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In two previous papers (see 4; 5) O. T. O'Meara and I investigated the 
problem of generating the integral orthogonal group of a quadratic form by 
symmetries in the case where the underlying ring of integers was the integers 
of a dyadic local field of characteristic not 2. In this paper, the investigation is 
concerned with a local field of characteristic 2. As in (5), only the unimodular 
case is treated. As in (4) and (5), groups S (L), X^(L), and O(L) are introduced 
for a unimodular lattice L and the relationship between S(L) and O(L) 
studied. As in the previously cited papers, generation by symmetries means 
that S(L) = O(L). The following result is obtained. 

THEOREM. Let L be a unimodular lattice over a local field of characteristic 2. 
Then X^(L) = O(L). If the residue class field has more than two elements, then 
S(L) = O(L). If the residue class field has exactly two elements, then 
S(L) = O(L) except in 4 and 6 dimensions with Us of the following form: 

if dim L = 4: H J_ H or H ± M, 
if dim L = 6: H J_ H _L M, 

with H a hyperbolic plane and M a binary unimodular lattice which does not 
represent a unit. In these exceptional cases, (0(L):S(L)) = 2. 

1. Preliminaries. F will always denote a local field of characteristic 2. 
Thus F is complete with respect to a non-archimedean valuation with finite 
residue class f i e l d ^ (necessarily of characteristic 2). Let o denote the valua­
tion ring of F, u the units of o, and p the maximal ideal of o. We shall let ir 
denote a fixed prime element of o (thus p = xo). If y G F, \y\ = Ixl" for 
some integer v. Set v = ord y. If a, 13 G 0, then a ~ ft will mean ord a = ord ft 
(mod 2). The mapping $: F —» .Fgiven by P(a) = a2 + a is a homomorphism 
of additive groups with kernel {0, 1}. Hence (1F\ %>(JF)) = 2 and we let 0 
and p denote representatives of ^~ mod ^ (Ĵ ~) in -W. 

Let V be a finite-dimensional vector space over F with quadratic map 
Q: V —-> F and associated bilinear form B. We assume familiarity with the 
theory of quadratic spaces over fields of characteristic 2 as developed in 
(1 ; 2; 3). In particular, we assume familiarity with the concepts of 
isometry, orthogonality, non-degeneracy, defect, isotropy, etc. A vector x is 
called singular if Q(x) = 0. Recall that Va is obtained from V by scaling: its 
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quadra t ic m a p Qa = aQ. Then Ba = aB. Let 0 ( F ) denote the orthogonal 
group of V. Use V = [/ _L W for an orthogonal splitting. Use F = F ' to 
denote an isometry of F onto a quadrat ic space V. We call vectors x, y a 
hyperbolic pair if Q(x) = (?(3>) = 0 and 23 (x, 3/) = 1. 

We shall consider lattices J, K, L, . . . with respect to o in F. Here we need 
the concepts developed in (6) and (7). In particular, we assume familiarity 
with the concepts of isometry, orthogonali ty, defect, non-degeneracy, 
modular i ty , etc., for lattices. T h e subspace of F t h a t is spanned by L will be 
wTitten FL and we say t h a t L is on F if V = FL. A vector x in L is called 
maximal if x $ wL. Since o is a principal ideal domain, L mus t be free. Recall 
t h a t La is obtained from L by scaling B. Let 0 ( L ) denote the group of uni ts 
of L, &L the scale, nL the norm and gL the norm group of L. As in (6), we 
have QL = ao2 + fro, where a is a norm generator of L and 5 is a base generator 
of L. Use L = / 1 X for an orthogonal spli t t ing; call J" a component of L 
and say t h a t it splits L. Wri te L = U to denote an isometry of L onto a 
latt ice V. If L is non-defective, define the Arf invariant of L as in (6) and 
use the notat ion A(L) . 

1.1 If A(L) 7^ 0, then ord A(L) is sero or a negative odd integer. 

Proof. See (7, Lemma 1.1). 

2. U n i m o d u l a r l a t t i c e s . A unimodular lattice is an o-modular lat t ice. 
Necessarily, it is non-defective and, consequently, L unimodular implies 
dim L is even. 

We let A (a, j3) denote the binary lattice ox + oy, where Q{x) = a, Q(y) = /3, 
and B(x, y) = 1. Wri te L ~ A (a, /3) in x, y to describe this s i tuat ion. More 
generally, we write L ^ A (ah Pi) JL . . . J_ A (an, j3n) in 

{*i, ?i} U . . . U {xny yn\. 

We let i ï denote the generic latt ice A (0, 0) and we call any such H a hyperbolic 
plane. 

T h e following result is due to Sah (7). 

2 .1 . T H E O R E M . The following assertions are valid. 
(1) L unimodular and dim L ^ 6 implies L is split by a hyperbolic plane. 
(2) H a hyperbolic plane and H _L J = H _1_ K implies J ~K {this will be 

referred to as the cancellation of hyperbolic planes). 
(3) If J is binary unimodular, A (J ) = 0, and xiJ CI o, then I is a hyperbolic 

plane. 
(4) Let I be a unimodular sublattice of a non-degenerate lattice L. Then J 

splits L, i.e., L = / J_ K, if and only if B(I, L) Ç o. 

3. Var ious s u b g r o u p s of t h e o r t h o g o n a l g r o u p . Let L be a latt ice on 
a non-defective quadra t ic space F . We define several groups. 
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O(L) = {a G 0(FL)\aL QL}. 

If J is a sublattice of L, then 

0 (L , J ) = {a G 0 ( L ) | crx = x for x G J } . 

If / splits L, L = J±K, we identify 0(L, J) and O(iT). Note that 
O(L) = 0(L«) and 0 (L , J ) = 0(L«, J«) for all non-zero a in F. 

A symmetry ry\ V —> V, y not singular, is defined by the equation 

. B(*>y) 
Tyx - x-f- Q ^ y. 

Thus TV G 0 ( F ) . And O(V) is generated by these isometries. (See (2 or 3), 
noting that our field is not the finite field of two elements.) We let S(L) 
denote the subgroup of O(L) that is generated by all symmetries ry in O(L). 
S(L) = S(La) for any non-zero a in F. 

Suppose that i is a non-zero singular vector of V. Let w G V satisfy 
B(i, w) = 0. Define a map Ew

u. V —> V as follows: for x G F, 

.Es/x = x + B(x, i)w + £(x, w)i + Q(w)B(x, i)i\ 

then £ „ ' G O(T) . Also, 2
l and, if Q(w) j* 0, then 

£*/ = rw+Q(W) tTw. Le tX(L) denote the subgroup of O(L) that is generated by 
S(L) and those Ew\ if any, in O(L). 

If L has scale o we define another group X^(L), as in (4). Thus, if dim L S 2, 
then X*(L) = S(L). If dim L > 2, we define X^(L) as the subgroup of X(L) 
generated by S(L) and those £</ G X(L) for which there exists a splitting 
L = H ± M with i7 a hyperbolic plane, i G -H", and w G M. If L is a lattice 
of scale o that is not split by a hyperbolic plane, then X^(L) = S(L), trivially. 

As in (4), if A and B are subsets of a group G, then by AB we mean the set 
of all elements of G of the form ab, where a G A and b £ B. 

As an initial step we have the following. 

3.1. Let L be a non-defective lattice and suppose that dim L S 2. Then 
O(L) = S(L). 

Proof. The hypothesis immediately implies that dim L = 2. Write 
L = ox + o;y. Then B(x, y) 9e 0. By scaling we may assume that B(x, y) = 1. 
Then L is binary unimodular. By (6, Lemma 1.20) we may suppose that 
L = A (a, c) in x, y, where a G (?(£) is a norm generator of %L and 
|ac| = |A(L)|. Since o = $L C nL = ao we have that |a| ^ 1. 

Now let a G O(L) and set ax = ax + /fy, where a, 0 G 0. Then rffa-+ar G O(L) 
if and only if 

/ i \ B(ax + x,L) , . . _ r 
(1) "ôô^TïT(<r* + x) - L-

https://doi.org/10.4153/CJM-1968-112-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-112-9


INTEGRAL ORTHOGONAL GROUPS 1181 

Now Q(ax + x) = (3, B(ax + x, x) = 0, and 5(Vx + x, 3/) = a — 1. I t 
immediately follows t h a t (1) holds if and only if (a + l ) 2 G 00. B u t 

a = Q(ax) = a2a + ap + (32c, 

whence (a + l)2a = (3 (a + 0c) and therefore (a + l ) 2 = P{aa~x + 0ca _ 1 ) . 
Since a is a norm generator and c G (?(£), c a _ 1 £ °- T h u s (a + l ) 2 G /3o, 
whence r^+s G O ( L ) . Set X = r̂ +arO". Then Xx = x. Let \y = yx + by, where 
7, 8 G 0. Then 1 = B(Xx, \y) = i3(x, X;y) = <5. T h u s X3/ = 7X + y. Hence 
c = Ç(X^) = 72a + 7 + c, whence 7 (7a + 1) = 0. If 7 = 0, then \y = y and 
X is the ident i ty map . T h u s a = TCX-X G S ( L ) . T h u s we may assume t h a t 
y a + 1 = 0. Then a G u and 7 = a - 1 . T h u s Ç(Xy + y) = ^(Xy, y) = a~l 

and rxy+2/ G O ( L ) . Now T\y+y\y = y and T\y+y\x = x. T h u s r\y+y\ is the 
ident i ty map . T h u s X = r\y+y and <7 = TffX+x T\y+y G S (L) . 

4. Genera l i t i e s . In this section we assume tha t L is a non-defective latt ice 
of scale 0 and dimension greater than 2. 

4 .1 . Suppose that i, j , and k are maximal singular vectors of L with B(i, k) = 
B(jy k) = 1. Write L = (oi + o&) _L M". 77ze?z /fore existe w G M such that 
Ew

k G Xh(L) andEwH = j . 

Proof. See (4, §6.1). 

4.2. Le/ i, & awd J, / ôe ^ 0 hyperbolic pairs in L. Then there is a a in X^(L) 
such that ai = ej for some unit e. 

Proof. Wri te L = (oi + ok) JL M. If £(>', j ) G u, then ri+j G X*(L) and 
Ti+ji = j . T h u s suppose t h a t B(i,j) G p and write j = ai + 13k -\- w with 
a, (3 G 0 and w G M. Then B(i,j) = 0 implies 0 G p. If a G u, then 

El-iJ = a~lj and E j - i * G X*(L) . 

T h u s suppose t h a t a G p. Now / = yi + ok + /, where 7, <5 G 0 and / G M. 
And B(j, 0 = 1 implies 5 ( w , 0 G u. Also, Q O ) = a(3 G p2 and 0 ( 0 = 7<5 G 0. 
T h u s J = ow + 0/ is binary unimodular with nJ C 0. And A(7) G p2, whence 
A (J) = 0 by §1.1. By (3) of §2.1, / is a hyperbolic plane. Hence, there is a 
singular z in M with B(j, z) = 1. Then 

5 ( i , k + z) = B((a + l ) - y , £ + 2) = 1 

and (a + 1) G u. Invoke §4.1. 

4.3. Suppose that L = Hv J_ Mv with Hv a hyperbolic plane spanned by the 
hyperbolic pair iv, kvfor v — 1, 2. Then there exists X G X^(L) sz/c& /fo/ Xii = i2 

and \ki = &2. 

Proof. See (4, §6.3). 

4.4. IfL = ^ J L M, where H is a hyperbolic plane, then O(L) = Xh(L)0(L,H). 

https://doi.org/10.4153/CJM-1968-112-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-112-9


1182 BARTH POLLAK 

Proof. See (4, §6.4). 

4.4a. COROLLARY. If, in the notation of §4.4, dim M = 2, then 0(L) = Xh(L). 

Proof. Immedia te by §§3.1 and 4.4. 

5. T h e 4 - d i m e n s i o n a l case , part 1. In this section we assume t h a t L is 
a 4-dimensional unimodular lat t ice which is split by a hyperbolic plane. 
By §4.4a, O ( L ) = Xh(L). W e wish to see when O ( L ) = S ( L ) . Hence we need 
only consider a spli t t ing L = H _L M with H a hyperbolic plane and prove 
t h a t any EJ G 0 ( L ) , with i a singular vector in H and wTith w G M, is also in 
S ( L ) . Now Ew

l G O ( L ) immediately implies t h a t Q(w) G o. If Q(w) G it, 
then the equat ion £«,* = Tw+Q(W)iTw immediately shows t h a t Ew

l G S ( L ) 
hence, for the remainder of the paper, we may assume t h a t Q(w) G p. By 
(6, Lemma 1.20), we may write 

M ^ A (a, c) in x, y, 

where a G <2(^D is a norm generator of g M and ac = A(M). Note t h a t 
o = $M C n ¥ = ao implies t h a t \a\ ^ 1. 

5.1. Suppose that Q(M) Pi it = 0. 77ze?z ord a is odd and \c\ < 1. 

Proof. T h a t ord a is odd is trivial since \a\ ^ 1. If \c\ ^ 1, then 

\A(M)\ = \ac\ > 1. 

B u t then ord A(M) is odd by §1.1. Hence ord c is even. B u t then Q(\y) G it 
for some X G o. 

5.2. Suppose that Q{M) C\ it ^ 0 awd / t o M w ^0/ a hyperbolic plane. Then 
O(L) = S ( L ) . 

Proof. By §5.1, ei ther ord a is even or \c\ ^ 1. 
(1) ord a even and \a\ > 1. T h e n there exists X G P such t h a t <2(Xx) G u. 

Also, C O + \x) G u. T h u s £ x / and E^x G S ( L ) . Hence Ew
l = £Xx*E£+XjC 

is in S ( L ) . 
(2) a G U or ord a odd and \c\ ^ 1. Wri te w = ax + Py for some a, 0 G o. 

By (6, Lemma 1.5) it is easy to see t h a t Q(w) G p implies Q(a#) and Q(0y) G o. 
T h u s both Eax

l and E ^ / G O ( L ) . B u t Eax
l = rax+Q(ax)irax = Tax+Q{ax)lTx. Since 

TX G S ( L ) , we have t h a t rax+Q{ax)i G S ( L ) . T h u s £aa;
2' G S ( L ) . Similarly, 

E ^ * G S ( L ) . Hence £ ; = E^E^ G S ( L ) . 

5.3. Suppose that either Q(M) C\ u = 0 or M is a hyperbolic plane. Assume 
that^~ T^ F 2 , the field of two elements. Then O ( L ) = S ( L ) . 

Proof. If M is not a hyperbolic plane, §5.1 implies t h a t ord a is odd and 
|c| < 1. If M is a hyperbolic plane we m a y take a = 1 and £ = 0. Wri te 
w = ax + #y for some a, 0 G 0. Then (?(w) G 0 implies Q(ax) G 0. Hence 
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Eaz
l and E^y

l £ O(L) and EJ = E^E^K As in the proof of the previous 
proposition, we show that Eax

l £ S(L). Thus we must show that E$y
l 6 S(L). 

(1) p Ç u. Now £^/' = £ /* . Clearly, there exists \ £ 0(H) such that 
Xi = pi. Hence £ / ' = EXy

Xi = XE/X"1 whence E ^ / = [ X E / X - 1 ^ / ) " 1 ] ^ / . 
Now X 6 0(H) = S(H) by §3.1. Thus X G S(L), whence 

X E / X - K ^ ' ) - 1 G S(L). 

Thus we have shown that 

(2) fi G U implies that E&y
l = aEy

i for some o- £ S(L). 

Now the hypothesis implies that there exists a unit e such that e + 1 is 
also a unit. Then Ey

i = E(€+i )2 /Ee/ and by repeated application of (2) we 
obtain Ey

i = pE2y* for some p G S(L). But E 2 / = Eo* is the identity map. 
Thus Ey

l = p 6 S(L). 
(2) (3 e p. Then J V = £ (Vi) A * and /3 + 1 (E u. By case (1), £ , / G S(L). 

5.4. Le/ L be a ^-dimensional unimodular lattice which is split by a hyperbolic 
plane H. Then O(L) = Xh(L). If ^ ^ F2f then O(L) = S(L). Fina/Zy, 
suppose thatïF = F2. Write L = H _[_ M. Then O(L) = S(L) if I f is not a 
hyperbolic plane and Q(M) C\ u ^ 0. 

Proof. Immediate by §§5.2 and 5.3. 

6. The 4-dimensional case, part 2. In this section we assume that L is 
a 4-dimensional unimodular lattice that is not split by a hyperbolic plane. 
We shall ultimately prove that O(L) = S(L). 

6.1. Write gL = ao2 + bo. Then b £ p and L^A(a,c) J_ A(b, ub'1) in 
x, y, z, w say, where œ = 0 or p, Â 4 (a, c) = ac and \c\ < |6|. 

Proof. All that has to be shown is that \c\ < |Z?|, as the other assertions follow 
immediately from (6, Lemma 1.26). Assume that |c| ^ \b\. Then \c\ ^ 1 and 
\ac\ ^ \a\ > \b\ ^ 1. As AA(a, c) = ac, ord ac is negative and odd. Thus 
ord c = ord b (mod 2). I t follows from the perfectness of the residue class 
field that there exists X £ o such that \2b = c (mod p). Now 

J = 0(s + X3O + 0ï£> 

splits L by (4) of §2.1 and since uJ Ç 0. Since Q(s + X;y) £ p, we have that 
A (J) = 0 by §1.1. By §2.1 (3), J is a hyperbolic plane. This contradiction 
shows that |c| < \b\. 

As a consequence of §6.1 we shall assume for the remainder of this section 
that our lattice L has the shape 

L ^ A (a, c) ± A (b, cofr"1) 

in x, y, z, w with gL = ao2 + bo, b (? p, and \c\ < \b\. 
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6.2. O ( L ) = S ( L ) 0 ( L , o s ) . 

Proof. Le t o- G O ( L ) . Wri te 

az = ax + (3y + yz + ôw 

with a, 0, 7, ô € 0. Then Q(az + z) = B(az} z) = Ô. 
(1) ô G it. T h e n r^+2 G O ( L ) and TffZ+za G 0 ( L , 02), whence 

a G S ( L ) O ( L , 0 2 ) , 
as desired. 

(2) ô 6 p. & = <20s) implies t h a t 

(3) Q(ax + fty) = (y + l)2b + yd + o2b~^. 

We assert t h a t 7 = 1 (mod p). Suppose the contrary . Then 7 + 1 G u, whence 
| (7 + 1)26| = |6| > |7ô| and \b2b~lu\. Hence the absolute value of the right-
hand side of (3) is \b\. If c = 0, then Q(ax + fiy) = a2a + aft, whence 
\a2a + a/31 = |6|. If |a2a| ^ |a/3|, then |6| ^ \a&\ ^ 1, whence 

|6| = \a\ = \p\ = 1. 

B u t then \a2a\ = \a\ > |6| = \afi\, a contradict ion. Hence \a2a\ > \afi\. B u t 
then |a2a| = |6|, a contradict ion of the definition of b. T h u s the assertion is 
proved if c = 0. If c 7^ 0 then, by (6, Lemma 1.5), 

\Q(ax + /3y)\ = max{|a 2a | , |/32c|}. 

Hence, by (3), max{|a2a | , \(32c\} = \b\. But , as before, \a2a\ = |6| is impossible. 
T h u s \/32c\ = |6|. B u t then |c| ^ |6| which is also impossible. T h u s we mus t 
have 7 = 1 (mod p). 

(i) Suppose t h a t ord b is even. If b G u, then co ^ 0 since œ = 0 would 
imply t h a t 4 ( 6 , 0) is a hyperbolic plane. T h u s rw G O ( L ) . T h e coefficient of 
w in TW<JZ is 7 + ô G U. W e m a y proceed as in case (1). Therefore we m a y 
assume t h a t |6| > 1. T h e n there exists X G p such t h a t | \ 2 6 | = 1. T h e n 
Q(\z + w) G u. T h u s T\2+W G S ( L ) . And the coefficient of w in r\z+waz is a 
unit . W e m a y proceed as in case (1). 

(ii) Suppose ord 6 is odd. Then there exists X G p such t h a t |X2a| = 1 since 
ord a + ord 6 is odd. Then Q(\x + w) G u, whence T\X+W G S ( L ) . T h e coeffi­
cient of w in rxz+tfO-z is a unit . Again we proceed as in case (1). 

6.3. 0 ( L , 02) C S ( L ) 0 ( L , ox + ow). 

Proof. Le t X G 0 ( L , 02). If we can show t h a t r\x+x G O ( L ) , our proof 
would be complete since then, r\x+x\ G 0 ( L , ox + oz). Wr i te 

\x = ax -\- /3y + yz + ôw 

with a, j8, 7, ô G 0. Now £(Xx, 2) = £(Xx, Xz) = 0, whence ô = 0. Also, 
Q(\x + x) = 5(Xx, x) = (3. T h u s r\z+2; G O ( L ) if and only if 

£(Xx + x, L) (Xx + x) Ç PL. 
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By various obvious computations one easily finds that it is sufficient to 
establish that 

(4) | ( « + 1 ) 2 | =S ||8| and |T
2 | ^ |/S[. 

Now 0 = Q(\x + x) implies that 

(5) Q((a + l )x + fiy) = 0 + 72&. 

(i) Suppose that |0| ^ |726|. Then |0| ^ |7
2 | and we have (4)2. If c ^ 0, 

using (6, Lemma 1.5), we have that 

max) | (a + l)2a|, |02c|} ^ |0| 

by (5). Thus \(a + l)2a\ ^ |0|. But |a| > |6| ^ 1. Hence we have (4)1# If 
c = 0, then (a + l)2a + (a + 1)0 = 0 + 72^. K | (a + l)2a| > | (a + 1)0|, 
then | (a + l)2a| = |/3 + y2b\ g |0| and we obtain (4)x. If 

| ( a + l)2a| < | ( a + 1)0|, 

then | (a + l)2a| < |0 + y2b\ g |0| and again we obtain (4)x. We are left with 
| (a + l)2a| = | (a + 1)/3|. But then \a + 1| = l/for1!, whence 

|(<* + 1)2| = |0a"2 | |0 | 

and, since |0a -2 | < 1, we again obtain (4)i. This settles case (i). 
(ii) Suppose that |0| < \y2b\. If c 5̂  0, then (5) implies 

max{|(<* + l)2a|, \p2c\} = \y2b\. 

Thus \(a + l)2a\ ^ \y2b\, whence \(a + 1)2| ^ |&a_1| |72 | ^ |72 |. Hence it will 
be enough to prove (4)2. By definition of b, \ (a + 1)2#| = |72^| is impossible. 
Thus we must have that |02c| = |72fr|. Thus |02| \cb~l\ = \y2\. Hence |02| > \y2\. 
But |0| ^ 1, whence |02| g |0|. Thus |7

2 | ^ |0| and we have (4)2. Thus we 
may suppose that c = 0. Then (5) yields 

(a + l)2a + (a + 1)0 = 0 + y2b. 

If | (« + l)2a\ > |(a + 1)0| we would obtain \(a + l)2a| = |726|, an impos­
sibility. Thus | (a + l)2a| g | ( a + 1)0|. Hence 

| (a + 1)2| < | (a + l)2a| ^ | (a + 1)0| ^ |0| 

and wTe have (4)x. Also we have that |726| ^ | (a + 1)/3| by (5). Hence 

|72| ^ |« + 1| IM |0| ^ |0| 

and we obtain (4)2. This exhausts all cases and our proof is complete. 

6.4. 0 (L , ox + oz) C S(L)0(L, oz + ow). 

Proof. Let a G 0 (L , ox + oz). If we can establish that TOW+W G O(L) 
our proof would be complete since Taw+Wcr is easily seen to be in 0 (L , oz + ow). 
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Let 
aw = ax + (3y + yz + bw 

with a, /3, 7, <5 G o. Now o-x = x and crz = s immediately imply that fi = 0 
and 5 = 1. And Ç(o-w + w) = y. Hence raw+w G O(L) if and only if 

B(aW + w, L) (aw + w) Ç 7L. 

By several obvious computations we see that it suffices to prove that a2 G 70. 
Now, co6-1 = Q(aw) implies that a:2a = y2b + 7 whence a:2 = y(yba~l + a - 1 ) . 
But clearly, ybcr1 + a - 1 G 0 and our proof is complete. 

We can now prove the following. 

6.5. O(L) = S ( L ) . 

Proof. Immediate by §§6.2, 6.3, and 6.4. 

7. The group X^(L). In this section we assume that L is an arbitrary 
unimodular lattice. The case dim L = 2 was discussed in §3.1, thus we may 
assume that dim L ^ 4. 

7.1. Suppose that L = J A. M and consider an EJ G O(L) w/̂ & i G / and 
7£; G -M. Suppose that either (1) C O ) G u or (2) w G Trikf and Ç(Af) H u ^ 0. 
Then EJ eS(L). 

Proof. (1) Ç(w) G u .Thenr* G O(L). AsE* ' G O(L) a n d E * ' = rw+Q{w)irw, 
G O(L). Thus E„< G S(L). 

(2) Fix wx G M with Q(wx) G u. Clearly, C O + wx) G it. Thus Ewi
l and 

Ei+u,! are in S(L). Thus EJ = Ewl
lEl

w+wl G S(L). 

7.2. Suppose that dim L ^ 4 or 6 if the residue class field #~ = F2. Then 
Xh(L) = S(L). 

Proof. By §3.1 we may assume that dim L ^ 4. If dim L = 4, the hypothesis 
implies t h a t ^ " 5* F2. By §§5.4 and 6.5, O(L) = S(L), whence X»(L)" = S(L). 
Thus, we may assume that dim L ^ 6. We have to consider a splitting 
L — H 1_ M with i l a hyperbolic plane and prove that any Ew

l G O(L), with 
i a singular vector i n l a n d w G M", is also in S (L). Note that dim Af ^ 4. Thus, 
Ç(M) C\ u ^ 0. (See, e.g., 6, Lemma 1.26.) We may therefore assume, by 
§7.1, that wis maximal in M and Q(w) G p. Now pick t G M with B(w, t) = 1 
and obtain a splitting M = (ow + 0/) _!_ iV. Suppose that &~ ^ F2. Set 
K = H ± (ow + ot). Then L = K ± N and 0 ( 2 0 = S(K) by §5.4. Hence 
EJ G 0 (L , TV) Ç S(L). Therefore we may suppose that ^ = F2. Here we 
have dim N ^ 4 and, again by (6, Lemma 1.26), there exists Wi £ N with 
<20i) G U. Then Q(w + wx) G it. Thus Ewl

l and E£+ti;i are in S(L) by §7.1. 
Thus EJ G S(L). 

7.3. THEOREM. / / L is unimodular, then O(L) = Xh(L). If ^F ^ F2, then 
O(L) = S(L). 7/&~ = F2 and dim 7, ^ 4 or 6, /&«« O(L) - S(L). 
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Proof. The proof is by induction on dim L. If dim L = 2, the result follows 
from §3.1. If dim L = 4, then invoke §§5.4 and 6.5. Thus we may assume 
that dim L ^ 6. But then, by (1) of §2.1, L is split by a hyperbolic plane H. 
By §4.4, O(L) = X, (L)0(L, H). By the induction hypothesis, 

0(L,H) CX A (L ) . 

Thus O(L) = Xft(L). The result now follows from §7.2. 

8. The exceptional dimensions, part 1. The only cases where the 
validity of the equation O(L) = S(L), L unimodular, is still in doubt occur 
in dimensions 4 and 6 when Ĵ ~ = F2. We have already studied the case 
dim L = 4 and found that O(L) = S(L) with the possible exception of the 
following cases: 

\H ± M, where Q(M) Pi u = 0. 

We shall prove in the next section that (0(L) : S(L)) = 2 in these cases. 
We now wish to investigate the 6-dimensional cases for which O(L) = S(L) 
holds. 

TABLE I 

I A (0, 0) J_ A (0, 0) JL / 
II -4(0,0) J_ 4 ( 0 , 0 ) _LK 

III 4 ( 0 , 0 ) JL N 

8.1. Le/ L &e ^-dimensional unimodular. Then there is a base for L such that 
L has exactly one of the forms I, II, or III of Table 1. In case I, J is binary 
unimodular such that Q(J) P it = 0. In case II, i£ is binary unimodular such 
that Q(K) r\ u 5* 0. In case III, iV is ^-dimensional unimodular and is not 
split by a hyperbolic plane. 

Proof. Immediate by (1) of §2.1. 

8.2. Let L be 6-dimensional unimodular of type II or III . Then O(L) = S(L). 

Proof. As O(L) = Xft(L) we need only prove that an Ew
l £ O(L) which is 

determined by a splitting L = H JL ikf, H a hyperbolic plane, i £ H, w £ M, 
is in S(L). By cancelling hyperbolic planes we may suppose that 

^ ( , 4 ( 0 , 0 ) ±K,or 
— \N. 

If Q(w) Ç u, then E</ Ç S(L) trivially, therefore we may assume that 
Q(w) e P. 

Case 1. Af ^ A (0, 0) J_ X. Write w = Wi + ^2, where wx ^ A (0, 0) and 
w2 G i£. Now (?(w) = (?(wi) + Q(w2). There are two possibilities: 

(i) both QOi) and Q(w2) £ p, 
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(ii) both Q(wi) and Q(w2) G U. 
Now Ew

l = Ew^Ew*. In Case 1 (i), choose Xi G K such that Q(x\) G u. 
Then Q{wl + Xl) = Q(wx) + Qfa) G u whence Em* = E ^ E ^ G S(L). 
There exists x2 G -4(0,0) such that Q(x2) G u. Then Q(w2 + x2) G u and 
Em* = £„*££,+*. € S(L). Thus £„* G S(L). 

In Case 1 (ii), £„ , / and Em* are trivially in S(L). Thus Ew
l G S(L). 

Case 2. M^N. 
(i) Suppose that 6 G u. Then 

JV g* il (a, c) ± 4 (6, pb~l) 

in fe, Z, m, n, say, and we must have that c G p by §6.1. Write w = ^ i + w2 

with Wi G ^4(#, c), ^2 G -4(6, p6_1). Now Ew
l = Ewl

iElD2
i and by an analysis 

similar to the preceding case, we may suppose both Q(w\) and Q(w2) G p. We 
note that this implies that w2 is not maximal; cf. (6, Lemma 1.5). Hence 
\Q(m)\ = |e(w! + m)\ = \Q(w2 + m)\ = 1. Thus EW1* = EJE^ G S(L) 
and Ett2* = £„'££,+» G S(L). Thus EJ G S(L). 

(ii) Suppose that |6| > 1. By §6.1, we may write 

N^A(a, c) _L A(b, coo"1), 

w = Wi + ze>2 with W\ G 4. (a, c), w2 G ^4(6, cofr-1). We may suppose both 
<2(^i) and Q(w2) G p. If ord b is even, there exists a non-maximal vector 
x f i(&, coZr"1) such that (?(x) G u. Then both Q(wi + x) and Q(w2 + x) are 
in u and hence both EW1* = E^Ewx+x and E^* = Ex

lEw2+x are in S(L). Then 
Ea,̂  = Ewl

iEW2
i G S(L). Finally, if ord b is odd, then ord a is even and there 

exists a non-maximal vector x ^ i f e c) such that Q(#) G U. By a similar 
argument we see that Ew

l G S(L). 

9. The exceptional dimensions, part 2. We continue in this section 
with our assumptions that L is unimodular of dimension 4 or 6 andJ^~ = F2. 
The only cases which remain to be discussed are listed below: 

I A (0, 0) JL A (0, 0) 

dimL = 6 III A(Q,0) ± A(0,0) ± A(a,c) in ij, k, l, m, n 

Furthermore, for the binary lattice A (a, c), we have Q(A(a, c)) C\ it = 0. 
By §5.1, we must have ord a odd and c G p. 

Lattices of types I, II , and III will be referred to as exceptional lattices. 

9.1. Let L be an exceptional lattice. Suppose that i and r are maximal singular 
vectors both of which lie in hyperbolic planes. Then there exists <j> G S(L) such 
that <t>i = r. 
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Proof. Let i, j be a hyperbolic pair and write L = (oi + oj) _L K. Then 
we have r = ai + fij + z for some « , ^ 0 and 2 6 X.H/3Ç u, then B (i, r) G u 
whence r r + ï G S(L) and r = rr+ii. If a G u, then 5 ( j , r) G u and r r + ; G S(L). 
Then 0 = Tr+J/rz+y € S(L) and </>i = r. Thus we may assume that both a 
and /3 lie in p. Hence z is maximal in K. Therefore there exists t G K such that 
B(z, t) = 1; and Q(r) = 0 implies Q(z) G p. We may write 

L = (oi + 07) J_ (oz + ot) 

if dim L = 4 or (oi + 07) _L (02 + oO ± R if dim L = 6. 
Case 1. Suppose that L ~ A (0, 0) J_ -4 (a, c). By cancellation of hyperbolic 

planes, we may suppose that oz + ot ~ A (a, c) in k, I. Write z = yk + ôl 
for some 7, <5 G 0. Thus r = ai + #/ + 7& + 5/ and <2(r) = 0 implies 7 G p. 
Let r, 5 be a hyperbolic pair. Write 5 = a±i + fiij + 71& + <5i/. Then B (r, s) = 1 
implies 71 G it. But then \Q(s)\ = |a|, contradicting (?(s) = 0. Thus, not both 
of a and /3 can lie in p and this case is settled. 

Case 2. Suppose that L ^ A (0, 0) JL 4̂ (0, 0). By cancellation of hyperbolic 
planes, we may suppose that oz + ot ~ A (0, 0) in k, I. Write z = yk + 51 for 
some 7, ô G 0. Thus r = ai + /3j -\- yk -\- M and r maximal implies at least 
one of 7 and ô is a unit. Suppose, temporarily, that 7 G u. Then Ç(r) = 0 
implies ô G p. Then 5(r , i + j + k + /) G U whence rr+i+j+k+i G S(L). Also, 
Tj+k+i G S(L). Set cj> = Tr+i+j+k+iTj+k+i- Then 0 G S(L) and </>i = r. If <5 G u 
we proceed in an analogous fashion. 

Case 3. dim L = 6. If Q(£) is a norm generator of L, then 

£1 = (oi + 07) J_ (oz + 0/) 

is a lattice of the type considered in Case 1 and both i, r G L\. We may invoke 
Case 1 to complete the proof. If Q(t) is not a norm generator, then R must 
contain a norm generator. Noting that 1 is a base generator for L, we conclude 
that ord Q(0 + ord a is even if \Q(t)\ > 1. By amalgamating a suitable 
vector of R with t if necessary, we may assume that Q(t) G 0. But then oz + Ot 
is a hyperbolic plane, both i, f G £1, and we may invoke Case 2. 

9.2. Le£ L fre 6m exceptional lattice. Suppose that a G O(L). Then either 
a G S(L) or a is of the form \El

ifor some X G S(L). Hence (O(L) : S(L)) ^ 2. 

Proof. By §7.3, O(L) = X^(L). Suppose that Ev
r occurs in the expression 

for a as an element of X^(L). The equation E</* = Eaw
l allows us to assume 

that r is maximal. Invoking §9.1, we may write Ev
r = E^\ $ G S(L). 

Thus Ev
r = (frEw*^1 and, ultimately, we may express 0- in the form if/Ew1, 

where \p G S(L) and w, of course, lies in (oi + oj) *, the orthogonal complement 
of oi + oj in L. Now £„* G O(L) implies that Q(w) G 0. If Q(w) G u, then, 
trivially, <r G S(L), thus we may assume that Q(w) G p. 

Case 1. dim L = 4. We may write w = ak + j3l for some a, 0 G 0. As 
Q(w) G p we have both Q(ak) and Q(fik) in p. Then both Eak

l and E^^ are in 
O(L) and, of course, Ew* = E'a^Epi*. 
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(i) Suppose that (oi + 07)* = -4(0, 0) in k, I. If a G u, then 

£«*' = E,? = ETl
Ti = rEl

iT~\ 

where r G S(L) sends i —> ai, j -± a~lj, k —-> /, and I-* k. As in the proof of 
§5.3 we obtain £«** = 0£z* for some <£ G S (L) . I f a G p write Eafc

z" = E(a+iUJV 
and, by the preceding observation, we have 

Eak* = ypE2l
l = \pE0

i = ^ tor some ^ G S(L). 

(ii) Suppose that (oi + 07)* = ,4 (a, c) in &, /. Then Eak
l = raA;+Q(a^)zrafc. As 

r«it = TA; G O(L), it follows that Tak+Q{ctk)i G O(L), whence E^ G S(L). 
(iii) Epi* has either the form <$> or <£Ej* for some <j> G S(L). This follows 

exactly as in the proof of §5.3. 
(iv) By (i), (ii), and (iii) we see that a has one of the forms X or \Eif for 

some X G S(L) and Case 1 is complete. 
Case 2. dim L = 6. Write w = x + y, where x £ A(0, 0) and y G 4̂ (a, c). 

Now <2(w) = (?(x) + Q(y) € P implies either both (?(x), (?(;y) G u or both 
Q(X)J Q(y) 6 p. As Ç(i4(a, c)) H u = 0, only the latter case can occur. Now 
\Q(k + l)\ = \Q(y + k + l)\ = 1. Thus Ey* = EUiEi+k+i G S(L). Since 
£^2' = Ey

iEx
i and x G -4 (0, 0) we may invoke Case 1. 

10. The exceptional behaviour, part 3. In this section, L will denote 
an exceptional lattice. Thus #~ = F2 and L has one of the shapes I, II, or III 
given at the beginning of the preceding section and we shall continue to use 
the notation introduced at that time. We will ultimately prove that Et* G S(L) 
whence, by §9.2, (O(L) : S(L)) = 2 . 

Now wL is an additive subgroup of L. As in (4, §10) we can endow V = L/wL 
with the structure of a vector space over the finite field of two elements. And 
we can put a symmetric bilinear form S o n F and construct a homomorphism 

/ : 0 ( L ) - » G L ( 7 ) . 

10.1. Let L be an exceptional lattice. Then Et
f G S(L) aw J hence 

( 0 ( L ) : S ( L ) ) = 2 . 

Proof. Using the bar notation of (4, §10) we shall prove that 

/ ( £ , ' ) <2/(S(Z.)). 

By considerations analogous to those of (4, §10), we can list a set of 
generators fs for / (S(L)) . 

Type of L Generators for/(S(L)) 

I 
fjfc+l, Ti+fc+Z, fj+k+l 

II Ti+jt Ti+j+l 

III Tx or Tx+ny where fx is one of 
the generators for type I. 
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Case 1. Suppose that L is of type I or II. Note that the set of generators in 
type II is contained in the set of generators in type I. Note also t h a t / ( £ ^ ) is 
the same element of GL(V) in both types I and II. Hence it will suffice to 
prove t h a t / ( E , ' ) (2 / (S(L)) for L of type I. 

Now in the case of type I we can give V the s t ructure of a non-defective 
quadra t ic space over F 2 by defining a quadra t ic map Q on F by 

Q(#) = Q(x) for x € L. 
Then Q is well-defined, B becomes the associated bilinear form a n d / clearly 
becomes a homomorphism 

f: 0 ( L ) - > 0 ( 7 ) . 

Since F contains a copy of F2, / is surjective. Hence, if E^ Ç S(L), then, by 
§9.2, 0(L) = S(L) and it would follow that 0 ( F ) is generated by sym­
metries. But the Witt index of the space V is clearly 2. This gives a contra­
diction to (2, 1.5.1). (Alternatively, see 3, Proposition 14.) 

Case 2. Suppose that L is of type III . The argument in this situation is 
completely analogous to the argument of Case 4 of §8.3 given in (5). 
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