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SPHERICAL MEAN AND
THE FUNDAMENTAL GROUP

Dedicated to Professor Akihiko Morimoto for his 60th birthday

TOSHIAKI ADACHI

ABSTRACT. We investigate some properties of spherical means on the
universal covering space of a compact Riemannian manifold. If the funda-
mental group is amenable then the greatest lower bounds of the spectrum
of spherical Laplacians are equal to zero. If the fundamental group is non-
transient so are geodesic random walks. We also give an isoperimetric in-
equality for spherical means.

Introduction. Let N be a complete Riemannian manifold. Given a positive r we
define the spherical mean L, on N with radius r by

L) = [ flexp,m)dS,(v)

for a continuous function f. Here dS, is the normalized canonical density on the unit
tangent sphere U,N. It has a continuous selfadjoint extension L2(N) — L*(N), and is
the generator of the r-geodesic random walk (see [10]). Many properties of L, of course
depend on the geometry of the underlying manifold and on the radius r. For example, r-
geodesic random walk on a standard sphere is not transitive if and only if r is a multiple
of the diameter. In this paper we mainly treat the case that underlying manifold is a
covering space of a compact manifold, and point out some properties of the covering
transformation group give information on spherical means.
We shall call A, = I — L, as the spherical Laplacian, and set

InfAS dvol
Inftdvol ’

where f runs over all continuous functions on N with compact support. Then A\o(N; r) is
the greatest lower bound of the spectrum of A,. When N is a normal covering of a compact
manifold, the amenability of the deck transformation group is reflected on A\o(N; r). We
show the following in Section 1.

Ao(N; r) = inf
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THEOREM 1. If the fundamental group of a compact manifold M is amenable then
Xo(M; r) of the universal covering space M of M equals to zero for every r.

We are now interested in the alternative direction of the above theorem. For the first
step to attack this problem we estimate in Section 2 A\o(N; r) by the geometric constant
h(N; r) defined in the following manner. Let d,: L?(N) — LP(UN) denote the r-difference
operator defined by

dff(v) :f(expﬂv I'V) _f(Tl'V),

where 7: UN — N is the projection of the unit tangent bundle. Given a bounded domain
D in N we set

hep = i%f(vol(E)‘l /U o ldixel dS);

here E runs over all measurable subset of D, and x g denotes the characteristic function of
E. Although it seems a bit complicated, as [ | d, x| dS can be regarded as the volume of
r-boundary of E, it naturally corresponds to Cheeger’s isoperimetric constant (see [4]).
We shall therefore call

h(N:r) = inf h,.p

as the r-isoperimetric constant of N. On the analogue of Cheeger’s isoperimetric inequal-
ity we can get

THEOREM 2. Ao(N;r) > h(N;r)?/ 8.

We remark that if N has finite volume then trivially Ao(N,r) = h(N;r) = 0. The
above inequality makes sense when the volume of N is infinite. For a compact manifold
we give an estimate of the minimum of non-trivial eigenvalues of A,.

In the final section we deal with the transiency of geodesic random walks. We call
an r-geodesic random walk fransient if Y02 L,f < oo for some positive f € L*(N).
When N is a normal covering of a compact manifold, the non-transiency of the deck
transformation group is also reflected on random walks on N.

THEOREM 3. Let M be a compact Riemannian manifold. If the fundamental group
m1(M) is non-transient then transitive r-geodesic random walk on the universal covering
space M is non-transient.

The reader should compare some works on the Brownian motion and on the Laplace-
Beltrami operator. Brooks [2] and Varopoulos [13] proved that the fundamental group of
a compact manifold is amenable if and only if the greatest lower bound of the spectrum of
the Laplace-Beltrami operator equals to zero. For the transience of the Brownian motion
on the universal covering space Valopoulos [13] showed by use of S-operators that it is
transient if and only if the fundamental group is transient. In some sense our work can
be regarded as a discrete version of their results. From the interpolation of the Laplacian

|
of = lim 5 (f = L,f)
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one may guess for small r properties of the spherical Laplacian A, are similar to that of
the Laplacian. But since r is not necessarily small and there are no relations between L,
and L,, our situation is not trivial. We provide quite elementary proofs without any aid
of these results.

The author would like to acknowledge useful conversation with T. Sunada and Y. Os-
hima.

1. Amenability and the spectrum of spherical Laplacian. A countably gener-
ated discrete group G is said to be amenable if there is a bounded linear functional
v:L*®(G) — R having the following properties;

(A1) infy e f(7) < v(F) < supy e f(V),
(A2) v(Y - f) = v(f), where ¥ - f(0) = f(Y"'0).

In this section we prove Theorem 1 by using the following combinatorial characteri-
zation.

THEOREM (FOLNER [6]). A group G is amenable if and only if, for every finite subset
A of G and arbitrary k, 0 < k < 1, there exists a finite subset E of G such that

#ENE-a) > k#E
for every a € A.
Given a domain D in the universal covering M of a compact manifold M we set
D" ={x€D)| exp,rv € Dforevery v € UM},
d'D=D\D".

Let F be a connected bounded fundamental domain of M — M with piecewise smooth
boundary. Since r is not necessarily small, we need to choose a bounded domain £ with
nice boundary 9’F in the following manner. We denote by B,(F) the set of all points
x € M with d(x, F) = inf,er d(x,y) < r, and set

T'={Y €m®)| Y(F)N B.(F) # 0}.

We show
LEMMA 4. The bounded domain F = Uy erY (F) satisfies

a’(uae,,a(ﬁ)) nNE=0,

where A = {7y € m(M) | YEYN F# 0}

PROOF. Puty = exp, rv for a point x € F and a vector v € U.M. If x € Y(F) for
v € T then Y~ !(y) is contained in F, because ¥ ~'(x) € F and d(”y_l(x),’y_'(y)) =
d(x,y) < r. On the other hand since Y(F) N F contains Y(F), ¥ is an element of A.
Therefore y € Y (F) C Ugeaa(F), hence (UaeAa(ﬁ'))r contains F.
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Given k, 0 < k < 1, pick a finite subset E of 7(M) as in Fglner’s theorem. We
use the characteristic function x of the set H = U,¢z0o (F) as a test function. Since the
support of xyA,xp is contained in 0"H, we have

/MXHArXHdVOl = vol(H) — /HL,devol
= Vvol(H) — vol(H") — /U i XH(EXP VS
< vol(H) — vol(H"),

hence get
Jit XHAXH d VOl < vol(H")

Saxhdvol — vol(H)
In order to give an upper estimate of the left-hand side of the above inequality, it is enough

to estimate vol(H") / vol(H) from below.
Suppose o € (M) satisfies oa € E for every a € A. Then

o(FYyN 9H C a(F)N (8’(UaeAaa(13')) U (H\ Usex aa(ﬁ))).
Since A contains the unit element, the right-hand side coincides with
o(F)N 3 (Usenra(F)) = o (FN 3 (Usera(P) ),
which is empty as we have seen in Lemma 4. Thus H” contains
H\ U ' (o(F)) = H\ Uy ('),

where in the union o runs over all elements in £ with ca ¢ E for some a € A. Therefore
we have

vol(H") > vol(H) — vol('F)#{ o € E| oa ¢ E forsome a € A}.
Since A is symmetric, i.e., A =A"!= {a"!| a € A}, and
#{o €E| ca ¢ E} =#(E\E-a'") <(1 —k)#4E,

we get
vol(H") > vol(H) — (1 — k) #A #E vol(9'F).

Thus the inequality vol(H) > #E vol(F) leads us to
Jig XxuArxH d vol <1 vol(H")

JaxZdvol —  vol(H)

vol(9"F) vol(9'F)
< —-k#A ol(F)

Xo(M; 1) <

< (1—k)#AHE ol

Letting k — 1, we get the conclusion of Theorem 1.
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2. Isoperimetric inequality for the spherical Laplacian. In this section we es-
timate from below the greatest lower bound of the spectrum of spherical Laplacians.
What we have to do is to construct a discrete version of Cheeger’s proof. On this line
some difficulties arise from the fact that the r-difference d,f of f is a function on the unit
tangent bundle. Let ¢,: UN — UN denote the geodesic flow on the unit tangent bun-
dle of a complete Riemannian manifold N. The r-difference operator can be written as
df = fomop,—fom. Since the Liouville measure dS is p,-invariant, we get by easy
calculations the following.

LEMMA 5. Let D be an arbitrary domain in N. For L*-functions f and g we have

/upd’f'drgds= /I;f‘Arng01+£)g~Arfdvol

M Jvol
+/UDfo7ro<p,-go7ro<p,dS—/Df-g vol,

in particular

/UNd,f-d,gdS:/Nf-A,gdvoH/Ng-A,fdvol.
1/2

2 B 1/2
[ ld)ds < ¢z( [ @7 ds) x ( fypt* oo @45 omas)

The following lemma, which combines a function on N with its r-difference in terms
of their L!-norms, is a key to prove Theorem 2.

LEMMA 6. Let f be a non-negative function whose support is contained in a bounded
domain D. Then we have

/UD |d,f| dS > hyp /Dfdvol.

PROOF. Since d, is continuous, we may only treat the case f as a step function:

K
f =2 aixe,
i=0

whereaq; > 0,i=1,...,K,and D = Ey D E; D --- D Ek, with proper containment
fori=1,...,K.
Let x € E;\ Ej,, and suppose v € U;N satisfies m o ¢,(v) € Ei\ Egs1. Then we find

=1 i=k+1,..,)
drxe, (V) = {0 otherwise,
dyxg,(v) = 0 for every i, when k = j,

when k < j,

and
1 i=j+1,...,k

0 otherwise, whenk > j.

dixe(v) = {
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Thus we get
K
|dif | = 3 aildrxl.
i=0

which leads us to the conclusion.
Let f be a continuous function on N with compact support and [y % d vol = 1. We put

D = Int(B,(supp(f ))) when N is not compact, and D = N when N is compact. Using
Lemmas 5 and 6 we find

. _ 2 g0 2
2 /N f-Afdvol /U (df) ds fU (d:f) dS
2

L (wlagolas)
> _
~ 2 fupflfomop,+f2omdS
2 Mo Ipf*ds _ Mo
2 JupfPomop,+ffomdS 4°

hence we get the conclusion of Theorem 2:

InfAf dvol S h(N; r)?

Ao(N; r) = inf
oV =it ol = 8

If N has finite volume, constant functions are eigenfunctions, hence \o(N; r) = 0. To
avoid this triviality, we consider for a compact manifold M the minimum of non-trivial
eigenvalues of A,. We set

h(M;r)= igf h,p,

where D runs over all domain in M with vol(D) < % vol(M). This constant may equal to
zero. For example h.(S"; r) = 0 when r is a multiple of the diameter of a standard sphere
S". Using this constant we estimate

M(M;r) = inf{ X > 0| Af = Af for some non-constant f € L>(M)}

from below.
Let f be a non-constant eigenfunction associated to A. We may suppose the volume
of D = f~1([0, 00)) is positive and is not greater than % vol(M). Define a function g by

_ff® iff(x) =0
8x) = {o if £(x) < 0.

By the inequality f < g we find L,f < L,g. Therefore we get

A/szdvol:/DfA,fdvolszgA,gdvol.

Since the support of g coincides with D, we have

/l-)gdeOIZ/ngowocprdS,

https://doi.org/10.4153/CMB-1991-001-2 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1991-001-2

SPHERICAL MEAN AND THE FUNDAMENTAL GROUP 9

where X = UM |p. This inequality and Lemmas 5 and 6 imply
2
2 /D gAgdvol > /X (d,g)* dS

2
(el as)

>
T2 fxgtomop,+ [pgtdvol
th 2 th 2
> Ty — T,
> /Dg dvol = —2 /Df dvol.

Summarizing up we conclude

PROPOSITION 7. For a compact manifold M, the following isoperimetric inequality
holds,
M(M;r) > h(M;r) [ 8.

We close this section by posing a question: is it true that h.(M;r) = 0 if and only if
M is a Cy,-manifold (see [1] for the definition) and r is a multiple of £?

3. Transiency of random walks. A finitely generated discrete group G is said to
be transient if there exists a probability Borel measure p with the following properties:
(T1) p is symmetric; u(g) = p(g~'), g € G,
(T2) the support supp(p) is finite and generates G,
(T3) the random walk defined by the transition probability p,(Y,0) = u(y o) is
transient.

It is known that (T3) is equivalent to 02, u"(e) < o0, where u" denotes the n-
th convolution of p and e is the unit element. Moreover if G is transient then every
probability measure with properties (T1) and (T2) satisfies (T3) (see [8]).

We define a combinatorial mean L, : L*(G) — L*(G) associated to a probability mea-
sure u by

L,h(Y) = 37 p(o)h(Yo).
oeG
If u satisifes (T1) and (T2), by general theory (see [7] and [9]), G is non-transient if and
only if there is a sequence (h,) in L*(G) such that
R1) h,— 1,
(R2) (Aphn, hp) = Tyegha(Y) - Ayhp(Y) — 0, where A, =1 —L,,.

Let M be a compact Riemannian manifold. We denote by ¢,: UM — UM the geodesic
flow on the unit tangent bundle 7: UM — M of the universal covering space. Through-
out this section we suppose r-geodesic random walk on M is transitive: for any open
sets U and V of M there exist unit tangent vectors v;,j = 0,...,K, such that 7(vg) €
U ) =mop),j=1,...,K—1,and 7 o p,(vx) € V.
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Choose a bounded fundamental domain F in M and define a probability measure p,
on (M) by

1
= TS r 17
,U,r('Y) VOl(M)/FL Xy(F)dVO

We first point out this measure satisfies (T1) and (T2).

Let 7: UM — UM denote the canonical involution given by 7(v) = —v. For each
Y € m (M) we define a measure preserving diffeomorphism ®,: UM — UM by &, =
dr~' o1 o, Since g, 07 = T o0 p_, if v € UM|r and ¢,(v) € UM|Y(F) then
@, (v) € UM|r and ¢, 0 Dy (v) € UM|y-15), hence xy-1p 0T 0 p, 0Dy = Xy om0,
on UM |F. This guarantees y, satisfies (T1).

Since F is bounded it is clear that supp(y,) is finite. By the transitivity of the 7-geodesic
random walk on M, one can find for each ¥ € (M) unit tangent vectors v; and v; €
m(M), j = 0,...,K, having the properties

i) Yo =14,

(i) 7(v) € Int(V(F)), 7 0 (v € Int(Y(F)),

(iil) 7o @ (vj)) = T(Vjs1).

By (ii) and (iii) we get p (Y j‘l -Yj+1) > 0. This implies supp(u,) generates m;(M).

We now show Theorem 3. Let (h,,) be a sequence in L? (7r1 (M)) having the properties
h, — 1 and (A, hy, h,) — 0. Define L*-functions f, on M by

fox) = By (), ifx € Y(F).

Then

L.f,dvol = h L, 1
/wr) fndvo UGWZI(M) ”(0)/7(6 Xt dvo

= vol(M) 3 11,(Y "' 0 )hu(a) = VOIM)L,, hu(Y).

Therefore we get

/M fo-Afadvol= > {vol(M)h,,w )2 — ha(Y) L - L.f, dvol}

Y Em (M)
= VOI(M){ Ay, b, b

The existence of a sequence (f;,) in L?(M) having the properties (R1) f, — 1 and (R2)
Jigfn - Arfud vol — 0 leads us to the conclusion.
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