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THE POISSON INTEGRAL OF A SINGULAR
MEASURE

PATRICK AHERN

Let o be a finite positive singular Borel measure defined on Euclidean
space RY. For w € RY and y > 0, its Poisson integral is defined by the
formula

. ydo(x)
o(w,y) = Cy Jow (x— w1y WFhn

where Cy is chosen so that

f dx
Cy RV (|x|2+1)(N+'1)/z =L

Since o is singular, 11mvd,oo(w y) = 0, almost everywhere with respect to
Lebesgue measure on RY. On the other hand, lxm‘,_>oo(w y) = oo almost
everywhere do. It follows that for all sufficiently small y,

= {w eRY:0 (w,y) > 1}

is a non-empty open subset of R". If o has compact support then |E,| —0
as y — 0, where |E,| denotes the Lebesgue measure of E,. In this paper we
give a lower bound on the rate at which |E,| may go to zero. The lower
bound depends on the smoothness of the measure; the smoother the
measure, the more slowly |E,| may approach 0. This may be somewhat
unexpected in that if the measure o is smooth then the maximum of ¢
(w, y) will go to co more slowly, which should tend to make |E,| to to 0
more rapidly. The opposite is the case, however. The reason is that if the
measure is smooth it must be well “spread out”, and this spreading out of
the measure has a greater influence on the size of E, than does the slow
growth of 6(w, y) to co. One consequence is that for the finite positive
singular measure we have

lim y MWD |Ey| > 0.
y—=0

This result is sharp.
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In the second section we see the extent to which the results of the first
section are sharp. We begin by getting bounds from above on |E,| in case
the support of o is compact and has Lebesgue measure 0. Then we show
that the bounds from above agree with the bounds from below if o satisfies
a certain homogeneity condition. If o is not homogeneous then we must
apply our results not to ¢ but to non-zero measures bounded by o but
smoother than o.

In the third section we give an application to a problem about inner
functions in the unit disc. In [2] it was shown that if ¢ is a singular inner
function then there is an € > 0 such that

(')(l — g (re' %y | )di = € V1 — r.

Using the results of Section 1 we can improve this to show that if 0 < ¢
<<oo there is an ¢, > 0 such that

27

o (1=l (re ¥y | )ido = ¢, V1 — r.

This result together with a generalization of a theorem in [2] can be used to
show that if ¢ is an inner function and if

1 27
_/0(1 —r)® (/0 | ¢ (ré H)I"d 0y’ dr < oo
for some p, g, such that
(1 _ ) =1+
P ) = a,

then ¢ is a Blaschke product. This was conjectured by M. Jevtic [6] when

P =4q.
1. For x, w € RY we let d(x, w) = max|x; — w,|. Then we have
dx,w) = |x — w| = \/Nd(x, w)
where

N
e = w2 = 2y — w)
i=1
We define the closed cube of side 2§ about x as
0(x, 8) = {w € RV:d(x, w) = 8}.

Note that |Q(x, 8)] = (28)". The symbol o will always denote a finite
positive singular Borel measure on R".
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We will want to apply Egorov’s theorem to the family of functions
fo(x) = o(Q(x, 8)8 N, § > 0.

Since Egorov’s theorem doesn’t hold without restriction for families
indexed by an uncountable set, (see [9]), we include the following.

LEMMA 1. If € > 0 is given there exists a measurable set E such that
o(RV\E) < € and o(Q(x, 8) )8 N — oo uniformly on E, as 8 — 0.

Proof. Let {r;} be an enumeration of the positive rational numbers, and
let '

S, k) = N Ax:0(Q(x, 1))y~ Nz k).

r/<n

Then S(n, k) is measurable and S(n + 1, k) 2 S(n, k). By the
differentiation theorem for singular measures [3].

o(L”J S(n, k)) = o (RV),

and hence

lim o (S(n, k)) = o(R"), for each k > 0.

n—0c0
Now choose nj so that

o(RV\S (n;, k)) < e2*
and let

E = (k\ S(nyg, k).

Then o(RM\E) < e. Let k > 0 be given, then for all x € E we have
x € Sy, k) = N {xio(Q(x, "z k).

ri<ng
Now if 0 <o é"l:]and()<rj = § then
-N
(0%, 8)) Z o(Q(x, 7)) = kr, V.

Since there are such 7; as close to § as we please it follows that if x € E
and if § = n; ~ then

o(Q(x,8)) 8 N = k.

LEMMA 2. There exists an ey > 0, depending only on N, such that if w, z
e RV, y € R withd(w,z) = 8and0 <y = 28. Then
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o(w, y) Z expa(Q(z, 8) )8~ N0,

Proof. If d(w, z) = & and x € Q(z, 8), then d(x, w) = 28, it follows
that

ydo(x)
U(W,y) = Cy f(yz +|X—WI2)(N+])/2
= ¢y [ ydo(x)
= "N Joed F Flx—wlp) W72
. f ydd(x)
= "N Jo:s (462 + Nd(x, w)s] VFD72

v

C Y
(N + 4N];] w7 yo(Q(z, 8)) 6 (N+D)

= eyyo(Q(z, 8)) 67N,

We define the modulus of continuity of ¢ by

@(®) = sup o(Q(x, 9))

and we let
8(y) = inf{8:w (85 N = ()7}

We will need an elementary covering lemma; Q(x, 8) denotes the
interior of Q(x, §). Q(x, 8) is called an open cube.

LemMMaA 3. If A is a finite collection of open cubes, then there is a disjoint
subcollection, B, such that zfQ € A then there exists Q(x 8) € B with Q <

Q(x 35).

THEOREM 1. There is a constant Ty, depending only on N, such that for
any o there is a yg > 0 with the property that if 0 < y = y,,

|E,| = [{w:o(w, y) > 13| Z rylloll y/8(»).

(Here ||| = -/R.w do.)

Proof. Let o be given. By Egorov’s theorem (Lemma 1) and the
regularity of o there is a compact set K such that

o(K) = |loll/2 and o(Q(x, 8))8 N — oo,

uniformly on K, as 8§ — 0. In particular, there is a yg > 0 such thatif 0 < §
= Yo then
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0(Q(x,8))8 N = ¢!, forallx € K.
Now fix 0 < y = yp and x € K and define
8(x, y) = inf{8:0(Q(x, 8) )8~ VT = (eyp) ).
We list some properties.
D) o(Q(x, 8(x, y)))8(x, y)" VD = (ep) 7,
ii) 6(Q(x, 8)) 8 VD > (eup) 71, if 0 < § < 8(x, y),
i) y = 8(x, ),
iv) 8(x, ») = 8(y),
v) If w € O(x, 8(x, y)), then 3(w, y) > 1.
To prove 1) note that there exists §; \v 8(x, y) such that
o(Q(x, 8)) 8~ NTD = (eny) ™.
Now for each j,
o(Q(x, 8(x, »))8; VT = o(Q(x, §))8; N = (en) .

Now let j — co. Number ii) follows from the definition of infimum. As for
iit), if 0 < § < y, then

o(Q(x, 8))8 VD = 6(Q(x, 8))8 VT Z ex 187! > (epy) !

and hence 8(x, y) = y. Number iv) follows immediately from the fact
that

o(Q(x, 8)) = w(d).
Finally, we want to use Lemma 2 to prove v). If w € Q(x, d(x, y)), then
d(x, w) < 8(x, y). By iii), y = 6 (x, y) and hence there is a §, d(x, y) < §
< §(x, y), and y = 2 4. It now follows from Lemma 2 that

o(w, y) Z eny o(Q(x, 8))8~ N+,

This last expression is greater than 1 by ii). This establishes i)-v).
To proceed with the proof of Theorem 1, we take a fixed y, 0 < y = y.
Now

K S U Q(x, 8(x, y)/3),
xeK

and so by the compactness of K and the covering Lemma 3 there exists
X1, ..., X, € K such that { Q(x;, 8(x;, y)/3} is a disjoint collection and
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K S U0 80(0).
We have

@ = o(K) = 2 o O(x; 8(x;, »))

Jj=1
h

2 o(Q(x;, 8(x;, »))

j=1

A

lIA

()™ 2 8(x, V!
j=1
= (ew) ' 80) 2 8(x; )Y (by iv)
j=1
; 2 N
— 32w 150 2 [ o]
j=1 43
= (3/2)M(eny)”'8(y) 21 | O(x;, 8(x;, ¥)/3|
J=

= (/2w ™"l V) 0y 801, »)/3)
= (32N 7180 O, 0. 801 ) )
= G/ () AOIE, (by v).

It follows that
|E,| = 7yllolly/8(y), where 7y = (2/3)Vey/2.
The proof is complete.

Before stating a corollary, note that if ¢ and p are two such measures,

and w, = w, then §, = §,. This follows from the inequality

w088 N = ,(8)8 "N FD.

CoRroLLARY. There is an ny > 0, depending only on N, such that for every
o there is an yy > 0 with the property that if 0 < y = y, then

|E,| = ny(llolly)N/ VD,
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Proof. Let p be a point mass at 0 € R" with total mass ||o]|. Then
w,u(a) = “0“» 6 > 07
and hence

ws = loll = w,.

We conclude that §; = §,. We may calculate that

8,0) = (lloll ey)/V+D

and hence that

IE,| = mylloll y/8,(y) = mllolly/(lloll ey)/ N+

= ny(llol] p)N N,

We shall see in the next section that if o consists of a single point mass
then y¥ ¥ is the exact rate of vanishing for |E,|. Of course it is not
difficult to check this by direct calculation.

2. In this section we investigate the extent to which Theorem 1 is sharp.
To see what is happening we make the following observation: suppose that

p = o, then of course w, = w, and hence §, = §,. It follows that

[{w:o(w, y) > 1} = [{w:p(w, y) > 1} = 7y llpll /8,().

Note that y/3,(y) goes to zero more slowly than y/8,(y). In other words,
we get the most information from Theorem 1 by applying it to the
smoothest possible (non-zero) measure p, with p = o. That is to say that
we can’t expect the inequality of Theorem 1 to be reversed unless o has the
property thatif 0 = p = o and p = 0 then p is not really smoother than o.
The point of this section is to show that for such “homogeneous” measures
the inequality of Theorem 1 can be reversed.

Definition. The measure o is said to be homogeneous if there exists e > 0
such that for all x € support o, 6(Q(x, 8)) = €w(d).

First we shall get a bound from above on |E,| for any o whose support
has Lebesgue measure 0. Then we will show that this bound agrees with
the bound from below given by Theorem 1 when ¢ is homogeneous.

Definition. If K is compact and |K| = 0 define
p(8) = px(8) = | U O(x, d).

xeK

LEMMA 4. pg(28) = 6" pg(9).
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Proof. Fix 8 > 0 and let € > 0 be given. Take L to be a compact subset
of Kps 2 |L| 2 (1—¢€)p(28). Now

L C U Q(x, 20),
xeK

so by compactness of L and Lemma 3, there are xy, ..., x, € K such that
{Q(x), 28)} is disjoint and

Lc U O 60).
J= ’

It follows that |L| = n(128)". On the other hand

U 0(x;, 8) € K;

J=
and since these cubes are disjoint

n(28N = |Kyl = px(®).
So, we have

(1—6)p28) = |L| = n(128)Y = 6Vn(28)N = 6Yp(s).
Since € > 0 is arbitrary, the proof is complete.

THEOREM 2. There is a constant Dy, depending only on N, such that if K
= support ¢ is compact and |K| = 0, then

|E,| = Dnox(8(y) ).
Proof. Suppose that o(Q(w, 8) ) = 0, then

A —C / ydo(x)
0@, ) = CN Jim>s 07 T x—wl [V 072

lIA

C § ydo(x)
N S/ s<dewm)y=24"15 2 +d(x, w)y [N TD72

(0]
Y
= Oy 2 oot o(Qw, 2719))
k=0 (28)
= CNy(s‘(N-F]) kzo 2—(N+l)kw(2k+18)

[ee]
CNyg—(NH) w(8) 2 2~ (N+Dkyk+ DN
k=0

lIA

— 2N+ 1 CNyw(8)8~(N+ l)-
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(We have used the obvious inequality w(28) = 2V w(8).) Now fix m,
depending only on N, so that
ey 2VtIc 2T =

and suppose that d(w, K) > 2" §(y) = 6, then our calculation shows
that

(A

2N+ICNw(2mS(y) )(2"18@))‘(/\“%1)
= 2N+1CN2mNyw(8 (y) )2—(N+l)n18(y)—(N+l) = 1’

o(w, y)

by the definitions of m and &(y). In other words,

E, = {wi(w,y) > 1} C {wid(w, K) < 2"8(y))
and so

E,l = pk(2"8(r) ) = 6"Vok(8 (v)) = Dypx(d ()

THEOREM 3. Suppose that o is homogeneous and that K = support o is
compact and |K| = 0. Then there is a constant A such that

IE,l = Ayd(y) "
Proof. Because of Theorem 2 it is sufficient to show that

p(8(y)) = Ayd(y)~" for some constant A.

For this it is sufficient to show that there is a constant 4 such that
pr(®)w(®) = A48V, for all 8§ > 0.

For suppose this is established, then for § < 8(y) we have
px(®) = ANw(8) ! = AN T1w() 18T < Aepyd !,

now let § — 8(y) and we see that
pk(8()) = Aenyd(y)~".

To show that px(8)w(8) = A8V, take 8 > 0 and let n > 0 be given. There is
a compact set L, K € L € Kj such that

IL| = (1—m)p(d).

By compactness of L and Lemma 3 there are xy, ..., x, € K such that
{QO(x;, 8)} is a disjoint collection and

LS U O, 39)
j=1
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Hence |L| = n(68)Y. Now since {Q(x_-, 8)} are disjoint and o is
homogeneous

H

loll =2 2 o(Q (x,, 8)) = n € w(8)

=1

Il

= ew(8) L [(68) N = (1 — 1)6 Mp(8)w(8)8 V.
The theorem follows.

We conclude this section by stating a theorem due essentially to
Hausdorff, which guarantees the existence of homogeneous singular
measures of any preassigned modulus of continuity. For the proof when N
= 1, see [1], or [7].

THEOREM (Hausdorff). Suppose that w is a positive increasing function
defined for 8 > 0 such that w(28) = 2Nw(8) and

lim w(8)8 N = co.
6—0

Then there is a homogeneous singular measure o and positive constants A and
B such that

Awy(8) = w(8) = Bwy(d), 6 > 0.

3. In this section we give some applications of the previous sections to
inner functions. We refer to [8] for details about the structure of inner
functions. We shall use Theorem 1 in the unit disc rather than the upper
half plane when N = 1. In the disc it takes the following form.

THEOREM 4. There is a constant T > 0 such that for any positive singular
Borel measure o on the unit circle there is an ry with the property that

| {:0(re®)y > 1} | Z 7lloll 1=r)8() ™" ifrg=r <1
Of course
i0 1 7 1=r?
o(re'y = py - m do(t) and
8(r) = inf {8:(8) 872 = (¢(1—r)) '}

In particular we have the following corollary.

COROLLARY. For each o there are constants € > 0 and 0 < ry < 1 such
that
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| {B:0(re(0) > 1} | = V1—r, ifrg=r<1.
THEOREM 5. If ¢ is a measure on the unit circle and
el+z

e'l—z

27
9(z) = exp {~f0 do(1) }

is the associated inner function, then for each g < oo there is a constant ¢, >

0 such that
2m ; dl _
o (I=la(re®) [)i— = ¢ (1=r)8(r) ",

Proof. Let E, = {f:6(re'’) > 1}, by Theorem 4,
lEN Z e(1—r)8(r) "
for some € > 0 if r is close to 1. Now
i" (1= ore”) | yd6 = f g, (1= o(re®) | )7df
= (1—e W IE| = ¢ (1—r)d(r) "

CoROLLARY 1. If ¢ is a singular inner function then for each q < oo there
is a constant €, > 0 such that
27 ) 4o J—
o (=lete)) )15 > e, V1—r.
Proof. This follows from the corollary to Theorem 4 in the same way
Theorem 5 follows from Theorem 4.

COROLLARY 2. If ¢ is a singular inner function,p > 0, g > 0, a > —1,
and p(1—29)" ") Z 1 + a, then

fror ([ (P2 2

The result we are aiming for in this section is the corollary to Theorem 6
below. Theorem 6 allows us to replace the quantity 1—| g(re’|/1—r by
l¢’(re'®) | in Corollary 2 to Theorem 5. We need two preliminaries. The first
is just a formal statement of a method used by Hardy and Littlewood.

LEMMA 5. Suppose that f:[0, 1) — [0, 00) and F(r) = supy=,=, f(p) and
that 0 < p = 1, then there is a constant C, such that

(/:)f(’)d’)p =G f(l)(l_")p_IF(r)”dr.
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Proof. Let r, = 1—27", then
] I) e rll p
Jdr | = Z ] frydr

n=1

1—277) & Tt
= f_‘“’_’_) Z F(rn)p/ ](I_r)pil dr
P n=1 Tn

o0 r}l}] 1
<C X f Fory(l=r)?~ldr = C, | Fery(1—r)P~ \dr.
n=1

n

We have used the fact that F is increasing.
We also need a general version of Hardy’s inequality, see [5], page
245.

LEMMA 6. If f:(0, c0) = [0, 00), p > 1, @« > —1l, andp > 1 + a,

then
/ZO Xa(% /gf(t)dt)pdx = (p—_—[lj—_—;)p /zo X (x) Pdx.

After a change of variables in Lemma 6 we get the following.

LEMMA 7. If £:(0, 1) = [0, 00),p > 1, & > —l,andp > 1 + «

[y a=r(L [ se) ar = (#)” [ a-rerer ar

The case p > 1, ¢ = 1 and a = 0 of the next theorem was proved by
Alan Gluchoff [4]. The case p = ¢ = 1 was proved in [2].

THEOREM 6. Suppose that a« > —1,q > 0,p > 1 + «, and that ¢ is an
inner function. Then

1 20 ) do\r’a
0 (1~r)°‘(/0 | (p’(re’o) |9 57_7) dr < oo,

if and only if

f(l) (1*‘r)a</{2}w (LH‘B‘Q’:;HU)Qg)p/q dr < oo.
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Proof. For any function ¢, holomorphic and bounded by 1 we have

) 1— i6\12
| wtrety = LT

and so one direction is clear. In the other direction we start with the
inequality

_ 1
31 1= Jare® | = f , 1 9(pe®) | dp,

which is valid for almost all 8 because ¢ is an inner function. First we
suppose that ¢ = 1 and apply the continuous form of Minkowski’s
inequality to 3.1 to obtain

2 ([ a-1seen 1 E) = [ oo do

where as usual,

1 2 ) 1/q
M p, o) = (—2— fo | ¢'(pe') qul)) Now raise both sides of
7T .

3.2 to the power p, multiply by (1 —r)*"7 and integrate on r to get
1— 9y | \adf \P'4
f (1—r)e (/ (———' stre’) l) d ) dr
1—r 2
1 p
= [ya-rer (f] s ra0) av.

At this point we distinguish 2 sub-cases; p > l,and p = 1. If p = 1 we
apply Lemma 5 and use the fact that M, (p, ¢’) is increasing to see that the

right hand side of 3.3 is at most a constant times
1

sa [ a-nr [ e, err (1=mp dodr

1 [
=f Mq(p, ¢)(1—py ! o (1) Pdrdp

| IA

—_—1—_— f M (p, ¢')P(1—p)*dp,

because p > 1 + a. This completes the proof if g = landp = 1. If ¢ = 1
and p > 1, we return to 3.3 and write the right hand side as

3.5 f(l—r)"‘( qu(p, )dp) dr.

By Lemma 7, this is bounded by a constant times
1

3.6 f o (=M (r, ¢)Pdr.
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This completes the proof when ¢ = 1.
When ¢ < 1 we return to 3.1 and raise both sides to the power g to
obtain

I .
37 (=latre?) 1) = (f &/ (pe) | dp)

By Lemma 5 the right hand side of 3.7 is at most a constant times

q

1
g1 10010\ 1P
3.8 /’_ (1—p) 0@?<Xp | ¢'(2e") PPdp.

If we now integrate on 6 and use the Hardy-Littlewood complex maximal
theorem we obtain

2w . do 1
3.9 /( (1=l g(re) - = C, / (1=p)"" "M (p, ¢')" dp.
) 27 1 J d

Now raise both sides of 3.9 to the power p/q, multiply by (1—r)*"7 and
integrate on r to arrive at

! of [ l_w(re,-o)l)ng)p/q
3.10 f()(l—r) (./0 ( —; 7 dr

1 1 p/q
= C/0<1—r>“""’(f,, (1=p)"" 'Mp. ¢')" dp) dr.

Again two sub-cases are considered. First suppose that p/qg = 1. We note
that (1 —p)9 ! M(p, ¢')7 is increasing since ¢ < 1 and apply Lemma 5 to
see that the right hand side of 3.10 is bounded by a constant times

1 I X
st [y s [ as o g gy o s

! 1
I - .[0 (I=ry* " fr M, (p, ¢'Y(1—py ' dpdr
<C /0 Mq(pa ‘PIY)(] _P)adp.

If p/q > 1, we return to the right hand side of 3.10 and apply Lemma 7 as
at an earlier point in the proof. We omit the details. This completes the
proof of Theorem 6.

CoROLLARY. If ¢ is a singular inner function,p > 0,q > 0,a > —1, and

1
p(l—A) = 1 + a, then
2q
1
0 (1=r)*M(r, ¢'Vdr = oo.
We point out that it follows from the inequalities for the atomic inner
function proved by Jevtic, [6], that if ¢ is the atomic function and
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1
p(l——) < 1 + « then
29

I
.[0 (l—r)"‘Mq(r, o' Ydr < oo.

As a final remark we say that Theorems 5 and 6 can be used to show

how the smoothness of the measure o determines whether or not

1
/0 (1=r)*M(r, ¢'Ydr < oo

as was done in [1] for the case p = ¢ = 1.

7.

8.
9.
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