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COMMUTATORS OF BMO FUNCTIONS AND SINGULAR INTEGRAL
OPERATORS WITH NON-SMOOTH KERNELS

XUAN THINH DuoNG AND LIXIN YAN

Let X be a space of homogeneous type of infinite measure. Let T be a singular
integral operator which is bounded on LP(X) for some p, 1 < p < oco. We give a
sufficient condition on the kernel of T so that when a function b € BMO(X), the
commutator [b,T}(f) = T(bf) — bT(f) is bounded on L? spaces for all p, 1 < p < 0.
Our condition is weaker than the usual Hérmander condition. Applications include
LP-boundedness of the commutators of BMO functions and holomorphic functional
calculi of Schrédinger operators, and divergence form operators on irregular domains.

1. INTRODUCTION

Let (X,d,p) be a space of homogeneous type, equipped with a metric d and a
measure p. Let T be a bounded operator on LP( &) for some p, 1 < p < 0o. A measurable
function K'(z,y) is called an associated kernel of 7" if

(L1) T(f)(z) = /X K(z,9)f (v) du(y)

holds for each continuous function f with compact support, and for almost all z not in
the support of f.
The kernel K(z,y) is said to satisfy
(i) the pointwise Hérmander condition on z variable if there exist 0 < a2 < 1
and c¢; > 1 such that

1 d(z, z)*
(B(z; d(z,)) d(z, y)*’

when d(z,y) 2 cd(z, 2), and B(z;r) denotes the ball with centre r, radius

(1.2) |K (2,y) ~ K(2,9)| < e

;
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(ii) the integral Hérmander condition on y variable if there exist constants C
and ¢z 2 1 such that

(1.3) / |K(@,1) - K(2,2)| du(z) < C,
d(z,y)Z‘:?d(zvy)

forally,ze X.
It is well-known that if T is bounded on L?(X) for some g, 1 < ¢ < oo, and
b € BMO, the two Hormander conditions (i) and (ii) above are sufficient to imply that
the commutator [b, T]f is bounded on LP(X) for all p, 1 < p < oo, with norm

18, T, < Clell ISl

where the commutator {b, T'] is defined by [b, T|(f) = bTf — T'(bf) and |{b||. is the BMO
semi-norm of b. See [5, 10] for BMO functions on Euclidean spaces X = R", and [3] for
spaces of homogeneous type. '

Our aim of this paper is to replace the two Hormander conditions (1.2) and (1.3) by
the following weaker conditions (1.4) and (1.5) below which previously appeared in [8],
and still conclude that the commutator [b,T] is bounded on LP(X) for all p, 1 < p < c0.
Roughly speaking, for the case A has infinite measure, we assume the following.

(iii) There exists a class of operators A, with kernels a;(z,y), which satisfy the
condition (2.3) in Section 2, so that the kernels k;(z, y) of the operators (T — A,T') satisfy
the condition

1 te/m
z; d(z,y)) d(z,y)*’

when d(z,y) > cyt'/™ for some o, m > 0; and

(iv) There exists a class of operators {B;,t > 0} satisfying condition (2.3) such
that (T — T B,) have associated kernels K;(z,y) and there exist positive constants ¢z, c,
such that

(1.4) |ke(z,v)| < Clu(B(

(1.5) / IKt(:z, )| du(z) <cy, forallye X,
d(z,y)>cat!/m

Under conditions (1.4) and (1.5), if T is bounded on L?(X’) for some ¢, 1 < g < oo, then
the commutator [b,T]f is bounded on LP(X) for all p, 1 < p < 0.

Note that the classes of operators A; and B, play the role of generalised approxi-
mations to the identity. It is not difficult to check that conditions (1.4) and (1.5) are
consequences of conditions (1.2) and (1.3), respectively. See, [8, Proposition 2].

The paper is organised as follows. In Section 2 we give definitions of space of ho-
mogeneous type and the sharp maximal function Mf f associated with a “generalised

https://doi.org/10.1017/5S0004972700033669 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033669

3] BMO functions 189

approximations to the identity” {A,,f > 0} as in [11]. We also recall some known re-
sults and prove a lemma there. Our main result is Theorem 3.1 in Section 3. Our proof
does not use the usual Fefferman-Stein sharp maximal function f#. Instead, we use the
sharp maximal function Mf f which was previously introduced in [11]. In Section 4, we
extend our result to the case of the underlying space being a subset of a space of homoge-
neous type of infinite measure. In the last section, applications are given to holomorphic
functional calculi of Schrédinger operators, and divergence form operators on irregular
domains.

We note that there is difference in estimates for boundedness of commutators of BMO
functions and singular integral operators when the underlying space A has finite measure
and when X has infinite measure. In this paper, we only study the case u(X) = oo. The
case p(X) < oo will be studied in a seperate paper [9].

Throughout, the letter “C” will denote (possibly different) constants that are inde-
pendent of the essential variables.

2. DEFINITIONS AND PRELIMINARY RESULTS

Let X be a topological space equipped with a measure £ and a metric d which is a
measurable function on X x X. We define X to be a space of homogeneous type if the
balls B(z;r) = {y € X : d(y,z) < r} satisfy the doubling property

n(B(z;2r)) < epu(B(z;r)) < 00

for some ¢ > 1 uniformly for all z € X and r > 0. A more general defintion can be found
in [6, Chapter 3).
Note that the doubling property implies the following strong homogeneity property,

(2.1) p{B(z; Ar)) € eA*u(B(z;T))

for some ¢, n > 0 uniformly for all A > 1. The parameter n is a measure of the dimension
of the space. There also exist ¢ and N,0 < N € n so that

N
(2.2) n(B(y;r)) < C<1 + i(—zr—y)> p(B(z; 7))

uniformly for all z,y € X and r > 0. Indeed, the property (2.2) with N = n is a direct
consequence of triangle inequality of the metric d and the strong homogeneity property.
In the case of Euclidean spaces R” and Lie groups of polynomial growth, N can be chosen
to be 0.

The standard Hardy-Littlewood maximal function M, f,1 < r < oo is defined by

M, f(z) = sup (ﬁ;/BIf(y)l'du(y))w,
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where the sup is taken over all balls containing z. If r = 1, M; f will be denoted by M f.
The Fefferman-Stein sharp maximal function of f, f#(z), is defined by

1
@) = s s /B 17() ~ fa| duty),

where fg = 1/(u(B)) [, f du. We willsay f € BMO(X) if f € L},.(X) and f#(z) € L*.
If f € BMO, the BMO semi-norm of f is given by

£l = sup #(z) = sup sup ﬁ /Blf(y) - fa| du(y)

A family of operators A;,t > 0 is sald to be “generalised approximations to the
identity” if, for every £ > 0, A; can be represented by kernels ay(z,y) in the following
sense: for every function f € LP(X),p > 1, Af(z) = [, a(z,y)f(y)du(y), and the
following condition holds:

-1
(2:3) Jae(z,9)| < he(z,9) = (w(B(z: /™)) s(dlz,9)™),

in which m is a positive constant and s is a positive, bounded, decreasing function
satisfying

(2.4) lim 7"V *eg(r™) = 0

700

for some € > 0, where n and N are two constants in (2.1) and (2.2).
Note that (2.2) and (2.4) imply that

Jae@ )] < (B /™)) " x (14 D87

In [11], the sharp maximal function Mff f associated with “generalised approxima-
tions to the identity” {A;, ¢t > 0} is defined by

(2.5) ME (@) = sup s / 1£(5) = Aup £(3)] disw)

where tg = 7§, and f € LP(X) for some p > 1.

We recall some results, which have been proved in the context of spaces of homoge—
neous type in [3, 4, 8]2.

LEMMA 2.1,

(i) For every p € [1,00], there exists a constant C such that for every f
€ LP(X),
Af(z) < CM f(z);
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(i1) Assume b€ BMO and M > 1. Then for every ball B(z;r), we have
lbs — barp| < C||b]]. log M;

(iii) (John-Nirenberg Lemma) Let 1 < p < oo and B C X, then b € BMO if

and only if

) /

—— | |b—bp|Pdu(z) < |b]*.
B Bl sl” du(z) < [[bl]

LEMMA 2.2. Let A > 0 and f € I*(X) for some 1 < p < oo. Then for every
0 < n <1, we can find v > 0 independent of A\, f in such a way that

p{z € X : Mf(z) > DX\, M% f(z) < vA} < npfz € X : Mf(z) > A},

where D > 1 is a fixed constant which depends only on the space X and the “generalised
approximations of the identity” {A;,t > 0}.
As a consequence, we have the following estimate:

(2.6) 11l < 1M, < CIME Sl

for every f € LP(X),1 < p < 0.
For the proof of this lemma, see [11, Proposition 4.1].

LEMMA 2.3. Let {A;,t > 0} be a “generalised approximations of the identity”
and let b € BMO. Then, for every function f € I?(X),p>1,z€ X and1 <71 < 00 we
have

2.) sup—z= [ A1y (6 b3) 1) duy) < CIBI M, ),

where tg = 3.
ProoF: We fix f € LP(X),p > 1;z € X and z € B for some ball B. Then,

ﬁ/

Am«b— ba)) (v |du

/ / hte(zy y) = bg) f (y)ldu(y)du(z)
<m / / b (2,9) by)—bg)f(y)\du@)du(x)

+Z / /2'=+13\2k3 e (z, y)‘(b(y —bg)f y)ld,u(y ) du(x)
=1+ H.

We now estimate I. By (2.2) we have u(B) < 2Vu(B(z,75)) since z € B. Besides, for
y € 2B we have

s@y™p) 80 _ € _ C

hua(2,9) = w(B(z;tY™) = w(B(z;its)) ~ u(B) ~ u(2B)’
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Note that the first inequality is a consequence of the assumption that s is decreasing.
Denote 1/r + 1/r' = 1. By using (iii) of Lemma 2.1, we obtain

1< O [ [ |66 = 85) 1) duty) )
357 .| 60 = 48)1(0)| o)

[u(2B)./ | bB)’r/ d#(y)] v [ﬁ(;_B) /mlf(y)lr du(y)] 1r

< Clelle M. f(2)-

Regarding 11, for z € B and y € 25¥*'B\2¢B we have d(z,y) > 2*~!rp and from the
doubling volume property

s(d(z,y)™tz™) - s(2(k=1m) s(2(k—l)m)2(k+1)n
w(B:td™) © w(B) T p(Z1B)

By (2.4) and Lemma 2.1, we thus obtain

< kn . (o(k=1)m —/ /
. 022 (2 )u(B)u 2k1B 2++1B
1
< kn (k—-1)m /
h Ckz=:12 5 )/‘(2“13) 2++1B

< Clvll D> (k + 1)25s(2% ™) M, f(z)
k=1

< Clbll. M, £ (z).

h’tB (Ia y) =

v) — b8) £ ()] duu(y) di(z)

(b(y) - bs) f (y)l du(y)

The proof of Lemma 2.3 is complete. 0

3. THE MAIN THEOREM AND ITS PROOF
Assume that X is a space of homogeneous type of infinite measure, equipped with
a metric d and a measure g. In this section, we assume the following:

(a) T is a bounded operator on L2(X).

(b) There exists an “generalised approximations of the identity” {B,,¢t > 0}
such that (T'—T B,) have associated kernels K,(z, y) and there exist positive
constants c;, ¢; such that

/ |K¢ z y)|du <c, foralyeX.
d(zx,y)>c /™

(c) There exists an “generalised approximations of the identity” {4,,¢ > 0}
such that the kernels k;(x, y) of the operators (T' — A,T) satisfy
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(3.1) |ke(z,v)| < 4 L el )
u(B(z; d(z,y)) d(z,y)*

then d(z,y) > c3t'/™ for some.cs, cs, & > 0.

It is proved in [8] that if T is an operator satisfying (a) and (b) above, then T is of
weak type (1,1) and of strong type (p,p) for 1 < p < 2. In addition, if {c) is also satisfied,
the operator T is bounded on LP(X) for all 1 < p < co.

The aim of this section is to prove the following theorem.

THEOREM 3.1. Let T be an operator satisfying the above conditions (a), (b) and
(c) and b € BMO. Then the commutator [b, T] can be extended to LP(X) continuously,
and there exists a constant C = C(p, T, X) such that

(3.2) B, TIf], < ClisllD 1l

forl <p < co.

PRrROOF: Choose two real numbers r and s greater than 1 such that 1 < rs < p < 00.
We will prove that there exists a constant C' = C(p, T, X) such that

(3.3) M% (b, 7)) (f)(z) < CllbllM,Tf(z) + C||bll. My, £ (2)

forallz € X.
From (3.3) and (2.6), (3.2) follows by the continuity of T, and of the maximal
inequality ([13]),

|6, 7f(, < Cf|MF (0. T AN, < Clbll (1M TA1lp + 1 Mrs£1l5) < Cllelll £l

foralll<rs<p<oo.
We now prove (3.3). For an arbitrary fixed z € X, choose a ball B(zq;7) = {y
€ X : d(zo,y) < r} which contains z. Let fi = fxzp and f, = f — f1. One wrltes

(b, T)f = (b—bs)Tf —T((b-bs)f1) — T((b-bg)fe),
and

Asg ([0:T)f) = Ap (b — b8)Tf) — A, T((b— b) f1) — A, T((b — b3) f2),

where tg = r%. Then, by (2.5)
5 BTG - A TV )] duts)

ﬁ /B |(b(y) —bB)Tf(y)ldu(y) + ﬁ /B IT((b(y) — bg) fl)(y)| du(y)
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1
+ 5 /B |A,B ((b(y) — bB)Tf)(y)| du(y)

1
T u®) /B AT ((b0) - bB)fl)(y)l dp(y)
1
+p—(-B—)- LlT((b —bg) f2)(y) — A, T((b - bg) f2) (y)' du(y)
=1+ +II+1V + V.

Let 7’ be the dual of r such that 1/r+1/r' = 1. Using the Hoélder inequality and Lemma
2.1, we have

/v 1/r
1
b(y) — bg| d ——/ T "d ]
[M(B)/' (v) - bs]" u(y] [u(B) | TI@)] du)
< Cljoll. M, T f ().
By Lemma 2.1 and the L? boundedness of T,

1< (o [ (6w - bB))f1)<y)|’dﬂ<y>)1/s
< C(—l-/ ’(b(y) - ba)f(y)lsdu(y))l/s
<l Lo -] 5 o

< C||bll. My f ().
Similarly, by Lemmas 2.1, 2.3 and the L? boundedness of T, we obtain
L+ IV < ClIbllM,Tf(z) + Clbll. My £(2).

We now consider the term V. Using the assumption (c), we have

1
< ;(—5) /B [23)c Ikts (v, Z)Il(b(z) - bB)f(z)‘ du(z) du(y)

1 TS _ .
¢ kE; -/2’=r5<d(zo z)<2k+irg /‘(B(xo; d(wa Z))) d(.’I)o, Z)a (b(Z) bB)f( )' d#(Z)

€O B T Ly |48~ 90 )

k 1

£C Z 2_kam lb(Z) - b2"+lB| |f(2)| d,LL(Z)

d(Io z)<2"+'r3

<

1

+C 275 boes1g — b ———/ d
Z [bavs1 BI#(B(Zo;Q"TB)) d(zo, z)<2"‘“r5|f(Z)| uz)

k=1

< Clisll. Zz-k"M f(z) +Clibll. Zz*“(m 1)M f(z)

k=1
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< Clivll oM. £ ().

Combining the above estimates of I, II, III, IV and V, we obtained (3.3). The proof
of Theorem 3.1 is complete. 0

4. THE CASE OF MEASURABLE SUBSETS OF SPACES OF HOMOGENEOUS TYPE

We now assume that Q is a measurable subset of the space of homogeneous type
(X,d, p). An example of £ is an open domain of the Euclidean space R™. If Q possesses
certain smoothness on its boundary, for example Lipschitz boundary, then it is a space
of homogeneous type and Theorem 3.1 is applicable. However, a general measurable set
€1 needs not satisfy the doubling property, hence it is not a space of homogeneous type.
Such a measurable set ) appears naturally in boundary value problems, for example for
partial differential equations with Dirichlet boundary conditions.

We are interested in dealing with the commutator estimates in these context. Fol-
lowing the approach in [8], we extend the singular integrals defined on € to the space X.
Since there i1s no assumption on the regularity of the kernels in the space variables, the
extension of the kernel still satisfy similar conditions. Given a linear operator T which
maps LP(Q) into itself for some p, defined an associated operator T on L* () by

T(f)(z) = T(fxa)(z)xa(2),

where xgq is the characterisatic function on ©. Then T is bounded on L?(€) if and only
if T is bounded on LP(X). Note that if T has an associated kernel K(z,y) in the sense
of (1.1), then T also has an associated kernel K (z,y) in the sense of (1.1), given by

K(.’E, y) = K(l‘, y)XQxQ(Za y)

It is easy to see that the pointwise Hormander condition for K would not necessarily
imply such a condition for K because this kernel can be discontinuous. However, the
kernel assumptions (b) and (c) do not involve their regularity, and they induce similar
properties on the kernels of the extended operators.

From now on, to differentiate between a ball in X and a ball in , we use the
notations BY and B®. A “generalised approximations to the identity” {A;,t > 0} in this
context is given by

Af(z) = /X a(z,9)f(v) du(y), f € LP(Q), forsomep> 1,

where the kernels a;(z,y) satisfy the following conditions:

|0¢(I, y)l g ht(z1 y)a
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for all z,y € Q, where h(z,y) is defined on X x X by

he(z,9) = (w(B¥ (/™)) s(d(z,u)™ ),

in which m is a positive constant and s is a positive, bounded, decreasing function
satisfying (2.4). We assume the following:

(a') T is a bounded operator on L*(2) with kernel K (z,y), such that, for every
f e Ly,

Hz) = / K(z,y)f{y) du(y) for u— almost all z ¢ supp f.

(b')  There exists a “generalised approximations of the identity” {B;,¢t > 0}
such that (T'—T B;) have associated kernels Ky(z,y) and there exist positive
constants c;, ¢ so that

/ !Kt T,y Idu <e, forallyeQ.
d(z,y)>c tt/m™

(¢") There exists a “generalised approximations of the identity” {A;,¢ > 0}
such that the kernels k;(z,y) of the operators (T' — A,T) satisfy

k 1 ge/m
Il < B dte ) A
when every z,y € Q with d(z,y) > cst'/™ for some c3,cq, 0 > 0,

In (8] it is proved that if T satisfies (a’) and (b’), then it is of weak type (1,1)
and hence bounded on LP(Q) for 1 < p £ 2. The proof of these estimates is based on
extending the operators to X', then showing that conditions (a'), (b') and (¢') on T, A,
B, imply that T satisfies (a), (b) and {c) on X. Hence, the previous results on spaces of
homogeneous type X’ can be applied to obtain the following theorem.

THEOREM 4.1. Assume that T is an operator satisfying the above conditions
(), (V') and (¢'). Let b(z) be defined on Q such that b(z) is in BMO(X) where b(z)
= b(z)xa(z). Then, for every f € LP(f2), there exists a constant C = C(p, T, Q) such
that _

15,711 sy < CIBII o

foralll < p < 0.

5. HOLOMORPHIC FUNCTIONAL CALCULI OF LINEAR ELLIPTIC OPERATORS

We first review some definitions regarding the holomorphic functional calculus as
introduced by McIntosh [12]; see also [1]. Let 0 < w < 7 be given. Then

={z€C:|argz| <w}uU{0}
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denotes the closed sector of angle w and S? denotes its interior, while S, = S,\{0}. An
operator L on some Banach space F is said to be of type w if L is closed and densely
defined, o(L) C S, and for each 8 € (w, 7] there exists a constant Cy such that

|77|”(7II - L)_lllc(E) <Csp NE—Siy.
If p € (0,7], then

Hoo(Sg) ={f: S’E — C; f is holomorphic and || f]le < o0},

where || flloo = sup{|f(z)| 1z € 52} In addition, we define

0y = 0) . : el
W(S0) = {g € Heo(S9) 135> 0,3¢ > 0: |g(2)| < e IzP’}‘

If L is of type w and g € ¥(S}), we define g(L) € L(E) by
__1 -1
(5.1) 9(L) = —5~ F(nI L)~ g(n) dn,

where T is the contour {§ = re**¥ : r > 0} parametrised clockwise around S,, and

w < 6 < p. If, in addition, L is one-one and has dense range and if f € Hoo(Sﬂ), then

(5-2) FIL) = [R(L)) " (FR)(E),

where h(z) = z(1+2z)~2. It can be shown that f(L) is a well-defined linear operator in £
and that this definition is consistent with definition (5.2) for f € ¥(S3). The definition
of f(L) can even extended to encompass unbounded holomorphic functions; see [12] for
details. L is said to have a bounded holomorphic functional calculus on the sector S, if

lg(D)ll ey < Nllglleo

for some N > 0, and for all g € Hoo(S}).

Coming back to our setting, let us suppose that 2 is a measurable subset of a space
of homogeneous type X. Let L be a linear operator on L?(Q2) with w < 7/2 so that (—L)
generates a holomorphic semigroup e~*%, 0 < |Arg(z)| < 7/2 —w. Applying [8, Theorem
6] and Theorem 4.1, we have

THEOREM 5.1. Assume the following three conditions.

(a) The holomorphic semigroup e~*L, |Arg(z)| < 7/2 — w is represented by
kernels a,(z,y) which satisfy, for all § > w, an upper bound

laz(z’ y)l < 69h|2|(za y)

for z,y € Q, and IArg(z)l < m/2 — 6, where hy; is defined on X x X by
(2.5).
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(b) The operator L has a bounded holomorphic functional calculus in L%(f2).
That is, for any v > w and g € H,(S2), the operator g(L) satisfies

lg(L) fllezey < cullgllooll fllL2(g)-

(¢) Let b(z) be defined on § such that ‘l;(x) is in BMO(X) where E(z)
= b(z)xa(z).
Then, for every 1 < p < 00, the commutator [b, g(L)] is bounded on L*(f2), that is

16921 £], g, < CIBl-lgllcl Flzrco

for all g € Ho(S?).

NoTE. Using assumption (a) and (5.1), it was proved in ([8, Theorem 6]) that the
conditions (b') and (c’) of Theorem 4.1 are satisfied.

APPLICATIONS. Theorem 5.1 gives new results when we do not assume smoothness of
heat kernels in the space variables, or when €1 is a measurable set with no smoothness
on its boundary.

(a) Let V be a nonnegative function on R™. The Schrodinger operator with poten-
tial V is defined by

L=-A+V(z).
The Trotter formula shows that the semigroup e~** has a kernel p;(z,y) which satisfies
an upper bound of Gaussian type, that is
0 < p(z,9) < Z%e—cuz ~3l2/0)

for z,y € R" and all £ > 0. However, unless V satisfies additional conditions, the heat
kernel can be a discontinuous function of the space variables and the Hélder continuous
estimates may fail to hold. See, [1, Lecture 7).

Applying Theorem 5.1, the commutator [b, g(L)] is bounded on LP(R™) for all 1
< p < 00, that is,

|91, ... <Clellglenl Fllzocay

LP(R")
for all g € Hoo(SY).
(b) Let

be the elliptic divergence form operator of real, symmetric coefficients with Dirichlet
boundary conditions on a domain §2 of R"” which is defined by the variational method.
This means that L is the positive self-adjoint operator associated with the form

0
Q(f,9) = / Zau l'j 8z.~§

i,j=1
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onV xV by (Lf,g) = Q(f,9), where V is the Sobolev space H}(£). It is known that the
operator L has Gaussian heat kernel bounds without any conditions on smoothness of
the boundary of Q. See [7]. Therefore, when b(z) = b(z)xa(z) is in BMO(R™), Theorem
5.1 shows that for all g € Hw(S?), the commutator [b, g(L)] is a bounded operator on
LP(9).

More general operators on open domain of R™ which possess Gaussian bounds can

be found in [1, 2, 8].

1]

(2]
(3]
(4]
(5]
(6]
(7)
(8]
(9]
(10]
[11]

[12]

(13]

REFERENCES

D. Albrecht, X.T. Duong and A. Mclntosh, ‘Operator theory and harmonic analysis’,
in Instructional Workshop on Analysis and Geometry, Proc. Centre Math. Analysis 34
(A.N.U., Canberra, 1996), pp. 77-136.

W. Arendt and A.F.M. ter Elst, ‘Gaussian estimates for second order elliptic operators
with boundary conditions’, J. Operator Theory 38 (1997), 87-130.

M. Bramanti and M. Cerutti, ‘Commutators of singular integrals on homogeneous spaces’,
Boll. Un. Mat. Ital. 10 (1996), 843-883.

N. Burger, ‘Espace des fonctions variation moyenne borne sur un espace de nature
homogene’, C. R. Acad. Sci. Paris Sr. 286 (1978), 139-142.

R.R. Coifman, R. Rochberg and G. Weiss, ‘Factorization theorem for Hardy spaces in
several variables’, Ann. of Math. 103 (1976), 611-635.

R.R. Coifman and G. Weiss, Analyse harmonique non-commutative sur certains espaces
homogneés, Lecture Notes in Math. 242 (Springer-Verlag, Berlin, Heidelberg, New York,
1971).

E.B. Davies, Heat kernels and spectral theory (Cambridge Univ. Press, Cambridge, 1989).

X.T. Duong and A. Mclntosh, ‘Singular integral operators with non-smooth kernels on
irregular domains’, Rev. Mat. Iberoamericana 15 (1999), 233-265.

X.T. Duong and L.X. Yan, ‘Commutators of BMO functions and singular integral oper-
ators with non-smooth kernels on spaces of finite measure’, (in preparation).

S. Janson, ‘Mean oscillation and commutators of singular integrals operators’, Ark. Mat.
16 (1978), 263-270.

J.M. Martell, ‘Sharp maximal functions associated with approximations of the identity
in spaces of homogeneous type and applications’, (preprint, 2001).

A. Mclntosh, ‘Operators which have an H-calculus’, in Miniconference on Operator
Theory and Partial Differential Equations, Proc. Centre Math. Analysis 14 (A.N.U.,
Canberra, 1986), pp. 210-231.

E.M. Stein, Harmonic analysis: Real variable methods, orthogonality and oscillatory inte-
grals, Princeton Mathematical Seriex 43 (Princeton Univ. Press, Princeton, N.J., 1993).

https://doi.org/10.1017/50004972700033669 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033669

200 X.T. Duong and L. Yan [14]

Department of Mathematics Department of Mathematics

Macquarie University Macquarie University

New South Wales 2109 New South Wales 2109

Australia Australia

e-mail: duong@ics.mq.edu.au e-mail: lixin@ics.mq.edu.au
and

Department of Mathematics
Zhongshan University Guangzhou 510275
Peoples Republic of China

https://doi.org/10.1017/50004972700033669 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700033669

