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The Distribution of the First Elementary
Divisor of the Reductions of a Generic
Drinfeld Module of Arbitrary Rank

Alina Carmen Cojocaru and Andrew Michael Shulman

Abstract. Let 1) be a generic Drinfeld module of rank r > 2. We study the first elementary divisor
di,, (1) of the reduction of ) modulo a prime g, as p varies. In particular, we prove the existence of
the density of the primes o for which dj (, (1)) is fixed. For r = 2, we also study the second elementary
divisor (the exponent) of the reduction of 1) modulo ¢ and prove that, on average, it has a large
norm. Our work is motivated by J.-P. Serre’s study of an elliptic curve analogue of Artin’s Primitive
Root Conjecture, and, moreover, by refinements to Serre’s study developed by the first author and
M. R. Murty.

1 Introduction and Statement of Results

A beautiful and fruitful theme in number theory is that of exploring versions of one
given problem in both the number field and function field settings. In many in-
stances, such explorations unravel striking analogies, shedding light to deep basic
principles underlying the problem. In other instances, the number field and func-
tion field versions of the same problem turn out to be surprisingly different.

This article is part of such dual investigations, where the problem is that of Frobe-
nius distributions in GL-extensions, generated by elliptic curves over number fields
and by Drinfeld modules over function fields. In particular, the article focuses on
the problem of determining the distribution of the first elementary divisor of the
reduction modulo a prime of a generic Drinfeld module, as the prime varies. Our
main result is analogous to a generalization of a result of J.-P. Serre [Se], proved in
[CoMu] and [Co3], for the reductions modulo primes of an elliptic curve over Q.
The techniques used in proving our main result lead to further applications, such as
to Drinfeld module analogues of a result of W. Duke [Du] and of a recent result of
T. Freiberg and P. Kurlberg [FrKu], as we now explain.

Let E/Q be an elliptic curve over Q), and for a prime p of good reduction, let
E,/F, be the reduction of E modulo p. By the theory of torsion points of elliptic
curves, there exist uniquely determined positive integers d, ,(E), d,,,(E) such that

E,(Fy) ~; 7)dy ,(E)Z x 7)dy ,(E)Z. and dy 5(E)| dy ,(E).
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In the theory of Z-modules, the integers d, ,(E),d, ,(E) are called the elementary
divisors of E,(F ), with the largest of them, d, = d, ,(E), called the exponent, having
the property that d,x = 0 for all x € E,(IF,) (see the general definition in [La,
p. 149]).

The study of the growth of d, ,(E), as the prime p varies and E/Q is fixed, was
initiated by R. Schoof [Sc], who showed that if End@(E) ~ 7, then

log p
dy »(E —=2—/p.
2,p( ) > (loglogp)z\/f)
W. Duke [Du] improved this bound substantially, but in an “almost all” sense. To be
precise, Duke showed that, given any positive function f with lim,_, o, f(x) = oo,
then, as x — oo,

. P
(1.1) ﬁpgxdmwﬁ>ﬂm} (%),

unconditionally if Endg(E) % Z, and conditionally upon the Generalized Riemann
Hypothesis (GRH) if End(E) ~ Z. Here, 7(x) denotes the number of primes p < x.
By the “Riemann hypothesis for curves over finite fields” (Hasse’s bound in this case),
the numerator p in the growth ﬁ of d, ,(E) above is very close to the order of
magnitude of #E,(IF,). Thus, roughly, Duke’s result says that for almost all p, the
exponent of E,(F,) is almost as large as the order of E,(F,). This behaviour is also
confirmed by a recent result of T. Freiberg and P. Kurlberg [FrKu] (see also the follow
up papers by S. Kim [Ki] and J. Wu [Wu]), in the following sense. Under the same
assumptions as Duke’s, Freiberg and Kurlberg showed that, as x — oo,

L > dyp(E) ~ c(E)x

(1.2) =P

for some explicit constant c(E) € (0, 1), depending on E.
The proofs of (1.1) and (1.2) reduce to the analysis of sums of the form
> #{p<x:d|d,E)}
y<d<z
for suitable parameters y = y(x),z = z(x). In particular, they reduce to an under-
standing of the first elementary divisor d; ,(E).

The study of d; ,(E), as the prime p varies and E/Q) is fixed, has been carried out
for over four decades and precedes the study of d, ,(E). Most notably, J.-P. Serre [Se]
studied the distribution of the primes p for which d; ,(E) = 1 in analogy to the study
of the Artin primitive root conjecture, while M. R. Murty [Mu] and, later, the first au-
thor of this paper, refined and strengthened Serre’s result, proving the following (see
[Col, Co2,CoMu, Co3]): for any d € N, there exists an explicit constant dg q (d) > 0
such that, as x — oo,

(1.3) #{p <x:di,(E)=d} ~ dpo(d)m(x),

unconditionally if Endg(E) 2 Z, and conditionally upon GRH if Endg(E) ~ Z.
Under GRH, Cojocaru and Murty [CoMu] (see also [Co3]) showed that the error
term in this asymptotic is OE,d(x% (log x)%) if Endg(E) # 7, and OE,d(x% (log x)%) if
Endg(E) ~ Z.
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When considering the function field analogue of these problems, we are naturally
led to Drinfeld modules. Indeed, the role played by elliptic curves over () in number
field arithmetic is similar to the one played by rank 2 Drinfeld modules over IF,(T)
in function field arithmetic. Drinfeld modules also come in higher generalities, for
example in higher ranks, and, as such, when suitable, we may focus on Drinfeld
modules of arbitrary rank.

To state our main results, we fix the following: q a prime power, A := IF;[T],
k := ¥4T), K 2 k a finite field extension, 1: A — K{7} a generic Drinfeld
A-module over K of rank r > 2. Here, 7: x — x7 is the g-th power Frobenius
automorphism and K{7} is the skew-symmetric polynomial ring in 7 over K (we
will review definitions and basic properties in Sections 2 and 3).

By classical theory, all but finitely many of the primes g of K are of good reduction
for 1. We denote by P, the collection of these primes, and for each p € Py, we
consider the residue field I, at o and the A-module structure on F,, denoted ¢ (IF, ),
defined by the reduction ¢ ® p : A — IF, {7} of ¢ modulo p.

By the theory of torsion points for Drinfeld modules and that of finitely gen-
erated modules over a PID, there exist uniquely determined monic polynomials
di, (), ...,d., () € Asuch that

(1.4) Y(Fy) =4 Afdy g (P)A X - X Afdy g, (P)A

and d, , (V)| - - - |d,, (1). The polynomials d, , (), ..., d,, (1) are the elementary
divisors of the A-module ¥ (F, ), with the largest of them, d, = d, , (1)), the exponent,
having the property that d,.x = 0 for all x € 9 (F,, ). Here, d,x := (¢ ® IF,)(d,)(x).
Associated with this setting, we introduce the following additional notation. We
let Fx denote the constant field of K and cx := [Fx : Fy]; thus Fx = Fy«. For a
non-zero a € A, we let |a|o, := q%8“, where dega is the degree of a as a polynomial
in T. For a prime p of K, we let deg, o := [F,, : Fx] and |p |00 := g 48 ©. We set

mk(x) := #{p prime of K : degy p = x}

and recall the effective Prime Number Theorem for K:

(1.5) T (x) = qx + oK(%) .

The first main result of the paper follows.

Theorem 1.1 Let q be a prime power, A := Fy[T], k := F,(T) and let K/k be a
finite field extension. Let: A — K{7} be a generic Drinfeld A-module over K, of rank
r > 2. Letd € A be monic. Then, as x — o0,

(M) cma(x)
(1.6) #{p € Py :degep = x,di (1) =d} ~ mx(x) P
« o : m% [K(@[md]) : K]

m monic

where pa( - ) is the Mobius function on A, K(¢[md]) is the md-division field of 1, and

() = [K(p[md]) NFx : Fx] if [K(p[md]) N :Fx] | x,
md i 0 otherwise.
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Moreover, the Dirichlet density of the set {p € Py : di , (1)) = d} exists and is given
by

B _palm)

m monic

This is a large generalization of a result proved independently in [KuLi] for d = 1
and for Drinfeld modules 1) having a trivial endomorphism ring. Note that the proofs
of both Theorem 1.1 and [KuLi, Theorem 1] are based on the main ideas introduced
by Cojocaru and Murty in [CoMul].

The essence of the proof of this theorem can be summarized as a Chebotarev Den-
sity Theorem for infinitely many Galois extensions generated by the generic Drinfeld
module .

Theorem 1.2  Let q be a prime power, A := Fy[T], k := [F((T), and let K /k be a
finite field extension. Let: A — K{7} be a generic Drinfeld A-module over K, of rank
r > 2. Then, as x — 00,

Z #{p € Py degy p = x, o splits completely in K(1[m]) }

meA
m monic cm(x)
~ () D el T

with notation as in Theorem 1.1.

As a consequence of the techniques used in proving Theorems 1.1 and 1.2, we
obtain the following analogues of the results of [Du] and [FrKu] in the case of a rank
2 generic Drinfeld module over K.

Theorem 1.3  Let q be a prime power, A := IF[T], k := F,(T), and let K/k be a
finite field extension. Let1: A — K{7} be a generic Drinfeld A-module over K, of rank
2.

(i) Let f: (0,00) — (0, 00) be such that lim,_, ., f(x) = co. Then, as x — 00,

#{p €D idegep =xldry (V)] > qif?;)} ~ T (x).

Moreover, the Dirichlet density of the set

{pePutlty @l > qhmw}

ck f(degy )

exists and equals 1.
(i) Asx — 0o, we have

1 ex ) pa(a)
) 2o oWl ~a™ D mrriig 2

p€ePy meA a,beA
degy p=x m monic a, b monic
ab=m
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The structure of the paper is as follows. In Section 2, we review standard notation
and terminology for the arithmetic of A and that of A-fields, and we include a few
lemmas on elementary function field arithmetic that will be used in Sections 5 and
6. In Section 3, we discuss definitions and main results from the theory of Drinfeld
modules, with a focus on properties of division fields of Drinfeld modules. These
properties will be relevant in the proofs of Theorems 1.1, 1.2, and 1.3. In Section 4,
we recall an effective version of the Chebotarev density theorem, which we apply to
division fields of generic Drinfeld modules, using results from Section 3; this appli-
cation of Chebotarev is the first key ingredient in the proofs of our main theorems.
In Section 5, we present the proofs of Theorems 1.1 and 1.2, while in Section 6 we
present the proof of Theorem 1.3. With the algebraic background from Sections 3-5
in place, the general flavour of our proofs is analytic. We conclude the paper with
remarks on the error terms and the densities appearing in our main theorems.

2 Notation and Basic Facts

Throughout the paper, we will use the following notation and basic results.

2.1 Basic Notation

We use N for the set of natural numbers {1, 2,3, ...}, and R, C for the sets of real and
complex numbers, respectively.

For two functions f,g: D — R, with D C C and g positive, we write f(x) =
O(g(x)) or f(x) < g(x) if there is a positive constant C such that | f(x)| < Cg(x) for
all x € D. If C depends on another specified object C’, we write f(x) = Oc(g(x))
or f(x) <c g(x). We write f(x) = o(g(x)), or sometimes f(x) ~ 0 - g(x), if

limy o0 [ 0, and f(x) ~ dg(x) for § > 0 if limy_, % = 6 (whenever the

. . .g(x)
limits exist).

2.2 Elementary Arithmetic

We let g be a prime power, fixed throughout the paper. Our implied O-constants may
depend on g without any additional specification.

We denote by I, the finite field with q elements, by I its group of units, by F, an
algebraic closure, and by 7: x +— x? the g-th power Frobenius automorphism.

As in Section 1, we denote by A := F,[T] the polynomial ring over F, and by
k := F,(T) = Quot(A) its field of fractions; we denote by AW the set of monic
polynomials in A.

We recall that A is a Euclidean domain, hence the greatest common divisor, de-
noted gcd, and the least common multiple, denoted lcm, exist in A. We recall that %
plays the role of the “prime at infinity” of k, while the “finite primes” of k are identi-
fied with monic irreducible polynomials of A. We will simply refer to the latter as the
primes of k.

We denote the monic irreducible elements of A by p or £. We denote the primes
of kby p = pA, with p € AD, or by [ = (A, with £ € AM. For such primes, we
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denote their residue fields by IF,, IF(, and the completions of A, respectively of k, by
Ap, A[, and kp, k[.
For a € A, we use the following standard notation:

¢ dega for the degree of a # 0 as a polynomial in T, and deg 0 := —oc;

¢ |a|o = q%8%ifa # 0,and |0|o = 0;

* sgn(a) € I, for the leading coefficient of a;

* pa(a) for the Mobius function of a on A, that is, letting a = sgn(a) - pi' ... p;* be
the prime decomposition of a € A\F,, we have

1 ifae lF;‘,
pa(a) == (=1)" ifacA\F;andey =, =---=¢ =1,
0 otherwise;

(A/aA)* for the group of units of A/aA;
¢4(a) for the Euler function of a on A, that is,

dala) = #(A/aA)*
= #{a’ € A\{0} : dega’ < dega,gcd(a,a’) =1}
1
=laleo 1——);
|al pEI;[“)( |p|oo>
pla

GL,(A/aA) = {(aij)lgiﬁjgr taij S A/uA,det(a,‘j)iyj S (A/ELA)*}

We record below a few arithmetic results needed in the proofs of our main theo-
rems.

Lemma 2.1 Lety € N. Then

y+l 1
m oy 1=1 ;
acAW q— 1
0<dega<y
y+1l 1
() Y dega<yl—
et q-
0<dega<y

Proof Part (i) is easily deduced by partitioning the polynomials 4 under summation
according to their degrees. Part (ii) follows from this. ]

Lemma 2.2 Lety € N\{1,2} and let &« > 1. Then

. 1 q
(1) > dega 1 ;
a @ dega 1— a—1 ) (afl)(y+1)
degeuéy 1 ( 9 1
. logdega (g—1)lo -1 —a
(11) Z idegga § 1 4 g)(/(y—l)y + 1 qZ 2 ’ q(l )y’
N q(logq)(ar — 1)q q(logg)*(av — 1)y
ga>y

provided y is sufficiently large (specifically, (o« — 1)(logq)y(log y) > 1).
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Proof As in the proof of Lemma 2.1, (i) is deduced easily by partitioning the poly-
nomials a under summation according to their degrees. Part (ii) is deduced proceed-
ing similarly, and also by using integration by parts. [ ]

Lemma 2.3 Leta € A\{0}. Then

q—1 ifack,
d) = 1
deZ;;MA( ) {O otherwise.
dl|a

Proof Ifac ]F;,then
Yuald) = ¥ 1=g-1.

deA der;

dla
Ifa ¢ Fy,leta = sgn(a) - pi' - - pi* be the prime factorization of a and let rad(a) :=
sgn(a) - py - - - p; be the radical of a. Then

>obald) =30 pald).

deA deA
dla d| rad(a)
Note that if Fj = (u), then the divisors d|rad(a) are of the form: u* for some

l1<a<qg—1lioru*p;forsomel < a <g—landsomel <i <t;oru®p; p; for
somel < a < g—1landsomel <i; < i, < t;etc. Thereare (q— 1)(6) possibilities
for the first type, (g — 1)(}) possibilities for the second, (g — 1)(3) possibilities for
the third, etc. In summary, we have

Y =3 (q—l)(f)(—n"=<q—1>(1—1>f:o.
d\iiﬁa) osi=t 1

This completes the proof. u

Lemma 2.4 Lerd € A\{0}. Then

1 1 tal(a)

|d|<x> B (g—1)* a,beA |6] oo .
ab|d

Proof By using Lemma 2.3, we have

1 pala) 1 1
(g —1)? a,%A blo (g — 1) b%‘x [b]oo agﬂA(ﬂ)

abld a4
1 1 1
= Z = . [}
q— 1 beA |b|oo |d|oo
deFy

Lemma 2.5 Letd € AY. Then

palm) _ (=1)*“D,(rad(d))
oo ’

mneA |n|oo
mn=d
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where w(d) is the number of all monic prime divisors of d (counted without multiplici-
ties) and rad(d) is the radical of d.

Proof By multiplicativity, we have

palm) I pall) 0 L= |ploc _ (=1)*"Do,(rad(d))
mneA 1] oo pEAM neA® 1] oo peA® ple oo
mn=d pld nlp' plld

2.3 A-modules

For A-modules M;, M,, we write M; ~4 M, to mean that M;, M, are isomorphic
over A, and M; <4 M, to mean that M, is an A-submodule of M,.
For a non-zero finite A-module M, we let x (M) be its Euler-Poincaré characteristic,
defined as the ideal of A uniquely determined by the following conditions:
(a) if M ~4 A/p for a prime ideal p of A, then (M) := p;
(b) if0 - M; — M — M, — 0 is an exact sequence of A-modules, then y(M) =
X(M1)x(M).

We let |[x(M)|oo := || for some generator m € A of x(M).

2.4 A-fields

We reserve the notation (L, 9) for A-fields, that is, pairs consisting of a field L D F,
and an IF;-algebra homomorphism §: A — L. We recall that the kernel of 4 is called
the A-characteristic of L; in particular, if Kerd = (0), L is said to have generic A-
characteristic, and if Ker § # (0), L is said to have finite A-characteristic.

We denote by L an algebraic closure of L, by L*%P the separable closure of L in L,
and by Gy := Gal(L*P /L) the absolute Galois group of L. We also denote by L{7}
the skew-symmetric polynomial ring in T over L, that is,

L{r} ::{ S oot eLvogign,neNu{o}},
0<i<n
with the multiplication rule 7¢ = ¢I7 V¢ € L. For an element f € L{7}, we denote
by deg_(f) its degree as a polynomial in 7. We recall that L{7} is isomorphic to the
IF4-endomorphism ring Endy, (G, /L) of the additive group scheme G, over L.

2.5 Finite Field Extensions of k

We reserve the notation K for a finite field extension of k of genus gx. Note that the
inclusions A C k and k C K give K an A-field structure of generic A-characteristic.
We denote by Fx the constant field of K (thatis, Fx = K OR), and by Fg an algebraic
closure of IFx. We set cx := [IFx : Fy].

By a prime of K we mean a discrete valuation ring O with maximal ideal M such
that the quotient field Quot(O) of O equals K. In particular, for a prime p of K, we
denote by (O, M,,) the associated discrete valuation ring, by F,, := O, /M, the
associated residue field, by degy ¢ := [F,, :Fx] the degree of o in K, and by I, an
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algebraic closure of IF,. We denote the prime p NA of A by p, and we denote by p the
monic generator of p. We set m,, := [IF, : A/p] and record the following diagram:

(2.1) Fo == 0, /M,
y X
]FK = ]qu( IFp = A/p = ]quegp
X %
F,

Hence the relationship between the | - |oo-norm of a prime  of K and that of its
associated prime p = pAinkis

my

|9 loo = #Fk = [ploc’.

Finally, for a finite Galois extension K’ of K, we write o, for the Artin symbol
(“the Frobenius”) at p in K’ /K.

3 Drinfeld Modules

3.1 Basic Definitions
Let (L, 0) be an A-field. A Drinfeld A-module over L is an IF;-algebra homomorphism
v A— L{r}
a— Y,
such that:
(a) foralla € A, D(v),) = 6(a), where D: L{T} — L, D(3 ,<;<, G7) = ¢ is the
differentiation with respect to x map;

(b) Imy) Z L.

A homomorphism 1 as above induces a nontrivial A-module structure on L, or,
more generally, on any L-algebra (2; we denote this structure by 1(€2).

Associated with a Drinfeld A-module ¢ over L we have two important invariants,

called the rank and the height. We define the rank of 1) as the unique positive integer
r such that

deg (¢,) = rdega Vac A.

If L has generic A-characteristic, we define the height of ¢ as zero. If L is of finite
A-characteristic p = pA, we define the height of ¢ as the unique positive integer h
such that

min{0 <i<rdega:c,(¢) #0} =hordy(a)degp VaecA,a#0,

where

% = Z Ci,a(w)Ti

0<i<rdega

and ordy(a) := t with p’||a.
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For the purpose of this paper, the rank and the height are particularly relevant
in determining the structure (1.4) of the reductions modulo primes of a Drinfeld
A-module in generic characteristic.

3.2 Endomorphism Rings

Let (L, ) be an A-field. Given ¢,¢’: A — L{7} Drinfeld A-modules over L, a mor-
phism from 1) to 1)’ over L is an element f € L{7} such that

fiba=1.f VaeA.

An isogeny from 1 to 1)’ over L is a non-zero morphism as above. An isomorphism
from 1) to 1)’ over L is an element f € L* such that fi), = ¢.f foralla € A.
Finally, End; (¢)) and End;(¢)) are the rings of endomorphisms of ¢ over L and over
L, respectively.

We remark that

¥(A) C End;(¢)) C Endz(v)

and that isogenous Drinfeld modules have the same rank and height.

For ease of notation, we shall henceforth denote the category of Drinfeld A-mod-
ules over L (with a fixed A-field structure (L, d)) by Dring(L).

Note that, in the setting of our main theorems, K D k a fixed field extension and
1: A — K{7} a generic Drinfeld A-module over K, we are implicitly working with
the structure on K arising from the injective homomorphism Do ¢: A — K.

Remark 3.1 The category Dring (L) of Drinfeld A-modules over L may be defined
in greater generality. Indeed, we may fix an arbitrary function field " and a prime
oo of . We then take o7 as the ring of functions on .#” regular away from oo and
define the category Dring/(.%) of Drinfeld «7-modules over <7 -fields .# exactly as
we did above.

The endomorphism rings introduced here have important properties:

Theorem 3.2 ([Go, Prop. 4.7.6, p. 80, Theorem 4.7.8, p. 81, Prop. 4.7.17, p. 84],

[Th, Theorem 2.7.2, p. 50])  Let (L, 0) be an A-field with generic A-characteristic. Let

1 € Dring (L) be of rank r > 1. Then Endy (1)) has the following properties:

(i)  End;(v) is commutative;

(ii) End;(v) is a finitely generated projective A-module of rank at most r;

(iii) if we let k' denote Endy(1)) ®a k, then k' is a finite field extension of k satisfying
[K:k] <

3.3 Division Points

Let (L, ) be an A-field and let 1) € Driny (L). Let a € A\FF,. We define the a-division
module of 1) by

Yla) == {Aei:wa(A)zo}.
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When a = / is irreducible, we define the ¢*°-division module of 1) by
YIe<] = U ).

n>1
Note that ¥ [a] is a torsion A-module via . As we recall below, its A-module
structure is well determined by a and ).

Theorem 3.3 ([Ro, Theorem 13.1 p. 221]) Let (L, 6) be an A-field with A-charac-
teristic p (possibly zero). Let 1p € Driny (L) be of rank r > 1 and height h. Let | # p be
a non-zero prime ideal of A with 1 = (A, and let e > 1 be an integer. Then

P[] ~4 (AJLCA).
If p = pA is non-zero, then
DIpT = (A/pPA) T

Corollary 3.4 Let (L,d) be an A-field with A-characteristic p (possibly zero). Let
1 € Dring(L) be of rank r > 1 and height h. Let a € A\F, and write the ideal aA
uniquely as the product of ideals a1, a, of A such that a; is relatively prime to p and a,
is composed of prime divisors of p. Then

Yla) =4 (A/0)" @ (A/0) " <4 (A/aA).

Remark 3.5 Theorem 3.3 and Corollary 3.4 hold in greater generality. In partic-
ular, the results hold for a Drinfeld module ¢ € Drin/ (%), where <7 is the ring of
functions on an arbitrary function field .2~ which are regular away from some fixed
prime in ., and where . is any .o/ -field.

3.4 Reductions Modulo Primes

Let (L, ) be an A-field and let ) € Dring (L) be of rank r > 1. Let p be a prime of L.
We say that v has integral coefficients at o if

(@) ¥, € O, {7} foralla € A, and
(b) Y ®F,: A — F,{r}, defined by a — 1, (mod ), is a Drinfeld A-module over
[F, (of some rank 0 < r; <r).

In this case, we also say that 1) ® IF, is the reduction of 1) modulo .

We say that ¢ has good reduction at p if there exists 1)’ € Dring (L) such that
M) ¥~
(ii) ' has integral coefficients at g, and
(ili) ¢’ ®F, hasrankr.

For the remainder of this subsection, we assume that L = K is a finite field exten-
sion of k and that ¢ € Drin4 (K) has generic characteristic. There are only finitely
many primes of K that are not of good reduction for ¢y € Dring (K). As in Section 1,
we let Py, denote the set of (finite) primes of K of good reduction for .

Note that, for a prime ¢ € Py, Corollary 3.4 gives the structure (1.4) of the
A-module 9 (I, ). Indeed, ¥(F) is a finite A-module, and since A is a PID, there
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exist unique polynomials d; , (¢), ds, (¥), ..., ds, () € AW such that
"/}(]Fp) =A A/dl,p (w)A X X A/ds.gy (’¢)Aa

with d; , (¥)|dis1, (1) foralli = 1,...,s — 1. That s = r follows from the fact that
Y (F,) is a torsion module, and hence, by Corollary 3.4, from the existence of some
a € A\F, such that (IF,) <a 1[a] <4 (A/aA)".

The following analogue of the Néron—-Ogg—Shafarevich criterion for elliptic curves
holds.

Theorem 3.6 ([Tak, Theorem 1, p. 477]) Let K be a finite extension of k. Let 1) €
Dring (K) be of generic characteristic. Let o be a prime of K and let | = (A be a prime
ideal different from p := p N A. Then 1 has good reduction at o if and only if the
Galois module 1)[£°°] is unramified at . Moreover, if 1 has rank 1, then ¥ [{>°] is
totally ramified at 1.

Note that while the last assertion of the theorem is not stated explicitly in [Tak,
Theorem 1, p. 477], its proof is given during the course of the proof of the cited
theorem.

Remark 3.7 The notion of good reduction can be introduced for a general ¢ €
Dring (), where &7 is the ring of functions on an arbitrary function field ¢ that
are regular away from some fixed prime in %, and .7 is a generic 7-field. Theo-
rem 3.6 holds in this general setting also.

3.5 Division Fields

Let K be a finite field extension of k and let ¢ € Drin, (K) be of generic characteristic.
For a € A, we define the a-division field of 1 as K(¢[a]). This is a Galois extension of
K, which plays a crucial role in our study of the elementary divisors of the reductions
of ). We denote the genus of K(¢/[a]) by g, and the degree of the constant field of
K(+[a]) over Fk by c,, that is,

(3.1) ¢a = [K(®[a]) NFx:Fg].

Here are some important properties of these division fields.

Proposition 3.8 ([Go, Remark 7.1.9, p. 196]) Let K be a finite field extension of k
and let ¢ € Dring (K) be of generic characteristic. Let

Kw,tors = U K([a]).

acA\F,
Then [Kyors N Fx @ Fx] < oo. In particular, there exists a constant C(¢,K) € N,
depending on K and 1, such that, for any a € A\F, ¢, < C(¢, K).

Proposition 3.9 ([Ga, Corollary 7, p. 248]) Let K be a finite field extension of k and
let 1 € Dring(K) be of generic characteristic. Then there exists a constant G(¢, K) € N,
depending on K and 1), such that for any a € A\F,,

% < G(,K) - [K(¢[a]):K] - dega.
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3.6 Galois Representations

We start with a more general setting. Let JZ be a finitely generated field of tran-
scendence degree 1 over F,, let co be a fixed prime of J#", and let &7 be the ring of
functions on % regular away from co. Let .Z be a finitely generated extension of
. Let 1) € Dring (%) be of rank r > 1, automatically of generic characteristic.

Using the general notions of division points on Drinfeld modules, for any non-
zero prime [ of &7 we define the l-adic Tate module of 1) by

Ti(v) := Homy (4 /o, ¢ [17°]),

where: for a non-zero ideal a of &7, ¥[a] := {A € L*P : ¢,(A) = 0 Va € a},
P[1°] ==, >, ¥[I"], and 4, o are the respective [-completions.

The [-adic Tate module of 9/ is a free .<%-module of rank r. Moreover, it gives rise
to continuous Galois representations

JURTE Gf — AUtM(TI(w)) = GLr(M);

ps: G — T Auty(Ti(1)) ~ [ GL.(4) ~ GL,( )
[#oo [#oo

o~

of the absolute Galois group G¢ = Gal(.Z*?/.L) of £. Here, o := lim« o /a,
where a are non-zero ideals of &7 ordered by divisibility.
These representations fit into a commutative diagram

Py
G — [T1s00 GL(A)

l mod I"

GL, (o /1"<),
with 7 denoting the natural projection and mod [" denoting the reduction modulo

" map.
Since the residual representation pp ,, gives rise to an injective representation

Py Gal(Z(V[I')/L) — GL (o V'),
we immediately deduce the upper bound
[ZLW[1"): 2] <#GL(A/U').

This bound can be better understood using the following lemma.

Lemma 3.10 Let o/ be a Dedekind domain whose field of fractions is a global field
. Let a be a non-zero ideal of &7 . Define

la| := #(7 /).
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Then for any r € N, we have

svisi= 1 (1= 3) (1))

Tla

Proof This is deduced from [Br, Lemmas 2.2 & 2.3, pp. 1243—1244]. ]

For the main results of this paper we require more precise information about the
degree [.Z([1"]):.Z], which we deduce from the following important results of R.
Pink and E. Riitsche [PiRu].

Theorem 3.11 ([PiRu, Theorem 0.1, p. 883]) We keep the setting introduced at
the beginning of Section 3.6 and assume that End—(v)) = /. Then the image of the

representation py, is open in GL,(Ed7 ), that is,
|GL,(Z17) : Impd,’ < o0.
In particular, there exists an integer i, (1, £) € N such that, for any non-zero a € o/,
|GL (o Jact) : Gal(L(Wla)/.£L)| < ir(4h,.2),
and there exists an ideal I, (v, L) of o/ such that for any non-zero a € <of with
(ad ,Li(,.2)) = 1,
Gal(ZL(Y[al)/ L) ~ GL( [add).

Note that 1) may have a non-trivial endomorphism ring. If all endomorphisms
of 9 are actually defined over .2, then the image of pi, lies in the centralizer
Centrgr, (o) (Endg(w)). In this case, we focus on the representations

pry: G — Centrgr, (o) (Endg(z/})) ,

py: Gy — I1 CentrGLr(m)(End§(¢))~
[#o00

Theorem 3.12 ([PiRu, Theorem 0.2, p. 883]) We keep the setting introduced at the
beginning of Section 3.6 and assume that

End(¥) = End(¢).

Then the image of the representation py is open in [ ., Centrgr, (o) (End (1)), that
1s,

[T Centrg, () (Endz (1)) : Im py
[#oo

In particular, there exists an integer i,(1p, Z) € N such that, for any non-zero a € <,
| Centrgy, (o fawr) (Endz (1)) @ Gal(Z (¥[a])/ L)| < ix(vh, L),

and there exists an ideal I,(v, L) of </ such that for any non-zero a € <of with

(0%712(1/17$)) =1,

Gal(Z(lal)/ L) ~ Centrgy, (o facr) (Endg(w)) .

< 0.
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We will apply these results to deduce a lower bound for the degree [K(¢[a]) : K]
of the a-division field of a generic Drinfeld module ¢/ € Drinia(K) of rank r > 2,
where K is a finite extension of k; see Theorem 3.14. Before we state and prove this
bound, let us recall the Drinfeld module analogue of the Tate Conjecture, proven in
[Tagl, Tag2].

Theorem 3.13 (The Tate Conjecture for Drinfeld module) We keep the previous
general setting X', o/, L. Let yn, 1, € Dring (ZL). Then, for any prime | of o/, the
natural map

Hom ¢ (41, 12) ®@ () — Hom g1 (Ti(v1), Ti(¥2))

is an isomorphism.

Theorem 3.14 Let K be a finite extension of k and let 1y € Driny(K) be of rank r > 2
and of generic characteristic. Let vy := ranky Endg(v)). Then, for any a € A\F,, we

have
el <o [K(Gla):K] < [al.
log~y +logdega +1loglogg " -

Proof We base the proof on a strategy used in [Pi]. Let A= Endg(¢)) and let F be
the field of fractions of A. By Theorem 3.2, all endomorphisms f € A are defined
over a finite extension K of K. Thus, after identifying A with its image 1)(A) C A, we
can extend ¢: A — K{7} tautologically to a homomorphism

V: A — K{r}.

This is again a Drinfeld module, with the difference that A may not be a maximal or-
der in K. To fix this, we modify " by a suitable isogeny, using results of D. Hayes [Ha].

Indeed, we let &7 be the normalization of AinK. Then, by [Ha, Proposition 3.2,
p. 182], there exists a Drinfeld module

v of — K{t}

such that 1| 7 is K-isogenous to 1Z Moreover, 1) may be chosen such that the restric-
tion 1| is defined over K.

Let % be the finite field extension of K generated by the coefficients of all endo-
morphisms in Endg(1)). By Theorem 3.13, all the endomorphisms of ¢ over K are
defined already over K*P. Thus .%  is a separable Galois extension of K. Moreover,
by construction, the Galois group Gal(.#"/K) acts on F and, again by Theorem 3.13,
it acts faithfully.

Let U: o/ — ¢ {7} be the tautological extension of 1. This is a generic Drinfeld
module of rank R := % satisfying End—-(¥) = End » (¥) = /. By Theorem 3.12,
the image of the representation

pu: Gy — H CentrGLR(m)(%) ~ H GLr ()
[#£00 I#£00
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is open. In particular, there exists an integer i(V, .#") € N such that, for any non-zero

ac o,
(3.2) |GLr(4 Jast) : Gal(H (W[a])/ )| <i(¥, ).
Since &7 is a Dedekind domain, by Lemma 3.10 we deduce that, for any non-zero
ac o,
|a%|RZ R?
3.3 _ #GLp( Ja) < |ladd
(3.3) oglog [ae/| <Lx #GLp( Jadl) < adl |*,

where |agdf | := #(of [as).
Now let a € A\F, and remark that #(.o/ /ae/) = #(A/aA)" = |a|,. Therefore,

(3.2) and (3.3) imply that
lal

logy + logdega + loglogg

2

[
U
o0

Cwo [H(Wla):H] <

Finally, recalling the construction and properties of 12, 9, and ¥ in relation to 1,
these bounds imply the ones stated in the theorem. ]

3.7 Arithmetic in Division Fields

Let K be a finite field extension of k and let 1) € Dring (K) be of generic characteristic
and rank r > 1. We focus on providing properties of the primes splitting completely
in the division fields of ).

Let o € Py andlet [ = A be a prime of k such that [ # o N A. Let o, denote
the Frobenius at p in K(1[¢])/K. The characteristic polynomial of the Frobenius o,
at p, defined by

P}, (X) == det(X1d —py,(0y,))
= Xr + a,_l_,p (w)erl +oeeet al,g) ('l/))X + aO,g) (1/)) € AI [X]a

is very useful in describing further properties of o when it splits completely in a
division field of K. We recall the basic properties of this polynomial.

Theorem 3.15 ([Ge, Corollary 3.4, p. 193; Theorem 5.1, p. 199]) Let K be a finite
field extension of k and let 1) € Driny (K) be of generic characteristic and rank r > 1.
Let o € Py and let | = (A be a prime of k such that 1 # o N A. The characteristic
polynomial of the Frobenius at p has the following properties.

i) PL“)’@ (X) € A[X]; in particular, PLO (X) is independent of |, and, as such, we may
drop the superscript | from notation and simply write Py, , (X).
(ii) Thereexists u, (1) € lF;‘ such that ay o, (V) = u, (¥)p™, where, we recall, m, :=

[F, :Fp].
(ili) The roots of Py , (X) have | - |oo-torm less than or equal to |p

(i) |arp()]o < |@|ot forall0<i<r—1.
(v) Pyp(1)A = x(¥(F,)), where, we recall, x(1(F,)) denotes the Euler—Poincaré
characteristic of (IF, ).

1
r
ere})
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Proposition 3.16 (Characterization of primes splitting completely in division fields)
Let K be a finite field extension of k and let 1 € Driny (K) be of generic characteristic
and rank r > 1. Let o € Py and let m € AV be such that gcd(m, p) = 1, where
© NA = pA. Then(F,) contains an A-submodule isomorphic to (A/mA)" if and only
if p splits completely in K(1)[m]) /K. Consequently, given d € A" with gcd(d, p) = 1,
we have that d , (1) = d if and only if p splits completely in K(1[d])/K and o does
not split completely in K(1)[dl]) /K for any prime £ € A such that { # p.

Proof Let 7, be the Frobenius automorphism of ¥ (IF, ), which may also be viewed
as a root of P, ,. Note that Ker(m, — 1) = 9(I,). Since gcd(m, p) = 1, Theorem
3.3 tells us that (¢ ®F, ) [m] ~4 (A/mA)". Therefore, 1)(F,) contains an isomorphic
copy of (A/mA)" if and only if (1) @ F,,)[m] <, ¥(F,) = Ker(m, — 1).

If o, denotes the Frobenius at p in K(¢/[m])/K, then

(v ® Fy)[m] <a Ker(m, — 1)

if and only if ¢p[m] <4 Ker(o, — 1). This last statement is equivalent to o, acting
trivially on ¢)[m], and hence to p splitting completely in K(¢)[m])/K. [ |

Proposition 3.17 Let K be a finite field extension of k and let 1) € Driny(K) be of
generic characteristic and rank r > 1. Let p € Py and let a € A\qu be such that
ged(a, p) = 1, where p NA = pA. If p splits completely in K(v)[a)), then a” | Py, (1).

Proof Again, let 7, be the Frobenius automorphism of 1 (I, ). Since g splits com-
pletely in K(¢[a]), o, acts trivially on ¢[a], and so (¢ ® I, )[a] <4 Ker(m, — 1).
Recalling the structure of the torsion of ¢ ® I, we deduce that ¢ (F,) contains an
isomorphic copy of (A/aA)". By taking the Euler—Poincaré characteristic and invok-
ing Proposition 3.15(v), we infer the desired divisibility relation. ]

By combining Proposition 3.17 with the results of [He] providing a Drinfeld mod-
ule analogue of the Weil pairing for elliptic curves, we obtain the following theorem.

Theorem 3.18 (Properties of primes splitting completely in division fields) Let K
be a finite field extension of k and let 1) € Dring(K) be of generic characteristic and
rank r > 2. Then there exists 1! € Drina(K), of generic characteristic and of rank 1,
uniquely determined up to K-isomorphism, such that:

(1) Py C Py

(ii) forany o € Py, the characteristic polynomials of 1 and {* at © are such that

Pyp(X) = X"+ a,-1,0 (D)X 4+ ar(§, 9)X + g () p™,
Py (X) =X+ (=1 u, (¥)p™,
where u, (¢) € ]F;;

(iii) forany p € Py and any a € A\F, coprime to p, where p N A = pA, if p splits
completely in K([a]), then

(@) ¢ also splits completely in K(¢)![a]);
(b) ar|P1;“),5o (1))
(C) a|P1;1,gJ(1)-
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Proof See [CoSh, Proposition 10]. [ |

4 The Chebotarev Density Theorem

Let K be a finite field extension of k and let K’ /K be a finite Galois extension. In this
section, we recall an effective version of the Chebotarev Density Theorem for K' /K,
as proved in [MuSc].

Let gx- and gk be the genera of K’ and K, respectively, and let cx denote the degree
of the constant field Fx of K’ over Fg, that is,

Cx/ = [K/ HFK : ]FK]
Let
D:= > degy p.

¢ ramified in K’ /K

Let x € N and set
I(x;K'/K) := #{ unramified in K'/K : deg; p = x}.
For C C Gal(K’/K) a conjugacy class, set
Hc(x;K'/K) := #{p unramified in K'/K : degy p = x,0, = C},

where o, is the Frobenius at p in K’/K. Note that, in particular, IT; (x; K'/K) de-
notes the number of degree x primes of K that split completely in K’. Let ac € N be
defined by the property that the restriction of C to g+ is 7.

Theorem 4.1 ([MuSc, Theorem 1, p. 524]) We keep the above setting and notation.
(i)  Ifx £ ac (mod cx+), then lc(x; K’ /K) = 0.

(ii) Ifx = ac (mod cx), then

C]
|G

Clq%

Hc(X;K//K)—CKI | |7

T (.0
+2(2gK+1)|C|q—+(1+—) D.
X X

Our main application of Theorem 4.1 is when K’ is a division field of a generic
Drinfeld module ¢ € Drina(K) and C = {1}. We record a restatement of this
theorem in our desired setting.

Theorem 4.2  Let K be a finite field extension of k and let ) € Drin (K) be of generic
characteristic. Let a € A\F,. Let x € N and define

¢ ifclx
4.1 " =
(1) () {0 else,
where ¢, denotes the degree of the constant field extension of K(v)[a]) over Fx (see (3.1)).
Then
ca(x) g qr
II,(x; K Ky=——"- Oy —d .
1( K(¢[a])/K) [K(d[a]) K] + L,K( " ega)
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Proof Using the effective Prime Number Theorem for K (see (1.5)) and Theorem
4.1 with K’ = K(¢/[a]), C = {1}, and hence with ac = 0, we obtain

ca(x) q**

IL (x; K(¥[a]) /K) = [K@la): K] x

+O<<2guW+2(2gK+l)> X +<1+x)D>,
where
D:= > degy .
gJE':Pw

¢ ramified in K(¢[a])/K

By Theorem 3.6, D <k dega. Combining this with Proposition 3.9, we obtain

KX

1 qT 1
<2ga'm+2(2&<+1))' . +(1+;)D
G(,K) - [K(¥[a]):K] -dega g% x+1

[K(@[a]):K] x Ty desa

KX

<k G(¢,K) - qTZ - dega. [ ]

<k

5 Proofs of Theorems 1.1 and 1.2
Let K/k be a finite field extension and let ¥»: A — K{7} be a generic Drinfeld
A-module over K, of rank r > 2. Let d € AW, For a fixed x € N, let
D, x) =#{p € Py :degy p =x, di,(¥) = d}.

Our first goal is to derive an asymptotic formula for this function, as x — oo.

We start by noting that, for any prime ¢ € P, such that gcd(d, p) = 1 (where,
asusual, p N A = pA), we have d = d, ,(¢) if and only if Y(F,) >4 (A/dA)"
and Y(F,) #4 (A/LdA)" for all primes ¢ € AW, Hence, by the inclusion-exclusion
principle and by Proposition 3.16,

(5.1) P, x) = 3 palmIL (xK([md])/K),
where, for square-free m, the field extension K (¢[md])/K is obtained via field com-
position
[l‘_[ K(p[td]) = K(¢llem(fd:£|m)]) = K(y[md)),
¢ prime

and where, we recall,

I, (x; K(yp[md]) /K) :=
#{ p € Py :degy p = x, p splits completely in K(w[md])/K},
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The range of degm in the summation on the right-hand side of (5.1) is derived
from the condition that if p splits completely in K(¢)[md]), then

(A/mdA)" <a (Fy).

This gives the divisibility relation m"d" | x (1) (F,)) obtained by taking Euler—Poincaré
characteristic on both sides. Indeed, since |x(¥(F,))|coc = @ ]o0 = g%, the above
gives
(5.2) degm < Lx
’
The obvious tool in estimating Z(1), x) is the effective Chebotarev Density Theo-
rem (Theorem 4.2). However, for r = 2, this is insufficient. As such, we split the sum
into two parts, apply Theorem 4.2 to the first, and find a different approach for the
second. To be precise, we write

(53) @(7/1,96) :@1(7/),x,)’)+92(1/)ax7)’)

for some positive real number y = y(x), to be chosen optimally later, where

D, x, )= > pa(m)IL (x; K(¥[md])/K),

meAW
degm<y

D(x,y) = > pa(m)I (x5 K(W[md])/K).

mEA(l)
y<degm< %K=

By applying Theorem 4.2 and Lemma 2.1, we obtain

g pa(1m)Cpna (%) - q 7y
A0x =0 5 tgmag o)
degm<y

Now let y := rank, Endg(%)). By Proposition 3.8, Theorem 3.14, and Lemma 2.2
(for which we are also using that v < r), we obtain

M) Cpa(x log deg(md) + loglo lo
(5.4) Z [uA( )Cma (%) <ok Z gdeg(md) + log 89 . _logy

AW K('ll)[ ]) K] q deg,'nd) q(%_lw
degm>y degm>y
Thus,
g A (1) Cma(x) qaTty
5.5) 2,1, x,y) = ————————— + Oy,
59 AwxD =T 5 iegtmang O ()

+ O,l/,ﬁK(qCK"f(é’l)y log y) .

Observe that by choosing y := %ch, if r > 4, then the above estimate already proves
the first part of the theorem. The following discussion thus pertains to the case r < 3.

To estimate %,(1, x, y) from above, we make use of van der Heiden’s construction
of the analogue of the Weil pairing for 1), as well as of the average over m. More
precisely, we appeal to Theorem 3.18 and rely on the properties of the rank 1 Drinfeld
A-module 9! € Driny (K) associated with 10, as follows.
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By Theorem 3.18(iii), if p splits completely in K(¢)[md])/K, then g splits com-
pletely in K(¢)![md])/K. Using the characteristic polynomials at ¢ associated with
1) and 1!, by Theorem 3.18(ii), this implies that

m'd |1+ a, () +u,()p™ and md|1+ (—1)’_1% (W) p™,
where, we recall,
Py y(X) = X"+ a 1o (DX 4t a o (D)X + u, () p™ € A[X]
with ug, (1) € ]F;, and where we define
ap (V) == a,_1,() + -+ a1, (¥).
By Theorem 3.15(iv), we obtain that

r— 1)cg de
dega,, (1) < ()M
r
Therefore,
EACES D DD DD > L
meA®  u€F; acA p€EPy
y<deg mgg deg ag('*l# degy p=x

a, (Y)=a,uy, (Y)=u
m'd"|1+ag, (¥)+u, () p™
md|1+(—=1)"" ", () p™e

To simplify notation, for each a € A let us define

- {2+a if r even,

a .
a if r odd.
Thus
2wyl Y S Y > L
meA®  ucFy ae('A;l)c N pEPy
y<deg m§¥ deg affk degy p=x
md|a m'd"|1+a+up™

We now consider the innermost sum above. Using diagram (2.1), we see that
deg pmv =my, degp =cx degK O = cgx.

We also see that, by Lemma 2.1(i), for fixed a € A and u € IF}, there exist at most
gecx—rdegmtl primes p € A of degree &* such that m'|1 + a + up™ . Indeed, this

my,
reduces to counting polynomials in A of degree deg(1l + a + up™>) — rdegm =
cxx — rdegm. But there are at most [K:k] primes in K lying above a fixed prime

p € A. Therefore,

E 1 <k chxfrdeg m+1 < chxfrdegm
pEPy
deg; p=x
m"|1+a+up™
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Continuing, we deduce that

-@2(7/}a X, )/) <Lk, d Z Z Z qCKx*r degm

meAl  u€kE: acA
y<degm§? degugw
— KX —rdegm
CAED DI ReatD DEND DR
meA® uer; acA
y<degm< & dega< L=
a0
m|a
+ chx E —rdeng § : 1
mEA(l) IAEF* aceA
y<degm< %K= dega< = 1,)[Kx
a=0

= D1, %, y) + Dry(,x, y).

We will estimate these two sums from above using Lemmas 2.1 and 2.2, where, for
the latter, we will be implicitly also using that v < r.
To estimate 2, 1 (¢, x, y) from above, we note that

-@2,1(1/)79@}’) < chx+1 Z qfrdegm Z 1,

mGA(” acA
y<deg mS? degagwfdegm

which, by Lemmas 2.1(i) and 2.2(i), is

(r— (2r—Degx
1 —_
<<qc;<x+ § : q rdegmq —degm <q =1y
meA(l)
y<degm< K=

To estimate 2, 5(1, x, y) from above, we note that its innermost sum has only one
term, hence, by Lemma 2.2(i),

Dy, x,y) K qCKx%ril)y-

Combining these estimates, we obtain that

.@Z(wvx )/) <<qu 7r V}’+qcxx (r— 1)

Plugging this back into (5.3) and appealing to (5.5), we deduce that

g poa(m)cma(x) g5y
60 P =T ¥ g+ Ora()

4 Ow,K(qWﬁ(%il)y logy) + OK,d(q

(2r— l)ch

1Y 4 g =Dy

Finally, we choose y as follows:

yie zi(rﬁ)ch ifr=2,3,
;ch ifr > 4.
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We plug this into (5.6) if r = 2,3, and into (5.5) if r > 4 (note that in this case
D), x) = 21(¢, x, y)), obtaining the effective asymptotic formulae

Opxa@ ™)  ifr=2,

qq(x HA (1) cma(x) 19¢x .
. 9 = _— b 24 fr= ,
GNP =" 2 Wplmdlyk] ) Ovrdd 2 ) ifr=3

Oy.x.a(q v ) ifr>4.
This completes the first part of Theorem 1.1.

Remark 5.1 (i) Formula (5.7) is stronger than the asymptotic formula (1.6)
stated in Theorem 1.1, as it provides us with explicit error terms. Moreover, these
error terms carry significant savings in powers of g«~.

(ii) For r > 4, the splitting of Z(1), x) into two parts, as in (5.3), is unneces-
sary. The proof of Theorem 1.1 in this case is solely an application of the effective
Chebotarev Density Theorem for the division fields of 1.

(iii) For r = 3, the splitting of Z (¢, x) into two parts, as in (5.3), is also unneces-
sary in order to obtain the asymptotic formula (1.6). In our proof, we do so in order
to obtain a saving in the final error term: O@uK’d(qwz[*fx) using (5.3) and the approach

therein for estimating Z,(¢, x, y), versus Oy, Kd(ngx ) using only the effective Cheb-
otarev Density Theorem (and the choice y := %ch).

(iv) The error terms in (5.7) may be improved with additional techniques. For
example, for the case g odd, r = 2, v = 2, and K = k, in [CoSh] we proved the
formula N

=L v fia (1) Cpna (x)

S + Opalg ®)-
X peam [k(p[md]):k] + Oy ka(q?)

Our second goal is to prove that the Dirichlet density of the set
{p €Pyid, () =d}

pa(m)
meAW [K(¢[md]):K]"

(5.8) Z q—sck deg, o

exists and equals > For this, let s > 1 and consider the sum

pEPy
dy (p)=d
=9 D0, x)
x>1
,uA(m) q(lis)q(xcmd(x) ( (0(r)—s)c) x)
= + Oy K s
K@K Z L
where we used (5.7) with
g ifr =2,
0(r):==q 2 ifr=3,

r;—z ifr > 4.
r

By the definition (4.1) of ¢,,4(x), (5.8) becomes

MA(m) q(l_S)CKCMdj ( (O(r)—s)c x)
= - + Oy k).
mezAm [K(yp[md]):K] i>1 ] K x;q
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Since s > 1, this can be written as

1ia(m) 1y PUCRLES
S L R T e iy §
meaw [K([md]):K] og(1-4 ) RN = 00—

We now calculate

—scx d (
> pep, g Y
dip ()=d

si>1+ — log(] _ q(lfs)cK)
pa(m)  log(1 — gl =s)exema)

=1
it [MGAU) [K(p[md]):K] log(1 — q(1=9%)
(0(r)—=s)ex
q
+ Ol“‘?‘K< (1— q(e(r)—s)cK) 10g(1 _ q(l—S)CK)) }
. Z pa(mm)

a meAM [K(¥[md)):K]’

obtained after an application of 'Hospital and elementary manipulations. This com-
pletes the proof of Theorem 1.1.

The proof of Theorem 1.2 proceeds in the same way as that of the first part of
Theorem 1.1, after replacing with 1 the factor p4(m) appearing in (5.1), and, hence-
forth, in 2,(v, x, y) and Z,(1, x, y) of (5.3). In particular, this approach leads to the
asymptotic formulae

(5.9) > ILi(x, K(¥[m])/K)

meAl)

= > I K@[m])/K)

meA(l)
degm< &=
S x .
g Cm (%) Opx(qe) ifr=2,
- — L+ { Oy (19;75;() ifr =3,
X mEZA(U [K(¢[m])K] vk q(r+2)q<x .
deg m< &K Oyx(g > ) ifr>4
CKX Ow,K(qy) ifTZZ,
S S LI PN SR
x i K@mD:K] T 002 ) :

vaK(q 2r ) ifr Z 4. |

6 Proof of Theorem 1.3

Let K/k be a finite field extension and let ¢): A — K{7} be a generic Drinfeld
A-module over K, of rank 2. Let y := rank, Endg(¢)).
(1) Let f: (0, 00) — (0, 00) be such that lim,_, o, f(x) = co. Forafixed x € N, let

5(1/1;36) - Ef(wux) = #{@ € (Pdf : degK@ =X, ‘ngo(w”oo > ;il‘?j)}u

G(ZZJ,X) = ef(qu,x) = #{ P € :Pze“) . deng =X, ‘dZ,g)(w)‘oo < ‘LiJ:(()j) } .
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Our goal is to derive an asymptotic formula for (¢}, x), as x — 00. More precisely,
our goal is to show that (¢, x) ~ 7k (x), which is equivalent to showing that

e(y,x) = o(mx(x)).

Note that, without loss of generality, we may assume that f(x) < j for all x.
Indeed, if fi, f2: (0,00) — (0,00) satisfy f, < fi and lim,_, fo(x) = 00, then
Ep (1, x) < Ef (1, x) < mr(x). Thus, for the purpose of proving Theorem 1.3(i), we
may replace f(x) by min {f(x)7 3= 1}.

We start with the partition

eWx)=> > 1

deAW pEPy
degy p=x
dr g (1)=d

o lol
e ()] o < L2

and remark that, as in the deduction of (5.1) in the proof of Theorem 1.1, the con-
dition d = d, ;, (1)) imposes the restriction degd < %*. Moreover, the conditions

di, () = dand |y, ()]0 < —{‘f’lx , coupled with the remark

i f(x)

(6-1) |p|oo = |X('L/)(]Fga))|oo = ‘dl,gJ(w)IooMZﬁp(w)‘oov
impose the restriction cx f(x) < degd. Thus,
e, )< Y #{p €Pyidegep =x,dldi, (1)}

dea
cx f(x)<degd< %

= Y MEKE@MEN/K),

dea
cx f(x)<degd< #

by also using Proposition 3.16. Using version (5.9) of Theorem 1.2 for the range
degd < %% and Theorem 4.2 for the range degd < cx f(x), the above is

_ 9 ca(x) s | qyﬂxf(x)f(x)
T Z wotangy oo (1) +0un ()

ok f(x)<degd< &=

Reasoning as for (5.4) in the proof of Theorem 1.1 and using that now v < 2, the

first term becomes

e (4 1) f(xn 1OE f (%)
< g s 1080

x
Since lim, o f(x) = oo and f(x) < 7, we deduce that e(3), x) = o(mk(x)).

Remark 6.1 The same proof can be carried through in the case r = 3, leading to a
weaker result. For r > 4, however, one requires a more careful analysis, which should
also take into consideration the behaviour of the intermediate elementary divisors.

Reasoning as at the beginning of the proof, without loss of generality we may
assume that there is 0 < 6 < 1 such that f(x) < %x for all x. We now show that the

Dirichlet density of the set {p € Py 1 |ds |0 < qls&} equals 0.

ck f(degg )
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Let s > 1 and consider the sum

(63) E q*SCK degy
pEPy
/ lo]
20 Wloo < et oy

_ quscxxe(w’ .I’)

x>1
(1—s)cgx
q Cd (x) —Ss)ckx
. Y. Reum Zq

x>1 dea
ok f(x)<deg d< K=

ffs)chJrch
D
x>1
= Tl + T2 + T3;

here we have also used the prior estimate (6.2).
First we focus on T;. By the definition of ¢;(x), we obtain

(1—s)cxx
ey ca(x)
(64 h=2 2 K@U
le deA(l)
ck f(x)<degd< K=

q(lfS)CKCdj

=2 2 JIK@Ld]):K]

deA i1
cx f(eqj)<degd< @

Let M > 0. Since lim,_,~ f(x) = 00, there exists n(M) € N such that f(n) > M
for all n > n(M). We split the inner sum in (6.4) according to whether ¢;j > n(M)
and ¢;j < n(M), and consider each of the two emerging sums.

By the above and Theorem 3.14, we have

q(lfS)CKCd j

> Z JIK([d]):K]

deA®
cd]>n(M)

cx f(cqj)<degd< Lkidj
q(lfs)ckcdj

> 2 JIK(y[d]) : K]

deAW j=1
cxM<degd< M

(-
<o Z log degd Z q'

deald \d|Oo i>1 j
cxkM<degd

< Z logdegdz:q(1

deAr ldjse =1
cgkM<degd

—s)ckcaj

S)ck j

j
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Since s > 1, the latter becomes

logdegd
= oscesd %g log(l - q(lfs)c’() .
deAW |d|3
cgkM<degd
By Lemma 2.2, this is
log(cxkM) ’lOg (1 _ q(l—S)CK)
(é—l)cKM ’
q\’ logq
which gives that
Tiy log(cx M)

(6.5) lim —— < .
s%1+—10g(1—q(1 )K) q(:"_l)CKMIqu

We also have
q(l—S)cchj

T, = 4
’ d;;ll i>1 J[K(¢[d])K]7
caj<n(M) ‘
ok f(cq)<degd< H5t
a finite sum. Since
q(l—s)cKa

1+ log(1 — gi—9a)

for any a € N, we deduce that

. T, _
(6:6) sl—1>nll+ —log(1 — q1=9)) 0

By taking M — oo and by using (6.5) and (6.6), we obtain that

lim T =0
s—1+ —log(1 — g(l—9«)

(6.7)

We now focus on T, and note that

. T . gl
(6.8) lim = — lim - =0
s— 1+ — lOg(l _ q(l—S)CK) s—1+ (1 _ q(g—5)cl<) lOg(l _ q(l—S)CK)

It remains to focus on T5. Recalling that now we are assuming that there exists
0 < 6 < 1suchthat f(x) < %’C Vx, we see that
(3 —s)egcrrer f() (x)
. T3 . szl 1 x s
(6.9) lim = — lim
s—1+ —log(1 — gl —9)«) s—1+ log(l — gl —9«)

Z - q(%+’—2'—s)c;<x
lim ==~
sigl+ log(1 — g1 =)

<

q(%+g—s)c,<(l _ q(%+g—s)ck)—1

lim =0.

s—1+ log(1 — g =)
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By combining (6.3) with (6.7)—(6.9), we obtain

s—1+ pEPy

lp|
\dz.g; (w)loo < qCKf(dEZZ o)

This completes the proof of the first part of Theorem 1.3.

(i) In what follows, we investigate the average of |d, , (1))|oc as p € Py varies
over primes with deg, 0 = x. By using (6.1) and Lemma 2.4, and by partitioning
the primes p according to the divisors of d; ,, (1), we obtain

o _lplee
Z |d27p (7/})|OO - chx Z |d1,g; ('(/})|OO

A, %) = ——
ql(

pEPy p€EP,
degy p=x degy p=x
! 1 pala)
= 2 =TT X X
p€EPy |d1"‘@ (w)|oo (q 1) pEPy a,beA |b|oo
degy p=x degy p=x abld\ , (¥)
_ /JA(Q) wala)
2; PR T Z; > e
v a,bEA meAl) pe a, beAW
degy 9 =x abld, , (1)) degy P =x ab|d1 o ()
mldl © )
_ NA(a)
= > > I (x, K (4 [m]) /K),
1 ‘ ‘OO
meA a,beAV

deg m§# ab=m
where in the last line we used Proposition 3.16 and the same derivation as (5.2) for

the length of the sum over m.
Now we proceed similarly to the study of (¢, x) in the proof of Theorem 1.1.

Specifically, we let y := %* and write
(a)
A = 3 Z “A K(4p[m))/K)
meA? qbeA
degm<y ab=m
(a)
DYDY ‘|‘A| I, (x, K($[m])/K)
meAW a,beAV i
y<degm<X* ab=m
= A1(7/1’x’)’)+ﬂz(¢7xv}’)-
By Theorem 4.2,
g ) pa(a)
A (P, x, y) =
05 =0 D Rglm) K] Z Tl
meAW
degm<y ah m
q% 1
+o¢_,,<<x S degm Y |b|oo>.
meAY a,beAV
degm<y a squarefree
ab=m
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By Lemma 2.5 and the observation that

¢a(rad(m))

(6.10)
1m0

<1,

the sum in the O-term of A, (1), x, ) becomes

d
< Y Wdegm < ¢y,

meA®)
degm<y

upon also using Lemma 2.1(ii). Thus, recalling our choice of y, we obtain that

_ 1 _ ) fa(a) <
A, x,y) = = gm [K(xp[m]):K] gm bl +O0ux(q°)-

;
deg m< K= ab=m

To extend the range of degm in the above sum over m, we use Proposition 3.8,
Theorem 3.14, Lemma 2.5, (6.10), and Lemma 2.2(ii). We obtain

q** Z Cm(x) Z pala)
x | 2= [K@m)K] 2~ bl
meA a,beA
deg m>y ab=m
q~* 1 1
Ly — —
C L KK 2, e
meA a,beEA
deg m>y a squarefree
ab=m
KX log deg m rad(m ax=(G=r]g
<, 1 3 gdegm ¢, (rad(m)) <, 1 8y
| 7 Mo Xy
meAD ‘m‘oo
deg m>y

X

using once again that v < 2. Recalling that y = %%, we deduce that

_ q* Cm(x) uA(a) secx

mecA A0

abm

We now turn to A, (), x, ¥). By Lemma 2.5 and (6.10), we have

KRS ES D i W K@lm))/K)

meAW a,beAV

y<degm< K a squarefree
ab=m
< Y T K@Im])/K).
meA
y<degm< K=

This is estimated exactly as |%,(1), x, y)| in the proof of Theorem 1.1, giving the

%)

upper bound O@,yK(qJ%X) (with y = <%
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Putting everything together, we deduce that

C X

m( ) ( ) Scgx
G1) A =T 3 e Z ﬁi wr(a)
meAWD

abm

completing the proof of Theorem 1.3(ii).

Remark 6.2  As with Theorem 1.1, (6.11) is stronger than the asymptotic formula
stated in Theorem 1.3(ii), as it provides us with explicit error terms. Moreover, when
qisodd, r = 2,y = 2, and K = k, the methods of [CoSh] lead to the improved
formula

% Z |d2~,su(w)|oo :q;x Z [C& Halm) +Ow,k(q%).

5 o KWL K 2=l
deg p=x mn=d

7 Concluding Remarks

Remark 7.1  Along with investigating the Drinfeld module analogues of (1.1) and
(1.3), it is also natural to consider their analogues in the context of an elliptic curve E
over a global function field. This is precisely the content of [CoTo]. For clarity, one of
the results Cojocaru and Téth prove is that, given an elliptic curve E over K := F(T)
with j(E) € F,, then, provided char F; > 5, for any x € N such that x — oo and for
any € > 0, we have

(7.1)  #{p prime of good reduction for E : deg(p) = x, E,(IF,,) cyclic} =

,u(m)cm qx qx(%+5)
> [K(E[m]):K]'¥+OEf( x )
m>1

(m,chaFJFq):l
m|q*—1
where p( - ) is the Mobius function on 7, K(E[m]) is the m-th division field of E, and
¢m is the multiplicative order of g modulo m. The formula is unconditional. Un-
usually, it is a direct consequence of the effective Chebotarev Density Theorem for
function fields, no extra sieving being required. This special simplification occurs
thanks to the inclusion KIF;. C K(E[m]), and hence to the resulting strong restric-
tion m|q* — 1 in the sum over m.

Remark 7.2 It is natural to ask what the best error terms in the asymptotic (5.7)
leading to Theorem 1.1 might be. For r > 4, our methods give rise to a dominant
error term Ow,K,d(q(”z)c’“/ 2r), which, as r — oo, is of the same order of magnitude
as the one in (7.1) and as the best error term with respect to x in the standard Cheb-
otarev Density Theorem 4.2 applied to one (or finitely many) field(s). When r = 2,
we obtain Oy, K,d(qgc""). Moreover, by making better use of the properties of Drinfeld
modules with a non-trivial endomorphism ring, in [CoSh] we succeed in lowering
this error term to Oy k 4 q4 ) if ¢ € Driny (k) has rank 2 and is such that Endz (1))
is a maximal A-order in a field extension of k of degree 2 (and provided q is odd) It
remains to investigate the true order of magnitude of the error term for such small .
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Remark 7.3 It is also natural to investigate the positivity of the densities d,, x (d)
in Theorem 1.1. The methods required for such a study are of a completely different
nature than the ones used in this paper and, as such, this study is to be addressed
separately. Nevertheless, we can already exhibit Drinfeld modules for which some of
these densities are positive. For example, as a consequence of [CoPa, Theorem 5(b)],
if g is odd, then any rank 2 Drinfeld module ) € Drin, (k) with Endg(¢)) isomorphic
to the maximal order of an imaginary quadratic extension of k satisfies d, x(1) > %
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