\J a(a) = a. 
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Further we have 

(indeed, if x G / , we have Uex G 7 for some e > 0, and hence Uex ti \/ J). 
Thus we have an adjunction 

\J 7 ^ a if and only if 7 Ç a(a) 

between the monotone mappings V : ^ ~> ^ a nd cr : A —> 31 A. 

PROPOSITION. V /s a dense frame homomorphism. 

Proof. Obviously, V preserves joins. Further, we have 

\Jj A\]K = \J{x Ay \xeJ,y£K} 

^ Y(z \z eJnK} = \/(jnK)^\JjA\jK. 

The density is obvious. 

4.4. For J efRA puts 3(7) = d(VJ). 

PROPOSITION. 3 /s a prediameter on ÎRA. If d satisfies (*) or (M), 50 do^s d. 

Proof Obviously d is monotone and d(0) = 0. If J P\ K ^ 0 we have an 
a ^ 0 in 7 H £ and hence \/K A\/K^0. Thus, ' 

3(7V^)-t / (Y / V V^) 

The star property is checked quite analogously as the subadditivity. 
Now let d be metric. Take 0 ^ 7 G 9U and e > 0. There exist 0 ^ jc,_y ^ V 7 

such that 

</(*), d (y )<e and d(xVy)^d(\/A-6. 

Since x A \ / i / 0, there is a M, 0 ^ M ̂  x, such that cr(w) ^ 7 (there is an 
a G 7, x A a ^ 0; consider a non-zero ae(x A a)). Similarly there is a 0 ^ v ^ 3; 
with o(y) ^ 7. We have 

d(a(u)), d(cr(v))(= d(u), d(v)) < e and 

d(xVy)^d(uVv) + 26, 
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and hence 

d(a(u) V <T(V)) = d (\/ a(u) V \J a(v)) = d(u V v) 

S (d\jA-3e = d(J)-3e. 

PROPOSITION 4.5. Let d be a star diameter. Then d is a diameter if and only if 
A is totally bounded. 

Proof. Let A be totally bounded. Take an e > 0. We have u\,..., un such that 

n 

d(ui) < e and y w, = 1. 

Then 

d(a(UeUi)) = d(UeUi) S 3e and 

n 

On the other hand, let d be a diameter and let e > 0. Since 

\f{J\d(J)<e}=A, 

we have J\,... ,Jn such that 3(/,-) < e, and xi G // such that 

V* = i. 
i = i 

Now 

d(xi)£d(\/ji) = d(Ji)<e. 

LEMMA 4.6. 

a(a) — y a(a€«). 
e>0 

Proof If * G cr(#) we have x ^ a2e(tf) for some e > 0. Since (X2ea ^ ce€aea, 
x G cr(ûfe#) for this e. Thus, 

0"O) £ V ^^tf) . 
€>0 
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Since 

a = \J aea, 
e>0 

we have 

o(à) 2 y o{ata). 
e>0 

LEMMA 4.7. For each J and e > 0 we have 

UJ = \J{(j(x)\d(x) < e,(j(jc)n/ 7̂  0}. 

Proof. We have <r(V £ ) 2 J and 

LEMMA 4.8. We have Uea(a) ^ cr(Uea) and consequently 

cr(ata) ^ ata{a). 

Proof By 4.7, 

(/CC7(Û) = \J{a(x)\d(x) < e, <r(x A a) ^ 0} 

^ \J{a(x)\d(x)<6,xAa^0} ^ (j(C/£a). 

PROPOSITION 4.9. d is a compatible pre-diameter on 9L4. 

Proof By 4.6 and 4.8, 

°(a) = V a(°^) = V accr(fl)-
e>0 e>0 

4.10. Let ItB be the category of totally bounded metric resp. star-diametric 
frames with uniform resp. Lipschitz resp. contractive homomorphism, C the full 
subcategory generated by compact ones. Further, take diA as diametric frame 
with diameter 3. 

THEOREM. C is coreflective in cIiB, with coreflection functor 9t : cItB —• C 
and with the join maps V '• 9 ^ —> A as coreflection maps. 
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Proof. Let/ : A —» B be uniform (resp. Lipschitz, resp. contractive). Let / be 
in 9L4 and let d(J) < e. Then d(\J J) < e and hence there is an a with d{a) < 8 
(8 from the definition of uniform mappings; in the Lipschitz case, S = k~le, in 
the contractive one, 8 — e) such that f (a) ^\J J. Take an 77 > 0 such that 

rj < ^(8 - d(a)). 

Thus, d(Uva) < 8, diaiU^a)) < 8 and a G criU^a) so that 

We have 

inf 13(/) 

and 

\JWV) = \f{x\3aeJ,x èf(a)} 

= \JV(a)\aSJ}=f(\Jj). 

Finally, if A is compact then V : 9W —> A is an isomorphism since diA, being 
diametrizable, is regular and V *s dense. Thus, the corresponding a : A —• 9L4 
is the frame homomorphism inverse to V- Since 

d(a(a)) = d (\J a(a)) = d(a), 

V is isodiametric. 

4.11. In the remainder of this section we will explicitly show the connection 
between the present construction and that of Section 3 for totally bounded A. 
Recall that, by regularity, the prime elements (meet irreducibles) of 9ÎA are 
exactly the maximal elements. 

4.12. Recall 2.7 and put, for a Cauchy point £, 

J(0 = {x\x £ fl&(0}. 

PROPOSITION. For totally bounded A, each /(£) is a maximal regular ideal 

Proof. Obviously 0 G /(£) and /(£) is decreasing. If x V y G fA&(0> we have 
an (xn) G £ such that ^ ^ x V y for /: ^ r. Let y be in /(£)• Then in particular 
JC* ^ y for all k and hence jt* Ax ^ 0 for & â r. We have (*„ A i ) ~ fe) and 
hence x G ^ . ( 0 -

Y/^jcj =inf (^(V-7) V*-*} =J(jc) 
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Thus, /(£) is an ideal. We will show that it is regular. Let, on the contrary, 
there be an x £ J(0 such that for each e > 0 there is an end (xn(e)) and k(e) 
such that 

**(c)(e) ^ Uex. 

Take a general (xn) £ £ and a k ^ k(e) such that 

d(xkAxk{e/2)(e/2))^e/2. 

Then 

xk ^ Ue/2Ue/2x ^ £/ex. 

Thus we have in fact for each e > 0 and each (xn) £ £ a &(e) such that 

**(C) ^ t/£JC. 

Take a fixed (JCW) G £ a nd choose £i < k2 < • • • so that 

d(xkJ < \/n and xkn = U\/nx. 

Thus, there are yn such that 

d(yn) ^ 1/n, **„ A y „ ^ 0 . 

Put 

z%=ynAx, zn = \Jz°k. 

Thus, 0 ̂  zn ^ x, z\ ^ z2 ^ • • • and by the star property d(zn) ^ 3/w. Moreover, 
we have 

(z„) ~ (x*B) ~ (Xn) 

so that jt £ fA&.(0 which is a contradiction. 
Finally, let /(£) Ç / and let / be a regular ideal. First, we will prove that 
(1) if y ft J(0 and if, for some e > 0, x A Uey = 0, then x £ /(£). 
Indeed, if x, j £ fA£.(0> w e n a v e (*«)? (j«) £ £ s u c n t n a t ^ = x and .y* = .y 

for sufficiently large k. Take & so large that, moreover, 

d(xkVyk)<e. 

then 

0^xk ^ [ / J A I . 
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Now, since Uitx ^ UeUtx, we have, for any e > 0, 

(2) \J{x\x A Uty = 0, d(x) < e} V U2ey = 1 

for any y ^ / ( O -

Let y G J\J(0 and let Uj^y G / . By the total boundedness, (1) and (2), we 
have j t i , . . . ,xn G /(£) such that 

\/xlVU2ey = l. 

Thus, J — A. 

LEMMA 4.13. Let J be a maximal regular ideal, x,y £J. Then, for each e > 0, 

Uex A Uey ^ 0. 

Proof. Since x,y £J and hence cr(Uex),a(Uty)(| / , there are a,b eJ such 
that 

«V^ejc = 1 = bVUey. 

Thus, 

1 = (AV t/ejc) A (fc V Uex) =̂ z V (£/£JC A £/ey) 

with x £J. Thus, C/ejc A £/c;y cannot be in / , let alone be equal to 0. 

LEMMA 4.14. Let J be a maximal regular ideal in a totally bounded A. Then 
there exists an end (xn) such that xn 0 J for each n. Moreover, if(yn) is another 
such end then (xn) ~ (yn). 

Proof Since J ^ A and A is totally bounded, we easily see that for each 
e > 0 there is a y(e) £ J such that d(y(e)) < e. Put 

yn = Ui/ny(\/n), xn = \J yk. 

By 4.13 and the star property, d(xn) < 9/n. 
Now let also yn&J'. Put 

zn = Ui/nxnAUi/nyn. 

By 4.13, (zn) is an end and we have (xn) ~ (zn) ~ (yn). 

4.15. By 4.14 we have a uniquely determined £(/) associated with J by the 
existence of an end (xn) G £(/) such that xn £ J for all n. 
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PROPOSITION. The correspondences £ i—> /(£) and J i—> £(7) ar^ mutually 
inverse maps 4M —• I9L4 a^d X9L4 —> 4M. 

/V00/. Take a £ and an (*„) G £. We have x„ G fA£.(£) so that £(/(£)) = £• 
Take a maximal regular / . Let jt $£/(£(/)). Hence, there is an (xn) with xn $ J 
and ** ^ x for some &. Thus, x £ J. Consequently, J Ç /(£(/)) and, by the 
maximality, / = /(£(/)). 

4.16. For any uniform/ : A —• #, we have the square of maps 

29ÏB 

* / VB • ^A 

\B K 
y f " r 

W 
+ 2 9 U 

where the isomorphisms Â  and A# are given by 4.15. We now show this square 
commutes, that is: 

PROPOSITION. The isomorphisms \A : ̂ A —• E9L4 are natural in A. 

Proof. We view the spectrum functor X as given by the respective prime 
elements. Then, iMf is induced by the right adjoint g : dïB —• $IA of $\f : 
9iA —• 915, and we have to prove that, for any £ G ¥ # , 

g(J(Q)=JÇ¥f(0). 

First note that 

J G fA&0F/(O) if and only if/(y) G f^(0-

(Indeed, let f(y) G fA&-(£)- Then there is (xn) G £ and k such that jt* Û f(y). 
Now let (y„) G ¥/(£) be such that/(yn) ^ *„. Thus, for n^ k,f(y Ayn) ^ xn 

and hence (y A yn) G *F/(£) so that y G fA&0F/(£))- The other implication is 
immediate.) 

Next we have J C g (/(£)) if and only if dtf(J) C /(£) if and only i f / ( / ) Ç 
/(£) if and only if 

J Qf~\J(0) 
= {y\f(y) e $&(£)} 
= {y\y£ fW/(0)} 
= -W(O). 
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Note. There is another aspect of this which should be mentioned. If A is totally 
bounded, *¥A is complete and totally bounded, hence a compact metric space, 
and then QWA belongs to C. Moreover, it is easy to see that TA : QWA —-> A (3.1) 
is also the coreflection map, and hence there are unique, natural isomorphisms 

9U - ^ £WA 

which then induce 

*¥A -^U VOW A - ^ I3U. 

This provides an alternative approach to the natural isomorphisms given by 4.15 
and the present paragraph. 

4.17. It is perhaps of some interest to see the mechanism of the isomorphism 
between 9L4 and A in the case of compact A. V : diA —* A is onto and dense 
for any A, and hence an isomorphism if A is compact because a dense homo-
morphism between compact regular frames is one-one. Regarding spectra, the 
points £ : A —• 2 correspond to the maximal elements s G A, and for such s the 
corresponding maximal element of 9tA is a(s) (4.3) since \/ cr(s) = s. 

4.18. The basic notion of this section, the compact regular frame of regular 
ideals, can also be considered for uniform frames instead of metric ones. A 
detailed study of this, a small part of which covers the generalization of the 
present results to arbitrary totally bounded uniform frames, is presented in [2]. 

REFERENCES 

1. B. Banaschewski and C. J. Mulvey, Stone-Cech compactification of locales, I, Houston J. Math. 
6(1980), 301-312. 

2. B. Banaschewski and A. Pultr, Samuel compactification and completion of uniform frames, 
Math. Proc. Cambridge Phil. Soc, to appear. 

3. C. Caratheodory, Ûber die Begrenzung einfach zusammenhangender Gebiete, Math. Annalen 
73 (1913). 

4. C. Ehresmann, Gattungen von lokalen Structuren, Uber. Deutsch. Math.-Verein 60 (1957), 59-
77. 

5. H. Freudenthal, Neaufbau der Endentheorie, Annals of Math. 43 (1942), 261-279. 
6. J. R. Isbell, Atomless parts of spaces, Math. Scand. 31 (1972), 5-32. 
7. P. T. Johnstone, Stone spaces (Cambridge Univ. Press, Cambridge, 1982). 
8. The point of pointless topolgy, Bull, of the AMS (New Series) 8 (1983), 41-53. 
9. B. Kaufmann, Ûber die Berandung ebener und raumlicher Gebiete (Primendentheorie), Math. 

Annalen 103 (1930), 70-144. 
10. S. Mac Lane, Categories for the working mathematician, Grad. Texts in Math. 5 (Springer-

Verlag, 1971). 
11. C. J. Mulvey, Banach sheaves, J. Pure Appl. Alg. 17 (1980), 69-83. 
12. A. Pultr, Pointless uniformities II. (Dia)metrization, Comment. Math. Univ. Carolinae 25 (1984), 

105-120. 
13. Categories of diametric frames, to appear in Math. Proc. Cambridge Phil. Soc. 
14. Remarks on metrizable locales, Proc. 12th Winter School, Suppl. ai Rend, del Circ. 

Mat. di Palermo, Série Il-no. 6 (1984), 247-258. 

https://doi.org/10.4153/CJM-1989-038-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-038-0


854 B. BANASCHEWSKI AND A. PULTR 

15. Diameters in locales: How bad they can be, to appear in Comment. Math. Univ. 
Carolinae. 

MacMaster University, 
Hamilton, Ontario; 
Charles University, 
Prague, Czechoslovakia 

https://doi.org/10.4153/CJM-1989-038-0 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1989-038-0

