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Abstract

Composition operators Ct between Orlicz spaces V (n, S, fi) generated by measurable and nonsingular
transformations r from Q into itself are considered. We characterize boundedness and compactness of
the composition operator between Orlicz spaces in terms of properties of the mapping T, the function ip
and the measure space (fi, E, n). These results generalize earlier results known for Lp-spaces.
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1. Introduction

Let £2 = (ft, E, fi) be a a-finite complete measure space and let r : ft —»• ft be a
measurable transformation, that is, T " 1 ^ ) £ E for any A e E. If/x(r"'(^)) = 0
for all A € E with /x(A) = 0, then r is said to be nonsingular. This condition
means that the measure /u. o r~\ defined by /x o r~~'(A) :— /z(r~'(A)) for A e E, is
absolutely continuous with respect to /x (it is usually denoted ix o r"1 <SC /x). Then the
Radon-Nikodym theorem ensures the existence of a non-negative locally integrable
function fr on Q such that /u. o T~1(A) = fA fr(t)dfi(t) for A 6 E.

Any measurable nonsingular transformation r induces a linear operator (composi-
tion operator) Cz from L°(S2) into itself defined by

(1.1) Crjc(r) = Jt(r(r)), ten, xe L°(fi),

where L°(£2) denotes the linear space of all equivalence classes of E-measurable func-
tions on fi, where we identify any two functions that are equal /z-almost everywhere
on ft.

© 2004 Australian Mathematical Society 1446-7887/04 $A2.00 + 0.00

189

https://doi.org/10.1017/S1446788700008892 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700008892


190 Yunan Cui, Henryk Hudzik, Romesh Kumar and Lech Maligranda [2]

Here the nonsingularity of r guarantees that the operator CT is well defined as a
mapping of equivalence classes of functions into itself since x = y /x-a.e. implies
Cxx — Czy /z-a.e.

If Cr maps an Orlicz space L(P(fi) into itself, then we call Cr a composition operator
in L^iQ). Note that, in this case, CT as a positive linear operator in L<°(£2) is bounded.

Boundedness of composition operators in Z/(£2)-spaces (1 < p < oo) for finite
measures appeared already in the Dunford-Schwartz book [4, Lemma 7, pages 664-
665] and for a-finite measures in Singh's paper [21] (the sequence case in [23]) and
also in the book [25]. Namely, a measurable transformation r induces a bounded
composition operator Ct in Lp(£l) for 1 < p < oo if and only if \x o x~x <C /x and
the Radon-Nikodym derivative dfj, o r^/dfi = fx is essentially bounded on Q. The
last two conditions can be written as one: there exists a constant K > 0 such that

(1.2) M(t"'(A)) < Kn(A) for all A e E.

Moreover,

l | C | ( sup

Observe that the composition operator Cr is a bounded operator in L°° (/x) with norm 1,
that is, a nonexpansive mapping for any measurable nonsingular transformation r .

In the case that <p is an N -function, some results on boundedness of composition
operators in the Orlicz space Lv(£2) were obtained in [9, Theorem 2.1] (see also [16]).

Compactness results of composition operator were proved by Singh [20] and Singh-
Kumar [24,22] in L2(ft)-space. Then Petrovic [15], Xu [28] andTakagi [26] extended
them to the Lp (fi)-spaces with 1 < p < oo. It turns out that there is no compact
composition operator on LP(Q), when /x is either non-atomic or purely atomic with
all atoms of equal measure. But there are some weighted sequence lp-spaces which
do have compact composition operators.

We will present some new results on boundedness and compactness of composition
operators in Orlicz spaces.

We need some notions from Orlicz spaces. Let <p : [0, oo) -> [0, oo] be an Orlicz
function, that is, a convex function such that <p(0) = 0, <p(u) -> oo as u -> oo
and which is not identically zero or infinity on (0, oo). Assume also that <p is left-
continuous at bv, where bv = sup{M > 0 : <p(u) < oo}. Note that if bf < oo,
then we can have two cases (p{b9) < oo or <p(bv) = oo. Another important constant
connected with the Orlicz function <p is av = inf{u > 0 : <p(u) > 0}. Of course,
0 < av < bv < oo. For x e L°(£l), define the modular

W = f <p(\x(s)\)dix(s)
Jn
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and the Orlicz space

I* (£2) = L'(S1, E, n) = {x e L°(S2) : I9(kx) < oo for some A. = k(x) > 0}.

This space is a Banach space with two norms: the Luxemburg-Nakano norm

||jc||, = inf{;t > 0 : Iv(x/k) < 1}

and the Orlicz norm (in the Amemiya form)

| |* | | °=inf( l + / , ( * * ) ) / * .

It is well known that ||JC \\v < \\x ||° < 2\\x % and ||* ||^ < 1 if and only if I9(x) < 1
(see for example [7, page 80]). Moreover, if A e E and 0 < fi(A) < oo, then
\\XA\\V = I A P - ' U / M G * ) ) . where <p~\t) = inf{s > 0 : <p(s) > t} is the right-
continuous inverse of <p. Note that the equality of the Orlicz norm and the Amemiya
norm was recently proved in [5]. Before only an estimate of the Orlicz norm from
above by the Amemiya norm was known (see [13, Theorem 1.2.6]) with equality when
both (p and its complementary function <p* are N-functions (see [7, Theorem HI. 10.4],
[11, Theorem 8.6] and [17, Theorem HI.3.13]).

The Orlicz space L*'(f2) with each of the above two norms is a rearrangement-
invariant space, that is, a symmetric space with the Fatou property (see [1, Theo-
rem 8.9], [8, page 104]).

We say that an Orlicz function <p satisfies the condition A2for all u (respectively,
for large u; for small u) if there exists a positive constant K (respectively, a positive K
and «o > 0 with <p(u0) < oo; a positive constant K and u0 > 0 with <p(u0) > 0) such
that <p(2u) < K(p(u) for all u > 0 (respectively, for all u > u0; for all 0 < u < u0).

If <p satisfies the condition A2 for all u, then for any a-finite measure space the dual
of the Orlicz space LV(Q) is the Orlicz space V' (Q) generated by the complementary
function <p* of cp, defined by <p*(u) := supu>0(Mi; — <p(v)). Moreover,

(L'($2), || • | |,)* = (IT(£2), || • ||°.) and (£.'(£2), || • ||°)* = (L**(fi), || • | | , . ) .

The paper is organized as follows. In Section 2 we study modular continuity and
norm continuity of composition operators CT in Orlicz spaces L*"(£2). We were able to
completely characterize modular continuity of Cr. It is surprising that the necessary
and sufficient conditions for modular continuity do not depend on Orlicz functions
<p but only on the transformation T. Our results on norm continuity of Cx are also
complete. The form of the necessary and sufficient conditions for the norm continuity
established in this paper depends on the regularity of the Orlicz function <p. In the case
when <p satisfies the condition A2 for all u > 0, the conditions have the same form as
for the modular continuity, so they do not depend on <p, for any measure /x. If /x is
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nonatomic and finite the same is true if cp satisfies the condition A2 for large values
of u > 0. If the measure /x is nonatomic and infinite, then the condition A2 for large
values of u > 0 is enough to explain the necessary and sufficient condition for the
continuity of Cx from LV(Q) into itself in terms of (p. Without any regularity condition
for <p, and without any restriction on the measure /x it is established that the composition
operator Cx generated by a nonsingular transformation T is continuous from an Orlicz
spaces LV(Q) into itself if and only if L^i^l) is contained in the Musielak-Orlicz
space L^(£2), where rj/(t, u) = <p(u)w(t) and w is the Radon-Nikodym derivative
d\x o r"1 /dfj,. It means that in the general case we were not able to explain the
conditions directly in terms of the generating function (p.

In Section 3, we investigate compactness of composition operators in Orlicz spaces.
As in the V -case, compactness of a composition operator Cr in the Orlicz space Lv (ft)
implies that the underlying measure /x is purely atomic. Under some assumptions on
the function <p and the atoms of /x, we prove necessary and sufficient conditions for CT

to be compact. In particular, we can have compactness of the composition operator in
weighted Orlicz sequence spaces.

2. Modular and norm continuity of composition operators

For the modular continuity of the composition operator Cr in an Orlicz space
Lv(£l), we present necessary and sufficient conditions for any Orlicz function <p and
any a-finite measure space (ft, E, fx). For any Orlicz function <p which satisfies the
condition A2 for all u, the same is done for norm continuity of the composition operator
Ct in L*"(ft). If <p satisfies the condition A2 for large u, then the problem of continuity
of the composition operator Cr in LV(Q) is completely solved if the measure space
is nonatomic of finite or infinite measure. Without any regularity condition on <p, the
conditions for continuity of Cr from U1 (S2) into itself are explained in terms of the
Radon-Nikodym derivative d\i o r~l/dfx.

THEOREM 2.1. Assume that x : ft —• £2 is a measurable nonsingular transforma-
tion.

(a) I/O < a9 = bv < oo, then lv(CTx) = l^ix) whenever Iv(x) < oo.

(b) IfO<av<bip< oo, then the inequality

(2.1) Iv(Czx) < Kl9(x)

holds for all x such that Iv(x) < oo with some K > 0 independent of x if and only if

(2.2) /X(T"'(A)) < Kn(A)

for all A 6 £ with /x(A) < oo.
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PROOF, (a) In this case the function <p is 0 on the interval [0, a,,) and oo on (av, oo).
Therefore, Iv(x) < oo if and only if ||JC||OO < av and so || CTJC hoo < av, which finally
gives Ip(CTx) = 0 = /„(*).

(b) Assume that 0 < av < bv < oo.
Sufficiency. Assume that condition (2.2) is satisfied. It gives that /x o r"1 « : [i

and by the Radon-Nikodym theorem, /x o r" 1 (A) = fA fr(t)d(j,(t) for A e E and for
some function fx locally integrable on £1. Notice t h a t / t e L°°(Q) and ||/r||oo < K.
Otherwise, there is A e E with 0 < /x(A) < oo such t h a t / t ( f ) > K for any t e A.
This yields /x o r~ ' (A) = fAfx(t)dix{t) > K/x(A), which contradicts condition (2.2).

Therefore,

[ {\CrX(s)\)dn(s)= / <p(\x(r(s))\) dfl(s)
n Ju

<p{\x{t)\) d{pi O T-'XO < f <p(\x(t)\) d(tl O T-')(0
() Jn

= f <p(\x(t)\)fz(t)dfM(t) <K f <p(\x(t)\)dix(t) = Kl,(x).
Jn Jn

Necessity. Assume that condition (2.1) holds. If A e £ and n(A) — 0, then
the nonsingularity of x yields / X ( T ~ ' ( A ) ) = 0 and we have equality in (2.2). Thus
suppose that A e E and 0 < /x(A) < oo. Take a e (av, b^) and set x = OXA- Then

I9(x) = / <p{a)dix{s) = <p(a)fJ,(A) < oo.
JA

As QXA = Xr-HAh i l follows by (2.1) that

<p{a)n{x-\A)) = I^Qx) < KIv(x) = K<p(a)fi(A).

Since 0 < <p(a) < oo, this gives (2.2). •

THEOREM 2.2. Assume that x : Q —*• £1 is a measurable nonsingular transforma-
tion. Then the composition operator Cx is bounded from an Orlicz space V (Q) into
itself, that is, there exists M > 0 such that

(2.3) HCTJC||, < M\\x\\9 for all x e LV(Q)

if condition (2.2) holds. If, in addition, <p satisfies the condition A2 for all u > 0, then
(2.3) and (2.2) are equivalent.

PROOF. Sufficiency. By Theorem 2.1 we know that if (2.2) is satisfied with A" > 1,
then (2.1) holds and

K l"\\\x\\
< 1,
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whence ||CTJC||V < K\\x\\v for all 0 ^ x € Lv(Sl), that is, (2.3) holds with M = K.
Note that this part of the theorem holds without the A2-condition.

Necessity. Setting in inequality (2.3) x = XA, where A e E and 0 < /it(A) < oo,
we get the estimate

1 M

or equivalently

(2-4)
**"' (-TIT) ^

for all A € E with 0 < /x(A) < oo.
Since <p satisfies the condition A2 for all u > 0, it follows that

(P(M«)
L := sup ——— < oo,

«>o <p(u)

and <p(Mu) < L<p(u) for all u > 0, which gives for M = <p~x (v) that

1 ^ ) ) < L<p{<p~l(v)) < Lu

and so

for all u > 0. Consequently, condition (2.4) yields

^ A ) J "
or equivalently /u,(r"'(i4)) < L/x(A) for all A e E with 0 < n(A) < oo, which
finishes the proof of the necessity with K = L. •

REMARK 1. Theorem 2.2 was, in fact, already formulated in [9] when <p is an
N-function but in case of M > 1 the proof was not complete.

REMARK 2. The sufficiency of Theorem 2.2 can be proved (again without the
A2-condition) in two different ways, namely by using simple functions and by the
Orlicz interpolation theorem which is saying that any Orlicz space LV(Q) is an exact
interpolation space between L'(£2) and L°°(Q) (see [12]). We present below the
second alternative proof.

ALTERNATIVE PROOF. Since r is nonsingular, the operator Cr is continuous between
with HCVJCIIOO < H*!^ for all x € L°°(Q). Condition (2.2) yields that
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Cx is continuous on LX{Q.) with ||CtJc||i < K\\x\\i for all x e L ' (^ ) - By the
Orlicz interpolation theorem (see [12, Theorem 1'], [11, Theorem 13.2']; see also [1,
Theorem 2.2.2] and [8, Theorem II.4.9], where there is even more general version of
this theorem, the so called Calderon-Mitjagin interpolation theorem), we get || Cxx || v <
max{A:, IJIIJCH^, for all JC e L*(Q). More precisely,

IIQHtr-L* < SUP

(see [12, Theorem 15.13] or [8, estimate (4.24) on page 100]).

REMARK 3. From the above proofs we obtain that if condition (2.2) holds, then we
have the estimates

sup

< II t-r II L*-L* < SUp ,

which is a generalization of the Z/-case into Orlicz spaces.

REMARK 4. Condition (2.2) is sufficient for the continuity of any composition
operator from any symmetric space X into itself if X has either the Fatou property or an
absolutely continuous norm (see, for example, [ 1, Theorem 2.2.2] or [8, Theorem II.4.9
and 4.10]), because X is then an interpolation space between L1 and L°°.

REMARK 5. If 0 < av < bv < oo, then the Orlicz space LV(Q) is equal to
with an equivalent norm. Hence the composition operator Cr is norm-continuous on
Z/(£2) for every nonsingular transformation T. However, in order to obtain modular
continuity of Cr which is stronger than norm continuity, we need the additional
assumption (2.2) on r as shown in Theorem 2.1. In particular, note that av = bv is
allowed (see [17, first paragraph on page 52]).

THEOREM 2.3. Assume that /x is a non-atomic infinite measure, r : Q —> Q is
a measurable nonsingular transformation and <p is an Orlicz function satisfying the
condition A2for large u. Then the composition operator CT is bounded in L*"(fi) if
and only if there exists a constant K > 1 such that

(2.5, - '

for all A e E with 0 < /u.(A) < oo.
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PROOF. The necessity is clear by putting x = XA into the assumption.
Sufficiency. Since <p satisfies the condition A2 for large u it follows that <p is

finite-valued and so lim,,^,*, (p~l(u) — oo.
Note first that (2.5) guarantee that fx o x~} <£ \x. In fact, assume that ix(A) -*• 0.

Then by the assumption (2.5) and from the assumption on <p we obtain /zor ~* (A) —> 0,
which shows that /xot" 1 <3C \ibecause by the nonsingularity of r we may assume that
Ai(A) > 0. Let g = dfi o r^/dfi. Then g € L1 + L°° and n o x~x(A) = fA g(t)dix
for any A e E.

Now we will prove that g e L°°(£2). We can prove in the same way as in the proof
of Theorem 2.2 with 2K instead of K that <p e A~ (that is, (p satisfies the condition
A2 for large u) yields 2K<p~l(v) < <p~l(Lv) for v > 0 large enough and an absolute
constant L > 2K or equivalently that 2K<p~1(w/L) < (p~x{w) for w > a with some
a > 0. We will show that ||g||oo < £• Assume that \\g\\oo > L. Then, as \x is
nonatomic there exists a set A e £ with l//x(A) > a such that 0 < /x(A) < I/a and
g(t) > L for /x-almost all t 6 A. Consequently,

| ior" ' (A)= / g(t)dfx > L(M(A),

whence <p~x (1/ /M(T~' (A))) < <^~' (l/L/x(A)) and so

1 1 2K K

a contradiction. Thus, ||g||oo < L and the rest of the proof is the same as the proof of
the sufficiency in Theorem 2.2. •

REMARK 6. Condition (2.2) implies condition (2.5). Morover, if pu{Q.) < oo and
<p satisfies the A2-condition for large u, then conditions (2.5) and (2.2) are equiv-
alent. In fact, the A2-condition of <p on [«0, oo) can be extended to the interval
[<p~l(l/li(T~l(n))), oo) and (2.5) is equivalent to

therefore we get condition (2.2). Note that conditions (2.5) and (2.2), in the case when
= oo, are different which will be shown in the next theorem.

In our next theorem, the space L*"(S2) D L°°(Sl) is considered with the classical
norm IM^noo = max(||*||v, | | J : ID-

THEOREM 2.4. Assume that (Q, E, /A) is a non-atomic infinite measure space and
x : Q —> £2 is a measurable nonsingular transformation. Let <p be an Orlicz function
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satisfying the condition A2 for all u > 0. Then the composition operator Cz is
bounded in LV(Q) p) L°°(Q) if and only if there exists a constant K > 1 such that

(2.6) max{l,/x(r (A))} < Kmax{l, n(A)}

for all A € E with 0 < /z(A) < oo.

PROOF. Necessity. Putting x = XA, where A e E and 0 < /u,(A) < oo, we obtain

max \l, —

= C m a x { l , —

with a constant C > 0 independent of A. The function g(u) — l/<p(l/u) is increasing
and continuous on (0, oo) with limu_o+ g(u) = 0 and g(u) -> oo as M -> oo.
In particular, there exists a > 0 such that g(a) = 1. Moreover, g satisfies the
condition A2 for all « since <p is such. Thus

= max

^ « ( C m a x {fl« v - . ( i / M ( A ) ) } ) ^ D^ (raax

and (2.6) holds.
Sufficiency. We first show that (2.6) implies that Cr is bounded in V (Q) f| L

and next using an appropriate interpolation theorem we will extend the boundedness

of CVintoZA^n^00^)-
Let x be a simple positive function, that is, x = 5Z"=i a>X/i,. where A\ a • • • <Z An

and a, > 0, and A, e E, )U,(A,) < oo, / = 1, 2, . . . , n. Then CrJt = Y11=i aiX*-\A,),

\Ai) -\ \-anfi(An \ An_,) =
i=2
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and applying estimate (2.6), we get

[10]

. 1) < K ^a,max(/z(A,), 1)

< K

< 2£max(||*||,, ||*||oo) = 2£||*||1n00.

If JC is a simple function in L1 f] L°°, then

II C* v II — II (~* y I.- "̂~* v II <* II (~* v II I || Z"1

II * - T A II 1HOO II *-T-*- + ^f*— II lflOO _ II *-T-* + I! IHOO "T II *-•

t+||inoo + Ik-II moo) < 4A" ||x || moo-

Finally, since simple functions are dense in Lx(Q) f~\ L°°(Q.) (see [8> Pa8e 77]),
we have ||Cr*||inoo < 4£||*||,noo for all x e L1 (Q) f] L°°(Q) and we proved the
boundedeness of the composition operator CT in Ll(Q) f] L°°(^).

The composition operator Cx is obviously bounded in L°°(Q) and we showed above
that it is also bounded in L1 (Q) f"j L°° (Q) when (2.6) holds. Now, we will show
using the interpolation theory (or precisely, the Calderon-Lozanovskii interpolation
construction) that Cr is bounded in L^iQ.) P| L°°(Q).

Since p(L°°, L1 f| L00) = L+, where iA"'(O = p(l, min(l, f)) (see [11, Exam-
ple 3 or Example 4 and Example 5 on pages 179-181]; see also [14, pages 459-461])
it follows that for p(l, t) — <p~x{t) we obtain \lr{u) — inf{r > 0 : f~x{t) > u] —
inffr > 0 : min{^~'(l), <p~x(t)} > «}, and so

1<p(u) if 0 < u < #>~'(1);

oo if u > <p~x{\).

Thus L* = Lv f] L°° and the interpolation theorem for Orlicz spaces or the Calderon-
Lozanovskii construction (see [11, Theorem 14.12 or Theorem 15.14]; see also [14,
Theorem 8.2.2]) gives that Cr is bounded in p(L°°, V f| L°°) = Lv f| L°°. D

REMARK 7. Under the same assumptions on the measure \x and the Orlicz function
cp as in Theorem 2.4 we can prove, similarly as in Theorem 2.4, that the composition
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operator Ct is bounded in L(P(f2) + L°°(£2) if and only if there exists a constant K > 1
such that min{l, fiir'^A))} < ATmin{l, fJ,(A)} for all A e E with 0 < /J.(A) < oo.

We formulate a necessary and sufficient condition for boundedness of composition
operators in Orlicz spaces Lv(£l) in terms of the embedding of these Orlicz spaces
into weighted Orlicz spaces L^ (£2) with the norm

WU = inf {A- > 0 : J<p (j^) v>(t)dn < ll ,

where the weight w is the Radon-Nikodym derivative of \x o T"1 with respect to [i.

THEOREM 2.5. Let (£2, E, /x) be ao -finite nonatomic measure space and r : Q—> Q
be a measurable nonsingular transformation with r(£2) = £2. Denote by w the Radon-
Nikodym derivative d/j, or"1 /dfj,. Then the following conditions are equivalent:

(a) The composition operator Cz is bounded from L*"(J2) into itself.
(b) For every x € L^iSl), there exists k > 0 such that

/
n

(c) The Orlicz space L9(Q) is embedded continuously into the weighted Orlicz
space LJ(«).
(d) There are a, b > 0 and 0 < g e L'(fi) sHcfc tfurt <p(au)w(t) < b<p(u) + g(t)

for all u > 0 and r e £2 \ A w/f/i /x(A) = 0.

PROOF. Since x (Q.) = Q it follows that

(2.7) / (CTx) = I®(x),

where <$>(t, u) = <p(u)w{t) is the Musielak-Orlicz function (see, for example, [13]).
In fact,

Iv(Qx)= f <p(\Cxx(t)\)dn(t)= f <p(\x(r(s))\)dn(s)
Jn Jn

= [ <p(\x(t)\)d(nox-\t))= f (pdxiODw^dinit))

= f <p(\x(t)\)w(t)dfi(t) = U(x).
Jn

From (2.7) it follows that Cr is an isometry from L*(S2) into Z/(ft). Namely, defining

I I * I I * = i n
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we have for any x e L*(ft) \ {0}, that Iv(CTx/\\xU) = /<J,(JC/||JC|U) < 1, whence
I|CWIWI*IU < 1, or, equivalently, ||CTjt||p < \\x\\*. On the other hand, if Czx e
IS \ {0}, then / • (* / ! ! Cr* ||,) = /,(Cr*/| |CTje| | ,) < 1, whence ||x|U < | |Cr* | | , , and
the proof that Cr is an isometry from L*(ft) into Z/(ft) is finished.

The continuity of the operator Cx in V (ft) means that there exists a constant K > 1
such that H* |U < AT||JC ||v for all x e L*"(S2). This gives a continuous embedding of
Z,<°(ft) into L*(ft).

It is well known that the last embedding holds if and only if condition (d) is
satisfied (see [13, Theorem 8.5] for the finite valued functions <p, <t> and [6, 3, 18]
in the arbitrary case). Consequently, we get implications (a) =• (b) =>• (c) => (d).
Moreover, condition (d) yields easily condition (a), so the proof is finished. •

If the measure space (£2, E, /x) is cr-finite and purely atomic, that is, Q = ( J ^ , An,
where An are the atoms with the measures /x(An) = an > 0 for all n e N, then the
Orlicz sequence space /*"({«„}) is defined as the space of all real sequences x = {jcn}^,
such that Iv(kx, (an}) < oo for some k > 0, where I^x, {an}) = Y,T=i <P(\xn\)an-
This space is considered with the norm

\\x\\vAan) = inf{X > 0 : Iv{x/k, {an}) < 1).

THEOREM 2.6. Let (£2, £ , n) be a a-finite and purely atomic measure space with
atoms {An} of measure fi(An) = an > 0 for any n e M. Let r : ft -> Q be a
nonsingular transformation with f(ft) = ft and bn := /z(r~'(An))/^(An). Then the
following conditions are equivalent:

(a) The composition operator Cx is bounded from /''({a,,}) into itself.
(b) For every x e lv({an}) there exists k > 0 such that J27=\ <P&\xn\)bn < oo.
(c) The Orlicz space /*>({an}) is embedded continuously into the Orlicz space

lv({anbn}).
(d) There are a, b,S > 0 and a sequence [cn] in / ' of nonnegative numbers such

that <p(u)an < S => <p(au)anbn < b<p{u)an + cnfor all n € N and all u > 0 .

PROOF. It is very similar to the proof of Theorem 2.5, but we present it for the sake
of completeness. We have

I9(CtX, {an}) J2
n = l n = l

ner(£2) n=\

Foranyjce/"({aA})\{0},
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whence ||Crx/||x||Vi(a ; i i ,n) | |^K) < 1 or, equivalently, | |Crx| | „,,(„„) < ||* !!,,,{„,,*,„). On the
other hand, if CTx e l*({an}) \ {0}, then

\ || 1-xX ||̂ ,(a,) / \ II t-fXIIp.la,,] /

whence ||x||v,janin) < ||Crj:||^(O,j. Consequently, the equality | |Cr^| |^( a n, = ||x|U,(anin)

is proved and it shows that CT is an isometry from lv([anbn}) into /*({«„}). Taking into
account that conditions (c) and (d) are equivalent (see [13, Theorem 8.11, page 51]
for the finite valued functions and [19] in the arbitrary case), we can finish the proof
in the same way as the proof of Theorem 2.5. •

3. Compactness of composition operators in Orlicz spaces

We start with the following result.

THEOREM 3.1. Let <p be an Orlicz function vanishing only at zero with finite values,
that is, av = 0 and bv = oo. Let r be a measurable nonsingular transformation from
£2 into itself such thatx(Q.) = Q.. IfCr is a compact operator from V into itself, then
the measure /J. is purely atomic.

PROOF. We can write Q = £2i U £22, where Qi fl fl2 = 0, /x|n, is nonatomic and
/x|n2 is purely atomic. Since fM o T" 1 <C /A, then by the Radon-Nikodym theorem there
exists a function h locally integrable on Q\ such that [i or'1 (A) = fAh(t) dn- for any
A e £ n Ql. Define Ao = [t <= J2i : h(t) > 0). We will show that /u, o r - ' (A 0 ) = 0.
Assume for the contrary that ix o r~](A0) > 0. Then there is e. > 0 such that the set
A\ = [t e Ao : h{t) > e] has positive measure. Take a sequence [Bn] of pairwise
disjoint subsets o f E O A , with 0 < /z(fln) < 1/2" for n e N large enough (n > n0).
Define

B"' n>no-

Then Iv(xn) = 1, whence xn e L*"(^) and ||xn||v = 1 for n > n0. Consequently, we
have for m,n > n0 with m ^ n,

Iv(CTxm - Czxn) = I <p(\CTxm(s) - Crxn(s)\)d(j,(s)
Jn

<p(.[xm(.z(s))-xn(r(s))\)dn(s)

(p(\xm{t) - xn(t)\) dii o x~x(t)

-L<
-L
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= f <p(\xm(t)-xn(t)\)dnoT-l(t)
Jn

= f <p([xm(t)-xn(t)\Mt)dfi(t)

= I <p(\xm(t)\)h(t)dfx(t)+ f <p(\xn(t)\)h(t)dn(t)
JBm JBn

' " ~ ~ ' =26.

Therefore, ||Crxm — Cxxn\\v > 2e form, n > n0 with m ^ n. This means that [Crxn]
contains no subsequence which is a Cauchy sequence, that is, QCBCL*1^))), where
B(LV(Q)) denotes the unit ball of L*"(S2), is not relatively compact. Consequently, the
operator Cr is not compact, a contradiction. The assumption that the transformation
T is nonsingular yields that ix(A0) = 0. The proof of the theorem is finished. •

THEOREM 3.2. Let <p be a finite-valued Orlicz function and let {Q., E, /x) be a
a-finite and purely atomic measure space with the atoms An of measure fJ,(An) =
an > 0. For a measurable nonsingular transformation r from Q into itself, denote
bn := ix(r~l(An))/ix(An). IfCT is a compact operator from /*({«„}) into itself, then
lim^oo bn = 0.

PROOF. Assume for the contrary that the assumptions are satisfied and bn •/> 0.
We may assume without loss of generality that there is € e (0, 1) such that bn > e for
all n e N. Define

Then

and
/x(An) 1 1

(T-'(An)) bn €

whence ||jcn||p < 1/e for all n e N.
On the other hand, we have for all m ^ n,

'(p\Cxxm — Cxxn) = I<p\Cz(xm — xn))

Consequently, ||CTj:m — Crjcn||v > 1 for all m ^ n, which means that {Crxn} contains
no Cauchy subsequence, that is, CT is not compact. This contradiction finishes the
proof. •
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THEOREM 3.3. Let <p be an Orlicz function vanishing only at zero. Let (Q, E, /x)
be a purely atomic a-finite measure space withe the atoms An of measure fi(An) =
2n > 0 and z be a measurable nonsingular transformation from Q into itself such
that linin^oo bn — 0. Assume that either cp satisfies condition A 2 for all u > 0 when
£^J1, bn — 00 or condition A2 for large u > 0 when Yl^Li b» < °°- Then the
composition operator Cx acts from lv({an}) into itself and it is compact.

PROOF. The assumption on cp implies that (see [2, Theorem 1.39], [13])

(3.1) for any e > 0 there exists S > 0 such that /V(JC) < 8 implies ||;t||v < e.

Let [xn] be a sequence from B(lv([an})). Then there exists a subsequence [xnic] of {xn}
and* 6 /^({a,,}) such that {xnk} is weakly* convergent t o* . We may assume without
loss of generality that xn —> 0 weakly* (if * ^ 0 we consider the sequence {xn — x}
instead of {*„}). Since fc, -> 0 as 1 —>• 00, there is j e N such that b{ < 8/2 for all
i > j . Then

8/2 J2 ?(k,(0IMA,) < 8/2

for all n e N. Note that if xn -> 0 weakly*, then xn —> 0 pointwise. Really, the
predual of I9([an}) is the subspace h* of order continuous elements of the Musielak-
Orlicz sequence space /* over the counting measure with the Musielak-Orlicz function
* = ( W J l p where irn(u) = an<p*(u/an) for all u > 0 and n e N. Take any k N .
Then y = ek € /i*. We have xn(k) = {xn, y) -> 0 by assumption, which means that
xn —> 0 pointwise.

Thus, there exists m e N such that 5Z^=1 i»,v3()jcM(i)|)/x(A,) < 5/2 for all n > m.
Combining the above two estimates we get

Iv(Czxn) =

for n > m. Applying condition (3.1), we obtain ||CrJcn||p < € for all n > m, which
means that CTxn —> 0. The proof is complete. •

The following example shows that in the last theorem the assumptions that cp
vanishes only at zero and that <p satisfies a suitable A2-condition are important.

EXAMPLE 1. Let <p(u) = 0 i f 0 < « < 1 and <p(u) = 00 if u > 1. Then for any
measure space (£2, £ , /x), we have L^iSl, E, ^ ) = L°°(£2, E, /x) with equality of the
norms HJC ||^ and ||JC ||OO. Thus in the case of the counting measure space, we have
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11*11̂  = Halloo = supieN \x(i)\. It is easy to see that the only compact composition
operators Cr : /°°(N) —> f°°(N) are finitely dimensional operators.

Assume for the contrary that Cx is not finite dimensional. Then we may assume
without loss of generality that CTXAn / 0 for any atom An. Thus Xr-'(An> ^ 0 for
any atom An, which means that [u.(r~l(An)) ^ 0, whence, r~\An) ^ 0 for all
n e H. Defining xn = XAn, we have Halloo = 1 for all n e N and if m j^ n, we get
||CrArm — CjXnWoo = 1, which means that Cx is not compact.

THEOREM 3.4. Let <p be an Orliczfunction vanishing only at zero with bv < oo and
<p'Abv) < 00, where <p'_ stands for the left derivative of (p. Assume that (Q, E, fi) is a
purely atomic a-finite measure space with the atoms An of measure n(An) = an > 0
such that liminfn_,oo/x(An) > a > 0. Assume that r is a measurable nonsingular
transformation from £2 into itself. IfCr is a compact operator from I9([an}) into itself,
then lim^oo bn = 0.

PROOF. We may assume without loss of generality that bv = I. Otherwise we may
consider the function <f\{u) = (p(b^u), for which L^'iQ) = L( P(fi)and \\-\\Vl = b9\\.\\v.

There is a finite-valued Orlicz function V such that rj/(u) = <p(u) for 0 < u < 1.
Define

Then (p = max{^, Voo}- Therefore (see [11, Theorem 12.2] and [17, page 130])
L*{Q.) = L*(Q.)r\L°°(Q.)md \\x\\9 = max{||jc||^, HJCHOO} forallx e L'(fi) .

Assume for the contrary that bn -/> 0 as n —> oo. Then we may assume without
loss of generality that there is € > 0 such that bn > e and wn = /J.(An) > a > 0 for
all n e H. Define*,, = min{l, if~x(l/wn)}xAn, n = 1, 2, Since

/,(*•) = /*(*») = f (min {1, V ~ ' U M ) } ) fi(AK) <—wH = l,

it follows that ||JCB||^ < 1 for all n e N. On the other hand, we have for m ^ n,

Iv(Cxxm - Cxxn) = I+(Cxxm - Cxxn)

l, ir'\\/wn)))wn

), l/wm]wm + e min{i^(l), l/wn}wn

> 2emn{air(l), 1} > 0.

This means that the operator Cr is not compact which is a contradiction. •
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