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COHOMOLOGY OF QUANTUM GROUPS:
THE QUANTUM DIMENSION

BRIAN PARSHALL AND JIAN-PAN WANG

ABSTRACT  This paper uses the notion of the quantum dimension to obtain new
results on the cohomology and representation theory of quantum groups at a root of
unity In particular, we consider the elementary theory of support varieties for quantum
groups

Let G be a finite group and £ a field of characteristic p > 0. A trivial fact in rep-
resentation theory states that if V is a finite dimensional kG-module whose dimension
is not divisible by p, then the trivial module k occurs as a direct summand of V @ V*.
One can ask for a similar result for representations of quantum groups G, (or quantum
enveloping algebras 11,(g)). Here, the field k generally has characteristic zero, and the
“quantum world” is complicated by several non-commutative phenomena: for example,
the canonical isomorphisms U ® V = V ® U and V** = V of vector spaces are usually
not module morphisms. Nevertheless, one may formulate a satisfactory analogue of the
above finite group-theoretic result by making use of the quantum dimension of a module.
In this paper, we study this concept in some detail, and then apply it to obtain some new
results centering on the cohomology of quantum groups.

We begin in Section | with the preliminary notion of the generic dimension of cer-
tain kinds of graded modules. The quantum dimension and several of its properties are
developed in Section 2. For example, suppose ¢ is a root of unity and G, — G is the nat-
ural Frobenius (or “covering”) map onto the associated semisimple algebraic group G.
Then for a G,-module V, the quantum dimension dim,, V agrees with the usual dimension
dim V if and only if the action of G, on V factors through G.

In Section 3, we relate the quantum dimension to the original question of splitting the
trivial module k off from V @ V* in Theorem 3.3. Several interesting applications are
also presented here; see, in particular, Corollary 3.6 concerning Weyl modules.

We adapt the notion of quantum dimension to module categories for Levi subgroups
in Section 4. Section 5 then turns to cohomological questions involving quantum groups.
Using the notion of quantum dimension, together with recent work of Ginzburg-Kumar
[10] on the calculation of the cohomology ring for the finite quantum groups, we indicate
how to “quantize” some of the theory of support varieties. (See [7], [8], [14], [15] and
[16] for this theory in the context of algebraic groups.) We have only indicated a few
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results in this direction, namely, those which seem most closely to illustrate the use of
the quantum dimension. We expect to return to this topic in more detail in a sequel.

We wish to thank the referee for several helpful comments, allowing us to improve and
shorten our treatment. In particular, he/she pointed out to us the existence of Andersen’s
paper [1] which also discusses the notion of the quantum dimension (and the related
quantum trace) in his work on tilting modules.

All X-graded vector spaces considered in §1 and all modules for quantum groups or
quantum enveloping algebras considered in §§2-5 are assumed to be finite dimensional
over the ground field k.

List of Notation

k A field, whose characteristic is arbitrary in §1, and 0 in other sections.

@ Irreducible root system (finite, crystallographic) in a Euclidean space E having
inner product (, ). Usually, E is the span of ®. However, if ® has type A,_1,
the following exceptional case is also allowed: E has a basis e}, e;,...,e, with
®={e,—¢|i# )

&*, T Fixed set of positive roots and simple roots, respectively.
h, p The Coxeter number and the Weyl welght Yaca+r ¢ of @, respectively.
o’ 2a/(a, ), the dual root of o € ®.
W, Q0 Weyl group of ® and the Z-span of @, respectively.

X Integral weight lattice of @ (in the exceptional case above, X is the Z-span of
e’s).

X, {heX|(\a)>0,Va e I1}, the set of dominant integral weights.

[ An odd integer > 1. (If ® has component of type Gy, / is assumed to be prime to
3)

C {NeE|0< (M +p,aY) <[ Va e ®}, the bottom [-alcove.

7, Group of translations f;,: E — E, x — x + [\ for A € Q.

W, Wi ‘I, the affine Weyl group of ®@ with parameter /. Forw € W, and x € E, write
w-x=wkx+p)—

¢ The Coxeter length functlon on W, relative to ®*.

Z (— |)/(n)eulA+m
x(\) —“‘W———— € ZX, the Weyl character for A € X.

w(— D@

1. Generic dimensions. In this section, we assume, for convenience, that the root
system @ is indecomposable. However, our definitions and results can be extended to
the general case without any difficulties; everything works out componentwise.

Denote by o the highest short root of @, and define, for any root o« € ®, an inte-
ger dy = (, @) /(ax, o). Note that do € {1,2,3} and the matrix ( 5(ct, B ))aﬁeﬂ
symmetric. Therefore, the d,’s (for o € I1) are exactly the d,’s in the definition of the
quantum enveloping algebra' associated with ®, see [3], [20].

I One should follow [20] here rather than [3]; otherwise the classical limit of the quantumenveloping algebra

would not be the enveloping algebra of the Lie algebra with root system ®.
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Suppose for a moment that rank X = rank ®. Any A € X can be expressed as a rational
linear combination of simple roots: A\ = Y yer ro@. The weighted height wht(\) of X is
defined to be 3" ,cq rodq. If rank X > rank @, the weighted height of A € X is defined to
be the weighted height of the orthogonal projection of X\ in R®.

LEMMA 1.1.  Forany A € X, wht(\) = 2(X, p)/(cto, 0) = 3 Yoear dal(X, ¥). In
particular, wht()\) is a half integer.

PROOE. For a € T, we have 2(a, p)/ (o, a9) = (p, '), @)/ (a0, 20) = das
so wht(\) = 2(\p)/(x,0) for any X € X. Also, 2(\ p)/(ag, 0) =
Z:aQ(I)* (/\7 a)/(a()’ aO) = % Z()(E(l)* dOI()‘v av)' L]

Let V be an X-graded vector space; that is, there is a family of subspaces { V) } indexed
by X such that V = @,cx V). In this general setting, the formal character of V is the
element ch(V) in the group ring ZX defined by ch(V) = ¥, cx(dim V))e”.

DEFINITION 1.2. The generic dimension of an X-graded vector space V = @,cx V)
is the element

dimge, V = S (dim Vy)r 2% € 70,171,
AEX

t being an indeterminate.
Clearly, dimg., is a ring homomorphism from the Grothendieck ring of the category
of X-graded vectors spaces to Z[z,1~']. We also have the following result.

THEOREM 1.3. Let V be an X-graded vector space with ch(V) = x(\) for some
M € X,. Then

fdaOtp) _ ydo(rtpar)

(1.3.1) dimgen V=[]

wedt t—da(p,@’) _ da(pa’)

PROOF. Forany i € [, consider the subring R,, of ZX generated by all elements of
the form e with 4(¢, 1) / (o, @) € Z. Clearly, the map ef +— ¢~#(&40/(@0®) extends to a
ring homomorphism ,,: R, — Z[t, t~']. Thanks to Lemma 1.1, dimge, V = 1, ch(V).

Let D(i) = Spew(—1™e"® Tt is well-known that D(p) = e” [Ty (1 — € ).

Thus,
wp(D(,Uf)) _ Z (_1)f(W)t*4(W(Il),II)/(f’().fxn) — Z (_1)f(W)[*4(w(/1),u)/(m).m>)
weWw wew
_ w“ (D(p)) — t*“(ﬂ»ﬂ)/(“uﬂn) H (1— t4(<1»l1)/(f¥0-f’lo))
acdt
— H (t*2(0,ll)/(an.0lo) _ tz(a,/t)/(ao»ao)) — H (tfdu(u,av) _ td,,(p,av)).
acdt acdt
Since ch(V) = D(\ + p)/D(p), the result follows from the above calculation. ]

Define the generic degree of an element A € X by deg,.,(A) = 1/),,()(()\)). The argu-
ment in the above proof is valid also for non-dominant A. Thus, deg,.,(}) can be calcu-
lated by using the right-hand side of the formula (1.3.1). Since x(w - X) = (—1)/™x(\)
forw € Wand )\ € X, the following result is immediate:
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LEMMA 1.4, Foranyw € W and A € X, degge,(w - A) = (—1)'™ deg,,(M).

Given aring R and a ring homomorphism : Z[t,¢~'] — R, we obtain a specialization
dim, V = ¢(dimgen V) of dimge, V for an X-graded vector space V. Also, for A € X, we
have the specialization deg ¢(A) = go(deggen()\)) of the generic degree deggen(x\). (Note
thatdeg ,(\) always makes sense, even if the denominator of the right-hand side of (1.3.1)
is zero; in fact, deg,., () is a polynomial in 7 and 1)

EXAMPLE 1.5. The ordinary dimension dim V of an X-graded vector space V is the
specialization of dimge, V under the ring homomorphism Z[t,7 '] — Z given by  — 1.
In particular, the (ordinary) Weyl dimension formula follows from Theorem 1.3 by letting

t— 1. (Recall that lim,_; =% = n.)?

EXAMPLE 1.6. A very elementary example of specialization of the generic dimen-
sion occurs when char k = p > 0. Then the ring homomorphism Z[t,1~ '] — k given by
17 — 1, and t — 1, specializes the generic dimension of an X-graded vector space V to
its modular dimension dim” V, the image of dim V under the ring homomorphism Z — k
given by 17 — 1,. It can be defined for any vector space over k, without referring to X.

Also, the generic degree deg,,(A) for A € X specializes to the modular degree
deg”’(A) of A. By (1.3.1), if p > h, then deg”(\ + pu) = deg’ () forany A\, u € X.

Assume that k is algebraically closed, and that @ is a root system with p > h. Let G be
a simply connected, semisimple algebraic group over k with root system ®. For A € X,,
let V(X) denote the Weyl module with highest weight A. Then

o dim” V(\) # 0 iff A is p-regular;

e Ifwe W, withw -\ € X,, then dim?” V(w - A) = (=)™ dim” V()).
The first assertion (which is well-known, of course) follows from the Weyl dimension
formula. If w = t,,w', where p € Q and w’ € W, then ¢(w) = {(w') (mod 2), and the
second assertion then follows directly from Lemma 1.4; see also [15, (3.9)].

2. Quantum dimensions. In the section, we assume that chark = O and let g € k
be a primitive /-th root of unity with / odd. And, if ® has a component of type G, it
is also required that [ is not divisible by 3. Moreover, we assume that / > A, so that
I-regular weights exist. The ring homomorphism Z[t,t '] — k sending 17 + 1 and
t +— g defines a specialization dim, V, called the quantum g-dimension of V, of the
generic dimension dim,, V of an X-graded vector space V over k3. Also, the quantum
g-degree deg,(\) for A € X is defined to be the specialization of degye, ().

We will work in the following categories (in [22] we use C instead of G).

(1) G is the category of rational G-modules, G being the (split) simply connected
semisimple algebraic group with root system @ defined on &, or, equivalently, the cate-
gory of g-modules, g being the Lie algebra of G. One exception: if ® is of type A,_|,

2 An unweighted version of the generic dimension s discussed in [18, §10 10] It 1s used there to give a proof
of the Weyl dimension formula
3 As indicated 1 the introduction, this notion has arisen previously 1n the literature See, for example, [1],

(91
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G = GL(n) is also allowed. The irreducible objects in G are indexed via highest weights
by X,. Denote the irreducible object with highest weight A € X, by L()).

(2) G, is the category of the integral modules of type 1 over the standard arithmetic
quantization 11, = 1 (g) (see, for example, [20], [3]) of the enveloping algebra 11(g)
of g with parameter g, or, if @ is of type A,_, the category of rational modules of the
quantum linear group G, = SL,(n) or GL,(n), see [21]. It is a highest weight category
in the sense of [5]. It has weight poset X,, and for A € X, the corresponding irreducible,
Weyl and “induced” objects are denoted by LI(\), VI(X) and A9()), respectively. Recall
that ch V4()\) = ch A9()\) = x(V) [3, (5.12)], [21, (10.4.4)].

Recall that 11, is generated by E,,Ef”,F,,Ff” and K*! fori = 1,2,...,rank ®, and it
has a decomposition 11, = H;llgﬂ;, where 17 (resp., ) is the subalgebra generated
by E, and E‘l” (resp., F, and Pf”) for all i, and L12 is a commutative and cocommutative
sub-Hopf algebra generated by K*! and some other elements.

3) qu is the category of integral modules of type 1 for the subalgebra i, of 11, gen-
erated by U° E, and F, fori = 1,2, ..., rank @, or, if ® is of type A,_, the category of
rational modules for the quantum group (G,) T as defined in [21]. It is a highest weight
category with weight poset X. Denote the irreducible, Weyl, and “induced” objects cor-
responding to A € X by LI(\), V/(\) and A%()), respectively.

“) g‘; is the category of integral modules of type 1 for the subalgebra u, of 11, gen-
erated by E,, F, and K,il fori = 1,2,...,rank ®, or, if ® is of type A,_|, the category
of rational modules for the Frobenius kernel (G,); as defined in [21]. This is not a high-
est weight category. However, we still can use X (more precisely, X //X) to index the
irreducibles: L‘l’(/\) is the restriction of 171’(/\) for A € X. We also have the Weyl objects
Vi) = V(W] g and the “induced” objects A{(A) = A{(V)] 1.

Although an object in g; is not, generally speaking, an X-graded object, it is X /[X-
graded. And, since q is an [-th root of unity and wht(i) € %Z, the quantum g-dimension
for any X /[X-graded vector space, hence for any object in g(;, is defined.

In the following proposition, # denotes the category of rational modules for the “di-
agonal” maximal torus T of G, or the category of integral llg—modules of type 1. There
are “Frobenius twist functors” F: G — G, and F: H — Gl If V € Ob(G) or Ob(H),
F(V) will be denoted by V.

PROPOSITION 2.1. (1) For U € Ob(G) and V € Ob(G,) (resp., U € Ob(H) and
V € Ob(G))), we have dimy(U" @ V) = dim U - dim, V.

(2) Suppose that rank X = rank ®. If V € Ob(G,) (resp., V € Ob(G}), V € Ob(G)))
is irreducible, then diim, V = dimV iff V = U for some U € Ob(G) (resp., V = U
for some U € Ob(#H), V is trivial as an object in gql ). If | > h, the same is true for any
object V in one of the above categories.

PROOF.  Clearly, dimy, U” = dim U. Thus, (1) and one direction of (2) follow.
For the other direction of (2), we first prove that if dim, V = dimV for V in G,, G;
or g; then V), # 0 implies \ € /X. We may assume that g € C. Then

dim, V| < S dim Vy g 2"V = S dim V), = dim V.
m, q
AEX reX
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Clearly, the equality holds iff all g~ 2*™® with V, # 0 are the same. Therefore,
dim, V = dimV <= ¢ 2""" = for all weights A of V <= 2wht(}\)
=0 (mod /) for all weights A of V.

It is easy to see that if A is a weight of V, then for any o € I, there is an element v € X
such that 54 (\) + I is also a weight of V. (In particular, if V € Ob(G,), we always can
choose v = 0). Thus, under the assumption that dim, V = dimV,

2\, a")do = 2 wht((A, a")ar) = 2 wht(X = 54(A)) = 0 (mod 0).

It follows that (A, «*) = 0 (mod /) forany « € I, i.e., A € IX, as required. In particular,
if Visirreducible withdim, V = dim V, then its highest weight is in /X, forcing the result
for V.

If V is not irreducible and does not have the form of U, then V is not completely
reducible. Thus, there exist A\, u with Ext'gq (Lq(l/\), Lq(lu)) # 0 (G, case), or

Extl@ (LIaN, Lidw) # 0(G) case), or Extng (k,k) # 0. Since the restriction from G,

or G! to G! preserves the socle of an object (see, for example, [22, (3.2)]) the above
Gq q P ] p.

extension groups for G, and G(} remain nonzero when restricted to G, giving also
Ext'gq(k, k) # 0. This contradicts to H'(Gj, k) = 0 (see Theorem 5.1), proving (2). =

One cannot expect that Proposition 2.1(2) holds if dimE = rank X > rank ®. This is
because the extra dimension of E is ignored in defining the quantum dimension.

The following proposition is the quantum analogue of Example 1.6. Statements (1)
and (2) are contained in [1, (3.2) and (3.3)].

PROPOSITION 2.2. Let A\ € X,. Then

(1) We have

q—da(/\+p,av) _ qda()\+p,a\“).

— V
q do(p,a¥) _ qdcr(ﬂyav)

dim, Vi) = []

acd

(2) dimy V4(X) # O iff A is I-regular;
(3) If w € W, satisfiesw - A € X,, then

dim, V4(w - X) = (=)™ dim, VI()).

]

PROOE.  Since [ > h, 0 is [-regular. By (1.3.1), (1) and (2) follow from the fact that
the image of wp(D(u + p)) (see the proof of Theorem 1.3) under the specialization 7 +— g
vanishes iff y is not [-regular. This is an easy exercise.

(1), in fact, is a formula for degq(A) (A € X), and implies that degq(/\ +lu) =
deg, (M), for all A, € X. Thus, by Lemma 1.4, forw = W' € Wy with g € Q and
w' € W, we have deg,(w-\) = deg,(w'-A + [p) = deg,(w'-\) = (=1 deg,(\) =
(=1 deg, (). Therefore, dim, VI(w - A) = (=)™ dim, VI(N). n

REMARK 2.3.  The same argument shows dim, V9(w- A) equals dim, V¢()) up to sign
for w € W,, where W, is the extended affine Weyl group of ® with parameter /, which is,
by definition, generated by W and all translations of the form x — x + lv withv € X.
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COROLLARY 2.4.  Forany \ € X, we have dim, V{(\) = dim, V{()\) = 0.

PROOF.  Since ch VI(\) = '~ ~Drch V4((I—1)p), we can apply Proposition2.2(2).

COROLLARY 2.5. Let V be an indecomposable object in G, Gy or G). Then
dim, V = nydim, V4(\) for some ny € Z, where X\ € C; is Wj-conjugate (under the
dot action) to the highest weight of a composition factor of V.

PROOF. By the linkage principle, if V € Ob(G,), ch(V) is a Z-linear combination of
ch Vi(w - )\) for w € W, dominant. The result follows from Proposition 2.2(3).

We also have linkage principles for G,; and g(; (see [4, §2.9] and [22, (2.8)]), where
the irreducible objects in these categories are, up to a tensor factor of the form /u, the
restrictions of irreducible objects in G,. The result follows formally. ]

PROPOSITION 2.6.  Let V be an object in G,, G} or G\ Then:

(1)dim, V € Qlg+q '] C Ql(qg — ¢~ ")W~—11; in particular, dim, V is totally real
(i.e., its image is a real number under any field embedding Q[q] — C);

(2)dim, V = dim, . V;

(3) dim, V = dim, V*.

PROOF. (1) Suppose g € C. Then g = cos §++/—1 sinf for f = 2rm/lwith(r,]) = 1.
Thus, fors € Z, g=° — ¢* = —2+/—1sinsf. By Theorem (1.3), we obtain, for A € X,
that

. dn B sindo,(\ + p, V)0
(2.6.1) dim, V/(\) = deg,(\) = a];y W
This, together with Corollary 2.5, shows that dim, V is totally real. We need to prove
that dim, V € Q[cos 8] C Q[sind]. By (2.6.1), dim, V¥()) is a product of factors of the
form (sinsfsin6) /(sins'0sin0) for s,s' € Z. Or, being a real number, dim, V can be
calculated by the formula that
2.6.2)
dim, V = 3" (dimV,,) cos(2 wht(u)0),  for V € Ob(G,),Ob(§,) or Ob(G)).
nex

Therefore, to prove dim, V € Q[cos 6], it is enough to show that, for s € Z (or equiva-
lently, for s € Z*) and a variable x, cos sx and sin sx sinx are polynomials in cos x with
coefficients in Z. This can be down simultaneously by induction on s. Finally, / being
odd, cosf = cos(l + 1) = cos(”T’ - 20) is a polynomial in cos 20 = 1 — 2sin’ @ with
coefficients in Z. This shows that Q[cos ] C Q[sin6].

(2) We have dim, V¥(A) = dim . V9(}\) by the formula in Theorem 1.3. Now use
Corollary 2.5.

(3) From the definition we have dim, V* = dim,1 V, so (3) follows from (2). n

Observe Q[(g — ¢g~')+/—1] may not be contained in Qlg+qg7'), eg. letg= e2mi/3
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THEOREM 2.7. Assume that the quantum Lusztig conjecture is true for gq.4 Then
(1) For A € X,, dimy LY(X) # O iff X is l-regular;

(2) For \ € X, dimy LI(\) # 0 iff X is I-regular;

(3) For A € X, dim, L{(X) # 0 iff X is I-regular.

PROOFE. (1) If A is not /-regular, Proposition 2.2, together with Corollary 2.5, shows
that dim,; L(\) = 0. Now assume that A € C; N X, and w € W, 1s dominant. We have
dim, Liw- ) = > (=DO™ep L (—1)dim, Vi(y - \)

ye€W,; dominant

= (DS By (1)) dimg VIO,
yEeW,; dominant
where the Kazhdan-Lusztig polynomials P, ., s are regarded as polynomials in #2. It
is known (see, for example, [12, §7.12]) that P, ww, has nonnegative coefficients (and
there do exist some nonzero polynomials among these P, uw,’s), SO
g = (D™ 3T B (<D #0,
y€W, dominant

since chark = 0. Also, dim, V¢()) # 0, by Proposition 2.2. Therefore, dim, LI(w - \) #
0.

(2) and (3) now follow from (1), since dim, ﬁ‘]’()\) = dim, L{(\) = dim, LY(\), where
M is the unique [-restricted dominant weight in the coset A + [X. [

REMARK 2.8. The analogues result for modular characters fails: p(p — 1)p is p-
regular, but dim L(p(p — 1),0) = 0. Even though, we have a weaker result as follows.

For two primes p and g, the affine Weyl groups W, and W, (with respect to the same
root system @) are canonically isomorphic. The isomorphism is the identity on W, and
maps fpo € Wy to tye € W, for a € @. Clearly, the isomorphism sends dominant
elements to dominant elements, where w € W), is dominant provided w - C, is a dominant
alcove. Fix a dominant affine Weyl element w. As in the above proof, we have (see [14,
@.17:

Assume the Lusztig conjecture holds for groups G with root system ® and p > h.
There exists a positive integer M,, > h depending only on w such that for any p > M,,
and any A € C, N X,, we have dim” L(w - \) # 0. Thus, there is a positive integer My
such that for any restricted dominant weight p, din¥’ L(u) # 0 provided p > M.

3. An isomorphism between a module and its double dual. As in the Appendix,
denote by 7 the antipode of a Hopf algebra.

LEMMA 3.1.  Let G, = GL,(n) or SLy(n). Let T, be the diagonal maximal torus in
Gy, and H be a closed subgroup of G,. If f € K[H] is a weight vector of weight yu with
respect to the coadjoint action of T,, then YA(f) = g 2whif,

PROOF. We only need to verify the result for the (image in K[H]) of the coordinate
function X,,. The weight of X, under the coadjoint action is y = X,T'ij, whose weighted

4 See [19]
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heightis i —j (see [21, §6.4]). On the other hand, by [21, (5.4.2)],72(X,) = q 20X, =
g 2Mhx, as required. .

Now we can prove the following isomorphism theorem, which, in the context of quan-
tum enveloping algebras, is contained in [1, (3.6)].

THEOREM 3.2. Let V be an object in G, Q} or g‘; Forv €V, the canonical image
of v in V** is denoted by v. Then the linear map 6: V — V** defined by 0(vy) = ¢** MMy,
for any weight vector vy € V), is an isomorphism in the category to which V belongs.
Here 6 = 1 if we consider the case of quantum linear groups, and 6 = —1 if quantum
enveloping algebras are in consideration.

PROOF. We only give a proof for quantum groups. Let the structure maps of V and
V** be T and 7**, respectively. We may assume that 7(v)) = ¥,cx v:, @ fr—u» Where
V;lz € V., and f, has weight v under the coadjoint action of T, (see (21, (6.4.3)]) (or

T if V € Ob(g(;), the proof of [21, (6.4.3)] works for this situation also). Then, by
Lemma 3.1,

¥ 0 9(\1/\) — T**(qZWht(/\)V/\) — qZWhl(/\) Z V_/“ ® 72(’(/\7“)
i

=Y @MWy @ fi_, = (@ @id) o1(v)). "
1

THEOREM 3.3. Let V be an object in D = G,, G(; or G,,. Then there is a morphism
mq: V ® V¥ — k whose composition with the canonical morphism k:k — V @ V* is the
morphism k — k sending a € k to (dimy V)a. Therefore:

(1) Ifdimy V # O, then k is a direct summand of V@ V*;

(2) IfEndp(V) = k - idy, then k is a direct summand of V @ V* iff dim, V # 0.

PROOF. By Lemma A.S, the canonical map m: V** ® V* — k, sending v & f to f(v)
forv € Vandf € V*, is a morphism. Consider the morphism 7, = 7wo(f®idy-), f being
as Theorem 3.2. Using a basis of V consisting of weight vectors, we see immediately that
maor(ly) = £, dim(V))g? ™Y which is, by definition, dim, V or dim, V. If dim, \ V
is obtained, we can use Proposition 2.6.

The compositionof k: k — V®V* and m,: V@ V* — k gives amorphism m or: k — k
sendinga € kto (dimy V)a. The assertion (1) and part of (2) follow immediately. To prove
(2), we can assume £ is a direct summand of V ® V*. By hypothesis, there is a unique
(up to scalar) homomorphism k — V® V* = End, V; taking duals, there is also a unique
(up to scalar) homomorphism V ® V* — k. Thus, k equals (up to scalar) the canonical
injection determined by the direct sum decomposition of V @ V*, and m, is (up to scalar)
the projection. Thus, 7, o k # 0 and hence dim, V # 0. n

Note that the objects L7()), VI()\) and AY()\) in G, all have the property mentioned in
Theorem 3.3(2). Thus, for these modules, the conclusion in Theorem 3.3(2) holds. The
same is true for the objects I:‘]’(/\), V‘l’(x\) and A‘]’(/\) in the category A(',.
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REMARK 3.4. A result similar to Theorem 3.3 holds for modular dimension:

Let chark = p > 0 and V be a finite dimensional (in the usual sense) (co)module over
a Hopf k-algebra $ whose antipode is an involution. Then:

(1) If dim” V # 0, then the trivial (co)module k is a direct summand of V ® V*.

(2)If End¢ (V) = k-idy (e.g., V is absolutely irreducible), then the trivial (co)module
k is a direct summand of V @ V* iff dim” V # 0.

COROLLARY 3.5. If I is an injective (= projective) object (in particular, if I is an
indecomposable, injective object) in G,, g(} or G}, then dim, I = 0.

PROOF. If not, Theorem 3.3 forces & to be an injective object. As is well-known, this
is not the case. L]

The following is a very easy application of Corollary 3.5.

COROLLARY 3.6. Suppose that A € X, is l-regular. Then

ST =DMV - A)  LI(N)] = 0.
wAex,

PROOF. The G,-injective envelope 19()\) of L7(\) has a good filtration with A7(w - )
occurring [V9(w-)) : L9()\)] times as a section of the filtration (cf. [5, (3.11)]). Since AY(w-
A) and V9(w - X) have the same formal character (thus the same quantum g-dimension),
we see that

>0 [VAw - Xy s LYV dimg VA(w - A) = dimy 19(\) = 0.
W
ww/\QE)A
Now use Proposition 2.2(3), noting that dim, V(X) # 0 by Proposition 2.2(2). The result
follows. (]

4. Generic and quantum dimensions for objects in a Levi category. In this sec-
tion, we will consider a new class of categories related to the quantum enveloping algebra
11, or the quantum group G,—the Levi categories G, 1.

For a subset I of {1,2,...,rank(®)}, the corresponding subset of IT is also denoted
by I. (Note that, once the quantum group or quantum enveloping algebra is defined, the
set I'T is numbered.) Let @, be the subroot system of ® generated by I.

In the quantum group case, G, ; is the category of modules for the Levi subgroup
G, 1 as defined in [21, §6.1]. Recall that the coordinate algebra k[G,] is generated by the
coordinate functions X,, (and D;' if G, = GL,4(n), D, being the quantum determinant).
Then &[G, ;] is the quotient algebra of k[G,] by the ideal generated by all X,, with i # j
and (i,j) € I x I*, where I* = TU{i+1 | i € I}.If I is connected in the obvious sense,
G, 1 is essentially the “central product” of the quantum group SL,(r), r = card I*, and
a central torus. If [ is disconnected, G, ; is the “central product” of SL,(r)’s for various
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r together with a central torus. Thus, the representation theory of SL,(n) is applicable to
the category G, -

In the quantum enveloping case, G, ; is the category of integral modules of type 1
for the Levi subalgebra uq,, of ll, generated by 1]2 and E;, Ef”, F; and F‘i” withi € [.
Clearly, 1, ; is the quantum enveloping algebra corresponding to the root system ®;
with parameter ¢’ (where ¢ = ¢ if @ contains a short root of ®, and ¢’ = g% for any
a € @ otherwise), regardless of the size of 11°. We can use the representation theory of
quantum enveloping algebras to the category G, ;.

We also consider categories Gy (the analogue of G), G; ; (the analogue of G;) and
g‘; ; (the analogue of g,i) For example, G is simply the category of rational modules
for the Levi subgroup G of G corresponding to I. The details are left to the reader.

The objects in G, ; are X-graded, so their generic and quantum dimensions are de-
fined. In this direction, we have the following result, generalizing Theorem 1.3.

PROPOSITION 4.1. Let V4I(\) be the Weyl module in Gg.1 with highest weight
where \ € X is dominant with respect to I (i.e., (\,a") > 0 forall a € I). Then

tfd{,()\+p,,a\) _ td,,()\+p,‘o(‘)

dimge, VIV = ) ]

—do(pp.a’) _ gdolpra¥) 7
= t—dolpp’) _ pdalppa’)

where p; = (1/2) Cacwy; @ the Weyl weight in @, and c(A) = aeor o, g dara®)

PROOE. Let p’y = p—p;. Note that w(p’;) = p/; forallw € W/, the Weyl group of @ ;.
Let Dj() = Lyew, (—1)™e"® for € X dominant with respect to 1. A calculation
similar to that in the proof of Lemma 3.1 gives

Up(Dy(w) = T e T (o dota’) — gdatina)

acd\ oY aed
Since ch VII(\) = D;(A + p;) /D (py), the formula in the proposition follows. .

COROLLARY 4.2. Let X\ € X be dominant with respect to 1. Then dim, val(y) #0
iff X is I-regular with respect to @ (i.e., (A + pr,a’) # 0 (mod ) for all a € ®Y).

REMARK 4.3 Let ¢4(A) = Ilacor\o g9 the specialization of ¢(\) under the
assignment ¢ +— q. Clearly, ¢,: X — k is constant on orbits for the ordinary action of
the affine Weyl group W, of ®;. The function is also constant on orbits for the dot
action of Wy,. In fact, forw € Wy,and A € X, c,(w- ) = cq(w(A + p))cq(~p) =
Cq()\ + P)Cq(fﬂ) = Cq(>\)-

REMARK4.4.  One may define a quantum dimension dim,, ; for an objectin G, ; with
respect to @ ;. That is, regard the object as an X ;-graded vector space, X; being the weight
lattice of @, and define the quantum dimension by referring to X; and parameter ¢’ in-
stead of X and parameter q. Itis easy to determine the relation between these two quantum
dimensions: for any indecomposable object Vin G, ;, dim, V = ¢,(\) dim, ; V, A being
the highest weight of a composition factor of V. These two quantum dimensions serve
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equally for our purpose. In fact, because of the above relation, we may develop a theory
for the category G, r as we did in §§3—4 by using just dim,, with small modifications.
For example, if V is as before, then dim, V = ¢,()\)? dim, V*.

Next, we “quantize” some methods and results in [15]. Let X ; be the quotient group
X/(Z1I), and denote the coset A + ZI for A\ € X by [A]. Define a ring homomorphism
map r: ZX — kX ; by ry(e) = g 2V,

Any V € Ob(G, 1) decomposes as

V= 69 Vl)\l with V|)\| = EB V.
[AeX, ve[N]

LEMMA 4.5.  Forany V € Ob(G,, 1), we have

rrch(V) = 3" (dim, Vjye.
[NeX,

In particular, if V is indecomposable with A € X as one of its weights, then
rych(V) = (dim, V)el*.

Furthermore, if ry ch(V) # 0 for V.€ Ob(G, 1), then the trivial object k is a G, j-direct
summand of V @ V*.

PROOF. The formulas follow from the definition of r; and the decomposition of V.
Now, suppose r; ch(V) # 0. Then there is A € X with dim, V|,; # 0. Therefore, k is a
Gy, 1-direct summand of Vj,;) ® V[, hence a G, j-direct summand of V @ V*. .

We will apply Lemma 4.5 to V = V9()\) for A € X,. First, recall the well-known
formula:

(4.6) X7ch Vi) = 3 (=D ch(Ve (w - N).

wew!

Here W/ is the set of distinguished coset representatives of W over Wy, i.e., the set of
elements w € W with {(ww') = £(w) + £(w') for all w’ € W/, see [12]. Also,

Xp= I (d—e™.

acd\ @t

Applying r; to formula 4.6 and using Lemma 4.5, we obtain that

4.7 rixXpr (ch(v"()\))) = 5 (=™ dim, V¥ (w - el N,

wew!

PROPOSITION 4.8. Let A\ € X*. If there is an element w € W/ such that w - X is
l-regular with respect to ® | with

4.8.1) {w' € WI | W'\l = [w-\] and w'-) is l-regular with respect to ®;} = {w},
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then k is a G, j-direct summand of VI(\) @ VI(\)".

PROOF.  Thanks to Corollary 4.2, the coefficient of e!"**! on the right-hand side of the
formula 4.7 is (—1)™ dim, V¥!(w - X) # 0, under the assumption. Thus, the right-hand
side of formula 4.7 is nonzero. So r; ch V4(\) # 0. Now use Lemma 4.5 to obtain the
result. n

REMARK 4.9. In type A,_, some observations of [15, §3] are clearly applicable:
Namely, let A € X, and let m(\) = (m; > -+ > m, > 0) be a partition of n such that
the subroot system {a € @ | (A + p, ") = 0 (mod [)} has type A, —1 X -+ X Ay, 1.
If 7(\) = (&) > -+ > & > 0)is the partition dual to m()\), choose I C IT of type
A¢, | X +++X Ag_1. Then there is a w € W! with dim, V4!(w - \) # 0 and such that
(4.8.1) holds.

S. Support varieties in quantum case. In this section, we assume that [ > h and
k is algebraically closed. The results in the previous sections, together with methods
adapted from the theory of algebraic groups in prime characteristic ([7], [8], [14], [15]
and [16]), yield some facts about (homological) support varieties in quantum case. We
need the following result of Ginzberg and Kumar [10, §3].

THEOREM 5.1.  We have H( gl:,k) = 0 for odd i. Also, there is a natural graded
G-algebra isomorphism

H**(G,. k) = kN,
where N is the variety of ad-nilpotent elements of q.

For V € Ob(g(}), Endy(V) = V® V*isa g(:-a]gebra (see Lemma A.5), and hence
we have a natural graded algebra homomorphism vy: H*(G,,k) — H*(G,.V @ V*).
The ideal Iy = Ker vy determines a closed subvariety Supp, (V) of N, called the sup-
port variety of V. The following lemma gathers certain elementary facts about support
varieties.

LEMMA 5.2. (1) Supp,(V) is a cone for any V € Ob(g(}).

(2) For V € Ob(Gy), Supp,(V) = Uex/ix VRyera0), where Ry, for U € Ob(G,),
stands for the left annihilator of the H’(g),, k)-module H‘(g;, U), and V(Ny) denotes
the subvariety of N determined by 9.

(3)IfV € Ob(Gy), then Supp, (V) is a G-variety.

(4)If0 — V, — V, — V3 — 0 is an exact sequence in g(; then, for any o € G;,
Supp, (Vo)) C Supp, (Vo)) USupp, (Vo). Therefore, if any two Supp, (Vi) 's are proper
subvarieties of N, so is the third.

(5)IfV, vV, € Ob(g‘;), then Suppq(Vl bV = Suppq(Vl)U Suppq(\/z).

(6)IfV\,V, € Ob(g;), then Suppq(Vl QVy) C Suppq(Vl ). Moreover, if dim, V> # 0,
then Suppq(Vl ® V) = Suppq(V| ).

PROOF. (1) is trivial, and (2) follows from Proposition A.8.
(3) In this case, H*( g(;, V®V*)isa G-algebra and vy is a G-algebra homomorphism.
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(4) For any A € X/IX, by tensoring the exact sequence with L{()) and taking coho-
mology, one arrives at an exact triangle of H’(QJ, k)-modules

H*(G). Vi @ L{(V) — H*(Gy. V2 @ L)

H*( Gy, Vs ® LIV)
This gives o - -
\/ %vm,m‘{m 2 \ﬁevmz,u‘.’m n \/ %anf%:lfl’m’
arguing as in the proof of A.8. Therefore,

VRy,, ci00) C VRy,orio)U VRy,croo)-

(1)

The first assertion of (4) now follows from (2), and the second follows from the fact that
A is irreducible.

(5) Clearly, Yv,ev, = Vv, B Vv, 50, Jy,av, = Iv, U Jv,, and hence the result.

(6) The first claim is clear from Proposition A.7. The second follows from Theo-
rem 3.3 and Proposition A.7. L]

REMARK 5.3.  One may expect that Supp,(V*) = Supp,(V) and that Supp (V& U) C
Supp, (V) M Supp,(U) for any U,V € Ob(gq[). This will follow provided U @ V =
V® U forany U,V € Ob( g;) If V,U € Ob(G,), there exists a functorial isomorphism
Ve U= U®V,atleast in the case ® has type A. In fact, Hayashi [11] gives a beautiful
proof for the (complete) “Schur algebra” corresponding to a Yang-Baxter operator to be
quasi-triangular, yielding a functorial isomorphism V @ U = U ® V for comodules U
and V over the matrix bialgebra defined by the operator. This result applies to quantum
linear groups (of type A), and to quantum enveloping algebras of type A, because of
the duality there between the quantized functional algebras and the quantum enveloping
algebras. Although Hayashi’s result also applies to other quantized classical groups, there
seems to be no duality available (in the case ¢ is a root of unity). On the other hand,
by Drinfeld [6], any (complete) quantum enveloping algebra is quasi-triangular if g is
generic, thus the category G, is a tensor category in this case. Kazhdan and Lusztig
claimed in [19] that Drinfeld’s proof can be extended to cover the case g is a root of
unity. If so, a functorial isomorphism U® V = V @ U for U,V € Ob(G,) always exist,
and therefore we have Supp, (V") = Supp, (V) and Supp,(V&@U) C Supp,(V)NSupp, (V)
forany U, V € Ob(G,) (but not necessarily for U, V € Ob( g‘;)).

Recall for \,u € C,, the translation functor Tf\‘ is defined as follows. Let v be the
unique dominant weight in the W-orbit (under the ordinary action) of p — A, and M =
M(A, i) an indecomposable object in G, such that v is the unique maximal weight of
M and the weight space M, is 1-dimensional. For example, take M = L(v). Then for
any V € Ob( G,;) belonging to A (i.e., all composition factors of V have highest weights
in W; - A), T\ (V) is the largest submodule of V @ M belonging to p (which is a direct
summand). The functor T} is independent of the choice of M. The theory developed in
[17,118§7] for algebraic groups can be adapted to the context of quantum groups formally.

From the definition of Tf\‘ and Lemma 5.2(4)(5), the following result is obvious.
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COROLLARY 5.4. Let V € Ob(G,) belongingto X. Then Supp, (T} (V)) C Supp,(V).
The following is an easy consequence of the theory developed in §§2-3.

THEOREM 5.5. ForanyV € Ob(g,;) with dim, V # 0 we have Supp,(V) = N In
particular, if \ € X, is l-regular, then

Supp, (V/(V)) = Supp,(47(\)) = A

Moreover, if the quantum Lusztig conjecture is true for the category Gy, then for any
l-regular dominant weight )\, we have

Supp, (LY(V)) = AL

PROOF. By Theorem 3.3, the natural homomorphism k — V& V* is a split injection.
This forces ¢y to be a split injection also. The first statement is clear. Now the other
conclusions follow from Proposition 2.2 and Theorem 2.7. L]

To prove the converse of the Theorem 5.5, namely, that if A € X, is not /-regular, then
Suppq(V‘/()\)), Suppq(Aq()\)) and Suppq(L"()\)) are proper subvarieties of A/, we need
to work with the following categories (and the categories introduced in §3):

(1) The category ‘B—the category of rational B-modules, B being the Borel subgroup
of G corresponding to negative roots. This is also a category of b-modules, b being the
Borel subalgebra of g corresponding to negative roots.

(2) The category B,—the category of rational B,-modules, B, being the Borel sub-
group of B, corresponding to negative roots, or the category of the integral modules of
type 1 over the Borel subalgebra USLI;.

(3) The category fB;—the infinitesimal version of B,.

(4) The category Q(:—the category of rational (G,);B-modules, or the category of
integral modules of type 1 over the subalgebra of 11, generated by u, and 112 u,.

We have the following sequences of categories with F the Frobenius twist functor
and R the restriction functor. Here 1 stands for the category of k-vector spaces. These
sequences are “exact” in the sense that the arrow-reversing sequences of quantum groups
and quantum enveloping algebras are exact.

le— G & Gy Ge— 1,
l—B &g LB,
l—g &g B

Let 1 — X Lox L Y —— 1 be one of the above sequences. As in §3, for

U € Ob(Y), F(U) is denoted by U Conversely, if V € Ob(X) has the form F(U) for
U € Ob(Y), then U, which is uniquely determined by V, will be denoted as V{~". In
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particular, for V € Ob(X), H'(X,V) = H’(?(, R(V)) has the form F(U) for U € Ob(Y)
(see [21, §§2.9-2.10] and [10, (5.2.1)]), so that H'(K, V)" is defined. Also, since
Homq (U, H(K., V))& Hom x (U", H(X, V)) = Homx(U", V)

naturally for U € Ob() and V € Ob(X), the functor V — H(K, V) is the right
adjoint of the functor U — F(U). It follows that H'(K, V)(=) =~ R Ind)y( V, functorially.
The conclusions (1) and (2) of the following lemma appear in [10, §2.5].

LEMMA 5.6. (1) We have H'(‘B!,k) = 0 for odd i. Also, there is a natural graded
B-algebra isomorphism
H**(By. k)" = kln],

where n = NN b, the subalgebra of ad-nilpotent elements in ).
(2) If\ € X is not of the formw - 0+ lv forw € W andv € X, then H*(‘B!, \) = 0.
(3) Forw € Wandv € X, we have a ‘B-isomorphism

H(B).w-0+1) "= H (B D @v.

PROOF.  We only give a proof for (3). Obviously, itis enough to consider the case v =
0. Thanks to [10, §2.5], H*(B},w - 0)"V is a free H*(‘B}, k)~"-module with a generator
in degree £(w). (This implies the existence of an isomorphism of vector spaces as in (3)).
Thus, H “‘”(@;, w-0)"is 1-dimensional with weight £, say, and, since the cup product
is compatible with the action of B,

H(Byw-0)" = (B P @¢.

We have to show & = 0.

Since Indgq = Indg o Ind% =~ Indgq o Indg:, we have the following two spectral
sequences

EY = R Ind§(K(B,w-0)"?) = R Ind w -0,
'EY = H'(G), R Indj} w- 0)™ = R Indj] w - 0.
Since H/(B},w-0)"" = 0 for j < £(w), the first spectral sequence yields a G-isomorph-

1sm
Indg} € = R Indg} w-0.
On the other hand, we have (see [3, (6.7)], [21, (10.2.3)])

; k, j={(w)
R G . 0 > ) V),
Ind’Bq i 0, otherwise.
Thus, the second spectral sequence degenerates to a G-isomorphism
H'(GL " > R 1§ w 0.
Combining the isomorphisms obtained from these spectral sequences, we see that
nd§ ¢ = H(GL b = &,
as G-objects. This forces § = 0, as required. n

Now we are ready to prove the following result.
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PROPOSITIONS.7.  Suppose @ is indecomposable. If \ be a dominant weight in C;\C),
then Suppq(V"(A)) = Suppq<A"(/\)) = Suppq(Lq()\)) is a proper subvariety of N\..

PROOF.  Using Lemma 5.6, the proof in [14, §§4.8—4.11] for the corresponding alge-
braic group result can be translated mutatis mutandis. Since this is the key point of the
next theorem, we sketch the argument.

By hypothesis, {a& € ® | (A + p,a’) = 0 (mod )} = {@y, —}, where o is

- 1
the highest short root. Let m = (K(s(,(,) + l)/2. Let also A“’(z/) = lndg" v forv € X,
M, = T9AY(\) and M = T)A9()). We split the proof into 5 steps.

SteEP 1. Fori < 2m — 1, we have’

kln], /5, ieven,

1 1 (=) ~~v
5.7.1) H'(G, M) " = {O, i odd:

and, for i > m there exists an exact B-sequence
(5.7.2)
0 — H*" (G M) ™" — klnli ® a0 — kln], — H*(G. M) — 0.

This follows from the ‘B-isomorphism H’(QJ,A‘]’(V))(““ o H’(ﬂ},z/)( bw e X)),
Lemma 5.6 and the long exact sequence of cohomology corresponding to the short exact
G, -sequence 0 — A9(0) — M, — Al(sq, - 0+ lag) — O (compare [17, (11.9.19)]).

STEP 2. (5.7.2) for i = m is actually a short exact sequence
(5.7.3) 0 — ag — k[nly — H"(G,, M) ™" — 0.
By (5.7.2), it is enough to show
Homg (o, (G, M) ") = HO(B,H™ ' (G}, M) @ (—la)) ") = 0.
This is the E(z)'z’""-term in the Hochschild-Serre spectral sequence
y _ gt 1l 1 (=D Sl all
.74 B =H(BH(G)M ® () ") = HY(G) M @ (—lay).

By (5.7.1), we have E5” = H'(B, kn],® (—a)) and E5”~' = 0 forj < m. Then, by [2,
(6.7(2)(3))] (the argument there works for characteristic 0), £ = 0 for2m—2i < j < 2m
and E;’z’"*2 = k. Thus, the spectral sequence (5.7.4) gives an exact sequence

(5.7.5) 0—k— Hz"’_l(G;,Ml ® (—la())) N E(Z).Zm—l "

Since M, @ (—lag) = TYAL(A — larg) = T9A}(s4, - M), by the Borel-Weil-Bott theorem
for small weights (see [3, (6.7)], [21, (10.2.3)]), we obtain

TVAYN) =M, j=2m— 1

R nd% (M) @ (—lag)) = TR Ind% (s, - ) = { X  J=am
(JJ( ) A B, 0, otherwise.

3 k[n], denotes the i-th homogeneous component of the graded algebra k[n] A similar notational convention

1s adopted for k[A).
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Therefore, the spectral sequence arising from the reciprocity for induction yields an iso-
morphism H’( G‘}, M, ®(—la0)) >~ H’*2’"+‘(gq, M). Since we have an exact G,-sequence
0—k—M— A9(sqy, - 0+ lap) — O (compare [17, (IL7.19)]), H(Gy, M) = 0 fori >0
(see [21, (10.4.6)]; the argument works for quantum enveloping algebras). Thus,

k, i=2m—1,

1 adl J— =
H(g‘l’M1®( la‘))) {0, otherwise.

This, together with (5.7.5), shows HO(fB, (G My @ (—loco))H)) —o.
Step 3. There is a G-isomorphism

(5.7.6) nd§(H(GL M) = H(GLM) D, fori < 2m.
Since the induction from B to GI; is exact, we have

M, i=0,

Y Gq ~ ! gq ~
R'Ind & M, 2 TIR Indj;' A & ‘ 0. ofherwise.

Thus, one of the spectral sequences associated to M; and IndgI =~ Indg oIndg, >~

Indg o Indg‘; degenerates, and the other one gives
4 !

EY = R Ind(H(G), M)") = HY(GL M) .

We obtain (5.7.6) from this spectral sequence by using (5.7.1) and the following fact
from the theory of algebraic groups (see, for example, [17, (I1.12.12)])

1 7 k[N], i= 0’
. H'IndY k[n] =
(5-7.7) ndg kn] {0, otherwise.

STEP 4. There is a short exact G-sequence
(5.7.8) 0 — L(cto) — KNl — H"(Gy, M) ™" — 0.

This is obtained by inducing (5.7.3) to G, using (5.7.6), (5.7.7) and the Borel-Weil-
Bott Theorem.

STEP 5. The exact sequence (5.7.8) means that dimk[A(},, > dim H>"(G}, M),
so any homomorphism from k[\],, to H>"™( gt},M)H) has nontrivial kernel.

Since M = T(A)Aq()\) is the direct summand of A7(A) ® VI(—wgA) = AT(A\) ® A9(A\)*
belonging to 0, the canonical homomorphism k — A7(A) ® A9(\)* factors through M,
SO Y4y factors through H‘(g;,M). Thus, Ker Y44y # 0, proving the proposition for
A4()), and also for V4(\) and L7(\), since VI(A) = LI(\) = A9(N). n

THEOREM 5.8. Let A € X, be not I-regular. Then Supp, (A7(\)), Supp, (V4())) and
Supp, (L‘f()\)) are proper subvarieties of N.

PROOE.  Suppose for a moment that @ is indecomposable. Let C be the /-alcove hav-
ing A in its upper closure. We proceed by induction on the distance d(C) from C to the
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bottom [-alcove C; Recall that d(C) 1s the number of /-walls separating C and C; If
d(C) = 0, C = C}, and Proposition 5 7 applies So assume d(C) > 0 Choose a wall
H of C separating C and C;, and choose a weight 1 € C 1n the facet of codimension 1
contamed m H Let \q (resp o) be the Wi-conjugate of A (resp p) in C; Then we have
an exact sequence (compare [17, (I1 7 13)])

0 — A%(s \) — T)°A%p) — AY(\) — 0,

where s = sy 15 the affine reflection with respect to H The induction hypothesis can be
applied to  and s A (It may happen that A%(s A) = 0) Thus, by Corollary 5 4 and
Lemma 5 2(4), Supp, (A"(/\)) 1S proper

A similar argument applies to V9()\) For irreducible modules, we can use induction
on the standard partial ordering on X We have an exact sequence

0— LI\ — AYN) — M(\) — 0

The highest weights of composition factors of M9()\) are strictly smaller than A The
induction, together with Lemma 5 2(4), ensures that Suppq(M"()\)) 1s proper Then, by
Lemma 5 2(4) again, Suppq(Lq()\)) 15 also proper

If ® 1s decomposable, the algebra H’(g;, k) decomposes 1nto the tensor product of
1ideals corresponding to indecomposable components of @, similarly for the algebra
H’((j;, V® V) for Ve Ob( g(‘]) The homomorphism vy decomposes correspondingly
mnto a tensor product If V = V9()\), A9(\) or L9()\) with A not [-regular, then one of the
components of 1y has nontrivial kernel, by the above Thus, 1y has nontrivial kernel
and Supp, (V) 1s proper [

Note that A has a unique dense G-orbit, the orbit A, of regular ad-nilpotent ele-
ments Thus, for V € Ob(G,), Supp,(V) 1s proper iff Supp, (V) C NN\ Noeg

For I C I1, one may define the support variety Supp, ;(V) for V € g; ; (see §4) This
1s a subvariety of A7, the variety of ad-nilpotent elements in the Levi subalgebra q; of
g In particular, 1if V € Ob( g;), viewing as an object of g; 1> Supp, ;(V) 18 canonically
a subvariety of Supp, (V)

Using the results of §4, we have the following analogue of [15, §3] Its proof 1s clear
from the definitions above, together with the results of §2 and §4

PROPOSITION 59  Let A € X, and let I C 11 satisfy the condition of Theorem 5 8
Then G Nj C Suppq(Vq(/\)) and G N; C Suppq(Aq()\)) Moreover, if the quantum
Lusztig conjecture is true for G, 1, we also have G N; C Suppq(L"()\))

Finally, we give the following exact description of Suppq(V"()\)) and Supp, (A"()\))
for A 1n a facet of codimension 1 in the case @ has type A For the algebraic group case,
see [15] and [17]

THEOREM 5 10 Assume that ® 1s of type A, | Let \ be a donunant weight in a
facet of codimension I Then

Suppq(V"()\)) = Supp(Aq(/\)) = A\ Noeg
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Moreover, if the quantum Lusztig conjecture is true for root system of type A2, we also
have

SUpp(Lq(A)) = N\ %eg

PROOF. In this case, the subroot system {& € @ | (A+p, @) = 0 (mod /)} has type
A;. Thus, by Remark 4.9, condition (4.8.1) is satisfied by a w € W and a subset I of I1
of type A,,_». Thus, by Proposition 5.9, G - A; C Suppq(Aq()\)). Since G - A; contains
the unique dense G-orbit of AL\ Afeg, and Supp, (A‘i(/\)) C N\ Neeg, by Theorem 5.8.
The result for A9()\) follows.

The same argument works for V9()), and, if the quantum Lusztig conjecture is true
for @, it works for LI(\), too. .

Appendix. Some homological foundations. In this appendix U is a Hopf algebra
over k. Let M be a category of (left) A-modules or a category of (right) 2(-comodules,
satisfying the following hypotheses:

(A.1) Itis a full abelian subcategory of the category of all A(-modules or N -comodules;

(A.2) It is closed under taking the dual of finite dimensional object and taking tensor
products;

(A.3) It has enough injectives, so that we can develop a cohomological theory in it;

(A.4) If we consider 2-modules, every object in M is locally finite, i.e., is the union
of its subobjects of finite dimension over k.

An object A in M is called an M -algebra if A is also an algebra and if the unit map
k: k — A and the multiplication map pu: A®A — A are M -morphisms. An A -morphism
between two M -algebras is called an M -algebra homomorphism if it is also an algebra
homomorphism. The simplest M -algebra is the trivial object k in M, and the unit map
k:k — A for any M -algebra A is an M -algebra homomorphism.

As in [22, Appendix], given an M -algebra A, the cohomology group H*(M,A) =
Ext®(k,A) becomes a graded k-algebra under the cup product, which is induced by the
Kiinneth isomorphism H' (M, A) @ /(M ,A) = HY(M,A ® A) and the product homo-
morphism A®A — A. More generally, if A is an M -algebraand V € Ob(M) has a left A-
module structure compatible with the M -structures, then H*(M, V) is a left H*(M, A)-
module. In particular, for any V € Ob(M), H*(M, V) is a left H*(M, k)-module. Also,
if A and B are M -algebras, then any M -algebra homomorphism »: A — B will induce a
graded algebra homomorphism 1.: H*(M,A) — H*(M, B). In particular, the unit map
Kk — A gives rise to a graded algebra homomorphism k,: H* (M, k) — H*(M, A).

We are mainly interested in a special class of M -algebras, described in the following
lemma, whose easy proof is left to the reader. The assertion (2), in the context of co-
modules, appears in [22, (A.4.2)] as an example. Also, the lemma, restricted to quantum
enveloping algebras, is contained in [1, (3.6)].
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LEMMA A.5. Let V € Ob(*M) be finite dimensional over k with basis {v;}. Then:

(1) The natural map m: V* @ V. — k, sending f @ vto f(v)forf € V:andv €V, is an
M -morphism;

(2) A = Endi(V) & V® V* is an M-algebra with multiplication identity 1, =
Yivi @ f;, where {f;} is the basis of V* dual to the given basis of V.

REMARK A.6. Note that Lemma A.5 is not trivial—if we interchange V and V*, the
results may not hold! In fact, if we still have these results, then the trivial object k will be
adirect summand of V® V*, provided dim V is not O in £. If, in addition, V is an injective
object in M, then it follows that k (and therefore any object in M) is injective (see [22,
(2.8.2)]). Hence any object in M is completely reducible. We have counterexamples to
show this is not true. (For example, the category of rational modules over quantum group
G, = GLy(n) or SL,(n) with char k = 0 and g is a primitive /-th root of unity for an odd
integer [. See [21, (9.10.4)].)

If the antipode of 2 has order 2, then the canonical map V — V** is an M -morphism.
It follows from Lemma A.5 that the canonical map 7': V@ V* = (V*)* @ V* — kis an
M -morphism. From this observation, an interesting (perhaps well-known) fact follows
easily: If the category of comodules or the category of locally finite modules for a k-Hopf
algebra with ¥> = id (e.g., a commutative or cocommutative Hopf algebra) has a finite
dimensional injective object I with dim/ nonzero in k, then any object in the category is
completely reducible. In particular, if a finite dimensional Hopf algebra with ¥> = id has
dimension nonzero in k (e.g., char k = 0), then any comodule or modules over the Hopf
algebra is completely reducible. The complete reducibility of ordinary representations of
a finite group is a special case of the above assertion.

Denote by Jy the kernel of the graded algebra homomorphism vy: H* (M, k) —
H*(M,V ® V*) induced by the unit map x:k — V ® V* given in Lemma A.5(2). Then
we have the following result.

PROPOSITION A.7. Let V,U € Ob(M) be finite dimensional. Then Jy C Jy-yp.
Moreover; if there exists an M -homomorphismn: VR V* — k withnok: k — k nonzero,
then TSV = Sv@)u.

PROOF. Letk:k—-UQU* k' k—VRV*andr": k— V® U® U*® V* be the
unit maps. Clearly, k" = (idy ®x ® idy~) o x’, identifying V@ V* with V® k ® V*. Thus,
Yygu factors through 1y, This implies the first assertion.

For the second assertion, note that 7 o kK = a - id for a nonzero a € k. Replacing 7
by a'n, one may assume a = 1. Then k' = (idy @1 @ idy-) o (idy @k @ idy-) o K/, i.e.,
l‘él = (Idv ®’I] & ldvt) o f‘i”. ThUS, 1/1‘/ = (ldv ®1] [029] idv*)* e} ll)ng, forcing 3\/:{(] C 3v.
Therefore, r:ﬁv = 3V®U- [ ]

Note that in Proposition A.7, n may not be an algebra homomorphism.
Denote by %y the left annihilator of H*(M, U) in H*(M, k). This is an ideal of
H*(M, k).
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PROPOSITION A.8. Assume that H*(M, k) is commutative. Let V be a finite dimen-
stonal object in M. Then

3\/ C m %V@U C ﬂ mV@L C \/3‘/
UeOb(M) LEOb(M)

rreducible

PROOF. LetA = V®@V*. Viewing V® U canonically as a left A-module with the M -
morphism (y = idy @7 ® idy (see Lemma A.5(1)) as its structure map, the k-action on
V@U factors through the action of A. By taking cohomology, the cup product H'(M, A)®
HM,V® U) — HY(M,A ® V® U) and the morphism ((y)s: HY(M,A @ V ®
U) — HY (M, V @ U) define an H* (M, A)-module structure on H*(‘M, V ® U), and the
H*(M , k)-action on H* (M, V @ U) factors through the action of H*(M, A). It follows
that Iy C Nyey, hence Iy C Ny Nvew.

The inclusion Ny Nyey C N, Ny 18 trivial.

Since Jy = Nygy-, we complete the proof by showing the inclusion N, Ryg, C
\/ﬂeww for any fimite dimensional object U of M by induction on dim U. If U is irre-
ducible, this is trivial. In general, let U, be a proper subobject of U and U, = U/ Uj.
The exact sequence of A-modules0 — V@ U, —- V® U — V® U, — 0 leads to an
exact triangle of H*(‘M, k)-modules:

H* M,V @ U,) — H*(M,V @ U)

AN 7
HY M,V ® Uy)

Leta € N, Nyer andx € H* (M, V@ U). By induction applied to Uy, a’x is in the image
of HY(M,V ® Uy) for large r. Then, by induction applied to Uy, a*x = 0 for some s > r.
Thus, a € \/%W_,;U, as required. "
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