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Introduction. Piochi in [10] gives a description of the least commutative congruence
A of an inverse semigroup in terms of congruence pairs and generalizes to inverse
semigroups the notion of solvability. The object of this paper is to give an explicit
construction of A for simple regular w-semigroups exploiting the work of Baird on
congruences on such semigroups. Moreover the connection between the solvability classes
of simple regular w-semigroups and those of their subgroups is studied.

As usual o indicates the least group congruence. H and D the Green’s relations, N
the set of non negative integers, Z the additive group of the integers. For notations and
definitions not given in this paper the reader is referred to [9)].

1. Preliminary results.

DEFINITION 1. An w-semigroup S is a semigroup whose set E of idempotents form an
w-chain

ep>e|>...>e,>. ..
under the natural order defined on E by the rule e = f if and only if ef = f = fe.
For a regular w-semigroup. Munn in [6] proved the following result.

THEOREM A. Let S be a regular w-semigroup.

If S has no kernel, then it is the union of an w-chain of groups.

If the kernel of S coincides with S, then S is a simple regular w-semigroup.

If S has a proper kernel, then S is a (retract) ideal extension of a simple regular
w-semigroup K by a finite chain of groups with O adjoined H®. Moreover this extension is
determined by means of a homomorphism of H into the group of units of K.

Piochi in [10] characterized (by means of congruence pairs) the least commutative
congruence of an inverse semigroup, proving

ThHeoreM B ({10], Th. 2.4 and Th. 2.6). Let S be an inverse semigroup and E its
semilattice of idempotents. Define on E the relation e ~ f if and only if there exist a, be S
such that e =abb™'a™', f = baa~'b~" and denote by Ag the transitive closure of ~. Denote
by S' the subsemigroup of S generated by the elements [a, b]=aba™'b™" with a, b € S and

put
3(S)={aeS|a'arge for some e € E and ae € S'}.

Then (Ag, 9(S)) is a congruence pair and the congruence associated with it is the least
commutative congruence on S.

Henceforward the least commutative congruence on a semigroup S will be denoted
by As (or simply by ). We remark that the congruence A is denoted y in [10]; here we
changed notation, in order to avoid confusion with the mappings y; of Theorem C below.
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The main aim of this paper is to give an explicit construction of A for a simple regular
w-semigroup. The construction of A for the non-simple case is a result of a routine nature
but adds to the technical problems, hence here is deleted; however it can be found in [4].

2. The least commutative congruence on a simple regular w-semigroup. Several
authors, e.g. Kocin [5] and Munn [6], gave structure theorems for simple regular
w-semigroups. The one given by Munn is the following

Tueorem C. Let d be a positive integer and let {G;|i=0,...,d —1} be a set of d
pairwise disjoint groups. Let v,_, be a homomorphism of G,_, into Gy and, if d > 1, let y;
be a homomorphism of G; into G;,, (i =0,...,d —2). For every n €N let ii denote the
integer equivalent to n modulo d, belonging to N and less than d and let vy, =y;. For
m, n e N and m <n write

’ am.n= YmYm+1 ot Yn-1

and for all n eN let «, , denote the identity automorphism of G;. Let S be the set of the
ordered triples (m, a;, n), where m,neN, 0=i=d —1 and a; € G;,. Define a multiplica-
tion in S by the rule that

(m, a;, n)(p, bj! ‘1) = (m +p -, (aiau.w)(bjav,w)’ n+gq- r)

where r=min{n, p}, u=nd +i, v=pd +j and w=max{u, v}. Denote the so formed
groupoid by S(d, G;, v;). Then S(d, G, v;) is a simple regular w-semigroup with
exactly d D-classes and any simple regular w-semigroup is isomorphic to a semigroup
S(d, G, y;). ForneNandi=0,...,d—1 write €] = (n, e;, n), where e, is the identity of
the group G;. The elements e} are the idempotents of S(d, G;, y;) and we have

ed>eld>. . . >el_>el>. . .>el_>el>. ..

NortaTioN. In the remainder of the paper 7 will denote, as in previous theorem, the
integer equivalent to n modulo d, belonging to N and less than d, and, for every i e N, the
endomorphism a; ;.4 of G; will be indicated by a;.

RemARk 2.1. For every i, j€N w_ith _i<j we have obviously ®; = a; and, putting
i=md+i, j=nd+j, o;;=a;;07 "ifi=jand o, ; = af;,;+da}."'"" ifi>].
REMARK 2.2. For fixed i satisfying 0<i=<d — 1, put
S, ={(m, a;, n) | m, n€N, a; € G;}.

Then §; is a bisimple inverse semigroup of S ([2], p. 462) and the Reilly multiplication
([7], formula (1)) applies with & = a;.

Lemma 2.3. Let S=S5(d, G, v;) be a simple regular w-semigroup. Then its least
commutative congruence A is a group congruence contained in o v H.

Proof. First we recall that the congruence A defined in Th. B is, by Th. 2.2 of [3], a
uniform congruence of E. Moreover, for every m,neN and for every i such that
0<i=d-1, we have e["Age}. In fact, putting a =(m, e;,, n), b =(n, e;, m) we have
e"=abb 'a~! and e =baa"'b~". Hence, by the remarks preceding Lemma 2.1 of [3],
we immediately deduce that A is the universal congruence wg on E, hence A is a group
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congruence. Finally we remark that, since S/o v H=Z (see [2], Corollary 3.1), covHis a
commutative congruence; so A is contained in o v H.

CoroLLARY 2.4. If p is a commutative congruence on S =38(d, G;, v;), then p is a
group congruence.

Dernirion 2.5 ([2], p. 463). Let S$=8(d,G;,y). A subset A of

G =Gy X G, X...X Gy_, which satisfies the conditions
(i) A=AgX A, X...XAy, forsome A;cG,, i=0,...,d—1,

(ii) A;,2G,i=0,...,d-1,

(iii) Ag-1Ya1cApand Ay, €Ay, i=0,...,d-2,
is called a y-admissible subset of G.

I'* denotes the set of the y-admissible subsets of G satisfying the condition

(iv) rad A=A where rad A =rad Ay X ... xXrad A,_, and

rad A; = {a; € G; | a,a} € A, for some nonnegative integer n}.

Lemma 2.6 ([2]), Lemma 3.2, Lemma 3.4 and Lemma 3.5). Let S =S(d, G,, y;) and
let p be a congruence on S such that pe[o, o vH]. Put A*=A8X...x A5_, where
Af ={a; € G;| (0, a;, 0) e ker p}. Then the following conditions hold.

(i) A el™.

(ii) kerp={(m, a;, m)|meN, a,€A?, i=0,...,d—1}.

(iii) Let x=(m, g;, n), y =(p, h;, q) be two elements of S, then we have xpy if and
only if m—n=p—gq and (ga,,)hj'®, .)€ Al where u=nd+i, v=qd+j, w=
max{u, v}, k=w.

Conversely, for every A eI'*, the relation p defined by (iii) is a congruence on S
belonging to [0, o v H] such that A® = A.

REMARK 2.7. By Lemma 2.6 it follows that a group congruence p contained in o vH
is completely determined by the subset A” of G. Hence, by Lemma 2.3, A can be
described by means of A* '

Remark 2.8. We recall that for every two congruences p and T on an inverse
semigroup, we have p=<vt if and only if trp=trt and ker p ckert. Hence, if
S=5(d, G;, y;) and p, T €0, o v H] then p <7 if and only if AP c A"~

DEerINITION 2.9. Let H be a group and ¢ an endomorphism of H. For every a, be H
we call

(ap")(bg")a'9")b'9")  (r,s, L, ueN)
a ¢-commutator of a and b, and, if it is unambiguous, we put
(ap")(bo*)(a™'9")(b™'¢") =[a, b],.

We denote by H,, the subgroup of H generated by the ¢-commutators of H and we call it
the ¢-derivate of H.

Lemma 2.10. The following properties hold.

(i) Hy2 H' where H' indicates the derivate of the group H.
(i) If go* € H, for some non negative integer k, then g € Hy.
(iii) Hy = H.
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Proof. Property (i) is obvious, property (ii) easily follows because g(g~'¢*) is a
¢-commutator of g and of the identity of H. To prove property (iii), let a, b, g € H and
consider a ¢-commutator

[a, b], = (a9")(bo*)(a ") (b~ "¢").
Ife<r,
gla, blog ™' =g((agp") 9 )8~ (@ 9"V ag)g(bo* )gg (@ "¢ )g (b7 9" ) (b9 )g (b ')
=[g, a¢'lo[(ad")s, (bd°)gls (b, glo-
If, on the contrary t =7,
gla, blog ™ = g(ad ) (b9’ ) (@™ 9") ") (g 9" )b 'b(g ) (b9 )8!
= [g(ag"), bls[b, gls-

Lemma 2.11. Let S=8(d, G;, v;) and A its least commutative congruence. Then
AA= G:, where G:r= (GO):ro X...X (Gd‘l):l’d-l'

Proof. First we prove that G, €I'*. In fact condition (i) of Definition 2.5 obviously
holds; conditions (ii) and (iv) follow by Lemma 2.10. Moreover «;y; = v;a;,, for every
i=0,...,d-2, @y_1Ya-1=Ya-109. Let 0=j=d — 1. For every a;, b; € G; and for every
aj-commutator of a;, b; we have

[4-15 ba-1lay_Ya—1=[Ba-1Ya-1, ba_1Ya-1)ay

and [a;, b;].y; = [a7)> b;¥;la,., With j=d -2, i.e. condition (iii) of Definition 2.5 holds.
Now, let p be the group congruence induced by G, following Lemma 2.6. We will show
that p is commutative, i.e. that for every x, y € S we have xy p yx. Put

x=(m, g, n), y=(p, h;,q), (€g€G;, hieG;0=<i,j<d-1;m,n,p,qeN),
then

Xy = (m +p - (giau,w)(hiau,w): q +n-— r)
and

y‘x = (p +m -9, (hja’a,c)(gia’b,C)J q +n —S)

where r = min{n, p}, s=min{q, m}, u=nd +i, v=pd +j, w=max{u, v}, a=qd +j,
b=md +i, c =max{a, b}.
Obviously condition

(m+p-r)—(g+tn-r)=(p+m-s)—(q+n-ys) (1)
holds. Now consider the element

§= (((giau.w)(hjau,w))al,t)(((hjaa,c)(giab.c))_lak,l)
with
l=(n+q-r)yd+w, k=(qg+n—-s)d+¢, t =max{l, k}.

We have

g = ((gia,u,w)al,t)((hjat),w)al,t)((gi—lab,c)ak,l)((h;laa,c)“k,l)
= (g, ) o) (e ) ) (g, )~ a2) (e ;) ) ) (2)
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where, if f=max{i, j}, z=1 otherwise z=7+d and i;, i,, i3, iy are suitable non
negative integers (Remark 2.1). By (2) it follows that g € (G;),.; hence by (1) and by
condition (iii) of Lemma 2.6, xy p yx.

Now, let T be a commutative congruence on §; we shall prove that p =1 The
congruence t' =T A (0 v H) is commutative; hence it is a group congruence by Corollary
2.4. Let A™ be the y-admissible subgroup of G induced by 7’ following Lemma 2.6 and
let

(gia?)(hiaf) (g 'af)(hi ') (i=0,...,d—1;8, heG;p,n q, meN}

be an «;-commutator of G;. Put x=(m+k,g,n+k), y=(p+k, h;, ¢g+k) where
k =min{r, s}, r=min{p, n}, s =min{q, m}. Since ' is a commutative congruence we
have xy 1’ yx, hence recalling condition (iii) of Lemma 2.6 and Remark 2.2 it follows that

[(giat ) (hia? ™ e, w[(87 af ) (AT @ )] @, € AT

where t=min{n+k, p + k}, j=min{g + k, m + k}, u=Mn+q+2k—-1t)d+i,
v=(n+gq+2k—j)d+jand w=max{u, v}, whence

(giad)(hia?)(gi 'af)(hi o) € AT
thus (G,),,c A7 and G,c A". So p=<71' =<7, hence p=A.

By previous Lemmas we can deduce the following description of the least
commutative congruence for a simple regular w-semigroup.

THEOREM 2.12. Let S =S(d, G;, v;) be a simple regular w-semigroup and A its least
commutative congruence. Then

(m, g, n)A(p, hj,q) ifand only if m—n=p —q

(giau,W)(hj—lav.w) € (Gz):xz

and

with

I
§|

u=nd+i, v=qd+j, w = max{u, v}, z
REMARK 2.13. A is a group congruence such that
kerA={(m, g, m)|meN, g e(G),;i=0,...,d—1}.
Clearly ker 4 is an w-chain of groups.

THEOREM 2.14. Let S =S(d, G,, v;) be a simple regular w-semigroup. Denote by %
the direct product Go/(Go)ay, X . . . X G4—1/(Ga-1)a,_, and consider the subgroup K of 4
defined by

H={(8:2;,4(Go)as - - - » 8% a+s(Gaps - -+ 8% 24-1(Ga-1)a,.,) |gi €G;i,5=0,...,d—1}.
The mapping f of S/ onto ¥ x Z defined by
fi(m, gi, n)A— ((8:2:,4(Go)ay - - - » 8i%i24-1(Ga-1)e,_,), m — 1)
is an isomorphism.
Proof. Consider (p, h;, q)A € S/A and its image
((hj2;,a(Godaos - - - » 1j¥24-1(Ga-1)ey)s P — 9)-
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First we prove that (m, g;-, n)A=(p, h;, q)A iff

((giCVi,d(Go):xo, caey gia’i,Zd—l(Gd—l)Zxd_,), m—n)
= ((hjaj,d(GO):ro: ) hjaj,zd—l(Gd—l):yd_,); pP—q)-
In fact suppose (m, g:, n)A(p, h;, q); then from Theorem 2.12 it follows that m —n =
p—q and g, b '®, € (G#)a, With u=nd +i, v=gqd +j and w = max{u, v}. Hence,
by Remark 2.1 (g:a; s+a)@3(h; @) 5140)a'2 € (Gg),, for some nonnegative integers iy, i,
and, since we have
(giai.ﬁ'-f-d)a’i&'(hj_laj,ﬁv+d)a’;%(gi_la’i,w+d)(hjaj.w+d) € (GW):X‘;,
we deduce (877 @ 5+a) (1 5+4) € (Gs)e, . Hence for every nonnegative integer k
[(gi_]‘Yi.w+d)(hj“j,w+d)]a’w+d,w+i+d € (Gw);,.vaw+d,w+/2+d c (G e
and, by Remark 2.1,
[(gi-lai,m+d)(hjaj,m+d)] Q’%Tﬁd € (GiiB) o

for some nonnegative integer i;. So (ii) of Lemma 2.10 gives

(&7t wrr+ ) (h; 57k +d) € (G o
whence, since k is an arbitrary nonnegative integer, (g7 ' @; ,+a)(;®,+4) € (G,),, for every
integer ¢ with 0=<t=d — 1. Thus, we deduce that (m, g;, n)A(p, h;, q) implies h;;,. €
8% +a(G))s, for every t=0,...,d~1and m —n=p — q whence
((giai,d(GO):vo; v 8i®i2d-1(Ga-1)a,_,), m — 1)
= ((hja'j,d(GO)z’xo; cee hj“j,zd-l(Gd—l):yd_,): p—q).
Conversely, let
((gia’i,d(Go):xo: cee gia/i,Zd—l(Gd—l):rd_,); m—n)
= ((hjaj.d(GO):xo; <o hjaj,Zd—l(Gd—l):xd_l)’ p—q).
This implies m —n=p —q and g; 1ar,-,,;,L,,h,-oz,-,,;ﬂ,, € (Gg)«; for every nonnegative integer k
whence
(gia’i,hd)“j,;'(hj—10’j,/2+d)a'j,f € (GE);,;

for every nonnegative integers j,, j,. Let u=nd +i, v=gqd +j and w = max{u, v}. Then
for every j,, j, such that

min{k + (ji+n+1)d, k+ (j,+q+1)d} =w,
we have

a’i,lE+da",;' = Chk+(1+j)d = Xuk+(jirn+1)d = Xy w®w k+(ji+n+1)d
and

_ J2 — - — -
@ k+d® 7= Uy f(jprq+1)d = Xyw@w k+(jr+q+1)d:

Now let w = w + td; if n =q, choosing k=w and j, =¢, j,=t+n —q, we have

k+(i+tn+)d=w+td+nd+d=w+(n+1)d=k+(j,+q+1)d.
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Hence, by Remark 2.1, (g, ..k 'a, .)0a"" € (Gy)a,. Analogously, if n<g, putting
ji=t+q—n, j,=t, we obtain
(8ituwhi ' @, W) el € (Gi)e,
In both the cases from (ii) of Lemma 2.10 it follows that (g,-af,,,whf‘al,,w) € (Gys)a, With
u=nd+i, v=qd+jand w=max{u, v}, so we have (m, g;, n)A=(p, h;, g)A. Thus f is
well defined and injective.
The mapping f is obviously onto and finally it is a homomorphism; in fact consider
[0, 8 AP, by A= (1 +p = 1, @it rin) i), 7+ = 1,
with w = max(nd + i, pd + ), r = min(n, p).
f((m+p =r, (8i%nasiw)(hi@pasjw), n +q—r)A)
= (((gia’nd+i,whja/pd+j.w)a’ﬂ‘.d(GO)tIro) LI

(gia,nd-f-i.whjapd-o-j.w)aW,Zd—|(Gd—l)(’rd—l); m+p—n-—gq).
Also

((8.'0’.‘,4(00);0: ceey 8:'0’.'.24—1(64-1);,,_.; m-— n)((hiaj.d(GO):vny e hia’j,Zd—l(Gd—l)(,xd_|))p -9q)
= ((giai.dhjaj,d(GO):m: ceey gia'i,zd-lhia'j,Zd—l(Gd—1);,,-,): m-—n+p—q).
Moreover
giai,d+ﬁhja’j,d+ﬁ(hj_la'pd+j,w)aw,d+5(gi_la’nd+i,w)aw,d+ﬁ € (GE);,-,;
in fact, if w=pd+j, (h,aedﬂ,w)afw,“,; =h; 445 and, by Remark 2.1,
gia’i,d+l?(gi_la’nd+i.w)°’§a,d+ﬁ € (GE)::,;; if w=nd+i, g:&;q+i=(8®%na+iw)s 4.7 and by Re-

mark 2.1, b} 44i(h; ' @pasjn) @5 asii € (Gi)a;, hence the result follows because (Gi)a; is a
normal subgroup of G;. Thus, we have

f([(mr gi’ n)A](p, hir ‘1)”) =f((m, gi: n)A)f((P: hj’ q)l)
When d =1, S is a bisimple w-semigroup, usually denoted by S = S(G, «). Thus we
have the following result.

CoRrOLLARY 2.15. The kernel of the least commutative congruence A on a bisimple
w-semigroup S is the commutator subsemigroup S', which is an w-chain of groups S,
isomorphic to (G'), for every integer i. The semigroup S/A is a commutative group which
is isomorphic to the direct product G/(G'), X Z.

Proof. Let x be an element of ker A, thus from Remark 2.13 it follows that
x=(m, ax’ba’a"a'b™ a", m) = {(m, aa’, m)(m, ba’, m)(m, a"'a’, m)(m, b~'o, m)}
A(m, ba’, m)(m, aa’, m)(m, a~'a', m)(m, b~'a’, m)}{(m, be, m)(m, b~'a", m)}.

Moreover, denoting by e the identity of G, for every b € G and s, v nonnegative integers,
if s =v we have

(m, ba*, m)(m, b~ 'a®, m)=[(m, b, 0), (0, e, v —5)] €S’
and if s > v we have
(m, ba?, m)(m, b~'a®, m) = {(m, ba®, m)(m, b~'a’, m)} !
=[(m, ba",0),(0,e,5s —v)]"'€S§".
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Now, we consider
(m, ba?, m)(m, aa’, m)(m, a~'&/, m)(m, b~'&*, m) = (m, ba‘aa’a™"'a'b™'&’, m).
If r =t, by a simple calculus, we have
(m, bafaa’a™'a'b™'a’, m) = [(m, ba'aa’b™'?, 0), (0, ba’b ™', t — )]
c(m, b T m)(m, baf T T o, m) e S,

ifr>t
(m, barac’a™'a'b™ &, m) = (m, bafaa'a ' &’b™ &', m) ' e §".
Hence x € S’ and ker A =S’, moreover, from Remark 2.13 it follows that S’ is an w-chain
of groups S; isomorphic to (G'),. Finally from Lemma 2.3 it follows that A is a group
congruence and from Theorem 2.14 we deduce that S/A is isomorphic to the direct
product [G/(G"),] X Z.
For a direct proof see [11], Theorem 2.5.

3. Solvability of simple regular w-semigroups. In [10] the following definition was
introduced for inverse semigroups:

DerinimioN 3.1, Let S be an inverse semigroup. Denote 6¢(S) =S, Ay= wg, the
universal congruence on S, and for i =1, let A, s (or simply A;) be the least commutative
congruence on J;_(S) = ker A,_, (trivially A, = y). S is called solvable of solvability class ¢
or c-solvable if c is the least index i such that A, =id,_ ), the identity map on J,._,(S).

Lemma 3.2 ([10], 3.3). S is solvable of class c if and only if c is the least index i such
that 6,_,(S) is commutative.

Since any simple regular w-semigroup is trivially inverse, it makes sense to ask about its
solvability. We want to prove that there is a strict connection between the solvability of §
and that of the groups G,.

We remark that a simple regular w-semigroup is a Bruck—Reilly semigroup over T
where T is a chain G, > G, >. .. > G,_, of groups [6, Structure Theorem], hence we state
the result for Bruck—Reilly semigroups. We recall the following definition.

DeriniTioN 3.3. Let T be a monoid, a be a homomorphism of T into its group of
units. The Bruck—Reilly semigroup over T is the semigroup B(T, a) of the triplets
(m, a, n): m, n are nonnegative integers, a € T and the multiplication is defined as
follows:

(m) a, n)(pr b, q) = (m tp-r, (aap_r)(ba’n-r)’ ntq- r)’
where r = min(n, p) and o° is the identity map on T.

It is well-known (see [9], e.g.) that B(T, «) is a simple monoid for each T and «, and
that it is inverse if and only if T is inverse.

THEOREM 3.4. Let S = B(T, «) be a Bruck-Reilly semigroup over an inverse monoid
T. Then S is solvable if and only if T is solvable. If S is solvable of class n then T is
solvable of class n or n — 1.

Proof. If § is a solvable semigroup of class n, then, by Theorem 3.5 of [10], T is
immediately seen to be solvable, and its solvability class is less than or equal to n, since T
is (isomorphic to) a subsemigroup of S.
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s To prove that the condition is sufficient, consider firstly a commutator of elements of
¢=[(m, a, n), (p, b, q)].
Let r = min(n, p), t=min(m, q), v=min(n +q —r, n + q —t). Then
c=(m+p—r+n+q—t—v, (@ 'eb ' )" Y(aa? ' ba™ )"V, m
+p—t+n+q—r—v).
Remark that:
_ _ _ - I -

L i i et
If we denote k = min(m, n, p, q), then we have proved that:

c=[(m,a, n),(p,b,q)l=(m+p—k, aa” *ba" a '’ b 'a™ %, m +p — k).

Since the product of two elements (m, a, m) and (p, b, p) is again of type (n, x, n)
then:
(m,a, n)eS’ implies that m =n.

Let
(m, a, n)(p, e, p)=(m+p —min(n, p),...,n+p—min(n, p)),

where (p, e, p) € E5. Such a product belongs to S’ only if m +p —min(n, p)=n+p —
min(n, p), i.e. only if m = n. Then

(m, a, n) € 8(S) implies tﬁat m=n.

Now, since (m, a, m) € 6(S) implies trivially that a € T = §o(T), suppose, by induc-
tion, that we have proved:

for i=2, (m, a, m)ed, (S) impliesthata e d,_»(T).
Consider ¢ =[(p, a, p), (¢, b, g)] € (8;-1(S))’; for kK = min(p, q), one has:
c=(p+q—k,aa’*ba’ *a '@ " b ", p+q — k)
=(p+q—k, [aa"* ba"™*, p+q —k).

Since the commutator subsemigroup and the derivative of any inverse semigroup T
are trivially closed with respect to powers of any endomorphism of 7, then we get:

(m, a, m) € (§,_,(S))’ implies that a € (6,_,(T))'. 3)

Let (m, e, m) and (p, f, p) € Es, and (m, e, m)As_s)(p, f, p). Then, there exists a
sequence:
(n07 aO: nO)r (qu bO; qO)) sy (n'h) ah; nh)’ (th bh; qh)

of elements of §,_,(S) such that

(m; €, m) = (n()) ay, n())(qO) b()) q())(q()’ baly ‘10)('10, a(;l’ n()))

(Gn> brs qn)(nn, an, ny)(nw, ai', m)(qn, b, qn) = (p, f, P),
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and, for every j such that 0=j <h, if u; = min(m;, q;) we get

(4> by» @)(ny, a5, m)(my, 057", my)(g;, b7, 45)
= (Bjs1> 81> M) (@15 Bje1s Gie1)(Gjers bj_+11, gj+1)(s1, aj_+llx niv1);
d ntq—wp=n gt g — Ui
an
b,-ar"f'“iajaf"f“"iaf 1 a,qj—“ibj—la,'l/—“i =aj, QT+ 1Y+ bi+1 i1+ b]-+11 a"i+n—u/+1ai—+11 i1
Also
m=ngy+qo— o,
pP="n,+qn— Up,
e= aoa,qo“uoboa,ﬂo—uob'ala/lo—uoaala,qo—uo’
f= bha,"h_“hahth_“ha;la,qh_“hb;la}‘h‘“h.
At last:

(m, e, n)As_s)(p, f,p) implies m=p and elds_nf 4)
Let
(m, a, m) € 8,(5) = 8(8,-.(S));
then there exists an idempotent (m, e, m)As,_ (s)(m, a~'a, m) such that:
(m, ae, m) € (8,-,(S))".
By (3) and (4), this implies that eAs_,ya~'a and ae € (8;_,(T))'. Hence:
foreveryi=1, (m,a, m)ed(S) implies ae d,_(T).

If T is solvable of class n, then 8,_,(T) is the first derivate subsemigroup which is
commutative; thus one can easily see that §,(S) must be commutative, too, and S is
solvable of solvability class less than or equal to n + 1.

Now, from Theorem 3.4 of [10] we can deduce the announced result on a simple
regular w-semigroup:

CoroLLARY 3.5. Let S=S(d, G, v;) be a simple regular w-semigroup. Then S is
solvable if and only if all the groups G; are solvable. If S is n-solvable, then the greatest
solvability class of the groups is n or n — 1.

ReMARK 3.6. When S =8(G, ) is a bisimple w-semigroup, then it is solvable of
class n if and only if G is solvable of class n or n —1. Both of these possibilities may
occur. In fact consider the two following special cases of endomorphism « of the group
G:

If the endomorphism « is nilpotent, that is if «"(G)=1 for some n=1, then
(G")o =G. As §(S) is a Clifford semigroup, we have that if G is solvable of class n — 1,
then &(S5) is solvable of class n — 1. Thus S is solvable of class n.

If @« =idg, then (G),=G'. Now, if G is a solvable group of class n, then G’ is
solvable of class n — 1. Hence 6(S) is solvable of class n — 1 and S is solvable of class n.

Remark 3.7. It follows from Theorem 3.11 of [10] that the maximum group
homomorphic image of a solvable inverse semigroup is solvable. The converse is not true
in general; actually, here we have a new family of counter-examples.
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In [7], Munn and Reilly proved that if « is nilpotent, then $(G, a)/o is isomorphic to
the additive group of integers. Hence, one can easily build up bisimple w-semigroups
which are not solvable, if G is not solvable, but where S/o is solvable, since it is
isomorphic to a commutative group.
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