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Abstract

An asymptotic estimate is obtained for the number of partitions of the positive integer n into distinct
parts, each of which is at least m. The estimate holds uniformly with respect to positive m such that
m = o(n(logn)™®),as n — oo.

1991 Mathematics subject classification (Amer. Math. Soc.): 11P68, 11P72.

1. Introduction

We define g,,(n) as the number of partitions of the positive integer » into distinct parts,
each of which is at least m, that is, the number of partitions of the type

n=i+i+:--+1i,
m<ip<ip<---<i, <n.

Our aim here is to obtain an asymptotic estimate of g, (n) as n — oo, valid for as
much as possible of the range 1 < m < n/2. The estimate obtained will in fact be
valid uniformly with respect to positive m such that

(1.1 m = o(n(logn)™?).

The asymptotic behaviour of g(n) = ¢;(n), the number of partitions of n into
distinct parts, was sketched by Hardy and Ramanujan at the end of their study [8] of
the classical partition function p(n), and g (n) was further investigated by Hua [9]. In
particular, the estimate

1.2 L AN

(1.2) ) ~ s exp {7 (3)
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(2] Partitions into distinct large parts 387

follows from the more precise expansion in [8] and {9]. (See also Freiman [6]).

The work of Hardy and Ramanujan [8] led to extensive investigation by many
authors of the asymptotic behaviour of a variety of functions arising in the theory of
partitions. (See, for example, Roth and Szekeres [11)).

Over the past few years Erdos, Nicolas and Szalay have investigated the asymptotic
behaviour of ¢,,(n) (see [4] and [3]) and Dixmier and Nicolas have considered the
related function p,,(n), the number of partitions of n into parts each of which is at
least m (see, for example, [2]). These studies have concentrated on the case when m
is relatively small (less than n'/2). For small m, g,,(n) is reasonably comparable with
q(n) and p,,(n) with p(n).

The method used here is different from the methods in the papers cited above and
relies on a probabilistic approach. We represent g,,(n) via an integral and interpret
this integral in terms of a sum of independent random variables. If an appropriate
local limit theorem were available, it would yield an asymptotic estimate for g,, (7).
By exploiting the special features of this particular problem we obtain, in effect,
the equivalent of a local limit theorem in this situation, and this yields the required
estimate.

Applications of local limit theorems to number theory were used, for example, by
Khinchin and Postnikov (see Postnikov [10]). The idea of deriving the equivalent of
a local limit theorem for the purposes of a particular number theoretic problem has
been used previously by Freiman [5, 6, 7].

In Section 2 we present the probabilistic considerations relevant to our problem
and these lead to the formulation of our main result, Theorem 1, giving an estimate
for g,,(n) which yields an asymptotic estimate which is valid for m subject to (1.1). In
Sections 3, 4 and 5 we derive the various estimates and bounds needed for the proof
of the theorem, and in Section 6 we complete the proof.

The main term of the estimate for g,,(n) in Theorem 1 involves a parameter ¢ which
is not given explicitly in terms of m and n. In order to give the main term explicitly
in terms of m and n we obtain some further more precise estimates in Section 7. Then
(Theorem 2) in Section 8 we derive an explicit asymptotic estimate for g, (1) which is
valid for large m and involves the inverse of the strictly decreasing function F defined
by

1 > vy
F(X)=F/X oA (X >0

As a corollary, we obtain a family of asymptotic estimates for g,,(n) in terms of
elementary functions, each estimate being valid for large m in a specified interval of
length at least o(n'/3).

Finally (Theorem 3), in Section 9, we derive an explicit asymptotic estimate for
gm(n) for small m which is valid for m = o(n'/*) and involves only elementary
functions. The case m = 1 yields (1.2), and the relationship to the results of [3] is
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discussed further at the end of Section 9.

We are grateful for helpful comments from participants in the Journéees Additives
held at Marseille in September 1991. In particular, we thank Professor Nicolas for
sending the information about the expansion of F~!(Y) which is discussed at the end
of Section 8.

2. Probabilistic motivation

Our starting point is the following lemma.
LEMMA 1. For any real o,
on ' jo 2miaj 2rian
() = e /0 [10+eren)enda

PROOF. The integral on the right-hand side is

1
§ :/ e—a(mx,,.+~-+nx,,)e2m(mx,,.+~~-+nx,,—n)a dot,
X 0

where x runs over all (n — m + 1)-tuples (x,,, ..., x,) such that x; € {0, 1} for all i.
The contribution to this sum from x is e~7" if

2.1 mx, +---+nx,=n

and zero otherwise. Since there is an obvious one-to-one correspondence between
partitions of the required type and vectors x such that (2.1) holds and x; € {0, 1; for
all i, the above sum must be e~°"g,,(n), giving the result.

We rewrite our expression for g, (n) as

n 1
(22) qm(n) = " l—[ (1 + e—aj)/ w(a)e_z”i""da,
j=m 0
where
(23) go(ot) = l_[(pj(a)’
j=m
2.4) g (@) = pi; + pzje27liaj,
1 e_"j 1 )

T 1te’ T 1te  1+ei
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Consider independent variables X ,,, X1, ..., X, such that

X — 0 with probability p,;,
N with probability p,;,

so that X; has characteristic function ¢; given by (2.4) above. Then ¢ in (2.3) is the
characteristic function of

Y=Xm+Xm+l+"'+Xn-
We define
J jle’
2.6 M= -, =
(2.6) Z(l

1+ e% e%i)?2’

j=m

Then Y has mean E(Y) and variance V (Y) given by
E(Y)=M, V()= B
If a local limit theorem applied in this situation we would have
P(Y = n) ~ (2u B} /2~ M—7/CE) a5 5 o0,

We define the parameter ¢ = o (mm, n) as the unique real number such that

- J
2.7 = ,
@.7) " ]:Zm 1 + e/

sothat E(Y) = M = n. Now

1
P(Y =n)= / p@)e ™" da,
0

and hence with the above choice of o our limit theorem would yield

1
f (p(a)e-—Zﬂianda ~ (277,'32)_1/2.
0

Combination of this with (2.2) leads to the conjecture that, as n — oo,

n

Gn(m) ~ @uBY e [T (1 +e77),

j=m

under suitable conditions on m. We can now formulate our main result, which is the
following more precise version of this conjecture.
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THEOREM 1. As n — 00 we have
gn(n) = @ B2 [ [ + 7)1 + B),
Jj=m

where B and o are given by (2.6) and (2.7) and

1 172
(2:8) E =E(m,n) =0 <(logn)9/2 max {W (ﬂ) }) ,

n

uniformly with respect to m such that

(2.9) 1 <m < Kon(logn)~>.

Here K and the implied constants in the estimate of E are effective positive constants
independent of m and n.

By taking m such that 1 < m < Kyn(logn)=®8,, where (6,) is a non-negative
decreasing sequence such that 8, — 0 as n — 00, we see that, as n — oo, E(m, n)
tends to zero uniformly with respect to m in the given range. Thus we obtain

COROLLARY, As n — 00 we have

gm(n) ~ @B [ (1 +e7°),

j=m
uniformly with respect to positive m such that m = o(n(logn)~).

In order to prove Theorem 1 we need to prove that for m and n as in (2.9)

1
/ p(@)e ™ "doy = Qe BHV?(1 + E)
0

with E as in the theorem. Let

(2.10) J= / " p(@)e g,

1
2

so that, by periodicity, J coincides with the given integral. To prove the theorem it
will be sufficient to show that J = (27 B?)~1/2(1 4+ E) with a suitable upper bound
on | E|. The aim of our preliminary work will be to provide a basis for proving that as
n — oo we have

(2.11) J ~ QrBH™'2
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3. Estimation of the integrand and the main term

We shall need the fact that 0 > 0 and we therefore start with preliminary estimates
of o.

LEMMA 2. For o as in 2.7y and 1 < m < n/2 we have the following estim-
ates.

(i) Ifn>=6then0 <o <2/n.

(ii) Letr be an integer such that

3.1 max{m,2/n} <r <n/2.

">l‘°g(2¢)

PROOF. (i) Suppose n > 6and 1 <m < n/2. If o < Othene” < 1 foreach j and
so by (2.7) we have

Then

1 <&
z§§1=(n+m)(n—m+1)/4

> (n* —m?) /4 = 3n?/16,

which implies n < 6, a contradiction. Thus o > 0.
Write ¢ = 77, where 0 < ¢ < 1 since o > 0. By (2.7) we now have

n<ZJq <qu =ql-)? <(1—g)™.

j=m
It follows that
= l < vn <1+ _2_
q n-1 Jn
Since o0 < e° — 1, the given upper bound for o now follows,
(it) Suppose (3.1) holds. Then by (2.7) and the positiveness of o we have

e

2r . 2r . 2

J J r
n>z eoj+1>jz=r: 2e2¢7r>4e20r'

o ()2 (5).

which gives the required lower bound for o.
Now we give estimates of ¢;(a).

Hence
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LEMMA 3. For g;() as in (2.4) we have the following estimates.

(i) Forallreal o,
|9;(@)| < exp (=2pi; ps; sin’ maj) .
() If
3.2) Dajlsinmaj] < 1/3
then
@j(@) = exp (2miajpy; — 27%0? [ p1;paj + O [ py)))
with the implied constant effective and independent of «, m, n and j.
PROOF. (i) We have by (2.4) and (2.5) and the fact that p,; + p,; =1,
lo (@) = p?; + p}; + 2p1;paj cos 2maj
=1-2py;ps;(1 — cos2maj)
=1-4p,;p,;sin® naj
< exp (—4pi; pz; sin* maj),
sincel —0 <e?ifg > 0.
(ii) We can rewrite (2.4) as
@i(@) =1+ py; (7 — 1) =146,
say, where
0 = py; (€% — 1) = py;(cos2maj + i sin2maj — 1),
6] = 2p,| sinwajl.
Since |8| < 2/3 by (3.2), it follows from the series expansion for log(1 + ) that
(3.3) 1+6=exp(6 —6°/2+ 0(6%)),

with implied constant effective and independent of all our parameters. By express-
ing 8, 6%, 6° in terms of cosines and sines of multiples of 2raj and then applying
Taylor’s theorem to cos 2w ¢, sin 2w af, cos 4mej, etcetera, (cf. Breiman [1, Proof of
Prop. 8.44]) we obtain

0 = py; (2micj — Qraj)’ /2 + O(j)’),
0° = p3; (—Qraj)* + 0())’),
6’ = p;;0@j)’.

The required estimate follows from these results and (3.3), since

0<py <1, P2j — P%j = DP1jP2j-
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The above lemma enables us to estimate ¢(a).

COROLLARY. We have the following estimates for ¢(«) as in (2.3).
() Forallreal a,|p(a)| < exp(— Y 2P1j D2 i raj).
(ii) Suppose that either mo > 1 or || < o/(3m). Then
p(a) = e exp (—21’a’B* + O(c’p3)) ,

where n, o and B satisfy (2.7) and (2.6),

i3

(3.4) =3 T

j=m

and the implied constant is effective and independent of m, n and a.

PROOF. The inequality of (i) follows by multiplying the estimates for |¢; ()| for
J =m,m+1,...,n given by part (i) of the Lemma. For (ii), we note that if
oj > 1then by (2.5) po; < (1+e)™' < 1/3, whileif oj < 1then j < 07! and
so |sinmej| < |maj| < |wal/o. Thus our hypotheses on m and « ensure that (3.2)
holds and the estimate given by part (ii) of the lemma applies for j = m,m+1, ..., n.
Combining these estimates and using (2.7), we obtain the required result.

Let o9 be a positive parameter such that 0 < « < 1/2 (to be specified more
precisely later on). The above corollary now enables us to estimate the contribution
to J as in (2.10) from the subset [—ay, otp] and suggests that, for suitable positive aj,
this may dominate the contribution from the remainder of [—1/2, 1/2], which will be
called the supplementary subset.

LEMMA 4. Let

@

Jo = Jo(n, ap) = f e " g (a)da,

where
@rB)™ < ap <min(o(31)7", (03)™7),

with B, o and p, defined by (2.6), (2.7) and (3.4).
Then
Jo=QrBY 2 (14 0% + 0(egpn)

where ps is given by (3.4) and the implied constants are effective and independent of
m, n and .

PROOF. It follows from (ii) of the above corollary and the boundedness of ag 03 that

Jo= [ 0 exp (_2”2“282) da (1 + 0(“(3)/03)) .

@
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Now (putting 2ra B = y)

g 1 o o0
/:ao exp (_2712(1232) da = B (/_w e‘yz/zdy + 0 (lmw e'yz/zdy)> .

The first integral is /27 and since 2w o B > 1 we have

[ =]
_y2 _2 7722 B2
/‘ e y/2dy§/. yey/ZdyzeZHaoB.
2napB 2ragB

Thus we obtain

/ exp (—2n0’B*)da = 2n B*)™'? (1 + O(e'z"zaéﬂ’)) ,

o

which gives the required result. (We shall see in Section 6 that the conditions on g
are consistent for large enough n.)
If ag = ap(n) satisfies

op B* — oo, oy — 0
as n — 00, then Lemma 4 shows that
Jo ~ uBY)7'2,

If, further, the contribution to J from the supplementary subset is o(B~!) then we shall
obtain (2.11). In order to estimate the contribution from the supplementary subset
and then to choose o appropriately, we shall clearly need careful estimates of the
parameters o, B, p;.

4. Estimation of key parameters

In this section we give preliminary estimates of the key parameters o, B and p;
which are sufficient for proving Theorem 1. We start by estimating sums of the type

4.1) > e
j=r

since such sums are involved in the estimation of o, B and p;.

LEMMA 5. For n > 6, positive integral k and o as in (2.7), we have the following
estimates for sums of the type (4.1).
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(i) We have
n .
Zj"e"‘” < Coo ™! provided n > ny,
j=1

where Cy and nq are effective constants, independent of m and n (but dependent on k).
(ii) Let r be a positive integer such that
4.2) ko™' <r <n/2.
Then .
Y jte i =(o7'rte ) (14 0(6n™),
Jj=r

with the implied constant effective and independent of m, n and r (but dependent
onk).

PROOF. (i) We consider the function f defined by
fx) = (ox)e™,

and recall that ¢ > 0. We note that f is strictly increasing on [0, ko ~'], strictly
decreasing on [ko ™!, 00), and hence has a unique maximum on [0, c0), namely

(4.3) flko™") = ke ™.
We also note that by induction on £ and integration by parts, we have
fm yeldy =e" (B + kb +k(k — DB TP+ L+ k).
b
It follows by using the change of variable y = o x that
4.4 /oo f@dx =klo™!
0
and also that

4.5) /oo fx)dx =07 f(a) (1 + O((ao)™)) if ac > 1.

By applying Euler’s summation formula to f(x) on [0, ko ~!] and on [ko !, n] and
using the monotonicity of f on these intervals we see that

n . 1 n 1 "
Zj"e"” == Zf(]) = (/ f(x)dx + O(f(kO'—l))) :
j=1 g j=l1 c 0
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Since 0 < 0 < 1 by Lemma 2, the result (i) now follows from (4.3) and (4.4).
(ii) Suppose now that (4.2) holds and hence ro > 1. By applying the integral test
to f(x) on [r, n] and using (4.5), we obtain

n

. 1 "
] ije—"f = = (/ fx)dx + O(f(r))>
(4.6) Jj=r ]

= = (7' (f) = f)(1+O0Wor)™) + O(f(r))).
Since n > 2r, we have
fn) < f@r) = f(r)0(e™) = f(r)O(or)™),

and hence the right-hand side of (4.6) is
1

ok+l1

f(1+0Wor)™) + 0(0)),

which gives the required estimate for the above sum since ¢ = O((or)~!) by
Lemma 2(i).

We can now give our basic estimates of o, B and ps.

LEMMA 6. For n > 6, we have the following estimates involving o, B and p; as
defined in (2.7), (2.6) and (3.4).

(i) For1 <m <n/2, we have

n < 4072,
B < Cio73 provided n > n,
p3 < Cyo™* provided n > ny,

where C1, C, and ny are effective positive constants, independent of m and n.
(i) If
367 <m <n/2,
then
n=mo"'e”" (1+ O0((lcm)™)),
B> =m’c7 e (1+ O((om)™)),
ps=mia e (14 0((om)™),

with the implied constants effective and independent of m and n.
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PROOF. Supposen > 6and 1 < m < n/2. The upper bound for » in (i) is immediate
from Lemma 2. We indicate the method for the other estimates by considering B? in
detail. Since o > 0 it follows from (2.6) that B> < Z;'l:m j*e™/, so that Lemma 5(i)
with k = 2 gives B> < Coo > provided n > ny.

For any integer r such that (4.2) holds with k£ = 2, we have by Lemma 5(ii)

n

j2eaj - 2 —0j ~ar
Z(1+eaj)2 = ZJ € (1+0(€ ))
j=r J=r

rPe (1+0((or)™).

4.7

Q-

If m > 307", we apply this result with » = m and obtain the estimate for B? in (ii).

The remaining estimates for p; and n are obtained similarly by using Lemma 5
with k = 3 and k = 1, respectively.

We now use Lemmas 5 and 6 to obtain estimates which together cover the whole
range 1 <m <n/2.

LEMMA 7. For n > 6, we have the following estimates involving o, B and p; as
defined in (2.7), (2.6) and (3.4).

(1) There exists an effective constant K > 3, independent of m and n, such that
ifKo™' <m <n/2then

n/2 <mo~'e™™ < 2n,
B?/2 <m0 'e™™ < 2B?,
p3/2 <m’o~le™™ < 2ps,

mo <logn.

(ii) For K as in (i) there exist constants C = C(K) > 1 and n, = n(K) such
thatif1 <m < Ko~! then

n > Co? providedn > n;,
B2 > Co73 providedn > n,,
p3 > Co™* provided n > n,.

PROOF. (i) We choose K > 3 such that if om > K then the three error terms
occurring in Lemma 6(ii) all have absolute value at most 1/2. This yields the first
three inequalities. If Ko~! < m < n/2, we have, in particular n/2 < mo~'e™°", and
hence noe’™ < 2m < n;since no > mo > 1, it then follows that ¢°” < n and hence
om <logn.
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(ii)) We now assume that 1 < m < Ko™!, for K as in (i). We note that by
Lemma 5(ii) and (4.7) there is a constant K such that if  is an integer such that (4.2)
holds with k¥ = 2 and if ro > K then

n .2

-] 1 2 —or
Y > .
Z(1+eaj)2 - 20r €

j=r
We take
A= maX(K, Kl)’

and note that by Lemma 2(ii) (with r = [n/2], for example), there exists n; = n;(A)
such that
on > 4A if n>n,.

We take
r= [Acr_l] +1,

and note that if # > 7, then (since c~! > 1 by Lemma 2(i) and A > 2)
(4.8) m< Ao~ <r <24Ac7! <n/2,

so that r satisfies (4.2) withk = 2, and ro- > K, and r > m. Hence if n > n, we
obtain B? > r?e~°"/(20') and hence, by (4.8),
32 > ﬁe_ZA — _C_
~ 203 o3’
say, where C = C(A) is independent of m and n.
The argument is easily expanded to cover the other two inequalities at the same
time, by using Lemma 5 with k = 1 and & = 3.

COROLLARY. There exist effective positive constants C, D, ny, independent of m
and n, such that if 1 <m < n/2 then CB* < psn < DB* provided n > n,.

PROOF. Let K be the constant in Lemma 7. The result for Ko™ < m < n/2
follows from Lemma 7(i) and the result for 1 < m < Ko~! follows from Lemma 6(i)
and Lemma 7(ii). Combining these results gives the required conclusion.

5. Contribution from the supplementary set

The main term of our estimate of .J as in (2.10) will come from Jj, the contribution
to J from the subset [y, o], as estimated by Lemma 4, for suitable positive ¢4 to
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be determined later (in Section 6). We shall call [—ay, «g] the main subset. We now
consider the contribution to J as in (2.10) from the supplementary subset

G.1) S={o:a< el <1/2}.

We need to show that, for suitably chosen «y, this contribution is o(B~!) as n — oc.
In order to estimate the contribution from S we need the following lemma.

LEMMA 8. For |a| < 1/2 and any positive integers m and k such that k > 2 we
have

m+k—1 k
> 2sin’raj > 5 min {1, (@k)?}.

j=m

PROOF. Clearly we can assume without loss of generality that

O<a<1/2
We have
m+k—1 m+k—1 m+k—-1 .
. . . ) | sin wack|
5.2 2 sin’ = 1—cos2 >k— cos?2 >k——= .
(5.2) ,_Zm naj ;( cos 2marj) > ; waj| > —

Ifl1/k <a < 1/2,then
2 2
sinta > —mwa =20 > -,
b4 k

and so the right-hand side of (5.2) is

k k.
> 3 = ;min (1, (@k)?).

IfO<a < 1/k,then0 < o < ak/2 < 1/2 and since sin 7w x /7 x is strictly decreasing
on (0, 1/2) we have

0 <sin(mrak/2) < (k/2)sinra, sin(rak/4) > ak/2;
thus in this case the right-hand side of (5.2) is

& 2 sin(wak/2) cos(mwak/2)
sinwa

k
>k (1 - cosna§> = 2k sin® oy
AL k
> 2k (‘%) = 5 (@ky’ = 5 min {1, @k?}.
Thus in both cases the stated inequality holds.
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We can now estimate the contribution from S.

LEMMA 9. Suppose n > €8, 1 <m < n/2 and oy < o, then for S as in (5.1) we
have

<exp(—(32e) e "ajo ).

f e—2nian(p(a)da

N

PROOF. Consider o in S. We note that by Lemma 2(i) and Lemma 2(ii) (with
r = [n/2]) and our choice of n we have 0~' > 2 and on > 2. We consider the
integer k given by k = [0 '], noting that k < n/2 and hence m + k < n. By (i) of the
corollary to Lemma 3 we have

m+k—1
lp()] < exp (—2 Z P1jP2j sin® naj) )

j=m

and since o > 0 it follows from (2.5) that

1 m+k—1
lp(@)] < exp (—5 e o m+h) Z sin waj | .

J=m
Now by Lemma 8, since « is in S and k > 2 we have

m+k—1 k
Z sin® rarj > Emin{l, (ak)} >

j=m

min {1, (aok)’} > % @k’

[SP NI

since agk < o ™! < 1. Also by our choice of k, we have e > e~land k > o'/2.
Thus we obtain
lp(a)| < exp (—(32e)"’e_”’"a§a_3) .

Since |e”?"*| = 1 and S has total length less than 1, integration over S now gives
the result stated.

6. Completion of the proof of Theorem 1

For positive X and Y we shall write X « Y to mean that X < CY if n > n,,
where C and ng are effective positive constants, independent of m, n and oy, and all
constants mentioned will satisfy this requirement.

Suppose now thatn > ¢®, 1 <m < n/2 and

6.1 27 B)™!' < ap < min (0(3”)—1, (p3)_'/3) ’
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and hence that the condition oy < o in Lemma 9 is also satisfied. Then Lemmas 4
and 9 show that for J as in (2.10) we have

(6.2) J = QrBH 21 + E),
where £ = E(m, n) satisfies
E K e 7B agpg + Bexp {—(326)‘1e_”'"a(2)a‘3} .

First we need a lower bound for e=""a30 . Let K be the constant in Lemma 7(i).
If Ko=' < m < n/2, then by Lemma 7(i)

2,-om 2 2
m-e 1 ,» . B

o om0 (logn)*’

e'”’"a(z)a_3 =

On the other hand, if 1 <m < Ko™!, then by Lemma 6(i)

B?. a2

—om 2 __-3 —-K 2B2 > 0.

e g0 T > e TagBT 3 (logn)2

Since B > 1 by (6.1), the error E in (6.2) satisfies
2
Q!()B

6.3 E : B - ,
© «oofs F exp{ (Clogn) }

where C is an effective positive constant.
We seek to choose o so as to equalise the two expressions on the right-hand side
of (6.3), so that

where

"= Clogny’ s’
By the Corollary to Lemma 7

n(logn)™ « y « n(logn)=3,

and hence y > e provided n > n,, for suitable constant n,. From now on we assume
that n > n, and we take

C
6.4) oy = % logn,
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where x = x, satisfies e = x3/y, that is x’¢* = y. It is easily seen that x, is
14 y

unique and

(logy)'"?/3 < xo < (log y)'"?
and hence
(6.5) (logn)'? « xo < (logn)'’2.

We must check (6.1). Clearly (6.4) and (6.5) imply that oy > (27 B)™! provided
n > n,, for suitable n,. We now look at upper bounds for «.
If 1 <m < Ko~! then by Lemmas 6.4 and 6.5, and Lemmas 7(ii) and 6(i) we have

a log n)*? log n)*? log n)*?

_o<<(g)<(g_) (logn)

ol oB o112 nis
and

(log n)*?

agps <K (logn)?p3B7* « 174

On the other hand, if Ko~! < m < n/2 then it follows from Lemma 7(i) that
B* > mn, 03 K mB* <« m*n,
and in this case we obtain

w/c <« (logn)’m/B & (logn)*(m/n)',
ap < (logn)psB™ & (logn)*(m/n)'2,

It follows from the above estimates that there is a positive constant K such that (6.1)
holds for n sufficiently great provided that 1 < m < Kyn(logn)=. By (6.3) and our
choice of x, the error E in (6.2) then satisfies E < o p3; and combining our upper
bounds for e} p3 we obtain

1 my1/2
9/2 — (=
E < (logn) max{nm,(n) l

that is, E satisfies (2.8). By the remarks at the end of Section 2 this completes the
proof of Theorem 1.

7. Further detailed estimates

In order to obtain explicit asymptotic estimates in terms of m and n for g,,(n), we
must look in more detail at the main term of the estimate of g, (n) in Theorem 1. For
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this purpose we clearly need to estimate the numerator

e (1+e77) = exp {on + Zlog 1+ e‘j")}

j=m

(7.1) = n :
oj i
exp{i <1+eaj+log(l+e’))|.

j=m

We also need an asymptotic estimate for B2 when m is relatively small (significantly
less than /), and we need more precise information about o, which we obtain by
more careful study of the sum (2.7) which determines o. In this section we shall
obtain the necessary estimates, which will be based on the following lemma.

LEMMA 10. Suppose 1 < r < s. Then we have the following estimates, with all
implied constants effective and independent of r, s, m and n.

Let
(7.2) fx) = — +1log (1+e77).
Then

: N L[ ox oy ||
) ;f(;)_zf_l T dxxlog(1+e )L

+(f() = f(r = 1))/2+4 0(0) + O(0’s);

i

I D :/: O gx+ 5”} +0@0) + 0(%s);

lted o 1ver T+es |
o?j2e% S o%x%e” to2x%e ' 5
= ——d - (0] (0] .
(iif) Z 15 ) /r_l AT ey x + Tvey| + O(0) + O(o%s)

PROOF. (i) For x > 0, we have
f'(x) = —0%xe’*(1 + €)% < 0,

so that f is strictly decreasing on (0, 00). Since o > 0, we have ¢°* > ox > 0 for
x > 0. Thus it is clear that

1.3) f'(x) =0(0) for x >0,
and it is also easily checked that

(7.4) f'(x) = 0(c?) for x > 0.
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We use the Euler-Maclaurin summation formula in the form

z s 1 s B 1 f¢
3 F0) = f fGdx+ 5f<x)] + gf’(x)] — / By(x —[x]) f"(x)dx,
j=r r—1 r—1 r

s
r—1 2 -1

where B,(t) =t* —t + { and B, = B,(0), so that B,(x — [x]) = O(1). The required
estimate (i) then follows by integrating log(1+e7°*) by parts and using (7.3) and (7.4).
Estimates corresponding to (7.3) and (7.4) hold for the functions involved in the two
sums in (ii) and (iii) and the required conclusions follow in a similar way (except that
no integration by parts is required).

First we use Lemma 10 to give the estimates which are needed when m is relatively
large.

LEMMA 11. As n — o0, the following estimates hold uniformly with respect to m
such that
(7.5) 6n'? <m < Kon(logn)™,

with Ky as in Theorem 1 and all implied constants effective and independent of m
andn.

(i) We have
e’" ﬁ(l +e™) =exp 2 foo Y dy —mlog(1+e™")
jocim O Jom 1+ €
+ O (o (logn)’) + O(Gme“”")}.
(ii) We have

1 o0
on=— fam %e_y dy + O (o (logn)’ + O(ome ™)) .

PROOF. We assume that (7.5) holds and note that, by Lemma 2(ii),

(7.6) om > log (2—:’;”—> >1

Also for f(x) asin (7.2) and x > m we have
7.7 f(x) = O(oxe™ ™) = O(ome™").
By (7.1) and (7.2),

L0+ o[£ 100] -5
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say. We split S into two sums,
S=YFf+ D F)=5+5,
j=m j=s+1

say, where s = [2m (log n)z], which is less than # for large n by (7.5). For sufficiently
large n we have os > om(logn)? > (logn)?, and hence

S,=0 (n (log n)ze'(hg”)z) .
‘We now apply Lemma 10(i) to S;, with » — 1 = m, and use the change of variable
ox = y on the relevant integral, obtaining

2 os
S =;fam lj-)ey dy—mlog(1+e_"”‘)+O(se"”+f(m)+0+02s).

Also we note that

1

y
— — —osy — 2 ,—~(logn)?
/M T o dy=0 (se ) (0] (n(log n)e ) .

Using (7.5), (7.6) and (7.7) and the estimate om < logn from Lemma 7(i), we see
thatasn — o0

2 * vy
S=854+85=— dy —mlog (1 —m) + E,
¥ 2 U<[1m1+€y Y mog( te )+

where
E = O(c(logn)’) + O(ome™™).

This completes the proof of (i).
The proof of (ii) is similar, starting from

n

oj
n0=21+e"f’

j=m

splitting the sum into two in exactly the same way as before, and using Lemma 7(ii)
on the first sum.

COROLLARY. Under the conditions of Lemma 11, we have

[ +e) =exp [20n — mlog(l +e~™) + O(o(logn)*) + O(Ume“"")}.

n=m
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PROOF. Use (ii) to replace the integral in (i).

Now we give the corresponding estimates needed when m is relatively small.

LEMMA 12. Let f(x) be as in (1.2). As n — 00, the following estimates hold
uniformly with respect to m such that

(7.8) 1<m<n'?

with all implied constants effective and independent of m and n. We have

: .71
() j;fm = 5 — 5 log2+ 0 (o logn)’);
y "\ gj
(ii) ; [T e 12 + O (o (logn)®);
n N2 o) 2
(i) SN T 0 (atiogn).

= (14+e%)? 60

PROOF. We assume now that (7.8) holds, and note that, by Lemma 2(1), mo < 2,
so that for K as in Lemma 7 we have

m< Ko™,
By Lemma 7(ii) it follows that for n sufficiently great and C as in Lemma 7
o> C\2p12 = Dn-l/z,
say, where D = C/? > (.

Again we split our sum into two parts,

§ = Zf(1)+ Z fi)=S+$,,

j=s+1

say, where s = [2n'/2(log n)?], so that os > D(logn)?, and hence
S, =0 (nD(log n)ze‘D“"g")z) = O(o(logn)*),

using o > Dn~'/2. We note that now

o0

1 y

o J,s 1+e

= O(se™") = ( 112(1og n)%e ~D<’°€"’) = O(a(logn)®).
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This time we apply Lemma 10(i) to §; with » — 1 = 0. Arguing as in the proof of
Lemma 11(i) and noting that f(0) = log2 we obtain

2 = 1 —os
Slz—fo l_ieydy—zlogZ—i-O(se +f(s)+o+02s),

where by using the above estimates and the fact 0 < 2n~"? by Lemma 2(i), we see
that the error term is O (o (log n)*). Combining the above results, we obtain

2 oy 1
§S== dy — =log2+ O(a(l 3.
0/0 T4 e y— 5 log + O(o(logn)’)

By writing the integrand in the form ye™ 3 22 (—1)/e™/” it is easily shown that

71'2

E7

7.9 dy=-¢2)=
(7.9) fo o =5¢@
and this completes the proof of (i).

The proofs of (ii) and (iii) are similar, using the same splitting of the sums with
respect to the same s together with parts (ii) and (iii) of Lemma 10. To evaluate the
main term in (iii), we also need to use integration by parts and (7.9) to show that

[e] 2,y 2 o 00 2
Ye y y ™
Y& gy=— 2 dy=".

fo A+ er” 1+ey]0 + /0 1+ " 6

8. Explicit estimate of g,,(n) for large m

We now use the corollary to Theorem 1 and the relevant estimates from Section 7 to
obtain an explicit asymptotic estimate for g,,(n) which is valid for m relatively large
compared with n'/2, We therefore assume throughout this section that

n'?y(n) <m < Kon(logn)™"°,

where Kj is as in Theorem 1 and (yr(n)) is a strictly increasing sequence such that as
n— oo

Y(n) > 00, Y(n)=o(n"*(logn)?).

We note that then, by Lemma 2,

%log (Y (n)/2) <o <2n7'2,
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It follows that under the above conditions as n — 0o we have

(8.1) a(logn)3 — 0, om — 0.

Hence, as n — oo,

8.2) ome " — 0, e " = 0,

and, by Lemma 6(ii) B> ~ mn.
By the corollary to Theorem 1, we see that under the above conditions as n — oo

Gn(n) ~ e T] + e,

j=m

1
/2amn)

and it then follows from Lemma 11(3) that

o0

1 2 y
n(n) ~ ——— 2 —L—dy-mlog(1+e™)}.
qm(n) JGrmn) exP[a./am T+ o dy —mlog(l +e )]

For X > 0, we define

_1 [y
83) FO=3: | 1o
(8.4) G(X) =2XF(X) —log(1 +e7™%).

Then as n — o0 we have

1 2 —om
an(0) ~ s oD [2m o F(om) —mlog(l +e )],
that is, .
(8.5) gm(n) ~ mn—) exp{mG(om)}.

In order to estimate the right-hand side, we use Lemma 11 to obtain an estimate of
om as follows. By Lemma 11(ii) under the above conditions we have

on = ;’1_/«00 1 j_leydy + 0(a(logn)3) + O(Ume_”’")

and hence, dividing by om? and using (8.3),
(8.6) n/m* = F(oem) + O ((ogn)’/m*) + O (e™°"/m).

It is easily checked that F'(X) < O for X > 0, so that F is strictly decreasing and
hence invertible. Equation (8.6) shows that F~!(n/m?) approximates om, and we
shall show that this approximation is good enough to be used in (8.5). We can now
formulate our result as follows.
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THEOREM 2. Let F be as in (8.3), and let (Y (n)) be an increasing sequence such
that y(n) —> oo asn — oo and ¥ (n) = o(n'?(logn)~'°). Then as n — oo we have

J(zzlrmn) exp {grr? F (;’%) —miog (1+ e_F_leZ))} ’

uniformly with respect to m such that
®.7) Y()v/n <m < Kon(logn)™,

where K, is the constant in Theorem 1, while all other implied constants are effective
and independent of m and n (but depend on r).

qm(n) ~

Before proving the theorem it is convenient to gather together some properties of
the functions F and G in the following lemma.

LEMMA 13. For F and G as in (8.3) and (8.4) we have the following results, in
which the implied constants are independent of the parameters involved (a, b, X).

(i) Let a and b be positive real numbers such that
|b —al <a/2, F (@) =1, F~'(b) > 1.

Then
|[F~'(b) — F~'(a)| < |b — al/a.

(ii) Let a and b be positive real numbers such that \b — a| < a/2. Then
|G(b) — G(a)| K alF(b) — F(a)l.
(iii) ForX > 1

— l _1_ -X -2X
F(X)—(X+X2)e + O(e %),

G(X)= (1 + %) e X+ 0(e™)=XF(X) i—if + 0(Xe ™).
(iv) AsY — 0, F71(Y) ~ log(1/Y).
PROOF. (i) By the mean value theorem

F7'(b) = F'@) = (b - a)/F'(F7'(c))

for some ¢ between a and b. It is easily checked that F”(X) > 0 for X > O (so that
F' is strictly monotonic) and that for X > 1 F(X) « |F'(X)| <« F(X). Therefore
|F'(F~'(c))| > F(F~'(c)) = ¢ > a, and the required inequality follows.

(ii) By Cauchy’s mean value theorem

G(b) — G(a) = (F(b) — F(a))G'(c)/F'(c)
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for some ¢ between a and b. It is easily checked that for X > 0 we have G'(X) =
XF'(X). Hence G'(c)/F'(c) = ¢ K a.
(iii) The first result follows from (8.3) by using the estimate

=e?(+e?) ' '=e? +0(?)

1+ e
and integrating. The second then follows from (8.4) by using the estimate
log(1+e*) =e* + 0.

(iv) It is easily seen that F~!(Y) — oo as Y — 0. From (iii) we have

1 1
XeX = 7 (1 + X + O(Xe‘X)) ,

where X = F~!(Y), and we obtain (iv) by considering logarithms.
We can now prove Theorem 2. By Lemma 13(i) with a = n/m? and b = F(om),
we obtain from (8.6) the estimate

om = F~' (n/m*) + O ((ogn)*/n) + O (me~""/n),

in which the error terms tend to zero as n — oo. By (ii) with ¢ = om and
b = F~!(n/m?), we then obtain from (8.6) the estimate

m{G(am) —G(F'(n /mz))] — 0(c(logn)®) + O(ome™™),

which tends to zero as 1 — 0o under our assumptions, by (8.1) and (8.2). Hence as
n — o0

exp(mG(om)) ~ exp (mG(F‘l(n/mz)),

and the theorem now follows from (8.4) and (8.5).
If Y = n/m?> and X = F~!(Y) then it follows from our assumptions and
Lemma 13(iii), (iv) that as n — 00, e™* ~ XY, and

me X ~ m(XY)?* « (ogn)*n?/m’.

If m > (logn)n?? it follows that me=2¥ = o(1) and so we obtain the following
corollary from Lemma 13(iii).

COROLLARY 1. As n — 00 we have
1 2 iy 2
(1) ~ 1 —Ftoymh {
WD mn) exp"’{( * F_,(,,/mz))e
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uniformly with respect to m such that
n**logn < m < Kon(logn)™'°,

where Ky is the constant in Theorem 1, while all other implied constants are effective
and independent of m and n.

For fixed @ > 1/3, we can obtain a precise estimate for G(F~!(n/m?)) by restrict-
ing m to a range in which « logn is a reasonable approximation to F~'(n/m?). We
note that by Lemma 13(iii)

F(alogn) = F, + O(n™>),

where

1 1
8.8 F, = Fi(a,n) = .
(8:8) : tlen n) {alogn+(alogn)2}n

If m = (n/F,)"* + E, with suitable E, then Lemma 13(ii) will yield

m(G(F‘l(n/mz)) e logn) « malogn ’12 —F + O(n‘z")!
m

alogn

FIEQm + E) + man™ logn
<K En™ +malogn n™.
If E = o(n®) then En~® — 0 as n — 00, and for m as above we have
m K (alogn)!?n1+®/2,

The condition & > 1/3 then ensures that as n — 00, malogn n™>* — 0. These
considerations lead to the following further corollary.

COROLLARY 2. Suppose 1/3 <a < 1. Thenasn — oo

1 m 2
(8.9) qm(n)~mexpln_a(l+alogn)}

uniformly with respect to m such that

alogn

8.10 =
(8.10) " (14 2logn)i/?

n(1+a)/2+0(na).
(More precisely, let (6,) be a decreasing sequence of positive numbers such that
6, = 0asn — ooand let F, be as in (8.8). Then (8.9) holds uniformly with respect
to m such that

m—(n/F)"? < 6,n°%,

with all implied constants independent of m, n and a (but dependent on the se-
quence (6,)).)

https://doi.org/10.1017/51446788700037770 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700037770

412 Gregory A. Freiman and Jane Pitman [27]

PROOF. It is easily checked that the conditions on o and m ensure that Theorem 2
applies and that the above argument is valid. Thus

m(G(F“(n/mz)) —G(a logn)) -0 as n — oo.
Also by Lemma 13(iii)

mG(alogn) = m (1 + 2(alogn)™")n™* + O(mn™>),

200

and our conditions ensure that as n — oo, mn~** — 0. Thusasn — o©

exp {mG(F‘l(n/m2))} ~exp {m (1 +2(alogn)™)n~},

and the corollary follows from Theorem 2.

We note that under the conditions of the corollary, (8.9) implies that as n — oo

1 _ 2+ alogn
-~ (1-a)/2
) e oXP {” (1 + alogn)”? ] '

Instead of restricting the range of m and using the rough estimate of Lemma 13(ii)
with b = F~!(n/m?) we might estimate F~'(n/m?) by more precise methods, giving,
say
(8.11) F'(n/m*) = ®(n/m*) + E.

We can see how small E needs to be as follows. If, further, m > (logn)?n??3, then,
by using the second expression in Lemma 13(iii) and Corollary 1 we see that

M)~ ——ex {EM}
n J(2rwmn) Plm x+1 |

where X = F~!'(n/m?). In order to use (8.10) to obtain an asymptotic estimate by
replacing X by ®(n/m?) we will clearly need E = o(m/n) as n — 0.

By classical methods similar to those used by Dixmier and Nicolas [2] for H (x), it
is possible to obtain an expansion of X in the form

1 = .
X=F'M)=—+L+) PLW +00 L},
v ;
j=1
where
Y =n/m?, v = (log(m?/n))~" > (logn)~*, L =logv.
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Professor Nicolas has kindly sent this information together with his calculations of
Pi(L), Py(L), ..., Po(L). For example, for k = 3 the expansion is

1 1 3
X = ; +L+({1-Lyv+ (ELZ - 5) v: + 0(v3|LI3)'

In order to ensure that under our conditions v*|L|* = o(m/n) we would need
something like m >> v*~'n, that is, roughly m > n(logn)~%~, Thus taking k = 11
would yield a suitable estimate X when m is at the extreme right-hand end of the
range in Corollary 1. We omit the details since the required value of £ can be reduced
by extending the range for m further to the right. Separate detailed consideration of
the right-hand end of the range will be pursued further elsewhere.

9. Explicit estimate of ¢, (n) for small m

We now consider the case when m is relatively small compared with n'/2. By
Theorem 1 and (7.1), we have, as n — o0 in this situation,

Gn(n) ~ @uB)~2IL
15

where

2 o .
M = exp {Z (1 +Jeaj +log (1 + e“’f))} ,
j=1
m—1 . —gi
14+e
=2 L .
" exP[;(Hew’L B\ 2

By (2.6) and (2.7), we also have

) m—1 jzegj s
©.1) B =T, ~ =Ty + O(m>),
T (e
m—1 .
J 2

(92) ’l=S0— Py =S0+0(m ),

o1 +ev
where

B
T L qeer ° — (1+e%)?

We note that o Sy and 02T, were the sums considered in parts (ii) and (iii) of Lemma 12.

For m small compared with n'/? it follows from the above and Lemma 12 that

2

9.3) expl % — Liog2 4+ 0(o logn)?) Ty~ =
. = —— = o ~
m Plec "2 gny * 607
”2 3 2
9.4) So= T35 + O((logm)) ~ Z—.
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If m = o(n'/?), then m® = o(n), and m?> = o(n) and since Ty > S, > n it then follows
from (9.2) and (9.1) that
4312

9.5) So ~ n, B~ Ty~ n3/?

]

and so in order to estimate g,,(n) in this case we only need to deal with m; and 7.
The result obtained will be as follows.

THEOREM 3. As n — 00, we have

1 aA\'"* m—-Dm [ 1\
(9.6) qm(n)NWeXP{”(('g‘) tT3 (55) )]

uniformly with respect to m such that m > 1, m = o(n'/?). (More precisely, let (6,)
be a decreasing sequence of positive numbers such that lim,_, .8, = 0. Then (9.6)
holds uniformly with respect to m such that

9.7) 1 <m <n'g,

with all implied constants effective and independent of m and n (but dependent on the
sequence (6,)).)

PROOF. We assume that (9.7) holds and that n > n,, for suitable n,. In order to
estimate o ~! more carefully and use (9.3) we consider the sum of the first m — 1 terms
of Sy. Since 0 < 2n~Y2 and m = o(n'/?), for j < m — 1 we have

J J J 2
- = = =4 0(oj9),
[tev ~ 20+ Loj+ o) 21 2¢)

and hence

m—1 .
J (m—1)m 3
- = 0 .
; 1+ e z  tolm)

From (9.4) we have

1 12 12
= {PSO +0 ((1ogn)3)}

o
12 | m3 1/2
= {5 (1 gm =m0 (5 + coeny) )

23212 (1 (m—1 > (ogn)*\ )"
n {1+_(mn)m O(m +(0gn))}

2 Ty
2.312,1/2 1 im—Dm m*  m’ log n)?
2T L m (e Qe L
14 8 n n2  np3r n
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that is,

—+
o 14 A7 n'/2

n ﬂ1/2

1 23122 312 -1 m? log n)?
=__"_+_u+0< <_g_>)

Since the error term tends to zero as n — oo it follows from (9.3) that as n — o0

n? (232012 312(m — Dn 1
9.8) T ~ €Xp {—6— ( - + Ann2 ) - ElogZ}

Finally, we need to estimate 77,. We have

m—1
my = 2" exp {Z f(j)‘ :
j=1

where for j <m — 1

j 1+ e
fG= 1+e_gj+ g( > )

1 1
= -0j+ 0(c?j*) - 590 + 0(c?j*)

2
= 0(a?j?).
Thus
Zf(])— (0?m®) = O(m*/n)
j=1
and

7 =2""exp (0(m*/n)),

so that, by (9.7),as n — 00, ; ~ 2™, Combining this with our asymptotic estimates
of r; and B? as in (9.8) and (9.5) gives the required result.

COROLLARY. As n — 00, we have

1 n\12
au0)~ i o |7 (3) )

uniformly with respect to m such that m > 1, m = o(n'/*). In particular, taking
m=1,

1 12
q(n) = qi(n) ~ 223 1/a,3/4 exp {7[ (5) ] ’

and for m as above we have

1
%9 gm(n) ~ ——q1(n).
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The result (9.9) was proved by Erdos and Szalay [4] for m = o(n'/®). Erdés,
Nicolos and Szalay [3] obtained asymptotic relationships of this type connecting
g (n) and values of g(n) for a wider range of values of m. Their results showed, in
particular, that (9.9) holds for m = o(n'/*).
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