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HOMOMORPHISM-COMPACT SPACES

A. G. A. G. BABIKER AND S. GRAF

1. Introduction. In 1979 Edgar asked for a characterization of those
completely regular Hausdorff topological spaces X which have the
property that any Boolean o-homomorphism from the Baire o-field of X
into the measure algebra of an arbitrary complete probability space can be
realized by a measurable point-mapping. Those spaces X will be called
homomorphism-compact or, for short, H-compact hereafter. It is well-
known that compact spaces are H-compact (cf. [4], p. 637, Proposition
3.4). We will show that the same is true for strongly measure compact
spaces. On the other hand H-compact spaces are easily seen to be
real-compact. Since the notions of measure-compactness and lifting-
compactness (cf. [3]) also lie between strong measure-compactness and
real-compactness it is natural to investigate the relations among these
notions. Here the results are mainly negative (cf. Sections 4 and 6).
Concerning the structural properties of H-compactness not very much can
be said so far (cf. Section 7): it is, for instance, unknown whether the
product of two H-compact spaces is again H-compact.

For our considerations the notion of H-compact measures turns out to
be particularly useful:

A finite Baire measure u on a completely regular space X is said to be
H-compact if any p-measure preserving o-homomorphism from the Baire
o-field of X to the measure algebra of a complete finite measure space can
be realized by a measurable point-mapping.

There are some nice characterizations of H-compact measures: A
measure p on X is H-compact if and only if (X, p) is injective in the
category of measure spaces, if and only if p is inner regular with respect to
the closed sets of a weaker compact topology on X. For metrizable spaces
X H-compactness of a measure pu is equivalent to the tightness of u (cf.
Section 3). Moreover H-compact measures on metrizable spaces have the
disintegration property, while, on the other hand, a measure, which lives
on a measure compact space and has the disintegration property, is
H-compact.
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The results proved in this note leave many natural questions
unanswered. We therefore include a number of open problems whose
solution would give some further insight into the structure of H-compact
spaces.

2. Notation and terminology. Throughout this paper X will be a
completely regular Hausdorff space, C,(X) the algebra of all bounded
real-valued functions on X, #(X) the o-field of Baire subsets of X (i.e., the
smallest o-field with respect to which every 4 € C,(X) is measurable) and
P(X) the set of all o-additive probability measures on #(X). For h &
C»(X) we denote by / the canonical extension of 4 to the Stone- Cech com-
pactification of X. For p € P(X) we denote by [i the Baire measure on X
induced via

thdu = fx hdi (h € Cy(X))

and by % the Radon measure extending Ji to all Borel sets of BX.

Let (£, 9, v) be a probability space. Then ¥, denotes the completion of
A w.r. t. » while A/, stands for the measure algebra of (R, U, »), i.e., the
quotient algebra of % w. r. t. the o-ideal of »-nullsets. The measure induced
by » on 9/, is again denoted by ».

By »* (resp. v,) we denote the outer (resp. inner) measure on P(£2)
corresponding to ». For ' C £ we write A N @ for the o-field {4 N &' |
A € U} on .

For the notions not defined in this paper we refer the reader to [3], [12],
and [14].

3. H-compact measures. In this section the notion of H-compact
measure is introduced and studied in some detail.

Definition. Let X be a completely regular space and p € P(X). Then p is
called H-compact if and only if for every probability space (2, A, ») and
any Boolean o-homomorphism ®: Z(X) — A/, with vo® = u there exists
an A, — H(X)-measurable map ¢: & — X such that for all B € #(X) we
have ¢ '(B) € ®(B).

Due to the following proposition there is a large class of H-compact
measures:

3.1. PROPOSITION. Every tight measure is H-compact.

Proof. The proof consists in a slight modification of the arguments used
by Edgar [4], p. 637/638 and Graf [8], p. 68/69.
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For our further considerations we need the following definitions:

Definitions. (i) Let (2, %, ») and (', %', »') be measure spaces. A map j:
Q — @ is called an embedding if and only if j is one-to-one, A —
A’-measurable and satisfies

Jj») =v and {j N 4)4 € W} = A

(i1) Let (R, A, ») and (', A’, »') be measure spaces and let j: & — Q' be
an embedding. An %', — 9-measurable map r: Q" — { is called a
retraction for j if and only if r 0 j = idy.

(i) A measure space (£, U, ») is called an absolute retract if and only if
every embedding of (£, %, ») into another measure space admits a
retraction.

(iv) A measure space (£, U, ») is called injective if and only if for every
two measure spaces (2, Ay, »1) and (2,, Ay, »y), every embedding j:

Q) — Q,, and every A, — A-measurable map ¢: 2; — Q with ¢(»;)
= v there exists an (2(,),, — A-measurable map ¢: £, — @ with g 0
J =9

(v) Given a measure space (£, %, ») and a collection S#0of subsets of X, »

is called inner regular w. r. t. ¢if and only if, for every 4 € U, we
have

v(A) = sup{ v*(K): K € # K C A}.

Our next theorem gives a characterization of H-compact measures,
thereby relating the notions introduced above.

3.2. THEOREM. For a completely regular space X and a measure p. € P(X)
the following properties are equivalent:

(1) p is H-compact.
(11) (X, #(X), p) is injective.
(ii1) (X, Z(X), p) is an absolute retract.
(iv) The canonical embedding of (X, #(X), p) into (BX, B(BX), [i) admits
a retraction.
(v) There exists a (B(BX) )y — B(X)-measurable map ¢: BX — X such
that
E(e "(BYAB) =0 forall B B(BX).

(vi) There exists a compact topology 7, on X which is weaker than the
original topology of X and such that p. is inner regular with respect to
the collection of all 7,-closed subsets of X which are at the same time
zero sets of the original topology.
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Proof. (1) = (ii): Let p € P(X) be H-compact, (2, %, v) and (', A’, v')
measure spaces, j: £ — ' an embedding and ¢: @ — X A — H(X)-
measurable with ¢(») = p. Define ®: Z(X) — A/, by ®(B)
= [A],, where 4 € ' is any set with j~'(4) = ¢~ '(B) and [4 ], denotes
the residual class of 4 in %’/,. Then ® is a well-defined Boolean
o-homomorphism with » 0 ® = p. Since p is H-compact there exists an
A, — B(X)-measurable map ¢’: @ — X such that (¢') " '(B) € ®(B) for
all B € #(X). Define ¢: Q" — X by

_ e w)), w e (@)
W) = {«p%w) . w € QN Q).

It remains to show that ¢ is A’', — %(X)-measurable. Let B € #(X) be
arbitrary and A € A’ with j7'(4) = ¢ '(B). Then we have

AN (@) '(B)cg (B)c AU () (B
and, according to the definition of ®,

V(4 A(¢) '(B)) = 0.
Together this implies

¢ '(B) € W,.

(11) = (ii1): This implication follows by a standard argument of category
theory.

(ii1) = (iv) 1s true by specialization.

(iv) = (v): Letj: X — BX be the canonical embedding and ¢: X — X
B(BX)y — #(X)-measurable with ¢ 0 j = idy. Let B € #(BX) be given.
Because

Je G B =B

we have
MBAG '(B)) =WBA¢ '(j7'(B)))
=p(' B AT T IGTI(B))) = 0.
(v) = (vi): Let ¢: BX — X be as in (v). Define

T, ={UcC X|3VCBX:Vopen, VN X=U
and ¢~ (V) C V}.

Then 7, is obviously a topology on X which is weaker than the original
topology of X. Let (U;); < be a covering of X by 7,-open sets. Fori € I let
V: € BX be open with
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U=V,nX and ¢ '(V;) C V,.

Then (V;),e; is an open covering of BX and, therefore, has a finite
subfamily covering BX. The corresponding U, obviously cover X. Hence
(X, ) is compact. Let

H={F C X|F m,closed and F zero set}.

We will show that p is inner regular with respect to » To this end let
B € #(X) and € > 0 be arbitrary. Let B € #(BX) be such that B N X =
B. Since i is a Baire measure on a compact space there exists a closed
Gs-set Fi € B with

WB \ F)) < €/2.

Since
MFyAg Y(F))) =0

there exists a closed Gg-set F, € F| N ¢ '(F)) with
MF N F) < e/4.

Continuing in the same way we construct a sequence (F,),en of closed
Gs-sets with

Fn+l - Fn N ‘PVI(FH) and :‘I(Fn N Fn+l) < 6/2n+l
for all n € N.
Define

F:= n F,
neN

Then Fis a closed Gg-set and, therefore, F N X is a zero set. We have

F= 0 F,C N FNg (Fy)Ce '(F)
neN neN

Hence F N X is Tﬂ-closed. Moreover

BBN(FNX))=FB\NF)=gEB\F)
+ B (F, N F)+ ... <e

Thus p is inner regular w. r. t. #and (vi) is proved.

(vi) = (i): Let 7, be a topology with the properties stated in (vi). Let
be defined as above. Let (2, U, ») be a probability space, ®: Z(X) = U/, a
o-homomorphism with p = » 0 @, and ©: A/, — A, a lifting (cf. [9], p. 36).
For w € Q define
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H, ={K € #lw e 8(dK))}.

Then 5%, is non-empty, stable under finite intersections, and does not
contain the empty set. Since (X, 7,) is compact this implies N %, # 0.

Define ¢: @ — X by ¢(w) € N M, For K € #and w € Q
¢(w) &€ K implies K & 5%,
and, hence, o & O(®(K) ). We therefore deduce
O(P(K)) < ¢ (K).

Now let B € %,(X) be arbitrary. Then there exist increasing sequences
(K,),en and (L,),eN in #such that

U K, CB and wB N U K,) =0;

neN neN
and

U L, C X\B and p((X\B)\ U L,) =0.
N

neN ne
This leads to
U ODK,) e (UK, e '(B) =2\ ¢ (X\B)
' ' C2N ¢ (UL, CQNUBDL,).

Since
d(U K,)) = ®(B) = d(X\NU L)),
[U Q(q)(Kn))]v = (I)(U Kn)

and

[ N UBW@WL,)], =X\ UL,

we derive
¢ '(B) €,
and
[¢ '(B)], = ©(B).

Remarks. a) The topology 7, in (vi) can be chosen in such a way that all
compact subsets of X are 7,-closed.
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b) The idea of constructing a topology 7, with the properties stated in
(vi) originates in an analysis of Pachl’s considerations concerning
disintegration of measures (see [13], pp. 159-161).

3.3. THEOREM. Let X be metrizable and p. € P(X). Then u is H-compact
if and only if u is tight.

Proof. The “if” part of the theorem is a special case of Proposition 3.1.
To prove the “only if” part let p € P(X) be H-compact. According to
Theorem 3.2 (v) there exists a Z(BX); — #(X)-measurable map ¢: fX —
X with

WBA¢ '(B)) =0 forall B € %(X).

By a theorem of Fremlin [7] ¢ is Lusin measurable and, therefore, p = (i)
is tight.

4. H-compact spaces. This section contains partial answers to Edgar’s
question stated in the introduction. His problem led us to the following

Definition. A completely regular Hausdorff space is called H-compact if
and only if every measure p € P(X) is H-compact.

Our next theorem is an immediate corollary of Proposition 3.1.
4.1. THEOREM. Every strongly measure-compact space is H-compact.
4.2 THEOREM. Every H-compact space X is real-compact.

Proof. Let u € P(X) be {0, 1}-valued. Let  be a singleton, % = 3(Q), »
the unique probability measure on A and ®: #(X) — A/, = A defined
by

Then @ is a o-homomorphism with » © ® = pu. Since p is H-compact there
exists a map ¢: @ — X with ¢~ '(B) = ®(B) for B € #(X). Thus, for x, €
¢(2) and B € #(X), we have

X, € B wB) =1,
which leads to p = €, . Hence X is real-compact.
As an immediate consequence of Theorem 3.3 we have

4.3. THEOREM. A metrizable space is H-compact if and only if it is strongly
measure compact.

https://doi.org/10.4153/CJM-1983-032-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1983-032-4

HOMOMORPHISM-COMPACT SPACES 565

The following examples show that neither of the notions of H-
compactness and measure-compactness implies the other. Thus the
converses of Theorems 4.1 and 4.2 are, in general, false.

4.4. Examples. a) X H-compact does not imply X measure compact.
Let

X = {0} X [0, 1] U {(%,%)lk,n = N}.

For x € X \ {0} X [0, 1] let {x} be a neighborhood of x, and for each
(0, y) € {0} X [0, 1] define a neighborhood base (B,(y) ),en by

B,(y) = {(u,v) € X|u=1/nand v—y| = u}.

This defines a completely regular topology 7 on X which is finer than the
topology inherited from R? but possesses the same Baire sets. Since X with
the euclidean topology is compact it follows from Theorem 3.1 that (X, 7)
1s H-compact. However, (X, 7) is not measure compact ([1], p. 681).

b) X measure compact does not imply X H-compact.

Let X be a non-Lebesgue measurable subset of [0, 1]. Then X is
separable and metrizable and hence measure-compact. But X is not
universally (Radon) measurable and, therefore, not strongly measure-
compact ([15]). Since for metrizable spaces H-compactness and strong
measure-compactness are equivalent properties, this proves our claim.

S. H-compactness and disintegration. The close formal relationship
between the realization of homomorphisms and the disintegration of
measures suggested the investigations concerning disintegration and
H-compactness carried out in this section.

Definition. Let X be completely regular and p € P(X).

a) pis said to have the disintegration property (DP) provided that for
any probability space (£, U, ») and for any #(X) — 9-measurable
map ¢: X — § with » = g(p) there exists a disintegration of p w. r. t.
g, 1.e., there is a family (u,)oeq in P(X) with the following
properties:

1) VB e #X): & = R; w— pyB)is A,-measurable

(i) VB € BX)VA € A: W(B N g~ 1(4)) = fA fte (B) dv(w).

b) uis said to have the integral representation property (IRP) provided
that for every probability space (£, U, ») and for every positive
linear operator
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T: Cp(X) — LR, U, »)

with T1 = 1 and

/dev = /fdu for all f € Cp(X)

there exists a family (u1,)ocq in P(X) such that @ = R; © — [ fdp,
is 9 ,-measurable and is a representative of the residual class 7f in
L (2, 9, ).

5.1. PROPOSITION. If p € P(X) has the IRP then it has the DP.

Proof. Let (2, U, v) be a probability space and ¢: X — @ a #(X) —
Y-measurable map with g(p) = ». For & € C,(X) define »,: % — R by

vp(d) = f(/ 14y h d’*"
Then v, is a signed measure on A with
= llhllee v = v, = Ao ».

Hence the Radon-Nikodym theorem implies the existence of a unique f,
€ L%, A, v) with v,(4) = [, [ dv for all A € . The map

T: Cp(X) = L= (Q, U, »); h — f,

is obviously a positive linear operator with 71 = 1 and

/Thdv = /hd,u for all h € Cp(X).

Since p has the IRP, there exists a family (p,), <o in P(X) such that w —
f h dp,, represents Th for all h € C,(X). By standard arguments one sees
that (), eq 1s a disintegration of p w.r. t. g.

Problem. Does the converse of the above theorem also hold?
That “nice” measures satisfy the IRP is the content of the following
proposition:
5.2. ProrosITION. Every tight measure has the 1RP, hence the DP.
Proof. Let p € P(X) be tight, (2, A, v) a probability space, and
T: Cp(X) — L™(Q, A, v)

a positive linear operator with 71 = 1 and
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fThdu - fhdv for all h € Cy(X).
Let ©: L™(Q, A, v) — M2, U, ») be a lifting (cf. [9]). Define p,,: Cy(X)
— R by

pu(f) = O(Tf)(w).

Then p,, is a positive linear functional.
Since p is tight there exists an increasing sequence (K),), ey of compact
subsets of X with

p XN U K, = 0.

neN
We claim that there exists a v-nullset N with

(1) inf © (sup{Tf |/ € Cp(X), 0 = [ = ly g} Nw) =0

neN
for all @ € @\ N. Since

f@(SUP{Tﬂf € Cp(X), 0 = [ = 1y g} Nw) dv(w) =
p (XNK,)

we deduce

0= 12; _[@ (sup{Tf | f € Cp(X), 0 = [ = 1y g} Nw)dr(w)

= f ian O (sup{Tf | f € Cp(X), 0 = f = 1y g} Nw) dn(w).

and the claim follows.
It is easy to verify that for any & € Cp(X) and any closed subset F C X
the inequality

(2) ©(Th) = sup| h(x) |
xXEF
+ llhllee © (sup{Zf | f € Cp(X), 0 = f = Iy\F})

holds.

We now show that for every w € €\ N and any sequence (4, )ien IN
Cp(X) with A | 0 we have p(h;) | O.

Let € > 0 be arbitrary. Then, according to (1), there exists an n € N
with

(3) €/2 > thHoo @(SUp{TfIfE Ch(X), 0 éfé IX\K,,} )(w)
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By Dini’s theorem (A ), converges to 0 uniformly on K,, i.e., there is a k,,
€ N with hyx = €/2 for all k = k,. Hence (2) combined with (3)
implies

Thy = €/2 + €/2 = ¢
for all & = k,, and, therefore,

pu(hy) = O(Thy)(w) = €

for all k = k,. It follows that there is a Baire measure p, € P(X) with

po(h) = f hdp, for all h € Cy(X).

Choosing p, € P(X) arbitrary for w € N gives us the family (p,),co We
are looking for.

Remark. The proof shows that the theorem remains true if one assumes
u to be only pseudotight, i.e., inner regular w. r. t. the collection of pseudo
compact subsets of X (cf. [2]).

We now relate H-compactness to the above notions.

5.3. THEOREM. 4 measure p € P(X) is H-compact if and only if p has a
disintegration (), e px With respect to the canonical embedding j: X — BX,
such that every ., is T-smooth.

Proof. *“ = : According to Theorem 3.2 (v) there exists a (Z(BX) )z —
#(X)-measurable map ¢: BX — X with

i(BAg '(B)) =0 forall B € B(BX).

Then BX — P(X), w = €¢) 1s Obviously a disintegration of p w. r. t. j with
the required properties.

“ <7 Let (pe)oepx be a disintegration of u w. r. t. j such that all y,, are
7-smooth. Define

F = {F C BX| F closed Gs-set and
po(F N X) = 1forallw € F}.

Then #: = {F N X | F € %} is a collection of zero sets in X, which
contains @, X and is stable with respect to forming finite unions and
intersections. We show that u is inner regular w.r. t. % Lete > 0 and B €
#(X) be given and let B € %(BX) be such that B = X N B. Then there
exists a closed Gg-set Fy in BX with F; € B and i (B\F)) < €/2. The
set

Hy: = {0 € B Xlu, (F) N X) = 1}
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is in (#4(X) )z and for all 4 € Z(BX) we have

WA N F)=pd N FNX) = fA HoF) 0 X) di(e).
This implies

B(Fy A Hy) = 0.
There is a closed Gg-subset F, of BX with

F, C Fy, N H, and WF, \ Fy) < e/2%

Continuing in the same way we get a sequence (F,),en of closed
Gs-subsets of BX with

Fopi € {w € Fpip(F, N X) = l}
and
ﬁ(Fn N Fn+l) < 6/2"+]'

Define F = N,en F,. Then F is a closed Gs-subset of X and for w € F
we have

f"’w(F) = inf Mo (Fn) =1,

neN
because w lies in all F,;; hence F € %. Moreover we deduce

WBN(FNX)) = (B\F) = i(B\F)) + (F\NF) + ...

liA

Thus p is inner regular w. r. t. %

Now let 7 be the topology on X generated by {X\ F | F € #}. Then 7 is
obviously weaker than the original topology of X. Let (U;),<; be a 7-open
covering of X. Then there exists a family (F});c, in Z such that X\ F;, c

Uf/ for some /; € I and

U X\F = X.
JEJ ’

This implies

Xn n F =0
JE€J
Assume there is an w € N, F;. Then we have on the one hand

po( N F;) =1 forall finite J, C J.

J€J,
Since p,, is T-smooth we get, on the other hand,
lim p (N F) =0,

JocJ J&€J,
J, finite
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a contradiction. Thus N ;¢ ; Fj is empty and there exists, therefore, a finite
J, € J with

N F =9

JEI,

But then the corresponding Ui form a finite covering of X. Thus (X, 7) is
compact and according to Theorem 3.2 (vi) p is H-compact.

As a consequence of the above theorem we have:

5.4. THEOREM. If X is a measure-compact space then every measure p. €
P(X) with the DP is H-compact.

Problems. a) Does the converse of Theorem 5.4 hold?
b) Can the assumption of “measure-compactness’” in the theorem be
weakened to “real-compactness”?

As a corollary we get the following characterization of H-compact
metrizable spaces:

5.5. COROLLARY. Let X be metrizable. Then the following properties of X
are equivalent:
(1) X is H-compact.
(i1) X is real-compact and has the 1RP.
(i11) X is real-compact and has the DP.
(1v) X is strongly measure compact.

Proof. The equivalence of (i) and (iv) is the statement of Theorem 4.3
and it, therefore, follows from Propositions 5.1 and 5.2 together with
Theorem 4.2 that (i) implies (ii) and (ii) implies (iii). Since every
metrizable real-compact space is measure compact (cf. [11], [12]) the
implication (iii) = (i) follows from Theorem 5.4.

Problem. Are the equivalences (i) to (iii) in the above theorem still true if
one drops the assumption of metrizability for the space X?

Remark. It should be noted that H-compactness of a measure p € P(X)
implies the following weak forms of the integral representation and the
disintegration property:

(WIRP): There exists a o-field B € Z(X) with Z(X) C B, such that for
all probability spaces (2, U, ») and all positive linear operators T: Cy(X)
— LR, A, v) with T1 = 1 and

J v = [ gan (< o)
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there exists a family (u,), <o of probability measures on 8 such that, for
each f € C,(X), one has a p-nullset N € B for which /- 1y y is
B-measurable and w — [y« v/ dp, is a representative of Tf.

(WDP): There exists a o-field 8 ¢ Z(X) with Z(X) C B, such that for
all probability spaces (2, ¥, ») and every #(X)-%-measurable map q: X —
Q with v = g(p) there exists a family (p,), g of probability measures on 8
such that € — R, w — p(B) is A,-measurable and satisfies

wBNg \(4)) = /A po(B)dv(w) forall B € B, 4 € .

The proof of these facts uses techniques similar to those of [13]. Using
these techniques it can also be seen that the WIRP and the WDP of
measures are equivalent.

6. H-compactness and lifting-compactness. Let us first recall the
definition of lifting-compactness for completely regular spaces:

Definition. A completely regular space X is called lifting-compact if for
any complete probability space (2, A, »), an A-Z(X)-measurable map ¢:
€ — X, and any lifting

O: LR, A, v) = MP(Q, A, v)

there exists a set €, € A with »(y) = 1 and a A N Ry — B(X)-
measurable map O(g¢): £y — X such that

O(h 0 ¢)(w) = (h 0 O'(¢) )(w)
for all h € Cp(X) and w € .

It is known that every strongly measure-compact space is lifting-
compact and that every lifting-compact space is measure-compact (cf. [3]).
In this section we study the relation between lifting-compactness and
H-compactness. We have the following negative results:

6.1. Examples. a) X H-compact and measure-compact does not imply
X lifting-compact.

Edgar and Talagrand ([5], p. 347, Example) construct a completely
regular topology 7 on X = [0, 1], whose Baire sets agree with the usual
Baire sets of [0, 1], and which is such that (X, 7’) is measure compact but
not lifting-compact. Since [0, 1] with the usual topology is H-compact the
same is, therefore, true for (X, 7).

b) X lifting-compact does not imply X H-compact.

Since every separable metric space is lifting-compact Example 4.4 b)
provides the required counterexample.

https://doi.org/10.4153/CJM-1983-032-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1983-032-4

572 A.G. A. G. BABIKER AND S. GRAF

One question which remains is whether H-compactness and lifting-
compactness together imply strong measure-compactness. Our next result
gives a partial answer to this question:

6.2. THEOREM. Let X be a completely regular Hausdorff space such that
for every T-smooth measure . € P(X) the Borel measure . on BX has an
almost strong lifting (cf. [9], p. 129). Then X is strongly measure-compact if
and only if X is H-compact and lifting-compact.

Proof. 1t follows from Theorem 4.1 and [3], Corollary 6.1 that every
strongly measure-compact space is H-compact and lifting-compact. Now
suppose that X is H-compact and lifting-compact. Then according to [3],
Corollary 6.1, X is measure compact. To prove that X is strongly
measure-compact it is enough to show that every r-smooth measure u €
P(X) is tight. Let u be such a measure. By Theorem 3.2 (v) there is a map
¢: BX — X which is B(BX); — %(X)-measurable and satisfies

o MA)AA) =TUe 'A)AA) =0 forall A € B(BX).

This implies 7 0 ¢(w) = h(w) fori — a.a. w € BX forall h € Cp(X). Let
A be the completion of the Borel field of 8X w. r. t. Ti. According to our
assumptions there is an almost strong lifting

©: LP(BX, U, Ty — MP(BX, %A, T).

Since X is lifting-compact there is a Borel set Y € X withz (Y) = 1 and
a map 0'(8):Y — X whichis A N Y — Z%(X)-measurable such that

O(h 0 g)(w) = (h 0 O'(¢) )(w)
forallh € Cp(X), w € Y.

Since © is almost strong there exists a Borel set N in BX with i (N) = 0
and such that

h(w) = B(h)(w) = B(h 0 g)w) = (h 0 O(e) (w)

forallw € YNNand allh € Cp(X). This implies YN N C X and hence X
is Ji-measurable with T(X) = 1. Therefore p is tight and the theorem is
proved.

6.3. CoROLLARY. Assume CH. Let X be separable. Then X is strongly
measure compact if and only if X is H-compact and lifting-compact.

Proof. Since X is separable 8X has a base for its topology of cardinal at
most that of the continuum. A result of Mokobodzki and Fremlin (cf. [6],
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Theorem 9) implies that every Radon measure on BX admits an almost
strong lifting. The corollary, therefore, follows from Theorem 6.2.

7. Structural properties of H-compactness of spaces. Here we would like
to discuss stability properties of H-compactness with respect to a) sub-
spaces; b) products; c¢) images (continuous or just measurable). The
corresponding properties for measure-compactness, strong measure-
compactness, and lifting-compactness are well known (cf. [12] and [3]).

a) The following result is an immediate consequence of Theorem 3.2
(ii1) combined with the fact that every Baire subset of a space admits a
Baire measurable retraction (see the remark following Proposition 7.4):

7.1. PrROPOSITION. If X is H-compact and Y is a Baire subset of X then Y
is H-compact.

Unlike measure-compactness, strong measure-compactness and real-
compactness, H-compactness is not necessarily inherited by closed
subspaces.

7.2. Example. Let X = [0, 1] and let 7" be the topology on X constructed
by Edgar and Talagrand [5] (cf. Example 6.1 a), i.e., there exists a set M C
X with outer Lebesgue measure 1 and inner Lebesgue measure 0, such
that

v = {G U P| G open w.r.t. the ordinary topology of [0, 1] and
P c M}

and (X, ') has the same Baire sets as [0, 1] equipped with the ordinary
topology. Thus (X, 7') is H-compact. But its 7-closed subset X\ M is
metrizable and not strongly measure compact ([15]), hence not H-compact
(Theorem 4.3).

b) The problem whether the product of any two H-compact spaces is
H-compact remains open. But we have the following rather special
result:

7.3. PROPOSITION. Let X be H-compact and measure-compact and let Y be
strongly measure-compact. Then X X Y is H-compact.

Proof. Let (2, U, v) be a probability space, ®:%4(X X Y) — a/, a
o-homomorphism, and p = » 0 ®. Define @ y: B(X) — U/, by ®(B) =
®(B X Y)and ®y:#(Y) — U/, in an analogous way. Then ®y and &y are
o-homomorphisms. Since X and Y are H-compact there exist %, — Z(X)
— (resp. A, — Z(Y)—) measurable maps ¢y: — X and ¢y:@ — Y
inducing ®y and ®y respectively. Define ¢: — X X Y by
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o(w) = (ex(w), py(w)).

We claim that ¢ is %, — Z(X X Y)-measurable. Obviously ¢ is %, — #(X)
® (Y )-measurable and satisfies

¢ (B) € ®B) forall B € B(X)® A(Y).

Therefore our claim is proved if we can show that, for every 4 €
B(X X Y), there are B, B € #(X) ® #(Y) with B € A C B’ and
w(B’\ B) = 0. By standard arguments the proof of this statement reduces
to proving that for every non-negative f € C, (X X Y) there are Z(X) @
(Y )-measurable functions g, g:X X Y — R such that

g=/f=¢g and _[(g’ — g)dp = 0.
To show this let
= {/’l|/\/>< y| h € (,‘(,BX X ,BY)}

Then it follows from [3], Lemma 3.1 that for each f € C,(X X Y) and all
(x,y) € X X Y we have

S(x,y) = sup{h(x,y) | h € K h = [}.

According to [12], Theorem 5.3, the space X X Y is measure compact.
Hence p is 7-smooth and we deduce

ffd,xzsup{hodulh € Hh éf}.

Since each h € Jis #(X) ® #(Y)-measurable there exists, therefore, a
B(X) ® B(Y)-measurable function g:X X Y — R with g = fand

f(f— g)dp = 0.
In an analogous way one can find a Z(X) ® %(Y)-measurable function g’:
X X Y— Rwith f = ¢ and

f(g’ = /)dp = 0.
This completes the proof.

c¢) Note that a continuous one-to-one image of an H-compact space
need not be H-compact: Take any non-H-compact space X whose cardinal
f in non-measurable. Let D be a discrete space of cardinality t. Then D is
obviously H-compact. Let f: D — X be any bijection. Then f'is continuous
but X is not H-compact.
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Thus, concerning preservation w. r.t. images, the following is, in a
sense, the best result one can hope for.

7.4. PROPOSITION. Let X and Y be completely regular spaces, such that
there is a #(X) — B(Y)-measurable map p: X — Y and a #(Y) —
B(X)-measurable map q: Y — X with p 0 q = idy. If X is H-compact then Y
is H-compact.

Proof. Let p € P(Y) be given. According to Theorem 3.2 (iii) it is
enough to show that (Y, #(Y), p) is an absolute retract. Let (£, 9, p) be a
probability space and j: Y — @ an embedding. By Theorem 3.2 (ii) (X,
#(X), p) i1s injective. Hence there exists a A, — B(X)-measurable map g:
Q@ — Xwithgoj = q. Definer: = pog. Thenris A, — #(Y)-measurable
and

roj=pogqgoj=pogq=idy.
This completes the proof of the proposition.

Remark. If Y is a non-empty Baire subset of X then there exist maps p, ¢
with the properties stated in Propositon 7.4.: Let ¢ be the canonical
embedding and let p: X — Y be defined by

X, x €Y

pPx) = {x,,, x € X\Y

where x,, is any fixed point in Y.
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