
STABILITY ON THE BASIS O F ORTHOGONAL T R A J E C T O R I E S 

T . A . Bur ton 

( r e c e i v e d F e b r u a r y 25 , 1965) 

1. In t roduc t ion . We c o n s i d e r a s y s t e m of d i f fe ren t ia l 
equa t ions of second o r d e r given by 

f x' - P(x,y) 
(1) I 

| y» = Q(x ,y) 

(' = d /d t ) w h e r e P and Q have cont inuous f i r s t p a r t i a l d e r i v a 
t i v e s wi th r e s p e c t to x and y in some open and s imply con
nec ted se t R conta in ing O = (0, 0) which we a s s u m e to be the 
only s ingu la r point in R. In fac t , let R be the whole p l ane ; 
for if not then the following d i s c u s s i o n can be modif ied . 

The d i f fe ren t ia l equat ion for the o r b i t s of our s y s t e m is 

(1) ' d y / d x = Q ( x , y ) / P ( x , y ) . 

If it is poss ib l e to solve (1)' then by examin ing the d i r e c t i o n 
field d e t e r m i n e d by (1) we m a y d e t e r m i n e the s tab i l i ty p r o p e r t i e s 
of the nul l solut ion to (1). But to solve (1)? i s in g e n e r a l i m p o s 
s ible u n l e s s it is exac t . Even if (1)' is not exac t we know tha t 
t h e r e e x i s t s an i n t eg ra t i ng f ac to r ; howeve r , to find th i s fac tor 
is to solve a p a r t i a l d i f fe ren t ia l equat ion which is often m o r e of 
a p r o b l e m than the o r ig ina l one. 

Th i s p a p e r w a s m o t i v a t e d by the fact tha t it i s s o m e t i m e s 
e a s y to find an i n t eg ra t i ng fac tor for the o r thogona l s y s t e m even 
though one i s not r e a d i l y found for the given equat ion . Th i s w a s 
f i r s t no t i ced in the L i e n a r d equat ion x" + f(x) x' + g(x) = 0 
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X 

under the subs t i tu t ion x1 = y - f f(t) dt f rom which we obtain 
0 

y' - " g(x)- An i n t e g r a t i n g f ac to r i s then e a s i l y found for the 
o r thogona l t r a j e c t o r i e s . F o r the van d e r Pol equat ion t h i s 

1 
i n t e g r a t i n g fac to r i s — . The q u e s t i o n then a r i s e s a s to what 

x 
s tab i l i ty p r o p e r t i e s of (1) can be i n f e r r e d f r o m 

xT = - Q ( x , y ) 
(2) 

y' = P ( x , y ) , 

or f r om 

(2)' d y / d x = - P ( x , y ) / Q ( x , y ) , 

which give the o r thogona l t r a j e c t o r i e s to (1)' . 

F o r l i n e a r s y s t e m s with cons t an t coef f ic ien t s in c a n o n i c a l 
f o r m the ques t ion is quickly a n s w e r e d , s ince the nul l solut ion to 
(1) i s a node if and only if (2) is a c e n t e r and (1) i s a sadd le if 
and only if (2) i s a sadd le . A focus g ives r i s e to even a s i m p l e r 
and m o r e g e n e r a l t r e a t m e n t . ( F o r t h i s t e r m i n o l o g y see 
L e f s c h e t z [ l ; p. 184]. ) If (1) i s n o n l i n e a r the t r e a t m e n t i s not 
n e a r l y so s t r a i g h t f o r w a r d , but the r e s u l t s a r e m a n y and v a r i e d . 

We s ta te the following def in i t ions for r e f e r e n c e . 

A s p h e r i c a l ne ighborhood of a point P wi th r a d i u s T 
wil l be denoted by S(P , T) . 

The nul l so lu t ion to (1) i s Liapunov s t ab l e if for e v e r y 
e > 0 t h e r e e x i s t s d > 0 such tha t if X = (x, y) i s in S ( 0 , e) 
then the solu t ion f (X, t ) t h r o u g h X r e m a i n s in S ( 0 , d) for a l l 
t > 0. If a l s o f (X, t ) -> O a s t -> oo then O i s a s y m p t o t i c a l l y 
s t ab le . 

A se t K i s pos i t ive ly i n v a r i a n t if e v e r y so lu t ion which 
e n t e r s it at t = 0 r e m a i n s in it for a l l t > 0 . 

We sha l l denote the d i s t a n c e b e t w e e n two s e t s H and K 
by d (H,K) . 
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A c u r v e C is a t r a n s v e r s a l if i t s tangent n e v e r c o i n c i d e s 
wi th the d i r e c t i o n field of a given d i f fe ren t ia l equat ion on C . 

2. Or thogona l a n a l y s i s . Fol lowing the t ypes of conf igu ra 
t i ons of o r b i t s for l i nea r s y s t e m s we m a y obtain a n u m b e r of 
t h e o r e m s of the following n a t u r e about non l inea r s y s t e m s . T h e s e 
r e s u l t s a r e far f rom e x h a u s t i v e , but the m e t h o d s h e r e can be 
used on excep t iona l c a s e s . 

T H E O R E M 1. Let G be a n o n z e r o pe r iod i c solut ion to 
(2) with inward n o r m a l (X, Y). Then the inner p roduc t 
M = [ ( X , Y), ( P , Q)] does not v a n i s h on G . 

Proof. Let (x, y) be a point on G and M(x, y) > 0 . 
Now M is cont inuous on G so t h e r e e x i s t s an open i n t e r v a l 
I on G conta in ing (x ,y) on which M > 0 . Extend I a s 
l a r g e a s p o s s i b l e . Then I is e i t h e r G or t h e r e e x i s t s a point 
( a , b ) on G such tha t M(a ,b ) =0 and M > 0 on G be tween 
( a ,b ) and (x, y) . But M = 0 if and only if the n o r m a l to G 
i s o r thogona l to (P(a , b) , Q(a, b)). Th i s can not be s ince G 
i t se l f is o r thogona l to (P(a , b) , Q(a, b)). Hence such a point 
( a , b ) with M(a ,b ) = 0 does not ex i s t and so M > 0 for a l l 
(x ,y ) on G . The proof is s y m m e t r i c for M < 0 . 

We shal l r e t a i n these def ini t ions of M and (X, Y) t h rough 
out the r e m a i n d e r of the d i s c u s s i o n . 

THEOREM 2. Let G be a n o n z e r o pe r iod ic solut ion of 
(2) and let (X, Y) be an inward n o r m a l to G at each point (x, y) . 
Then G t o g e t h e r wi th i t s i n t e r i o r is a pos i t ive ly i nva r i an t set 
for (1) if and only if M = [(X, Y), (P , Q)] > 0 for a l l points on G . 

Proof. By T h e o r e m 1 M is pos i t ive or nega t ive at a l l 
points of G • If M > 0 then the n o r m a l to G points in the 
s a m e d i r e c t i o n a s the v e c t o r (P , Q). Hence e v e r y solut ion of 
(1) which i n t e r s e c t s G does so f rom the outs ide of G to the 
ins ide and so G t o g e t h e r with i t s i n t e r i o r f o r m a pos i t ive ly 
i n v a r i a n t se t . 

Suppose G and i t s i n t e r i o r f o r m a pos i t ive ly i n v a r i a n t set . 
Then e v e r y t r a j e c t o r y of (1) which i n t e r s e c t s G does so f rom 
the ou t s ide to the ins ide of G . But then M > 0 s ince the 
n o r m a l to G and ( P , Q) point in the s a m e d i r e c t i o n . 
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A s s u m e t h e r e e x i s t s G a s above with M > 0 . We m a y 
apply the P o i n c a r e ' - B e n d i x s o n ( P - B ) t h e o r e m and a s s e r t tha t 
e i t h e r a l l so lu t ions to (1) i n s ide G tend to O or t h e r e e x i s t s 
a p e r i o d i c solut ion to (1) ins ide G . 

T H E O R E M 3. T h e r e do not ex i s t p e r i o d i c so lu t i ons to 
(1) a r b i t r a r i l y c l o s e to a p e r i o d i c solut ion G to (Z). 

Proof. F o r each (x, y) on G t h e r e e x i s t s a s m a l l 
ne ighborhood N(x ,y ) such tha t the v e c t o r field [ P , Q] in 
N(x ,y ) d i f fe rs f r o m (X(x, y ) , Y(x, y)) by l e s s than TT/4 
[ 3 ; p. 39]- The co l l ec t ion of a l l such N ( x , y ) i s an open c o v e r 

i=k 
of G so t h e r e e x i s t s a f ini te s u b c o v e r { N . ( x , y ) } . Let 

i = k 
c 

R = U N.( x >v) and the c o m p l e m e n t of R, R = W. W h a s 
i = l 

one m a x i m a l c o m p a c t connec ted componen t W i n t e r i o r to G. 
Let the d i s t a n c e be tween G and W! be k > 0 . Since M > 0 
be tween G and a l l poin ts in s ide G of d i s t a n c e k f r o m G, 
t h e r e can ex i s t no p e r i o d i c solut ion of (1) in t h i s r eg ion . 

COROLLARY. If e v e r y solut ion to (Z) i s p e r i o d i c then 
t h e r e e x i s t s no p e r i o d i c so lu t ion to (1). 

E x a m p l e . Given 

3 Z 
x + xy 

3 Z 
y + y x 

we obtain 

3 Z 3 Z 
d y / d x = (y -I- yx ) / (x + xy ) 

which i s not exac t and an i n t e g r a t i n g fac to r i s not r e a d i l y found. 
We t h e r e f o r e c o n s i d e r the o r t h o g o n a l s y s t e m 

3 Z 3 Z 
d y / d x = - (x + xy ) / (y + yx ) 

whose solut ion i s 

z z z 
V(x ,y ) = (x + y ) - c 
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Hence a l l so lu t ions to the o r thogona l s y s t e m a r e pe r iod i c and so 
no solut ion to the given s y s t e m is p e r i o d i c . An inward n o r m a l 

3 2 3 2 
to V = c i s ( - x - xy , - y - yx ) whose inne r p roduc t wi th 
(xf ,y f ) i s n e g a t i v e . By the P o i n c a r e - B e n d i x s o n t h e o r e m we 
m a y conclude tha t O is uns t ab le . 

The following t h e o r e m follows i m m e d i a t e l y u s i n g the 
P o i n c a r e - B e n d i x s o n t h e o r e m . 

THEOREM 4. Let G and G! be two d i s t inc t p e r i o d i c 
so lu t ions to (2). If M on G dif fers in sign f rom M on Gf , 
then t h e r e e x i s t s a pe r iod ic solut ion to (1) be tween G and Gf . 

If t h e r e e x i s t s a n o n z e r o pe r iod ic solut ion to (2) which is 
ins ide a l l o the r n o n z e r o pe r iod i c so lu t ions to (2) we sha l l ca l l 
it the l a s t pe r iod i c solut ion. 

THEOREM 5. If (2) has no l a s t pe r iod ic solut ion and 
M > 0 on e a c h then the O solut ion of (1) is Liapunov s t ab l e . 

Proof. Since t h e r e is no l a s t pe r iod i c solut ion to (2) we 
can find a sequence G. of pe r iod i c so lu t ions such tha t 

i 
d(G. , O) -*• 0 a s i -* oo . So for any e > 0 , t h e r e e x i s t s i 

i 
such tha t G i s in S ( 0 , e ) . Let d(G , O) = d . Then the so lu-

l i 
t ion f(X, t) t h rough X r e m a i n s in S ( 0 , e ) so long a s X i s in 
S ( 0 , d ) . 

E x a m p l e . Given 

2 2 . 2 2 1/2 
xf = - x - y(x +y ) sin [TT/(X +y ) ] 

2 2 2 2 1/2 
y ! = - y + x(x +y ) sin [ir/(x +y ) ] 

we obtain 

d y / d x = [ - y + x r ^ s i n U / r ) ] 

[- x - y r sin ( i r / r )] 
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w h e r e r = x + y . T h i s equat ion i s not e x a c t , but the 
o r thogona l s y s t e m can be w r i t t e n a s 

3 
d r / d 0 = r sin ( î r / r) 

in p o l a r c o o r d i n a t e s which h a s l imi t c y c l e s a t r = 1/n for e v e r y 
i n t e g e r n . An i n w a r d n o r m a l to the l imi t c y c l e s i s given by 
(- x, - y) whose i n n e r p r o d u c t wi th (x1 , y l ) i s pos i t ive on the 
l imi t c y c l e s . Hence O i s Liapunov s table by T h e o r e m 5. 

T H E O R E M 6. If O i s a sadd le point for (2), then O i s 
a sadd le point for (1). 

Proof . Since the O solut ion of (2) i s a saddle point , by 
defini t ion t h e r e a r e four so lu t ions whose o r b i t s i n t e r s e c t a t O. 
Two of t h e s e so lu t ions e n t e r O a s t i n c r e a s e s and the o the r 
two e n t e r O a s - t i n c r e a s e s . If one of the so lu t ions e n t e r s O 
then the two ad jacen t ones l eave O. Al l o the r so lu t ions a r e 
a s y m p t o t i c to t h e s e four and none of the o t h e r s e n t e r or l eave O. 
Labe l t h e s e a s y m p t o t e s R, R ! , RM, and R m in a c o u n t e r c l o c k 
wi se d i r e c t i o n . 

LEMMA 1. T h e r e e x i s t s an o r thogona l t r a j e c t o r y ( i . e . , 
t r a j e c t o r y of (1)) which i n t e r s e c t s O b e t w e e n R and R1 . 
Such t r a j e c t o r i e s a l s o e x i s t be tween R ! and R11, RM and 
Rm , and be tween Rf!! and R. T h e s e t r a j e c t o r i e s (K, K ! , 
KM, and K!,! ) a r e the a s y m p t o t e s of the saddle point of (1). 

Proof . C o n s i d e r a point X on R wi th X ^ O but X 
a s c l o s e to O a s we p l e a s e . Le t the solu t ion to (1) t h r o u g h X 
be f (X , t ) . Now a s t i n c r e a s e s f (X, t ) l e a v e s R and e n t e r s 
e i t h e r the r eg ion b e t w e e n R and R' o r the r e g i o n be tween R 
and R l t ! . F o r the a r g u m e n t which fol lows we m a y a s s u m e it i s 
the r eg ion be tween R and R m . (The a r g u m e n t for the o the r i s 
s y m m e t r i c . ) f (X, t ) c r o s s e s o r b i t s of (2) a r b i t r a r i l y c lo se to R, 
but f (X, t ) d o e s not c r o s s R m ; for if f (X, t ) c r o s s e s R , , ! , 
then t h e r e a r e o r b i t s of (2) a r b i t r a r i l y c l o s e to R and R!,! 

which f(X, t) c r o s s e s t w i c e . Th i s can not happen by 

LEMMA 2. f(X, t) does not c r o s s any o rb i t a s y m p t o t i c to 
R and R m t w i c e . 
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Proof . Let such an o rb i t be L and le t Y, and Y^ be 
1 2 

the f i r s t two t i m e s which f(X, t) c r o s s e s L a f te r l eav ing R. 
Then t h e r e ex i s t t and t such tha t f(X, t ) = Y , and 

1 2 1 1 
f(X, t ) = Y . A s imp le c lo sed c u r v e C i s f o r m e d by tha t p a r t 

of f(X, t) for t < t < t t o g e t h e r with the c o m p a c t p a r t of L 
1 — — 2 

be tween Y and Y . The r eg ion bounded by C is dense 
1 2 B 

with t r a j e c t o r i e s of (1) and each such t r a j e c t o r y m u s t c r o s s L 
twice s ince t h e r e a r e no s ingu la r points ins ide C and hence no 
p e r i o d i c so lu t ions of (1). Thus t h e r e e x i s t s a t r a j e c t o r y of (1) 
which is t angent to L c o n t r a d i c t i n g the fact tha t so lu t ions to 
(2) a r e o r thogona l to so lu t ions of (1). Th i s p r o v e s L e m m a 2. 

R e t u r n i n g now to the proof of L e m m a 1, we see tha t 
f(X, t) m u s t r e m a i n be tween R and R m s ince a second app l i 
ca t ion of L e m m a 2 shows tha t f(X, t) can not a p p r o a c h O and 
it can not aga in c r o s s R . Thus , by the P o i n c a r e - B e n d i x s o n 
t h e o r e m , f(X, t) eventua l ly l e a v e s any bounded ne ighborhood 
of the o r ig in p rov ided tha t R and R m l eave any such ne igh 
borhood . 

The s a m e a r g u m e n t s show tha t f ( X , - t ) , for t > 0 , 
r e m a i n s be tween R and Rf and even tua l ly l e a v e s any bounded 
ne ighborhood of the o r ig in . 

Now c o n s i d e r any point Y on R m with Y ^ O but Y 
a s c lo se to O a s we p l e a s e . Let the solut ion th rough Y be 
f (Y , t ) . Suppose tha t a s t i n c r e a s e s f (Y, t ) e n t e r s the r e g i o n 
be tween R and R,!t . Then , by the s a m e a r g u m e n t s a s used 
be fore in t h i s l e m m a f(Y, t ) r e m a i n s be tween R and R.m and 
even tua l ly l e a v e s any ne ighborhood of O. Note in addi t ion tha t 
f (Y, t ) does not c r o s s f (X , t ) . 

C o n s i d e r two s e q u e n c e s of points { X } and {Y } on 
n n 

R and R m r e s p e c t i v e l y with X ^ O and Y f O for any i. 
i i 

Let l i m JX I = l i m (Y i = 0 . Since f(X , t ) and f(Y , t ) 
n n n n 

n-> oo n->oo 
r e m a i n be tween R and Rf" , and no f(X , t) i n t e r s e c t s any 

n 
f(Y , t ) , t h e r e m u s t e x i s t a s e p a r a t r i x K be tween the f(X , t) 

n n 
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and f(Y , t ) , and K i s a so lu t ion to (1). Now K m u s t e n t e r 
n 

O a s t d e c r e a s e s and leave any ne ighborhood of O a s t 
i n c r e a s e s , p rov ided tha t R and R!t! l eave any ne ighbo rhood 
of O . 

The s a m e a r g u m e n t s give the t h r e e o t h e r s é p a r a t r i c e s 
a s s e r t e d in L e m m a 1 comple t i ng the proof of t h i s l e m m a and , 
in fac t , the t h e o r e m . 

If O i s a s imp le s i n g u l a r i t y [2; p . 87] then the t h e o r e m 
is i m m e d i a t e s ince the P o i n c a r é i n d i c e s of O with r e s p e c t to 
both (1) and (2) a r e e q u a l ; but the index of (2) i s - 1 s ince it 
i s a saddle point and so O with r e s p e c t to (1) i s a sadd le point . 
Howeve r , the we igh t of t h i s t h e o r e m goes fa r beyond tha t of 
l i n e a r i z a t i o n t h e o r e m s s ince the l a t t e r a r e l oca l s t a t e m e n t s 
w h e r e a s once we have the R1 and K1 we know the ex ten t to 
which the saddle point goes . Tha t i s , the e x i s t e n c e of the K1 

i s a s s u r e d and we can cont inue t h e s e c u r v e s o r t hogona l to the 
o r b i t s of (2) which a r e a s y m p t o t i c to the R1. We know tha t 
no solut ion of (1) can c r o s s the K1 so we can employ the P - B 
t h e o r e m to a s s e r t tha t a l l so lu t ions d e p a r t unt i l the K1 h i t a 
l i m i t c y c l e . We s h a l l e l a b o r a t e on t h i s in an e x a m p l e . 

Given 

4 
x ! = y + x 

6 

we obtain 

y ! = x + y 

6 4 
d y / d x = (x + y ) / (y + x ) 

4 6 
whose o r thogona l t r a j e c t o r i e s a r e given by d y / d x = - (y+x )/(x+y ) 

5 7 
X y 

The solut ion to the l a s t equa t ion i s V = xy + — + -r— = c which 

g ives r i s e to a sadd le point a s does the given s y s t e m . The 
a s y m p t o t e s to the o r t hogona l s y s t e m b e c o m e unbounded, so the 
s a m e i s t r u e for the given s y s t e m ; o t h e r w i s e , by the P - B 
t h e o r e m , the a s y m p t o t e s to the given s y s t e m tend to a p e r i o d i c 
solut ion. Let G be a p e r i o d i c so lu t ion . Then i t s P o i n c a r é 
index i s -f 1 wi th r e s p e c t to both the given s y s t e m and the 
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or thogona l s y s t e m . But on G the P o i n c a r e index of the 
o r thogona l s y s t e m is s t i l l - 1 s ince it i s a saddle point . 
Hence G does not e x i s t . 

T H E O R E M 7. Let Pdx + Qdy ^ 0 be exac t and le t the 
solu t ion to Pdx + Qdy = 0 be w r i t t e n a s V(x, y) = c . If V is 
a pos i t ive definite or nega t ive definite function in s o m e S ( 0 , A ) 
then V i s a Liapunov function for (1). 

Proof . By definit ion 9 V / 3 x = P , 9 V / 9 y = Q , so 
2 2 

V = p + Q > 0 excep t a t O . 

COROLLARY. If V is pos i t ive def in i te , then O i s 
u n s t a b l e . If V is nega t ive def in i te , then O is a s y m p t o t i c a l l y 
s t a b l e . 

Not ice tha t T h e o r e m 7 and i t s c o r o l l a r y r e p r e s e n t a 
c o u n t e r p a r t to the w o r k of G. K. P o j a r i c k i i ([4] o r [5 ; pp. 24-25] ) . 

Suppose P d x + Qdy = 0 i s not exac t , but z (x ,y ) i s an 
i n t e g r a t i n g f ac to r . Le t the solut ion to z Pdx + z Qdy = 0 be 

2 2 
V(x, y) = c . Then V = z ( P + Q ) h a s the s a m e sign a s does 
z(x, y) a t any point (x, y) . If z is a lways pos i t ive o r a l w a y s 
nega t ive excep t a t (0, 0) then T h e o r e m 7 and i t s c o r o l l a r y 
apply . If V i s not definite then V = 0 h a s a t l e a s t one (non-
t r i v i a l ) r e a l solut ion c u r v e th rough the o r ig in . Even a s t r o n g e r 
s t a t e m e n t could be m a d e us ing the W e i e r s t r a s s p r e p a r a t i o n 
t h e o r e m prov ided only tha t V is a n a l y t i c . Let t h e s e solut ion 
c u r v e s divide s o m e d i s c , of r a d i u s A c e n t e r e d at O , into 
n d i s t i n c t s imp ly connec ted r e g i o n s l abe l l ed c o n s e c u t i v e l y a s 
G , ^ . . , G . The following t h e o r e m i s a d i r e c t c o n s e q u e n c e 

1 n 
of Ce taev 1 s t h e o r e m [6] . 

T H E O R E M 8. If z (x ,y ) h a s the s a m e sign a s V at 
e a c h point of s o m e G. , then O is u n s t a b l e . 

We sha l l say tha t the g raph of a function V(x, y) = c i s a 
s p i r a l loca l ly if t h e r e e x i s t s A > 0 such tha t for any A1 > 0 , 
but Af < A, some s t r a i g h t l ine L i n t e r s e c t s V(x, y) = c twice 
in S ( 0 , A1 ) at po in ts Y and Y in such a m a n n e r tha t the 

p a r t of L b e t w e e n Y and Y^ t o g e t h e r with the p a r t of 
1 2 
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V(x ,y ) = c b e t w e e n Y and Y f o r m a s i m p l e c l o s e d c u r v e 

con ta in ing O in i t s i n t e r i o r . 

T H E O R E M 9. If P d x + Qdy = 0 can be i n t e g r a t e d a s 
V(x ,y ) = c which i s a s p i r a l l oca l ly ; if for some c t h e r e 
e x i s t s a t r a n s v e r s a l T with r e s p e c t to (2) which h a s a unique 
n o r m a l a t e a c h point f r o m O to 3 S ( 0 , A) so tha t the n o r m a l 
to T point ing t o w a r d s the i n t e r i o r of the s p i r a l , say (X, Y) , 
s a t i s f i e s M = [ (P , Q), (X, Y)] > 0 on T e x c e p t â t O ; and if 
the i nward n o r m a l , say (Xf , Y1 ), to the s p i r a l s a t i s f i e s 
M ! = [ ( P , Q ) , (X ! , Y ! )] > 0 on the s p i r a l excep t a t O , then O 
is a s y m p t o t i c a l l y s t a b l e . If M, M ! < 0 then O i s u n s t a b l e . 

Proof . Let e > 0 be given with e < A . C o n s i d e r tha t 
p a r t of V = c ins ide S ( 0 , e ) . Le t T i n t e r s e c t V = c a t the 
f i r s t two c o n s e c u t i v e points in s ide S ( 0 , e) , say B and B ! , 
which m a k e a s i m p l e c l o s e d c u r v e K con ta in ing O f o r m e d by 
B B ! t o g e t h e r wi th the s p i r a l i nward f r o m B to B ! . Since 
T i s a t r a n s v e r s a l the e x i s t e n c e of B and B ! i s a s s u r e d . 
Le t X be ins ide K. The solut ion f(X, t) d o e s not c r o s s K 
s ince M and M ! a r e p o s i t i v e . Le t d(K, O) = d . If X i s 
in S ( 0 , d ) , then f(X, t) r e m a i n s in S ( 0 , e ) for a l l t > 0 . 
Since M and M ! a r e pos i t ive t h e r e can be no p e r i o d i c 
so lu t ion . Hence f(X, t) -+• O a s t -> oo by the P - B t h e o r e m . 

A s s u m e tha t M and M ! a r e n e g a t i v e . P a r a m e t r i z e 
the s p i r a l S by x = x (s ) , y = y(s) so tha t (x, y ) - * O a s s - > o o . 
We m a y then p ick a point X on S and T a r b i t r a r i l y c l o s e to 
O so tha t the f i r s t i n t e r s e c t i o n of S ou tward (s d e c r e a s i n g ) 
with T a f t e r X i s D , and the p a r t of S be tween X and D 
t o g e t h e r wi th XD on T f o r m a s imp le c l o s e d c u r v e K ! . 
Since M, M? < 0 , f(X, t) can not c r o s s Kf i n w a r d . By the 
P - B t h e o r e m e i t h e r f(X, t) i s c y c l i c , a p p r o a c h e s a cyc l i c 
c h a r a c t e r i s t i c or l e a v e s S ( 0 , A) . M and M1 < 0 p r e v e n t 
the e x i s t e n c e of p e r i o d i c s o l u t i o n s . 

E x a m p l e . Given 

/ 2 V/2 

x 1 = - x + y ( x + y ) 

y ' = - y - x ( x + y ) 

6 5 6 
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w e c o n s i d e r t h e o r t h o g o n a l t r a j e c t o r i e s g i v e n b y 

2 2 1/2 2 2 1 /2 
(- x + y (x +y ) ) d x + (- y - x (x +y ) ) dy = 0 . 

2 2 - 3 / 2 
T h i s e q u a t i o n i s n o t e x a c t , b u t ( x + y ) i s a n i n t e g r a t i n g 

2 2 - 1 / 2 
f a c t o r . T h e s o l u t i o n i s V = (x + y ) - a r c t a n ( y / x ) = c 

w h o s e p o l a r f o r m i s r = 1/ (9 + c ) w h i c h i s l o c a l l y a s p i r a l . 

N o t i c e t h a t t h e x a x i s i s a t r a n s v e r s a l w i t h n o r m a l ( 0 , 1) 

p o i n t i n g i n t o t h e s p i r a l a n d t h a t [ ( 0 , 1 ) , (x* , y ! )] > 0 . T h e 

i n w a r d n o r m a l t o t h e s p i r a l i s (x r , y f ) s o [(x f , y f ) , ( x r , y ' )] 

2 2 
= x ! + y 1 > 0 e x c e p t a t O . H e n c e O i s a s y m p t o t i c a l l y 
s t a b l e b y T h e o r e m 9. 

3 . T h e L i e n a r d e q u a t i o n . We s h a l l c o n c l u d e w i t h a n o n -

t r i v i a l e x a m p l e . C o n s i d e r 

x11 + f (x )x ! + G(x) = 0 . 

rX d 
L e t F ( x ) = J f ( t ) d t a n d — G(x) = g(x) . U n d e r t h e s u b s t i t u t i o n 

o d x 

x ' = y - F ( x ) w e o b t a i n t h e e q u i v a l e n t s y s t e m 

x r = y - F ( x ) , 

y' - - G(x) . 

dy - G(x) 
T h e e q u a t i o n f o r t h e o r b i t s i s g i v e n by -~- = : , s o t h e 

6 7 d x y - F ( x ) 
dy y - F ( x ) 

e q u a t i o n f o r t h e o r t h o g o n a l t r a j e c t o r i e s i s —^ = o r 
d x G(x) 

[ F ( x ) - y ] d x + G ( x ) d y = 0 . L e t z ( x , y ) b e a n i n t e g r a t i n g f a c t o r 
s o t h a t z [ F ( x ) - y ] d x + z G(x )dy = 0 i s e x a c t . T h e n 

T T ^ G(x) + - p [y - F ( x ) ] = - z [ l + g(x) ] . U s i n g t h e m e t h o d of 

d x dy d z 
L a g r a n g e w e o b t a i n . • = . x = — — 7 . T h e n 

G(x) y - F ( x ) - z [ l + g ( x ) ] 
x 

G(x) ^" z " " ^"'^ " J G(t) 

[ l + g(x) l dz , , . r r 1 + g( t ) , . 
-L 6V / J d x = — h a s a s o l u t i o n z = e x p { - J ^ p d t } . 

a 

I n t e g r a t i n g f o r t h e o r t h o g o n a l t r a j e c t o r i e s w e o b t a i n 
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x y 
V(x ,y ) = / z[F(x) - yQ]dx + J zG(x)dy . 

xo yo 

We leave the e x a m p l e h e r e s ince an ad hoc a s s u m p t i o n on 
F and G would d e s t r o y the g e n e r a l i t y . F o r spec i f ic F and G 
we m a y apply t h e o r e m s a l r e a d y p roved . In add i t ion , the f o r m of 
the solut ion m a y i n s p i r e f u r t h e r g e n e r a l i z a t i o n s of our r e s u l t s . 
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