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Abstract  We study certain sequences of rational functions with poles outside the unit circle. Such kinds
of sequences are recursively constructed based on sequences of complex numbers with norm less than
one. In fact, such sequences are closely related to the Schur—Nevanlinna algorithm for Schur functions
on the one hand, and to orthogonal rational functions on the unit circle on the other. We shall see that
rational functions belonging to a Schur-Nevanlinna sequence can be used to parametrize the set of all
solutions of an interpolation problem of Nevanlinna—Pick type for Schur functions.
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1. Introduction

A function g which maps the open unit disc D := {z € C : |z| < 1} into the complex
plane C is a Schur function or belongs to the Schur class S (in the open unit disc D)
if ¢ is holomorphic in D and if its values g(z) are bounded by 1 for z € D, i.e. g is a
holomorphic function such that the kernel

Sg(z,¢) == W, z,( €D,
is non-negative Hermitian. More explicitly this kernel condition means that for every
choice of m € N := {1,2,3,...} and of the m points z1,29,...,2, € D the complex
(m x m)-matrix (Sg(zj,2x)) %=, is non-negative Hermitian. The equivalence of these
conditions follows from the considerations on the classical Nevanlinna—Pick interpolation
problem [18,20].

In the present work, we study a multiple point Nevanlinna—Pick interpolation problem
for Schur functions. A multiple point interpolation problem is a problem in which values
not only for the function itself but also for its derivatives up to a certain order are

prescribed. Here we consider the following problem.
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(MNP) Given n € N, mutually distinct points z1,2a,...,2, € D, l1,l,...,l, € N,
and wj, € C, s =0,1,...,l; =1, j =1,2,...,n, find necessary and sufficient conditions
for the existence of a g € S such that

1
;g“)(zj) =wjs, §=0,1,...,0;—1, j=12,....n (1.1)

Moreover, describe the set of solutions Sa of all g € S fulfilling (1.1).

Note that problem (MNP) can be conceived as a generalization of the Schur coefficient
problem [1,23,24] on the one hand and of the classical Nevanlinna—Pick problem on the
other [18,20].

As is well known, it is frequently the case that a finite interpolation problem of
Nevanlinna—Pick type can be reduced, in a suitable way, to the study of a truncated
trigonometric moment problem. Moreover, there exist several approaches to the solu-
tion of such a problem and several generalizations of the problem, too (see, for exam-
ple, [2,3,6,7,10-12,16,25,26]). In particular, it is well known that there is a g € S
satisfying (1.1) if and only if the generalized Schwarz—Pick matrix Pa, which can be
computed from the data given in problem (MNP), is non-negative Hermitian. In §2,
we introduce Pa briefly. Moreover, we recall some basic facts on the Schur—Nevanlinna
algorithm for Schur functions which were introduced by Nevanlinna [18] as an extension
of the classical algorithm of Schur [23,24]. In fact, we shall deduce that, starting from
a g € Sa, the feasibility of this algorithm for g is closely related to the case in which
P, is even positive Hermitian. Furthermore, we present some basics on linear fractional
transformations and on rational functions.

As the main result of this note, in §6 we will see that, for the non-uniqueness case,
i.e. if Pa is a positive Hermitian matrix, the set of solutions Sa can be characterized
by a linear fractional transformation which is determined by certain rational functions,
where S is the set of parameters. In fact, we find that a function g belongs to Sa if and
only if there exists a Schur function h fulfilling the equality

3 (2) + bay (2)ym (2)B(2)

, z€D, 1.2
T 1 b, (DB 2

9(2)

where b, is a Blaschke factor, the rational functions d,,, v, are elements of a Schur—
Nevanlinna sequence, and &LT], 'yr[? I denote their respective adjoint rational functions.

Some basic facts on Schur-Nevanlinna sequences of rational functions are explained
in §3. In fact, such sequences are connected on the one hand to the Schur-Nevanlinna
algorithm for Schur functions and on the other hand to orthogonal rational functions
on the unit circle. Similarly, as in the case of orthogonal functions, we will see that
the validity of some Christoffel-Darboux formulae is an important property of Schur—
Nevanlinna sequences of rational functions (see Theorem 4.2 and the inverse question
discussed in §5).

Note that in [25] the set of solutions Sa is characterized by a linear fractional transfor-
mation determined by some polynomials (without calculating these functions precisely).
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Note that in [19] a modified Schur—Nevanlinna algorithm is discussed with respect to the
real line case and a multiple point interpolation problem for Nevanlinna functions. The
essential new feature of the current paper is that the functions d,, and ~,, that appear
in (1.2) are closely related to the orthogonal rational functions on the unit circle which
were introduced by Djrbashian [8] (see also [4] and papers cited therein). The explicit
interplay between Schur—Nevanlinna sequences and orthogonal rational functions will be
covered in a forthcoming paper.

2. Preliminaries

For problem (MNP), we assume that the following data are given: n € N, mutually differ-

ent points z1, 29, ...,2, € D, numbers ly,12,...,l, € Nand w;; € C, s =0,1,...,l; — 1,
j=1,2,...,n. We denote this dataset by A, i.e.
;-1
A= {(z), 05, (wys) =g )j=1} (2.1)
and put

mi=Y "1 — 1. (2.2)
j=1

For a given function g € S, we similarly define

1 lj—l n
Ag = {(Zj’lj, <8,9(s)(zj)> ) }
: s=0 /j=1

In particular, g € Sa if and only if Ay = A.
Furthermore, the generalized Schwarz—Pick matriz (with respect to the data A) of size
(m+1) x (m+ 1) is defined as

Py = (F,jk);'l,k:h
where the complex (I; x I )-matrices

s,t . —
-I:)jk = (pjk)s:O,L...,lj—l,a .77k - ]-727 s

t=0,1,...,ly—1
are determined by the entries
pSt = ml%é)t} (s+t—r7)! 2"
W (s =)l =) (1 - 2z )sttor
s imln{f,h} (h 40— 7")' Z‘;l—rzlicz—r i
_ o
(0= r)rl(h =) (1 — 22, hFer+t 70° (Wi t—h

s=0,1,....05; =1, t=0,1,...,1 — 1.
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In the following, 0 also stands for the zero matrix of appropriate size, and if A, B
are Hermitian matrices of the same size, then A > B (respectively, A > B) means that
A — B is a non-negative (respectively, positive) Hermitian matrix.

Now we recall a well-known criterion for the solvability of problem (MNP) (see, for
example, [3,11,12]).

Theorem 2.1. For a given dataset A as in (2.1), problem (MNP) has a solution if
and only if Pxn > 0. The solution is unique if and only if P > 0 with det Po = 0.

Since the main goal of this paper is to obtain the description of Sa via (1.2) for the
non-uniqueness case we will always assume in the further course

Px > 0.

The next considerations are aimed at showing that Pn > 0 is closely related to the
feasibility of the Schur—Nevanlinna algorithm at least m + 1 times for a ¢ € Sa. The
algorithm presented below goes back to Nevanlinna [18] and is based on the following
version of Schwarz’s lemma (see, for example, [4, Theorem 1.2.3] for a proof). Here b,
denotes the elementary Blaschke factor corresponding to z € D, i.e.

Z z—v

bo(v) == o[ 1— 20 ifz#0, (2.3)
v if z=0.

Remark 2.2. If g € S such that g(z) = 0, then also h:=¢/b, € S.

Now we recall the Schur—Nevanlinna algorithm: given a function g € S and some points

g, a1, a9, €D, we set go := ¢ and consider sg := go(p). If 59 € D we can define
1 go(z) — S0
g1(?) = =
(2) bay (2) 1 — S0g0(2)

and, if the function g, £ =0,1,2,..., is already defined and

sk = gx(ag) (2.4)
belongs to D, then
1 gk(z) — Sk
2) = . k=0,1,2,.... 2.5
gk+1( ) bak (Z) 1 _ §kgk(z) ( )
If g € S and ag, a1, as, - -+ € D such that the Schur—Nevanlinna algorithm can be carried

out at least = times (that is, after obtaining g, and s, ), then (s;)}_, from (2.4) is called
the sequence of Schur parameters associated with the pair [g, (ax)}_o]-

The algorithm (cf. (2.5)) defines the Schur functions go, g1,92,.... It breaks down
after the kth step (that is, after obtaining g, and si) if and only if s, € T. In particular,
the Schur—Nevanlinna algorithm breaks down after the kth step if and only if g is a
Blaschke product of degree k (cf. [18]). Therefore, using some basic facts on generalized
Schwarz—Pick matrices, one can conclude with the following statement (cf. [14, §5], [17,
Corollary 3.6]).
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Theorem 2.3. If g € S, then the Schur—Nevanlinna algorithm can be carried out at
least m + 1 times for g (and any points ag, a1, ..., m1 € D) if and only if Pa, > 0.

In the following, we will also apply some well-known results on linear fractional trans-
formations (see, for example, [9,10,22]). If

o= (0 )

is a complex (2 x 2)-matrix and w is a complex number such that cw + d # 0, then we

set o
aw
T = . 2.6
olw) = 20 (26)
Note that the relation
To,(Te,(w)) = Te,0,(w) (2.7)

is satisfied, and that in the case det @ # 0 the inverse mapping T, !'is given by

dw —b

_ 2.
—cw + a ( 8)

Tél(w) =To-1(w) =

Note that, in view of (2.6)—(2.8), the relation (2.5) can also be written as

ba, (2)gr+1(2) + 5 o
Siba, (Z)k;€+1(z) +k1 = Tsk(z)(gk+1(z))

= f bay(z) sk} _[1 s bay (%) O
() = <3kbak(2) 1k>_<sk 1k>< 0 1) (2.9)

9(z) = go(z) = T§0(z) (T§1(z)(' o (TEk(z)(9k+1(2)) )

gk (2) =

with

and hence

= T§0(2)§1(2)~«~§k(z)(gk+1(Z))' (2.10)

In the next section, we shall treat those sequences of rational functions which are closely
related to the Schur—Nevanlinna algorithm on the one hand and to the orthogonal rational
functions on the unit circle introduced by Djrbashian [8] (see also [4]) on the other. Here,
for fixed points ag, ay, @z, -- € D the notation $, k = 0,1,2,..., denotes the space of
rational functions x that, for some complex polynomial p of degree not greater than k,
admit the representation

T ==,
dk

where the complex polynomial g of degree not greater than k + 1 is given by

k
qr(v) = H(l — @,v).

J=0
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As suggested in [4], the following transform of a rational function into another plays a key
role. For © € 9, k= 0,1,2,..., by the adjoint rational function z* of = (adjoint with
respect to ag,a1,...,qr) we mean the rational function which is uniquely determined

via the formula
1 1
2¥(v) = UBk(v)x(U), (2.11)

where By stands for the Blaschke product (of degree k + 1) with respect to the points

QQ, A1, ..., O, 1.€.
k
By(v) := H b, (v).
§=0
Some information on the calculation of z!¥!, k = 0,1,2,..., can be found in [4, §2.2].

Note that the results on the adjoint rational function in [4] are explained relating to
the special case oy = 0. However, it is not hard to restate these with their proofs for
the present situation. For instance, if x € $i, &k = 0,1,2,..., then also z¥l € $;, and
(¥ = 2 in that case.

3. Some basics on Schur—Nevanlinna sequences of rational functions

In this section, as a rational extension of the classical considerations of Schur [23,24]
and Nevanlinna [18] (see also [13, §3] for an extension to the case of matrix-valued
polynomials) we study some sequences of rational functions formed by given sequences
of points and parameters belonging to D.

Ifr=0or7€Nor7=o00,if 1 :=1{0,1,2,...,7}, and if (ag)rer and (kg)rer are
sequences of points belonging to D, then we define sequences of rational functions (yx)ker
and (0x)xer by the relations

l1—|a0|2 1 _ 1—|a0|2 1
= (5 = 3.1
’70(/0) 1-— |Iio|2 1—5[0’07 O(U) o 1-— ‘IiolQ 1—5[0’0 ( )

and, for k € T'\ {0}, recursively:

1 — |agl? 1—ap_1v _
e \/<1— |ak_1|l><kl|— T T ap G @710+ R 5 ))
1—|ogl? 1—ap_1v o [k=1]
6 = be Op— ,
k(v) \/(1 — o1 |2)(1 = [re]?) 1 — ago (bay,_ (0)0k—-1(v) + Eeyg—y (V)

where 6,[5:11] and ’yl[f I'stand for the adjoint rational functions of d;_1 and y5_; (with

respect to the points ag, a1, ..., ax—1; see (2.11)). We call [(vk)ker, (0k)rer] the Schur—
Nevanlinna pair of rational functions corresponding to (o, Kk ) kel
With the matrix function

be 5[k]
@k;:< I B (3.2)

-1
1

Do 0k A
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the recurrence formulae above can be written, for k£ € I'\ {0}, in matrix form as

] 1—|Ozk‘2 1—ap_1v ~
@k(’U) - 1_ |04k71|2 1 — apo @k_l(U)@k(’U), (33)

where
~ 1 1 Kk bak(v) 0
OL(V) i= ——— , kel\ {0}, 3.4
)= e ( 1) ( A {0}, (34)
and
-1 if ap = 0,
= S kel 3.5
T ity £ 0, (3:5)
|ovk |

Proposition 3.1. Let 7 € N or 7 = oo, let I := {0,1,2,...,7}, and let (ag)ker
and (ki)ke1 be sequences of points belonging to D. Further, let (yi)ker and (0r)rer be
sequences of rational functions such that 7o, 0g are defined as in (3.1) and ~yi, 0 belong
to 9y for k € I\ {0}. Then [(Vk)ker, (Ok)ker] Is the Schur-Nevanlinna pair of rational
functions corresponding to (ay, ki )rer if and only if, for each k € T\ {0}, the following
backward recurrence relations hold:

M1 (0) — FroL (v) = (bay, (V) = bay (@r—1))7-1(v),

NeiTk—10x (V) — Fok’y,[gk] (v) = (bay, (V) — bay, (k1)) 0k—1(v).

Proof. Let k € I'\ {0}. Evidently, the identity

1 kg 1 —KE\ 1—|I€k|2 0
R 1 —Rke 1 ] 0 1— |kil?

is satisfied. Therefore, (3.3) is equivalent to the relation

v) 7 _15[k]v 1 -k — o) (1 — |kgl?) 1 — ap_1v
<%<> Tl 'Fk]( ))( k):\/u )0 =l L= anvg

Ok(v)  Meme—1y, (v)) \—Fk 1 1 —Jag-y[? 1—apv

Hence, by considering the first column of @_;(v) and using

_ 1—apog_—1 1—ap_1v
-1 = [ 12 ba - ba — = 7,ba _ ) .
NeNk—1 1 _ ‘ak|2 ( k(v) k(ak 1)) 1 — agv k 1(1)) (3 6)
one can finally conclude the assertion. O

Henceforth in this section [(vk)ker, (0k)rer] always denotes the Schur—Nevanlinna pair
of rational functions corresponding to (ay, ki )ker, where (ax)rer and (ki )ger are some
sequences of points belonging to D.
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By the combination of the forward recursions defining the Schur—Nevanlinna pair of
rational functions [(yx)ker, (Ok)ker], the backward recursions stated in Proposition 3.1
and (3.6), one can see that the pair [(vx)ke1, (0k)rer] also satisfies the following three-
term recurrence relations.

Corollary 3.2. For each k € T\ {0,1},

_ 1— Jau|? 1—ap_v, _ _ _
_ = _1bq, 1 Tk— _
Rr—17%(v) \/(1 o1 )1 = [kr]?) 1 — agv (Fk—1bay,_; (V) + Benr—17Mk—2)Ye—1(v)

_ _ (1 — |ak|2)(1 — |I€k,1|2) 1—ap_ov
— AT by _
RENE—1Mk 2\/(1 — |Oék—2‘2)(1 — ‘F&k|2) 1— apw E—2 (V) Vh—2(v)

and

, 1—Joyl? 1—ag_1v,_ _ i
_ = —1bq, —1Mk—2)0k—
Fk—10k(v) \/(1_ ar 12 (1= rrl?) 1= apo (Fr—1bay,_, (V) + Etk—17k—2)0k—1(v)

_ _ (1—Jar|?)(1 = |kr-1]?) 1 — Qg—2v
- — — b(x 6 — 9
RkMk—1Tk 2\/(1 S PE) TC B E) g j2 (V)0 —2(v)

where yy(v), do(v) are given as in (3.1) and

w)W Ll L (o () — moR1r0).

1-— Il{0|2)(1 — |l61|2) 1—av

1= [ko[?>)(1 = |K1[?) 1 — @y

d1(v) = \/( i L (Robay (v) — moF1).

A key tool in the proof of the description (1.2) for the set Sa is an application of some
well-known results on Potapov’s J theory (see, for example, [21,22]). Hereby, the special
choice of the (2 x 2)-signature matrix

=)

will be essential in the considerations below. Recall that a complex (2 x 2)-matrix ©(v)
is said to be J-contractive (respectively, J-unitary), if

J > 0OWw)"JO(v) (respectively, J = O (v)*JO(v)),

where ©(v)* denotes the adjoint matrix of @(v).

Theorem 3.3. For each k €1,

o) = Y21l 5 06, (0) - By (0), (3.7)

1— v
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where @y, (v) and ég(v), 0=1,2,...,k, is given by (3.2) and (3.4) as well as

o (v) = 1 1 Ko\ [bag(v) O
A V1—lko|? \Fo 1 0 —m )

In particular, if v € D (respectively, v € T), then the matrix

1—agv
\/1 — ‘Oék|2

is J-contractive (respectively, J-unitary).

@k(v)

Proof. Let k € I. The alleged representation (3.7) of @ (v) is an easy consequence
of (3.3) and the choice of vy and dg. It remains to prove that if v € D (respectively,

v € T), then the matrix
1—agv

V1= |ag|?
is J-contractive (respectively, J-unitary). However, this follows immediately from (3.7)
and the fact that, for all £ € {0,1,...,k},

1 AN AT
J=——— J 3.8
1 — |ke|? (K@ 1) (/ﬁg 1) (38)

and that if v € D (respectively, v € T), then

(bw()(v) 2) J<ba20(v) 2) <respectively, J = <ba@0(v) 2) J<balo(v) 0)

3.

@k(v)

J

WV
<

A
oe

for a u € T, i.e. the fact that ©(v) is J-contractive (respectively, J-unitary).
By forming the determinants of both sides in (3.7), we obtain the following.
Corollary 3.4. For each k €1,

1— |ak|2

bar ()03 (0) = 83 (0)) =~ B
agv)

Bk(v).

Because By (ay) =0,¢=0,1,...,k—1 (cf. (2.3)), the equality in Corollary 3.4 implies
in particular the following corollary.

Corollary 3.5. For each k € I\ {0} and each ¢ € {0,1,...,k — 1},

(@) v (o) = 61 (@r)sl (a).

In view of some well-known results on J-contractive matrices (see, for example, [9,
Theorem 1.6.1]), Theorem 3.3 also yields the following.
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Corollary 3.6. For each k € I and each v € DUT, the relations

_ [K]
k] 1 |1 — Ozkv| 5k (U) bak (v)ék(v)
Vi (v) #£0, < , <1l and |—F——| <1
M) V=T [4H () v (w)

are satisfied.

Since Corollary 3.6 includes a localization of the zeros of 'y,[ck], k € T\ {0}, the next
corollary is an easy conclusion of Proposition 3.1 and (3.3) with v = ay_1.
(k]

Corollary 3.7. For each k € 1\ {0}, we have v, (ax—1) # 0,
o lag—a)
Kk = MkNk—1 ",
(k]
Yk (O‘k—l)
3 3 [k—1]
25 VI = Jar) (A = Jag1[?) Y1 (k1)
1- |/€k‘ = NkNk—1 1 — [k] )
— Q1 o (akfl)
and, in particular, ki, = 0 <= 0y (ax—1) = 0.
Note that, if we put a_; : =0, n_y := —1 and fy[__ll] (a—1) :=1, then the relations in

Corollary 3.7 hold also in the case when k = 0.
In spite of the symmetry of the recurrence relations, one cannot easily interchange the
roles of v and 0 in Corollary 3.7. In fact, the condition 5,[5] (ag—1) # 0 is not true in

general.
Remark 3.8. For each k € I\ {0}, if 6"/(ax_1) # 0, then Proposition 3.1 and (3.3)
yield
(07
Rk = ﬂkf_]kqify[:]( k1) ,
oy, (ak—1)
2 2y g1l
2 0 \/(1 — Jag|?) (1 — |ag—1]?) 05—y (o—1)
L — [kl = mik—1 Tz 7 ,
— apQg_1 5 (1)

and, in particular, Ky = 0 <= 7x(ax—1) = 0. On the other hand, taking into account
(3.3), fy,[fk](ozk_l) = 0 and Corollary 3.5, one can see that

S 1) =0 = M(ap1) =0 = q(ax_1) =0, kel\ {0},

but x; = 0 also implies that vx(ag—1) = 0 and the condition yx(ak—_1) = 0 conversely
supplies (5,[5] (ag—1) =0 or kK, = 0.
Remark 3.9. If k9 = 0, then obviously
53 (a0) = 0
and, by an application of ’y,[ck](ozo) # 0 and Corollary 3.5, one can inductively derive
from the recurrence relations of a Schur—Nevanlinna pair of rational functions (using, for
example, (3.3)) that

oW (a0) =0, yu(a0) =0, kel\ {0}
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4. Christoffel-Darboux formulae

In this section we will show that, as for orthogonal rational functions (cf. [4, The-
orem 3.1.3]), arbitrary Schur—Nevanlinna pairs of rational functions [(Vk)ker, (0k)kel
also satisfy some Christoffel-Darboux formulae. To prove these, we first note the
following identities for [(Vi)kel, (0x)ke1]. Here and in the remainder of the section
[(Y&)ker, (0k)ker] again denotes the Schur-Nevanlinna pair of rational functions corre-
sponding to (ay, ki )ker, where (ag)rer and (ki) ke are some sequences of points belong-
ing to D.

Lemma 4.1. For each k € I\ {0}, the following relations hold:
(1= bay_; (0)ba,, (W) (B ()04 (w) — (V)70 (w))
= (1 — bay, (0)bay (W) (01T ()01 (w) = by, ()71 (0)by_, (W) k-1 (),

(1= bag_y (0)beug, () (74 ()4 (w) — 83 (0) 0 (w))
= (1= ba, (0)ba, @) (W @75 () = by, (001 (0)bery_, ()1 (),

and

(1 = bay_, (V)b () (8 (0) ) (w) = 7 (0) 5 (w))
= (1= by ()b, W) (6 (W), (W) = By, (0) V41 (0) ey, (w)0—1 (w)).

Proof. Note that, in view of (2.3), for z € D and complex numbers v, w (# 1/%), it
follows that

(1 —[2*)( — vw)
(1—-0vz)(1—zw)
Let k € T\ {0}. Considering the first row of the matrix function @y, from (3.3), (3.8)
and (3.9) one can see that

1- bz(v)bZ(T) =

(4.1)

S ()8l (w) — ye(v) ()

=- (’Vk(v) 10 (v)) J (%(w) The—100 (w))

_ L—Jagl* 1—ap_qv

- I —|og—1* 1—agy

1 1 «
[k—1] s k
L—|ag* 1—apqw
X
1—lag-1|? 1—apw

(k—1]

X (bak71(w)7k—1(w) 6k71 (’LU)) \/1_17,{k|2 <[<;1k K:lk>>
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1— \ak|2 1—ap_1v1l— a1

T o l— g 1—agw  1—agw

% (B, @) ) (b

1-— |Ozk|2 1—ap_1vl—ap_w

ap—1 (w)’7k71 (’IU)
~0p 5 (w)

o 1—|O[k,1|2 1—apv 1—oapw
< (M0 ) = by, (01 ()b, (@)1 (W) ).

and hence an application of (4.1) yields the first identity. Similarly, observing the second
row (respectively, the first and the second row) of @y, in view of (3.3), (3.8), (3.9)
and (4.1), one can obtain the second (respectively, the third) identity. O

Theorem 4.2. For k € I, the following Christoffel-Darboux formulae hold:

k
(1 = bay, (0)bay (w)) D ye(v)ye(w)
£=0
_ skl \ TR — 1 — |og|?
=0;, (V)0 (W) = bay, (V) Yk (V)bery, (W) vk (w) + A=) — ond) (4.2)
k
(1= bay, (v)bay, (w)) Y 8o(v)6¢(w)
=0
_ Kl IR 1 — Jog |
- ’ykk (’U)’Ykk (w) - bak (U)6k<v)bak (w)ék(w) - (1 _ &k’l))(l . Otklf})’ (43)
and
k
(1 = Doy, ()b, (W) D 4 ()¢ (w) = 87 ()9 (w) — bar, (V)90 (0)ber, (W) (). (4.4)
£=0

Proof. According to the definition, we have

1-— ‘Ck0|2 1 _ 1-— |Ol0|2 1
= 5 - .
’YO(U) M 1-— |I~€0|2 1-— 0701}’ O(U) o 1-— |/€0|2 1 — agv

Hence, in view of (4.1), using

(1= Jao?)(1 —v) = 1 — @pv — apw + |ag|*vw — (Jap|? — @v — apw + vd)

= (1 — O_lo’l))(]. — Ck()”u_}) — (Ck() — ’U)(C_t() — ’(I)),

(2.11) and (2.3), we get

£=0
_ (1 —|aol?)(1 — vw) 1 — |apl? 1
(]. — d()’l))(l — aoﬁ}) 1-— ‘K&()P (]. — O?(ﬂ))(]. — Oéo’lD)
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_ (I —Jeol)(A —aov)(1 —agw) (1 —aof*) (a0 — v)(do — )
(1= k0?1 = @ov)*(1 — agw)?® (L= |ko[*)(1 — dgv)*(1 — aow)?
(Iro] — [ro|? + 1)(1 — [ l?) (1 = Jeo[*) (@0 — v) (@ — )

C (1= [ro)(A = agv)(1 —aow) (1= |ro[?)(1 = agv)?(1 — agw)?
1-— ‘Oéo|2

= 55" )84 () = b (D00 (WP000) + (77

(4.5)

Thus, for the case when k& = 0, the first identity is verified. Now we assume that, for
k €1\ {0}, the formula

k-1
(1= bay_y (0)bay_, () D Ye(v)ye(w)
£=0

1-— |Oék,1|2

= 61[57711] (’U)(Sl[ckfill] (w) - bak—l(v)kal(v)bak—l(w)’}/kfl(w) + (1 7 dk_lv)(l — Oék—lw)

has already been proved. Therefore, an application of the first equality in Lemma 4.1
and (4.1) implies that

o (V)78 (0)bay (W) 3 (w)

+
=2
=
=
=2
=
&
\
>

B St v C) L () B o PR = . . _ _
= 1—bak71(v)m(6kil ()61 (W) = bay,_, (V)VE—1(V)bay_, (W)YE—1(w))

n (1 = bay, (v)ba, (w)) (A — an—1[*)
(1= bay_ (V)b (0))(1 = ap—10)(1 = a_1)
+ (V)7 (w) = oy (V)8 (0)bay (W) 71 (w)

= 3 @3 w) = @) + = ;k;lgk' )

+ (V)7 (W) = oy (V)78 (0)bay (W) 3 (w)

1 — [ay|?

= 3 @3 () = bar )b W) + g T s

Consequently, for each k € I, the formula (4.2) is inductively shown. Similarly, (4.3) and
(4.4) can be verified by using Lemma 4.1 and (4.1). O

Obviously, the formulae in Theorem 4.2 can be restated as follows.

https://doi.org/10.1017/50013091504001063 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091504001063

584 A. Bultheel and A. Lasarow

Corollary 4.3. For k € I\ {0}, the following Christoffel-Darboux formulae hold:

k—1

- - —_ — o 2
(1= b 0B ) 3 el rew) = 3@ ) = wmlw) + = iml(f'_ o)
(4.6)
L = by (5arT) S 500057 = 07 w) — G5 L Jo
(1= b (00 () 3 0e0)8) = 0 o) = Be)e) — 2y
(4.7)
k—1
(1 ban (0)bi () Y 9e(w)0r(w) = 6 ()7 () — 7 (0)03 (w). (4.8)
£=0

Using the same strategy as in the case of orthogonal rational functions (cf. [4, Corollary
3.1.4]), from the Christoffel-Darboux formulae (4.6) and (4.7) with v = w, one can
conclude the following (cf. Corollary 3.6).

Corollary 4.4. For k € I\ {0}, if w € C with |ko| > |ba,(w)|, then 6,[€k] (w) # 0 and

Vi (w) ‘
o)l

and for each v € DUT we have Vl[ck] (v) # 0 and

‘ 5k(v)
72 (w)

Remark 4.5. Let k& € T\ {0}. Since z*(a}) =0 <= z € H;_1 for each = € Hy,
Corollary 4.4 implies particularly that v, € 95 \ Hr—1 and that if |kg| > |ba, ()|, then
also 0 € 9k \ Hx—1. Furthermore, the case when o € $Hr_1 is possible in general (cf.
Remarks 3.8 and 3.9) and Theorem 4.2 implies that

<

k k
—_ 1 1
O € Dp—1 = Z’Y@(v)’)’z(ak) = m <~ Z ‘W(ak”z = W
£=0 £=0
k k
= > @)b(on) =0 <= > velar)do(ar) =0
=0 £=0

5. A characterization of Schur—Nevanlinna sequences

In the previous section (see, for example, Theorem 4.2), we explained that Schur—
Nevanlinna sequences of rational functions fulfil some Christoffel-Darboux formulae. In
this section we study an inverse problem. Roughly speaking, we shall see that (as in the
case of orthogonal rational functions) the realization of Christoffel-Darboux formulae is
in a way also a sufficient condition for rational functions to be a Schur—Nevanlinna pair.
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Remark 5.1. Let 7 € Nor 7 = oo, let I := {0,1,2,...,7} and let (ax)rer be a
sequence of points belonging to D. Furthermore, let £ € 1\ {0} and let v¢,d, € $y,
£=0,1,...,k. Clearly, the following statements are equivalent:

(i) the first (respectively, second or third) identity of Theorem 4.2 is satisfied;
(ii) the first (respectively, second or third) identity of Corollary 4.3 is satisfied.

Lemma 5.2. Let 7 € N or 7 = oo, let I := {0,1,2,...,7} and let (ax)rer be a
sequence of points belonging to D. Furthermore, let k € 1\ {0}, let v, € 95 and
Vi—1,0k—1 € Hi—1. The following statements are equivalent:

(i) the first identity of Lemma 4.1 is satisfied;

(ii) the second identity of Lemma 4.1 is satisfied.

Proof. If we fix the complex number w then, in view of (2.11) and by forming
the adjoint with respect to the k 4+ 2 points aq,aq, ..., ar, ai_1, the first identity of
Lemma 4.1 is equal to

(bap_y (V) = by, () (04 (V)0 (w) — 7 (W) (w))
= (ba, (V) = b, () (bay_, (V)01 ()31 (w) = Y7 (0)ba, _, (W)p—1 (w)).

Since, by fixing now the point v and taking the adjoint, this relation is equal to

(Bap—y ()b, (w) — 1) (35(0)d% (w) — 717 (0)71 (w))
= (Beuy (V)b () = 1) (Beay_, (0)85—1.(0)bery_, ()1 (w) — 7 0)tE 7 (w)),

we finally obtain the equivalence of (i) and (ii). O

Lemma 5.3. Let 7 € Nor 7 = oo, let I := {0,1,2,...,7} and let (ax)rer be a
sequence of points belonging to D. Further, let (v )ker and (0x)ke1 be sequences of rational
functions such that 7o, dg are given as in (3.1) for some kg € D and that v, 0 belong
to 9, k € I\ {0}. The following statements are equivalent:

(i) for each k € T\ {0}, the first (respectively, second or third) identity of Lemma 4.1
is satisfied;

(ii) for each k € I\ {0}, the first (respectively, second or third) identity of Theorem 4.2
is satisfied.

Proof. By using the same arguments as in the proof of Theorem 4.2, one can induc-
tively show that (i) implies (ii). It remains to verify that (ii) also implies (i). For each
k € T\ {0}, it follows from (4.1), Remark 5.1, the first identity of Corollary 4.3, (4.5) and
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the first identity of Theorem 4.2 that

(1= bay_y (0)ba, (W) () ()04 (w) — 1 (V)70 (w))

- “lawl?
= (1 by, e @) (0 w0) — o) + g )

(1 — ok *)(1 — Jor—1]*) (1 — v)
(1 - &kv)(l — Oékw)(l - @k_lv)(l - ak_1w)

k—1
= (1 = bay_y (0)bay_y () (1 = b, (0)ba, () D 7e(v)re(w)
£=0

(1 — Jag )1 — Jag—1*)(1 — v)
(1 — o_zkv)(l — Oék’LI))(l — O_zk_l’U)(l — Otk_l’LD)

= (1 = bay, (0)ba, (@) (04 ()31 (1) = by, ()41 (0) by, (W) 7—1 ().

Consequently, with respect to the first kind of identity it is shown that (ii) yields (i).
Similarly, one can prove by a straightforward calculation that the implication referring
to the second (respectively, third) kind of identities in Theorem 4.2 and Lemma 4.1 are
correct. ]

Theorem 5.4. Let T=0o0r7 € Nor7 =00, let I :={0,1,2,...,7} and let (a)ker
be a sequence of points belonging to D. Furthermore, for each k € 1, let 7y, di be rational
functions belonging to $;, such that the following three conditions hold.

(I) The first or second identity, respectively, of Theorem 4.2 is achieved.
(IT) The third identity of Theorem 4.2 is achieved.
(III) We have

MeMe—1 _ [k—1]

K]
1 _@kakil'mq (ak—1) |,

argly, (ok—1)] = arg

where a_1 := 0, n_1 := —1 and 'y[__ll](a_l) = 1.

The relation ’y,[gk](ak_l) # 0 holds and if we set

J _
RE = ﬁknk—lMa k € ]I,
(k]
Yk (ak—l)

then (kg)ker is a sequence of points belonging to D and [(vk)ker, (0k )ker] is the Schur—
Nevanlinna pair of rational functions corresponding to (o, Kk ) kel

Proof. First, we consider the case k = 0. From (I) and (II) we get

1-— |Oéo|2
(1= aov)(1 — agw)

Yo(w)ro(w) = 85 (v)6) (w) +
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_ 0], \ 0] 1 — Jag|?
50(”)60(w> - PYOO (’U)’YOO ( ) - (1 — Oé()’U)(lO— Oé()w) (52)
and L
0 (v)3a(w) = 65 (W) (w). (5.3)

Since (5.1) (respectively, (5.2)) implies that |yo(v)|? # O (respectively, |7([)O] (v)[* #0), in
view of (2.11) it follows that

7 (0) # 0
and, hence, (5.3) and the definition of k¢ yield

1 v) = —norov0(v).

Thus, from (5.1) (respectively, (5.2)), vo € $o, (2.11) and (III), i.e. —ﬁov([)o] (0) € [0, 00),
one may finally conclude that kg belongs to D and that (3.1) is satisfied. In particular,
for the case when 7 = 0, it is shown that [(x)ker, (0k)ker] is the Schur-Nevanlinna pair
of rational functions corresponding to (ay, Kk ) kel
Now let 7 € Nor 7 = oo and let k € T\ {0}. By (I) and Lemmas 5.3 and 5.2 we obtain
(cf. Corollary 4.4)
'y,[ck](v) #0, veDUT,

and, by using by, _, (ax—1) = 0, we have

W (1) = 1 (0)dk (1)
= (1= bay_, (0)bay_, (1)) (1 ()10 (1) = 8 (v)3k (1))
= (1 = ba, ()ba, (x-S (@)1 (). (5.4)

In particular, we have
k
Wi ak-1) #0.
Therefore, by the choice of ki, (4.1) and (III) it follows that x5 € D and

2
VI =l = |1 - Siloe-)
T (o)
VO o) = Jor_ 1) | ey ()
|1 — &kak_1| 71[5](@1971)
k—
e VO TP ot P) 35 ) 55
= MeMk—1 1~ arons 0 .
Yy, (ok—1)

In view of (2.11), the relation (5.4) implies that

eI 1) — 8 ()8 (k1) = (bay (1) = ba (Wem1)) -1 ()1 (@i—1).
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Consequently, an application of (5.5) yields

Ok (ag—1)
[]

o1 (v)
Vi Oélcfl)

M TMk—1Vk (V) — Rk5;[€k] (V) = MMr—17% (V) — MeT—1
[k—1]

— s 25D )~ by ) (0)
Vi (ar—1)

_ (1 — @kak,l)\/ 1-— ‘ﬁkP
V(=) (1~ Jax-1]?)

(bay (V) = bay (g —1)) V-1 (v)-

(5.6)

Furthermore, from (II), Lemma 5.3 and b,, _, (ag—1) = 0 it follows that

51 () (1) = W (0)Sk(ar—1)

= (1= bay_, ()ba_, (k-1 (0 ()7 (k1) — 7 (0)Fr (k1))
= (1= by ()b (- 1) 5 ()75 ().
By forming the adjoint rational functions, we get

S ()1 (1) = 7 (W) (r—1) = (ba (V) = by (@—1))r—1 (V)1 (@r—1).
Accordingly, the equality (5.5) provides

O (oug—
MeMe—10k (V) — Fﬁk%[ck] (v) = MTk—10k(v) — nkﬁk—l% I[ck] (v)
Yy, (ok—1)
[o—1]
I TA Gy
= M1 =~ (b (0) = ba (@01))F1 (0)
Yk (ar—1)

- (1_@kak_l)m ba,, (V) — ba, (ar—1))0k—1 (v
V(=) - |C¥k—1|2)( e (V) = b (@04-2)) -1 (0):

(5.7)
Finally, by virtue of (5.6), (5.7) and Proposition 3.1 we can conclude that [(vx)ker, (0k) kel
is the Schur-Nevanlinna pair of rational functions corresponding to (ay, kg )rer- |

6. Solution of problem (MNP) in the non-uniqueness case

In this section, we shall show that the set Sa of solutions of problem (MNP) can be
parametrized by the linear fractional transformation (1.2), where ~,, and J,, are some
elements of a Schur-Nevanlinna pair of rational functions with m defined as in (2.2), if
a dataset A (as in (2.1)) is given such that Px > 0.

With the points 21, 29, . . ., 2, in A we form here a sequence (cy )", in which z; appears
according to its multiplicity /;. For instance, we can choose «y, := () with

Jj—1 J

Br =z if er <k<ZlT, i=12...,n.
r=1

r=1
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But in fact, in the following it is not essential that equal points are successors, i.e. for an
arbitrary bijective mapping p of {0,1,...,m} onto itself we can put

ap = Bp(k)a k:O,l,...,m. (61)

In the following [(Vk)ker, (0k)ke1] stands for the Schur-Nevanlinna pair of rational func-
tions corresponding to (ag, kx)ker, where I := {0,1,...,m} and (kg)ger is a certain
sequence of points belonging to .

Note that, Corollary 3.6 implies that, for all h € S,

AP (2) 4 ba, (2)0m(2)R(2) #£0, z€D, (6.2)

and, moreover, that the function
go(2) i= =L 2 €D, (6.3)

belongs to S.

Lemma 6.1. For each h € S, the function g, where
01 (2) + bay, (¥ (2)(2)
i (2) + b, (2)5m(2)h(2)

g(z) :== , ze€D, (6.4)

belongs to S and Ay = Ay, .
Proof. Let z € D. In view of (2.6), with

1= Gz (ba,,xz)vm(z) 6LT]<z>>
VI=am \ba, (2)0m(2) (=)

the relation (6.4) can be written as

9(2) = To(z) (h(2))-

From Theorem 3.3 we see that the matrix ©(z) is J-contractive. Therefore, @ is a
J-contractive holomorphic matrix function and, as a well-known result on linear frac-
tional transformations (cf. [9, Theorem 1.6.1]), Te maps the class S into the class S.
Hence, it follows that, according to (6.4), we have g € S if h € S.

Now let the function gg be defined as in (6.3). Consequently, by virtue of (6.2), (6.4)
and Corollary 3.4 we obtain

5[’”](2) 4 ba, (2)Ym
W (2) + ba, (2)0m

O(z) :=

9(2) = g0(2) =

~— [~
Qq
/\
J‘
—~
N
~—
2
S,ﬁ
|~
~ |~

_ m<z> (2) (ym(2)y “’”(z) Om(2)0(2))
(1 (2) + Doy, (2)0m (2)(2) )y (2)
(

B (1 = 2R 5
= m(2). (6.5)
(1= @m2)2(W(2) + bay, (2)8m ()R (2)) ¥ (2)
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Since the Blaschke product B,, has a zero of order [; at the point z;, j = 1,2,...,n, one
can finally conclude that

g(s)(zj) :gés)(zj), s=0,1,...,0l;, -1, j=1,2,...,n,
ie. Ay =Ag,. O

Lemma 6.2. If [(31)ker, (0x)rei] is a Schur—Nevanlinna pair of rational functions cor-
responding to (o, Ri)ker with some i € D, k € I, such that Ay, = A, , where go is
defined as in (6.3) and the function go similarly by

3l (2)
[m]

Am " (2)

Jgo(z) == , zeD, (6.6)

then for each k € 1 the equality & = ki holds, i.e. [(’yk)keﬂ,(gk)kd] is the Schur—
Nevanlinna pair of rational functions corresponding to (o, ki) kel

Proof. Since (3.1) and (2.11) imply that

e 5(2)
Ko — =

0
— 20 \7/

[0, 3’ 0, 3’
% (2) 7 (2)
in the case m = 0 it evidently follows that &g = ko, i.e. that [(&)ker, (Sk)k;e]l] is the

Schur-Nevanlinna pair of rational functions corresponding to (ag, k)rer-

(6.7)

Now let m > 0. In view of the recursions defining a Schur—Nevanlinna pair of rational
functions, (2.11) and Ag, = Ay, we find that the values of the functions

bt (2) + b 1 (Pim 1 (Dm0 () + b () yma(B)om
At (2) A b (D01 (Do A3 (2) F by (2D (2D
and their derivatives up to the order I; — 1 at the points z;, j = 1,2,...,n, coincide.

Because of Lemma 6.1, a successive continuation of this procedure yields that, for each
k € I'\ {0}, the values of the functions

S[k—1 ~ ~ k—1
() + bak_xz)gm( e B (@) b G o
k—1

z
@) 4 ba  (2)0k1(2)Fe ATE) + bay, (2)8k1 (2)rn

and their derivatives up to the order r; — 1 at the points z; contained in the sequence
(c)f_y (where r; stands for the multiplicity of z; in the sequence (ay)f_,) coincide and,
in particular, that

" (a0) _ 8" (a)

7%a0) 1 a0)

In the following, by induction on k, we verify that &, = kg, k € I. For k = 0, the equalities
(6.7) and (6.9) supply immediately

(6.9)

;{:O = KQ-
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Now let k € T\ {0} and we assume that Ky = k¢, £ =0,1,...,k — 1. In view of (6.8) and
the induction assumption, we find that the values of the functions

EY

() 4 oy (D1 (DR O (2) + bay_y (2) 1 (2) Rk
W) 4 bay ()01 (2)Fe ) + bag, (2)8k1 (2)rn

zeD,

and their derivatives up to the order r; — 1 at the points z; contained in the sequence
(cw)f_y (where 7; stands again for the multiplicity of z; in the sequence (a)f_,) coincide
on the one hand, and on the other hand Corollary 3.4 provides

SN 4 bay s (D1 () 61 (2) + bay_, (2)1-1(2)R

@)+ bayy ()01 (2)Fe 7 (2) 4 by (2)80—1 ()R

_ (R Ao, ()1 (05 (2) — (20575 (2))
(W) + bary (2051 (2)Fw) (905 (2) + by (2)0k—1(2) )
—(F — k) e—1(1 = |og—1]?) Be—1(2)

(1 ar—12)2(E1(2) + bayy (20851 (D7) (VL (2) + b (2)001(2)ma)

Since n—1(1 — |ag—_1|?) # 0 and since the Blaschke product Bj_; has only k zeros (at

the points ag, a1, ..., ar_1), one can finally conclude that %y = k. Thus, for each k € T
the identity Ky = kj is satisfied, i.e. [(Yx)ker, (Ok)rer] is the Schur—Nevanlinna pair of
rational functions corresponding to (ag, ki )kel- a

Now we are able to prove the main result of this paper, i.e. that in the non-uniqueness
case the set Sa of all solutions of problem (MNP) is given by a linear fractional trans-
formation of the form stated in (1.2).

Theorem 6.3. Let A be a dataset as in (2.1) whereby Pa > 0. Further, let go € Sa,
let (ax), be given as in (6.1) and let (s;)7, be the sequence of Schur parameters
associated with [ge, (ar)j,]. If g € S, then the following statements are equivalent:

(i) g € Sa;
(ii) (sk)p-, is the sequence of Schur parameters associated with (g, (ax)i ]

Moreover, if we put I := {0,1,...,m}, ko := so, and kg := —sphg—1, k = 1,2,...,m,
and if [(vk)ker, (0 ) ke1] stands for the Schur—Nevanlinna pair of rational functions corre-
sponding to (a, ki )ker, then the relation

S (2) + b, (2)ym(2)h(2)
2) = m , z€D,
M = ) b o hle)

establishes a bijective correspondence between the set Sa of all solutions g of prob-
lem (MNP) and the class S of all Schur functions h.
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Proof. Let z € D. Note that, in view of Po > 0 and Theorem 2.3, for any solution
of problem (MNP), the Schur-Nevanlinna algorithm can be carried out (at least) m + 1
times. Consequently, we can always suppose in the following a given Schur function g
for which the Schur-Nevanlinna algorithm can be carried out (at least) m + 1 times. In

particular (cf. (2.4) and (2.10)), we find Schur parameters 5, §1, ..

., 5m € D associated

with the pair [g, (ax)j,] and a unique Schur function A, such that the relation

9(2) = T=(z)(hm11(2))

is satisfied, where

k=0
and }
Z(2) = (bak(Z) Sk> , kel
Skba, (2) 1
By virtue of (2.9) and (3.5), with n_; := —1, one can also write

m
ﬁ( 1 —§k77k—1> (bak(z) 0 ) (
iso \—SkMk—1 1 0 MeTk—1

(6.10)

(6.11)

O )

According to § 3, we now define [(5)er, (0 )xer] as the Schur-Nevanlinna pair of rational
functions corresponding to (ag, Ry )rer with K := —8knk—1, k € I. Thus, setting

ék(v) =

Theorem 3.3 yields the identity

(bam (0)Fm(v) S (v)> _ VIl g 06,0
S 1

1—a,,v

b, (0)8m(v) A0 (v)

on the one hand, and from (6.11) it follows that

=(z) = 1 17 2O, (2 1 0
o (s 1)

on the other. Hence, by (6.10), (6.2), (2.6) and (2.7), we see that

Y= ) + b (o) 1 (2)
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1 &K bo 0
;A, F— g y (U) _ ) ke H7
V3I—=|fe]?2 \Fr 1 0 NETk—1

(6.12)
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Moreover, via the construction of the rational functions 7, and bm, Lemma 6.1 implies
that the Schur function gy given as in (6.6) satisfies A, = Az,. In particular, since
ge € Sa, the considerations above tell us that g, admits the following representation,

ou(z) = ) b, (2 (2) (e (2))
W (2) + ba, (2)0m(2) (e (2)
for a unique he € S, and that the Schur function gy given as in (6.3) satisfies the identity
Ay, = Ay,. Consequently, if g € Sa then

Aéo = Ag = Ag. = Ago

and, hence, for each k € I, Lemma 6.2 yields the identity &y = ki, (i.e. §x = si). Therefore,
(i) implicates (ii) and, in addition, (6.12) leads to (1.2). Conversely, if g admits the
representation (1.2) for some h € S, then from Lemma 6.1 one can get

Ag = Ago = Ag.a

i.e. g € Sa. Finally, if (ii) is satisfied, then (6.12) implies that g admits the representa-
tion (1.2) with h(2) := —nmhm11(2), z € D. O

Observe that the equivalence of (i) and (ii) in Theorem 6.3 is closely related to Schur’s
result that, for each [ € N, there is a one-to-one correspondence between the first [
Taylor coefficients of a Schur function at the point z = 0 and the first [ corresponding
Schur parameters. Clearly, on applying appropriate conformal mappings of the open
unit disc D onto itself, one can obtain a similar result with respect to arbitrarily points
21,29, ..., 2, € D. Nevertheless, it seems to be really hard and unwieldy to derive directly
from this classical result the equivalence of (i) and (ii), since the underlying sequence
(o), has only to satisfy (6.1) and hence the points g, 1, ..., @, are not strictly in
the order z1,21,...,21,22,22,...,29, 2n, Zny - - - » Zn-

Ifin (1.2) (i.e. in the description of Sa by the linear fractional transformation according
to Theorem 6.3) the point z € D is fixed, then the set

Ra(z):i={g(2) : g € Sa} (6.13)

is a closed disc in the unit disc D, the boundary of which is sometimes called a Weyl
circle. Using some well-known properties of linear fractional transformations (cf. [25,
Proposition 2]), it can easily be shown that the centre ¢, and the radius r, of this Weyl
circle are given by

_ (29 (2) = ban (2)9m(2)bam (2)0m (2)
i (2)[2 = [ba (2)8m (2) |2

_ oo, @l (2) = (205" ()]
i (2)[2 = [ba, (2)80 (2) 2

Cz
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Consequently, in view of Theorem 4.2, (4.1) and Corollary 3.4 the parameters of this
Weyl circle can also be computed by the formulae

(=D Yreu@8E) B (2)
CRE B N e M FO ) SN B |

where B, denotes the Blaschke product (of degree m + 1) with respect to the points
ag, 0, . . ., Gy given via (6.1). Furthermore, (3.1) and Corollary 4.4 imply that

i ()% = oo, (2)0m ()1 > (1= [ba, ()P ()2 > 0
as well as Corollary 3.6 and (4.1) yield

1 1
< .
(1= 2Pz 1= [ba, ()12

Cy =

To summarize, we have proved the following corollary.
Corollary 6.4. Under the assumptions of Theorem 6.3, if z € D is fixed, then the set
RA(z) in (6.13) can be described by
Ralz) ={w:|jw—c,| <7},

where the parameters c, and r, are given by the relations above. In particular, if a point
z €D\ {z1,22,...,2n} is fixed, then for each g € Sa the following estimate holds:

Bu)  _ |Bu(z)
1 — |22 )2 1= Iba,, (2)]2

lg(2) = ez| <
Following the geometrical considerations, one can also see that the Weyl circle with
centre ¢, and radius r, can be described as an Apollonius circle [5,15].

Corollary 6.5. Under the assumptions of Theorem 6.3, if z € D is fixed, then the set
RA(z) in (6.13) can be described by

UV—ay,z
= /| < |ba z (s
fale) = {o: [F222 < ). |
where -
al,z = 57[7:”’](2)5 a2,z = Vm(Z)7 z = ‘ (S[:nn](Z) :
Y (2) Om(2) Yo (2)

Remark 6.6. Clearly, Ra(z;), j = 1,2,...,n, contains only the value w;o. But fol-
lowing the idea of [25, § 6], if we consider instead the set

1 .
R/A(ZJ> = {l'g(lj)(zj)QESA}, .7:1727"'7n7
gt

and if, in (6.1), we choose a sequence (ag)ger so that a,, = z;, then by a straightforward
calculation from (6.5) it follows that

Ria(z) ={w:|w = [ <},
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where the Schur function gg is defined as in (6.3) and

n

1 ay | (A (2)|* 1
=100 () L = NE2 < b=y (29)I"
e N B e R PO U e S D k_H# o

Finally, we point out that the rational functions =, and §,,, which occur in the linear
fractional transformation of Theorem 6.3, can be constructed from the interpolation
data A, but indirectly. One needs to determine the corresponding Schur parameters first,
which is not easy to do in general. A work around is the following. Since the definition of
Schur—Nevanlinna sequences of rational functions according to § 3 is done with a view to
orthogonal rational functions on the unit circle and their recurrence relations presented
in [4, Chapter 4], one can also use the theory of orthogonal rational functions to compute
the corresponding Schur parameters or the functions ~,, and J,,. This will be explained
in detail in a forthcoming work.
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