
ON QUASI-LINEAR PARABOLIC EQUATIONS

YOSHIAKI IKEDA*>

To Professor Kiyoshi Noshiro on the occasion of his 60th birthday.

§1 Introduction

In this paper we consider the following quasi-linear parabolic equations

( 1 . 1) Lu = ut—div A{x9t,u,

where A is a given vector function of the variables x,t,u,ux, and B is a given

scalar function of the some variables. We assume that they are difined in the

rectangle

R={(x, t)tΞEn+1\x = (x1, , xn) e= En, | a J < 2 r , 0 < t <2r2}

= <?2rx(0,2r2), where Q2r = { a | | s # | < 2 r } .

Moreover we assume that

(1.2)

\A{x, t,u,p)\<M\p\ +c(x, t)\u\ +e{x, t)

\B(x,t,u,p)\<b(x,t)\p\+d(x,t)\u\+f(x,t)

pA(x,t,u,p)>λ\p\2-d(x,t)\u\2-g(x,t)

for any real vector p = (p1; , pn). Here Mand λ are positive constants, and

b, c, d, e, f and g are non-negative functions of the variables *, t such that

(1.3)

b,c,e<=L~[0,2r2; L"+*(Q2r)l d,f, g&L"[O, 2r2; LΓT" (Q2r)]

for arbitrary ε > 0 and

m a x \\d\\n+e(t)+max \\c\\n+e(t)+max | | e | | w + ε ( ί ) + m a x \\d\\n±e{t)

+max 11/lln+e (O+max JlfflU+ε {t)<M9

l/P
where |[w||JP(ί}=(J|wΓrfa;)1'

We denote by Lq[0, 2r2; Lp{Q2r)] the space of function φ{x, t) with the following

properties:
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164 YOSHIAKI IKEDA

(i) ψ is defined and measurable in R=Q2rx (0,2r ί),

(ii) for almost all *<= (0, 2r2), φ(x, t) e Z/«?2r),

(in) \\φ\\LKQ*r)(t)<ΞL«(0,2rη.

The function κ is said to be a weak solution of (1. 1) in R if u with «β, ut is

square integrable and if u satisfies the following equality

(1. 4) ^R[utψ+A(x, t, u, ux)φxΛ-B{x, t, u, ux)φ]dxdt = 0

for any φ(x, fJefl^tO, 2r2; L2(Q2r)]nL2[0, 2r2; ffj 2(β ί r)].

Let /?'={(», ί)I iα; ί |<2 io, 0 < ί < 2 i o
2 } : )

/?-={(ίM)l |aJi!<fc/tι, h-lP

2<t<h-2p
2}

where p, hi, hi, h+ and fe are arbitrary numbers such that 0 < p < r, 0 < hi <

<^-, ~ < / i + < 2 andθ</c<y/ 2 .

Then we can prove the following.

THEOREM 1. If u is a non-negative weak solution of {1-1) in /?, then

(1. 5) max u < rmin {u + l{p)},
R- i?+

where l(p) = p~^+τ\max \\e\\n+9{t)+max \\f\\n+ε ( t ) + ( m a x \\g\\n+8(t)f + l\ and
[ t t 2 ^ * 2 ' »2 ^ * 2

γ> 1 is a constant depending only on n, e, λ, M, k, hi, hi, h+, and γ .

Remark. Moser [3] proved the Harnack inequality

(1.6) max u < r min u
v R- R+

for every positive solution u of the uniformely parabolic equations

n

Lu = ̂ e— Σ (aίj(x,t)uxi)xJ=0

with measurable coefficients.

Theorem 1 does not imply the inequality (1.6). However, we can get

(1.6) by the same argument as in the proof of Theorem 1.

THEOREM 2. Every weak solution of {LI) in R is bouoded in subdomain

of R.
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We shall give the proof of Theorem 1 in §2 and prove Theorem 2 in §3.

In §4 we shall deal with the removable singularities for solutions of parabolic

equations (1.1). (cf. [1]). These results are extensions of the results of Serrin

[5], who considered the equation

— divA(x, u, ux)+B(x, u, ux) = 0 in ΩcE" ,

of elliptic type, where

I A(x, u, p) I < a\ p I*~ι+cI u I

p-A>\p\«-d\u\«-g

for x^Ω. Here a > 1 is a fixed exponent, a is a positive constant and it

1 < a < w, then

(1.7)

Our conditions (1. 3) with respect to the coefficients b,d,f,g correspond to

the conditions (1.7) in the case α = 2.

We state two lemmas which will be often used in this paper.

LEMMA 1. [Sobolev's Lemma) {cf. [4])

If U<ΞHI'2(Ω\ then

where K is a positive constant depending only on n, and - ^ - = - 9 — - — .
Z, £ lh

LEMMA 2. If f(x,t) belongs to L~[0,2r2; L\Q2r)} and if max (\\f\qdx)liq

< Mfor q>p, then f(x> t) can be written in the form f(x, t) = f'{xt)+f"(x91\ where

I f" \pdx) < η and sup \ f \ < K{η) for any ̂  > 0 and for a positivwe func-

P

tion K{η) ofη. Moreover K(η) may be taken as the value c(M)η Q-P , where c{M) is a

constant depending on M, p and q. (cf [6])

Proof We put

ίk, if k<f,

x>t), if \f\<k,

ft, i f /<- fc ,
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and/"=/-/'. Then

(L""'" Γ < «(Lo'/ι Λ Γ * *(L'
where Ak(t)^{x^Q2r\\f\>k},

Since meas (Λk(t)) < krq[ |/Γtfa>, we have

The right hand side of this inequality does not depend on t. Therefore

max (\ o I fn I pdx) < 2MΎJc ~T. From this we can easily verify the assertion

of Lemma.

§2 Harnack's inequality.
In this section we give the proof of Theorem 1, i.e. (1.5), which Kurihara

[2] recently has proved under the following conditions

(2. 1) by c, £eL°°[0, 2r2\ L2n{Q2r)]y d, /, ^eL°°[0, 2r 2 ; Ln(Q2r)].

If we prove lemmas corresponding to Lemmas 9 and 10 of Kurihara [2],

then the proof of Theorem 1 can be completed, since the remaining part of

the proof follows by the same method as Kurihara's.

First, we introduce some notation;

p,-τ<t<0}t

w\x, t)dxdt,
'Γ

D,Λw)=p-n*tt-ι\\B \wj2dxdί,

Mpτ (w) = p~n max j w2dx .

LEMMA 2. L Assume that u is a non-negative weak solution of (LI).

Let υ={u + l{p))ql2 and i ? p yci? P v,

(i) Ifq>\,then

(2.3) Dp

f

τ'(v) < c( T-) ε q ε \ . _ Λ 2 — j — f +/o/2+ +—o~ X

(2.2)
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(2.4) M , v W

(ii) If q<0, then

(2.5)

(2.6)

Here c is a constant depending only on n, ε, >l and M.

Proof Now we suppose that # > 1. We put

u=u+l(p)9 c^c+lipY'e and d =

Then from (1.2) we have

(2.7)
\A(x,t,u,p)\*

\B(x,t.u.φ)\^b\p\+dΰ,

pA{x,t,u,p)> λ\p\2-dΰ2

n+ε

and it is clear that ct=L~\0,2r2;L^+e(Q2r)] and JeL°°[0,2r2;L 2 (Q2r)].

We put ̂ (aj, t) = quq~ιψ{x, t)2> where 0 > 0 has compact support in Qp. From

(2. 7) we see

φut+φsA(x, t. u, u , t9 u, ux)

Thus we obtain

(2 8)

Rpτ
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By using Lemmas 1 and 2, we estimate each terms of (2.8).

First, we see

(2.9) ft 4Mυ\va\φ\φx\dxdt <4M\\vaφ\\-\\vφx\\
J JKβτ

for any η >0. Here II /ll=(jjΛ Pdxdtj'* ,

Next, we have

f 2bφ*v\vjdx = 2\n \b'+b"\Ψ2v\vx\dx

< 2 suplftΊ || vxφUt)-\\ vφUt)+ 2II ft" Ut) \\vxφMt) \\υφl

< 25,ΊIv x ψUtΠ vφUt)+2η'\\ vxψ Ut) \\ vφ\\Λt)

for an arbitrary positive constant η. We put Bv' = (—ίγ^\e c(η), where

y = 2 ϋ a n d c{η) depends only on ε,n,M and η. Then we have

(2.10) J ^ r

2 » , •.

Now we put

^ \\ 2ql{P)->eυ*φ\φx\dxdt
ttpτ

Similarly as above, we see

2qCv' || vφ \\2(t) \\vφx \\2(t)+2qη' ||υφaUt)-\\ vφ||,*(

(0+2«C,' II vφ, \\l{t)+2qr/K \\ vxφ \\l{t)+4qη>K\\vφx |
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Here we put η'= ^ ηq~ι. Then by Lemma 2 we may put

n_ n_

Cv> = ( — ^ y ) e # e cfo). Thus we obtain

n w- ,-

C < 2(κ-^^)ηK\\vxψ\^ + c(η)(-φryqT' \\vψ\\>

( T - T ) ( Ϋ ) ^ Ό φ "2

Similarly we have

2

Therefore we obtain

(2.11)

Here we have used the fact that 0 < -^ < 1 < —^-Λ- for q > 1.
(? ^ - 1

Finally we consider

\\Ό q2dψ2v2dxdt + ίί q2l(p)~ιfψ2v2dxdt

q2l{p)-2gψ2υ2dxdt=D+F+G.

We observe

where η ' = ^ ^ η ^ and D , , = ( _ ± Γ ) ? c ( , ) .
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So we have

/ 1 \ / \ — 2 n +2

Similarly, we have

W φv\\*

υxφ \\2+c{v)(^ryq^
+ltP)2t^\\ vφ

Therefore, using the fact that 0 <-5nL < 1 < — 5 _ for # > 1, we obtain

(2.12)

It follows from (2.9)~(2.12) that

)jJ v*φ*dxdt

?

Denoting that

i^^l e|)n + e(ί)+max
2

and putting y=~2+M+6K2 ' W e h a V e
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< 2

2n ,* 2n , „

We define ψ(x9 t) = ψι(\x\) φ2(t), where

0 if \x\> p,

ψ1(x) = £=* if p><\xl< p, and

0 if t < - τ ,

τ—τ'

1 if - τ ' < t < 0

Then we have

Therefore we obtain

Using this, we can get (2.3) and (2.4) in the quite similar manner to Kurihara's

[2]
We also obtain (2.5) and (2.6) in the similar manner.

LEMMA 2.2. Let u be a non-negative weak solution of {LI) and let

v=ϋ(x, -t)qi2 = (u(x, -t) + l(p))ql2for 0<q<l. Then for Rp>τ> c RβT

(2. 16)

This lemma is obtained by the same calculations as in the proof of Lemma

2. 1. Hence we omit the proof here.
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As stated in the beginning of this section, the above two lemmas imply

Theorem 1.

§3. Boundedness of weak solutions.
To prove Theorem 2, we put

<ΰq ifΰ<l

F® = {ql«-iu-(q-l)lq if ΰ>/

and

G(w) = sign u{F{ΰ)F'{u)-q}

for / > 1 and q>\. Here ΰ=\u\ + l.

At first, we prove the following lemma,

LEMMA 3. 1. Let u be a weak solution of (L 1) in R2p,2p^. Then, for # > 1,

(3. 2) MM") < ^

where F=v and c is a constant depending on M, e, n and λ.

Proof. We put c = cΛ-e and d = d+f+g. Then from (1. 2), we see

\A(x,t,u,p)\< M\p\+d\u\,

(3. 3) \B{x9t,u9p)l<b\p\+d\ΰ\,

pA{x,t,u,p) > λ\v\2-d\ΰ\2.

We take φ = φ2 G as the test function in (1.4), where ψ is a non-negative,

piecewise diίferentiable function with support in p={x\ | x t \ < p{<r)} and

ψ(x, t) = 0 for / <— τ. Since u is a weak solution of (1. 1), we have

[\ [ψGut+(Φ2G)xA+ψ2GB]dxdt = 0,

where

ψ2Gut+{ψ2G)xA+ψ2GB=ψ2 sign u{FF'-q}ut+2ψφx sign u{FFf-q}A

+ψ2uxGΆ+φ2 sign u{FFf-q}B

> ψ2vvt+λφ2vl-2M\vxψ\-\vφx\-b\vxψ\-\vψl--2qc\vψ\-\vψJ-2q2dψ2v2.

Here we used the fact that
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l(F')2 i f | « | > / - l

and UFr< q'F.

Hence we have

(3.4) fί Γ-J-(*V)«+^H>2lrf!rrfί < ίί [2M\φv,\\φ.v\+b\φva\'\Φv
fip.rL 4 J JJXpτ

+2qe\φv\ \φxv\+2q2dφ2v2+v2\φψt\]dxdt.

We estimate each terms of (3. 4). First we get

(3.5) ίf 2M|,

Further we see

II Φv\\l(t)+2Kv || φυa\\ϊ{t)+Kη|| φ.v\W).
V

Thus we obtain

(3.6)

Similarly

1where rf — — η and Cv> =

Thus we obtain

(3. 7) if 2qe\φυ\ \φxΌ]dxdt <2Kv\\vxφ\)2+c(V)qΊΓ+1\\ψv\\2

oJKpτ

Similarly

(3. 8) (ί 2q*dφWdxdt < 4K*y1\\ψvx\\2+c(r!)qT+2\\φv\\ΐ+'ίKir1\\φxv\

It follows immediately from (3. 5)~(3. 8) that
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(3. 9) JjΛ

< c1qτ+2\\B (ψ2+φl+\φφt\)v2dxdt.

Putting η=2{4:K*+4K+2Y w e s e e f r o m ( 3 9 )

( 3 . 1 0 ) (f I(wty*)t+;i0H>S]rfairff
J Kg r

From this we obtain (3. 1) and (3. 2). We thus obtain Lemma 3. 1.

If we let / tend to oo5 then v tends to ΰq. Therefore by letting / -> oo in (3. 1)

and (3. 2), and taking ψ as in the proof of Theorem 1, we get

(3. 1)' DM*») < c

(3. 2)' MM**) < cr

It follows from (3. 1)' and (3. 2)' that we have

(3.11) max ^

for q>qf>l,0<k'<k^2 and 0 < ft' < h < 2. Here r > 1 is a constant

depending only on n, ε,λ, M9 h, k', hf, h, q1 and r. (cf. [2]). Hence we have

Theorem 2.

COROLLARY. Let u be a weak solution of (1.1) in J?. Then M is Holder

continuous in any compact subset of R (cf. [3]).

§4. Removable singularities.
First we introduce some notations and definition. Let U(Q) be the class of

functions ψ = ψ(x, t) such that φ^C1(EnxE1), 0Ξ=1 in a neighborhood of Q, ψ=0

outside some fixed sphere in En and 0 < ψ < 1. Here Q is a compact set in the

(n+1)-dimensional (a, ί)-space EnxEK

We say that 0 is an (α, j3)-null set if

where α > 25 β > 2, and /is a bounded open interval in E1 such that QaEnxI

and 0ί = max(O, -φt) (cf. [1]).

We can prove the following.
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THEOREM 3. Let Q be an {a, β)-null set for some 2 < a < n and β > 2. Let

u be a continuous weak solution of (1. 1) in R2r)2r2—Q such that ut is square integrable

and

(4. 2) u^L\-2r\ 0;La{Q2r)] with fl=_£L-(l+0) and b=-r^-{l+θ) for some

θ (0<θ< 1). We take β=oo when a = 2, and b = °° when β=2. Then u can be

defined over Q so that the resulting function satisfies (1.4) throughout R2r,2r^ and u is

Holder continuous in any compacrt subset of R2r>2r2.

Proof. It suffices to show that u can be made a continuous solution in the

neighborhood of any point in R2rt2r2. Let P'(xr,yr) be in R2rt2r2 and let

Rβ{Pf)={P{x, t)\ \\\P-P' \\\<2p} be such that Rβ{P') is in R2r,2r* ,

' ^,i/^2f} if *< 0,where |]| P||l
loo i f f > 0

and P=(x,t) = (xl9 , xn;t).

By a suitable parallel transformation of variables it may supposed that

P'=(0,0) and R'β(P)={(x,t)\\xί\<2P,-2p2<t<0}=R2βt2()*. As in the proof

of Theorem 2, we put ΰ=\u\ + l for (x, t)^R2rt2r2—Q.

We now introduce an appropriate test function φ(x, t). Let ψ and ψ be non-

negative smooth functions, ψ having compact support in Qβ={x\ \xA< p} with

respect to x and ψ(x, t) = 0 for t < —p2, and ψ vanishing in some neighborhood

of Q. Let

φ{x,t) = {φφ)2 sign u\ΰ2q-ι-\\xq

for q>qQ >-~- .

By the same manner as in the proof of Lemma 2. 1 or 3. 1, it follows that

(4.3) \ύ*(φφ)*dx+λ( 2q~l M L 2 nvl{φφ)2dxdt

Here v=ΰq (q>qo> 4~) .

Now, we use the following lemma (cf. [1]).
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LEMMA 4. 1. If Q is an {a, β)-null set for some 2 < a < n and β> 2, then Q is of

measure zero and there exists a sequence ηv^U(Q) such that ηv ->0 almost everywhere

in Enxl as y-» oo.

We replace φ in (4. 1) by the elements φu = l—ηv' Then φv = 0 in the neigh-

borhood of Q and φv -»• 1 almost everytwhere as v -> oo. Since

and since

it follows from (4. 3) that

(4. 4) \(φφη*ύ*dx+λ( 2q~l ) \ \ _ 2 (ψφvMdxdt

Now consider

=zq=-i±If we put q=zq<)=-i±L, (4. 2) implies

Letting v -> oo, we obtain from the dominated convergence theorem that

(4.5) \ψVdx+λ( 2 f ?°~1 ) \ \ _ , ώHl

where v~ΰq\ and c2 does not depend on #. Therefore, if 0 is chosen as in

Theorem 1, we have

(4. 6) # V p2(ΰW2) < γi H\p, 2

where po = 2qo>l, k=l + — for n > 2 a n d fc=-|- for w=l, 2 and H'p,p*(u)
fl O
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= (p)-n(p2)~1\\ , u2 dxdt. Here γx depends only on p0, M, λ, n, e, a, β and p.
ύ jRp, p*—Q

Now, to proceed the arguments, we define for q > pQ > 1,

ΰq, if 1 < ΰ < / ,

and

G{u) = sign{F(a)Ff{a)~q} —oo < ^ < +00.

Then it is clear that F is a continuouly differentiable function of ΰ, and G is

a piecewise smooth function of u with corners at u = ±(l— 1). Moreover, these

functions have the properties:

lq-p°ΰp°, uFf

and

We may now substitute φ(x, t) = {ψφ)2G{u) into (1. 4). Then we find by the

same argument as in Theorem 1 or Theorem 2 that

(4. 7)

, Λ{φφ)*+ΦlΦ*+\ΦΦt\Φι+ΦH.φl+Φϊ}]vtd*dt,

where v = v{x, t) = F{ΰ).

Since υ < Const. β^9 it is clear as in the earlier part of the proof that

Replacing ψ by ψv = \—ηv and letting f -> 00, we obtain

(4. 8)

{ψ*+φl+\φψt\}v*dxdt.

Let /->oo. Then v-±Uq. If we choose 0 as in the proof of Theorem 1 or

Theorem 2, we see

(4. 9) # v p*(ukη < r 2 j / ' i p i 2p2 (^)fc (̂  > pβ).
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Now iterate the inequality (4. 6), (4. 9) starting with q=q0. This yields the

conclusion

(4. 10) max_ ^ < r ( J J i ? 2 2 2__Qup°dxdt]Vn

On the other hand,

so that the right side of (4. 10) is finite. Thus we have shown that u is uniformly

bounded on the set RP,P*-Q.

Next we show that u can be extended to a continuous solution of (1. 1)

throughout /?p,p*. Choosing ψ such that ψ=l in Rp,p

2, we have from (4. 5)

C o n s t

Since p o < 2 and ΰ is bounded in Rp,p*—Q, this proves that ux is in

L2(RP,P*—Q).

We shall show that if u is put to be equal to zero on Q, the resulting function

is strongly differentiable in Rp, p*.

For any smooth function φ{x,t) with compact support in Qp—Q we have

Putting φ = ψφ where ψ has compact support in Qp, we get

Thus, replacing φ by ψv = l— rf where ηv is given in Lemma 4. 1 and letting

oo, we have from the dominated convergence theorem

(4. 11)

the integrals being evaluated over the set Rp,p*—Q. If we put ux = 0 on Q, the

relation (4. 11) becomes valid over all of Rp,φ*. Thus the assertion is proved.

Finally if φ has compact support in Qp and if 0 = 0 on Q, then

Again setting φ = ψψv, we easily obtain, in the limit as
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^{utψ+Aφa.+Bφ}dxdt = 0,

which is valid whenever φ has compact support in /?p,p*. It follows that u,

defined over Q as above, is a weak solution of (1. 1) in Rp,p*. By Corollary

in the end of §3, we can redefine u on a set of measure zero so that it is Holder

continuous in Rβ,β*. The redefinition cannot effect the values of u on RQ,^—Qy

where it is already continouous. Since measure of Q is zero, the resulting

function u is a (Holder) continuous solution of (1. 1) in Rβ,p*, that is, in a non-

empty neighborhood of the point P. This completes the proof.
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Added in proofs: During the proofs of this paper, Professor Serrin informed me that he
and Aronson obtained more precise results than mine (cf. Notices of Amer. Math, soc, 13
(1966), p. 381) and that Ivanov also gave the same results as mine.

The author wishes to express his hearty thanks for kind comments of Professor Serrin.
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