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ABSTRACT 

I n s t a b i l i t y of o r b i t s i n dynamical sys t ems l e a d i n g t o 
chaos has been rev iewed b r i e f l y . S t a b i l i t y c r i t e r i a fo r some 
amimodal mapping which p r o v i d e v a r i o u s p e r i o d i c r e g i m e s d u r i n g 
the p e r i o d d o u b l i n g b i f u r c a t i o n s has been d i s c u s s e d i n d e t a i l . 
S t a b i l i t y c o n d i t i o n s a r e a l s o rev iewed f o r s t anda rd map (or 
Ch i r ikov-Tay lo r map) , and r e s u l t s o b t a i n e d fo r r a n g e of v a l u e s 
of t h e n o n - l i n e a r pa rame te r a p p e a r i n g i n t h e map have been 
s t u d i e d . S t range a t t r a c t o r has a l s o been d i s c u s s e d . 

! • INTRODUCTION 

S t u d i e s on n o n l i n e a r dynamics and emergence of c h a o s a r e 
of growing i n t e r e s t a t t h e p r e s e n t t i m e . Chao t i c phenomena 
have b rough t new m a t h e m a t i c a l i d e a s and a n a l y t i c a l t e c h n i q u e . 
The s u b j e c t i s f a s c i n a t i n g because of i t s i n t e r p l a y of s c i e n c e , 
mathemat ics and t e c h n o l o g y . In p a s t two d e c a d e s s c i e n t i s t s of 
v a r i o u s d i s c i p l i n e s , ( e . g . Ref . [ 1 ] - [ l l ] , [13 ] - [ l 9 ] , [ 54 ] ), have 
come t o t h e common c o n c l u s i o n t h a t "a s imple system may g i v e 
r i s e t o a complex behaviour and a complex system may g i v e r i s e 
to a s imple b e h a v i o u r " . Almost a l l n o n l i n e a r sys tems e x h i b i t 
c h a o t i c mo t ion and so , c h a o t i c phenomena a r e a wide c l a s s of 
n a t u r a l e v e n t s found i n t h e p h y s i c a l wor ld . Chaos happens 
more f r e q u e n t l y t h a n o r d e r . Chaos i s a s c i e n c e of computer 
age . Modern c o m p u t a t i o n a l t e c h n i q u e and e l e g a n t m a t h e m a t i c s 
made c h a o s t o emerge a s one of t h e most e x c i t i n g and i n t r i g u 
ing a r e a s of s c i e n c e . T h e r e f o r e , t h e i n v e s t i g a t i o n s o n c h a o s 
has b rough t a g r e a t r e v o l u t i o n to modern s c i e n t i s t s . Chaos 
has p rov ided t o o l s t o e x p l a i n e v o l u t i o n of dynamical sys tems 
to a v a s t r a n g e of r e a l phenomena. 
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Ifedamard Q.8 98), [ 3 3 ] , ves f i r s t to observe sens i t ive d e 
pendence of chaot ic t r a j e c t o r i e s on i n i t i a l cond i t ions which 
was a l so r ea l i z ed , l a t e r on, by Duhem 0.906), [ 3 4 ] , and Poin-
ca re a 908), [ 3 6 ] , [ 3 1 ] . lo incare observed t h a t ?a f u l l y d e t 
e rmin is t ic dynamics does not neces sa r i l y imply an e x p l i c i t 
p red ic t ion on the evolut ion of a dynamical system". Poincare 's 
observat ion again came to l i g h t , a f t e r a long gap and with 
g r ea t excitement, by variou s r e s e a r c h e r s , (El ] , [ 2 ] , [ 6]-[ 9] , 
[ 1 2 ] , [ 1 3 ] , [ 1 9 ] - [ 3 3 ] , [ 3 7 ] - [ 5 3 ] , [ 5 6 ] , (Ref .[38 ] , [4 0] , [41 ] t o g e 
ther known a s a KAM theory)) and a theory of dynamical chaos 
VBS born. 

S t a b i l i t y of a nonlinear system i s very complicated than 
in the l i n e a r c a s e . Here one has to go through i t s loca l a s 
well a s g lobal a s p e c t s . The ichaotic motion in a dynamical 
system i s a r e s u l t of dynamic i n s t a b i l i t y of o r b i t s in the 
system. S t a b i l i t y of motion of a nonlinear system which con
t a i n s some parameters, say X, may change in the v i c i n i t y of a 
fixed po in t . The fixed point becomes uns tab le when X a t t a i n s 
a c r i t i c a l va lue and a 2-cycle i s born. This 2-cycle becomes 
uns tab le when X fur ther changes and a t t a i n s an another c r i t i 
cal va lue and a 4-cyc le i s born and so on. Thus we see t h a t 
whenever a s tab le motion becomes uns tab le a b i furca t ion s t 
a r t s and a period doubling phenomenon occurs , (El ],[ 2 ] , [ 6 ] , 
[ 1 1 ] , [ 2 0 ] , [ 2 2 ] , [ 2 4 ] - [ 2 8 ] , [ 3 7 ] , [ 4 5 ] , [ 4 8 ] , [ 5 1 ] , [ 5 2 ] ) . The v a r 
ious c r i t i c a l va lues of X obey a general r u l e 

X - X , 
l im -j£. J1~L -• 6 = 4 .6692016 (1 .1 ) 
n-t-co n+1 n 

where Xn s t a n d s fo r c r i t i c a l v a l u e of \ a t t h e n t h b i f u r c a 
t i o n . 6 i s known a s F e i g e n b a u m ' s c o n s t a n t . From t h e above 
p r o c e d u r e one may a c c u r a t e l y d e t e r m i n e t h a t c r i t i c a l v a l u e 
fo r X a f t e r which t h e mot ion t u r n s to be c h a o t i c . 

In t h e p r e s e n t work a b r i e f r e v i e w has been p r e s e n t e d on 
i n s t a b i l i t y l e a d i n g t o c h a o s . As a n i l l u s t r a t i o n , t h e p o p u l a 
t i o n mode l , a l s o known a s l o g i s t i c mapping, has been used a s 
a model f o r t h e d e s c r e t e dynamica l sys tem. 

2 . DYNAMICAL SYSTEMS, CHAOS AND UNPREDICTABILITY 
2 .1 Dynamical System: 

A dynamical system i s t h a t whose e v o l u t i o n from some i n 
i t i a l s t a t e , ( p r e s c r i b e d ) , c a n be d e s c r i b e d by some r u l e ( s ) 
in t h e form of m a t h e m a t i c a l e q u a t i o n s . The e v o l u t i o n of such 
a system i s b e s t d e s c r i b e d by t h e s o - c a l l e d phase s p a c e . The 
dynamica l sys tems m o s t l y we encoun te r a r e n o n l i n e a r i n n a t u r e 
whose e v o l u t i o n i s c o n t r o l l e d by c e r t a i n pa ramete r which we 
have a l r e a d y s t a t e d . 
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2.2 Vtoat i s Chaos? 
Unt i l now, t he re i s no gene ra l ly accepted d e f i n i t i o n of 

chaos, towever, a s i t appears through recen t l i t e r a t u r e s , (e.g. 
Ref . [ l ] , [ 2 ] , [ 6 ] - [ 9 ] , [ 1 3 ] , [ 1 6 ] , [ 1 9 ] - [ 3 2 ] e t c . ) , chaos can be 
well understood from the following ideas : 
i ) Chaos i s an e f fec t of i n s t a b i l i t y of o r b i t s in a dynami

ca l system. 
i i ) The phenomenon r e l a t e d to the occurance of randomness 

and u n p r e d i c t a b i l i t y in a completely de te rmin i s t i c sys 
tem i s ca l l ed chaos . 

i i i ) I r regular behaviour in both conserva t ive and d i s s i p a t -
ive systems i s termed a s chaos . 

iv) Chaotic behaviour simply looks markedly more i r regu la r 
than regu la r behaviour. 

v) Chaotic t r a j e c t o r i e s show sens i t i ve dependence on i n i 
t i a l cond i t i ons i . e . , chaot ic t r a j e c t o r i e s show an a v e 
rage exponential divergence of i n i t i a l l y nearby t r a j e c 
t o r i e s . 

v i ) Chaos d e s c r i b e s a s i t u a t i o n where typ ica l so lu t ions for 
o r b i t s ) of a d i f f e r e n t i a l equation (or typ ica l evolut ion 
of some other model determining de te rmin i s t i c evolut ion) 
do not converge to a s t a t i ona ry or per iodic funct ion fof 
t ime) but cont inue to exh ib i t a seemingly unpred ic tab le 
behaviour. 

v i i ) Chaos can be thought a s a new regime of nonlinear o s c i l 
l a t i o n s , a s over lap of resonances, a s accumulations of 
many i n s t a b i l i t i e s , e t c . 

v i i i ) Chaos impl ies t h a t the knowledge of i n i t i a l data i s i n 
su f f i c i en t for long time p r e d i c t i o n . 

2.3 U n p r e d i c t a b i l i t y 
The i n s t a b i l i t y , non-determinis t ic behaviour and chaot ic 

motion a r e consequences of the r e s u l t s of non-accurate p r e d i 
c t a b i l i t y of the evolut ion of a dynamical systen. Accurate 
predic t ion of the evolut ion of a dynamical system i s extreme
ly d i f f i c u l t a s i t depends on the f a c t s , [ 6 5 ] , t h a t how accu
r a t e l y (a) t h e p r i n c i p l e s of dynamics descr ib ing such evolu
t ion be formulate i . e . the laws governing such evolut ion, 
(b) the mathematical model be es tabl ished ? i . e . , the d i f f e r 

en t ia l equat ions es tab l i shed how accura te ly represent ing the 
system? (c ) the approximation of the solut ion be made ? (d ) the 
i n i t i a l cond i t i ons and other numerical parameters be used? 

The above cond i t ions a r e very important because a minu
te error may cause a pe r f ec t l y de t e rmin i s t i c per iodic motion 
to a chao t ic one and v i ce -ve r sa , Szebehely ([61]-[ 63] ) . 
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2.4 S e n s i t i v e Dependence on I n i t i a l C o n d i t i o n s 

Accuracy i n i n i t i a l c o n d i t i o n s i s a v e r y impor t an t f a c 
t o r because t h e c h a o t i c t r a j e c t o r i e s show s e n s i t i v e d e p e n d e 
nce on t h e i n i t i a l c o n d i t i o n s , [ 6 6 ] . T h i s means t h a t fo r a 
a n a l l change 6x_(o) i n t h e i n i t i a l c o n d i t i o n x_(o): x (o) •»• x (o ) 
+ 6x_(o), t h e p o i n t x_(t) a t t ime t may change a s x _ 7 t ) -*• x_Tt) 
+ 6x_(t), such t h a t 6x_(t) <v 6x_(o J e * , where A i s c a l l e d " t h e 

Lyapunov c h a r a c t e r i s t i c exponent ( L . C . E . ) . Lyapunov expone
n t s a r e t o o l s t o d e t e r m i n e whether o r n o t t h e system i s c h a 
o t i c . The e x p o n e n t i a l conve rgence or d i v e r g e n c e of i n i t i a l l y 
nearby t r a j e c t o r i e s p r o v i d e a c o n c l u s i v e way t o d i s t i n g u i s h 
between t o r u s and c h a o s by e s t i m a t i n g Lyapunov exponen t s A. : 
A < 0 means s t a b i l i t y whereas A > 0 s t a n d s fo r u n s t a b l e 
behaviour and i f A „„ > 0 t h e system i s d e f i n e d t o be c h a o -max 
t i c , [ 5 2 ] , and i n t h i s c a s e a d e t e r m i n i s t i c mo t ion t u r n s t o 
be a c h a o t i c one (Fig . 1 ) . 

S"xl?\X 

3 . BIFURCATIONS: STABILITY OF FIXED POINTS 

The s tudy of b i f u r c a t i o n s has deve loped i n t o a major 
a r e a of m a t h e m a t i c a l and a p p l i e d r e s e a r c h . J a c o b i ( [56] ) has 
used t h e term "branching o f f " fo r b i f u r c a t i o n which i s due t o 
K ) i n c a r e , [ 5 7 ] . The term b i f u r c a t i o n m o s t l y now a p p l i e d t o 
s i t u a t i o n s i n v o l v i n g ( i ) t h e s tudy of t h e change i n t h e number 
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of f i x e d p o i n t s a s t h e c o n t r o l p a r a m e t e r s X a r e v a r y i n g and 
( i i ) t h e dynamic s t u d i e s concerned w i t h t h e change in t h e 

t opo logy , ( the phase p o r t r a i t s ) , a s X a r e c h a n g i n g . By chang
ing X a b i f u r c a t i o n may occu r a t any t ime and t h e phase p o r t 
r a i t may change t o a t o p o l o g i c a l l y n o n - e q u i v a l e n t p o r t r a i t . 

L e t u s c o n s i d e r a d e s c r e t e dynamical system whose e v o 
l u t i o n i s r e p r e s e n t e d by t h e d e t e r m i n i s t i c map 

x ., = F (x ) n+1 n 0 . 1 ) 

The e q u i l i b r i u m v a l u e x * , f o r which x* = F tx*) , i s s a id t o be 
t h e f i x e d p o i n t of F . Then, x* i s s a id t o be s t a b l e i f t h e 
sequence of i t e r a t e s x , , x _ , . . , , x , . . . of F c o n v e r g e s t o x * , 

i ^ n 

i . e . l im x k = x * , 

for a l l i n i t i a l v a l u e s x b ) of x , o r a l t e r n a t i v e l y , i f 

| F ' (X, x * ) | = 'n+1 
- V * 

dF 
d p 

< 1 

(3 .2 ) 

0 . 3 ) 

dF and x* i s u n s t a b l e i f | r—y- | > 
dx ' 

(3 .4 ) 

F i g u r e s 2 (a ) and 2 (b) r e s p e c t i v e l y r e p r e s e n t i n g s t a b l e and 
u n s t a b l e f i x e d p o i n t s . 

xn*1= F (*n> 
. 

L/-

n/ y* 

i 

•*±5*-j£ 

1 \ 
1 \ 
1 \ 
1 \ 

1 \ 
'K \ 
1 \ 
1 1 ., 

Figure 2 ( a ) : S t a b l e f i x e d p o i n t ( A t t r a c t o r ) 
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x n *1 s xn 

If x* is unstable. I — J T I > 1 

dx 

Figure 2(b) : Unstable fixed point 

A s tab le fixed point i s termed a s an a t t r a c t o r because 
the po in ts in i t s neighbourhood approach to i t when i t e r a t e d . 

As stated e a r l i e r , when the con t ro l l i ng parameters X of 
F vary and a t t a i n some c r i t i c a l va lue , say ^ , s t a b i l i t y of 
x* i s dis turbed and b i furca t ion s t a r t s and we observe a pe r 
iod doubling scenario, <L 6] , [11 ] , [12] , [ 24 ]-[3 0],[37 ],[ 51 ] , 
[ 5 2 ] ) , of which a per iodic pa t t e rn of period p or a p-cycle 
i s defined by 

i+p 
x i ' x i + k ? x^, for a l l k < p, (3 .5 ) 

and i g rea te r than c e r t a i n N. 

Thus, p = 1 corresponds to the fixed point x* . An a t t r 
actor x* i s not only the i so la ted poin t , the re might be p -
point in p-cyc le , x | , x i , . . . , x * such tha t 

i+1 = F (x^ ), i = 1,2, . . . , p - l 

= F(x*p) 

The set {x?, x*, . . . , 

p-cycle i s s t ab le if 

x * } 

(3.6) 

i s ca l led a p-point l i m i t cycle.The 
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p 
I n F ' (X, x*) I < 1 , (3 .7) 
i = l 1 

where t h e c h a i n r u l e of d i f f e r e n t i a t i o n h a s been u s e d . That 
i s , t h e p - p o i n t l i m i t c y c l e i s s t a b l e i f each x^ i n { x ? , x * , . . 
. . . , x* l i s a s t a b l e f i x e d p o i n t of P * ' . x 

If t h e s e t {x*} , i = l , 2 , . . . , p i s a g l o b a l a t t r a c t o r 
1 / \ 

t hen fo r a l m o s t e v e r y i n i t i a l p o i n t x , t h e sequence x =F 
te ) a p p r o a c h e s t h e sequence x ? , x i , . . . , x * , x £ , x | , . . . , x * n , . . . 

4 - INSTABILITY LEADING TO CHAOS 

The sequence of c r i t i c a l v a l u e s of X where b i f u r c a t i o n s 
occur obey t h e g e n e r a l r u l e ( 1 . 1 ) . I t has been obse rved t h a t 
t he l i m i t i n g v a l u e 6 i n d .1 ) a p p r o a c h e s by t h i r d o r f o u r t h 
b i f u r c a t i o n . Sb by chang ing X one may a c c u r a t e l y d e t e r m i n e 
t h a t c r i t i c a l v a l u e of X a f t e r which t h e mo t ion t u r n s t o be 
c h a o t i c . 

To i l l u s t r a t e c h a o t i c b e h a v i o u r , Feigenbaum and many 
o t h e r s (C24 ]-[ 28 ] , [ 4 5 ] , e t c . ) have used p o p u l a t i o n model, [ 67 ] , 
which i s a l s o known a s l o g i s t i c mapping and i s w r i t t e n a s 

f (x) = Xx ( 1 - x ) , (4 .1) 

x = 0 and x = -^— a r e f i x e d p o i n t s of f. The p e r i o d two p o i 
n t s of f, i n c l u d i n g t h e f i x e d p o i n t s of f, a r e g i v e n by t h e 
r o o t s of t h e e q u a t i o n 

f 2 ( x ) - x = 0 

or [ f ( x ) - x ] [X 2 x 2 - X ( X + l ) x + (X + 1 ) ] = 0. (4 .2) 

Thus, t h e p e r i o d two p o i n t s of f (not f i x e d p o i n t s of f ) a r e 
g iven by 

X+l + / ( X - 3 ) (X+l) , (X+l) - / (X-3) (X+l) _ a n d _ 

tow if ( i ) X < 3 , t h e r e a r e no such r e a l p o i n t s , 

( i i ) X = 3 , t h e r e i s e x a c t l y one p o i n t , t h e f i xed p o i n t 
of f 

and ( i i i ) X > 3 , t h e r e a r e two d i f f e r e n t p o i n t s . 

Thus a p o i n t two o r 2 - c y c l e i s c r e a t e d a s X i n c r e a s e d t h r o u g h 
3 . A l s o , n o t e t h a t t h e f i x e d p o i n t i s a t t r a c t i n g fo r X < 3 and 
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r epe l l i ng for X > 3 and the a t t r a c t i n g nature i s passed on 
to the period two cycle which e x i s t s only for X > 3 and i s 
a t t r a c t i n g . We can i l l u s t r a t e t h i s by p l o t t i n g f and t2- aga
ins t x for va r ious va lues of X, (above, below and equal to 3) 
Figure 3 (a) and 3 (b) a r e such p l o t t i n g s . 

FWl f2(x) 

flaw 

x\ *o = *2 x XQ = X2X X 

Figure 3 (a) and 3 (b) 

As X inc reases fu r the r , the 2-cycle becomes r epe l l i ng 
and an a t t r a c t i v e 4-cycle i s born; then a 8-cycle and so on 
and we observe the period doubling scenar io . For example 

= 2.9 g ives an a t t r a c t i v e 1-cycle 
= 3.1 g ives an a t t r a c t i v e 2-cycle 
= 3.5 g ives an a t t r a c t i v e 4-cycle 
= 3.56 g ives an a t t r a c t i v e 8-cycle 
= 3.566 g ives an a t t r a c t i v e 16-cycle 

i . e . , t he re i s a se t {X }of c r i t i c a l va lues of X sic h that if 
c 

Ac * A < A
r t he re i s a s t ab le period 2 n -cyc le and 

n cn+l 
lim Xc = X^ , ( f i n i t e ) . In the contro l phase space the a b -
n-*-°° n 
ove period doubling b i fu rca t ions look l i k e F i g . 4 . The + 
sign for branches ind ica t e t h a t each b i furca t ion point x . . 
can be associa ted with i t s branch by a + subscr ip t , (e.g. 
(n) = + , + , - , + , - , - ) . 
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Figure 4: 

It has been observed that beyond the crit ical values of 
for which motion show period doubling, chaotic motion exist 
in a band of parameter values. When these bands are of finite 
width, periodic windows be developed for the parameter within 
which the motion may again undergo period doubling bifurcat
ion and again leading to chaotic motion, C 6],[11 ],[12], [ 51 ], 
[52]). Thus in the above example as X increases to 4, at 
various values of X, an attractive q-cycle is born followed 
immediately by period doubling sequence of attractive 2g, 4q, 
8q, . . . cycles. 

Khen X > 4, then there is a cantor set J in [0,1] 
such that (i) x e J iff f be) e J, (ii) fn (x ) •*• -» if x Jk. J 
and (iii) f has a chaotic action on J. 

Therefore, we can conclude that the period doubling 
phenomenon is the most celebrated scenario for chaotic motion. 

In case of the logistic mapping [45], written as x = 
2 

1- ^x
n_i > t n e p e r i o d d o u b l i n g s c e n a r i o a p p e a r s a t c r i t i c a l 

v a l u e s of X g i v e n by 

p = l , 0 < X < X = 0.75 
c l 

p = 2 , X < X < X = 1 . 2 5 
c l c 2 

p = 4 , X < X < X = 1.3680989 

p ~ 8 ' A c 3
 < X < X c 3 = 1.3 94 04 61 
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which quickly converges to an aperiodic o r b i t a t n •*• °°, the 
value X^ = 1.4 01155. . . In the range {Xa>f2) t he re e x i s t s an 
i n f i n i t e number of per iodic windows immersed in the backgro
und of aper iodic regime. Figure 5 represen t b i furca t ion d ia -

2 
gram for the mapping x , = X - x , Ref. [ 3 7 ] , [ 6 8 ] . 

Figure 5: Bifurcation diagram for equation: x , = C-x 
From Grebog, Ott and torke (1982) n x n 

The problem of turbulence i s a long standing phenomenon 
of physics and a s i t appears in recen t l i t e r a t u r e , ([22], [25] 
[27 ] , [ 50] , [ 51 ] , [ 52], [ 55] ), the chaot ic phenomena a r e re levan t 
to the onset mechanism of tu rbulence . When the Reynold 's num
ber R i s small enough, the f lu id flow i s laminar and s t a t i o -
ary corresponding to a su i t ab le fixed point in i t s phase sp
ace . However, when R i s increased to a c e r t a i n c r i t i c a l v a l 
ue Rc, the fixed point i s no more s tab le , for of a t t r a c t i n g 
nature) and a s tab le l i m i t cyc le closed around the fixed po
in t be e s t ab l i shed . When R again be increased to another 
c r i t i c a l va lue R , the l i m i t cycle l o s e s i t s s t a b i l i t y and 

2 
a s tab le 2-Torus, (an a t t r a c t i n g closed tube) , around the un
s table l i m i t cyc le be es tabl ished and so ort. Landau and ffopf, 
( [58]- [60]) , iden t i f i ed the f ina l s t a t e of t h i s i n f i n i t e p r o 

cess with an i n f i n i t e number of incommensurable frequencies 
a s fu l l y t u rbu l en t . This i s known a s Landau-Itopf rou te to 
tu rbulence . Later on , ([ 50], [ 51 ] ), i t has been showed t h a t 
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th ree consecut ive b i furac t ions a r e enough to have e r r a t i c 
motion by interweaving t r a j e c t o r i e s a t t r a c t e d to a low dime
nsional manifold in the same phase space ca l l ed strange a t t 
r a c t o r . The motion on strange a t t r a c t o r s be iden t i f i ed with 
turbulence . Thus, in the scheme we have, 

Fixed Point -*• Limit Cycle •+ 2-Torus -* Strange At t rac to r 
Chaos 

This concludes t h a t t he quas iper iodic motion on a.2-Torus 
may have loose s t a b i l i t y and may g ive b i r t h to chaos d i r e c t 
l y . 

5. STRANGE ATTRACTOR: (C 23 ] , [ 2 ] , [ 7 ] , [ 24 ] - [ 28 ] , [ 56] ) 

As s ta ted e a r l i e r a s t ab l e fixed point i s an a t t r a c t o r . 
An a t t r a c t i n g 2-cycle i s t he s t ab le two-period cycle and, in 
genera l , an a t t r a c t i n g p-cyc le means s tab le p-period c y c l e . 

We say t h a t t he d e s c r e t e dynamical system posses chaos 
if i t has some strange a t t r a c t o r . Strange a t t r a c t o r s a r e math
ematical o b j e c t s but computers have given them l i f e and draw 
p i c t u r e s of them. A strange a t t r a c t o r i s f i r s t an a t t r a c t o r 
which c o n s i s t s of an i n f i n i t y of po in t s in the plane of m-di -
mensional space. These po in t s correspond to the s t a t e of a 
chaotic motion, We c a l l i t "s t range" a s i t has the s t ruc tu re 
of a f r a c t a l s e t . The i n t e r s e c t i o n of t h i s ob jec t with a 
s t r a igh t l i n e r e s u l t s in a "Cantor Set". I t has an i n f i n i t e 
ly nested s t r u c t u r e which can be seen in each repeated minor 
magnif ica t ion. 

A strange a t t r a c t o r i s defined for a map f a s an i n f i 
n i t e poin t se t ft such t h a t (i) f (ft) = ft , ( i i ) f has an o r 
bi t which i s dense in ft and ( i i i ) 'fi has a neighbourhood N 
cons is t ing of p o i n t s whose o r b i t s tends asymptot ica l ly to 
i . e . , 1 im f ^n' (N) <= ft . Orbit in or near such l i m i t set be-

n-»-oo 

have in an e s s e n t i a l l y chaot ic manner. 
Henon's a t t r a c t o r [ 7 ] and Lorenz' s a t t r a c t o r s [23] a re 

examples of s t range a t t r a c t o r s . 

6 - CONCLUDING REMARKS 
What has been revealed through t h i s brief review i n d i 

ca t e s t h a t to study nonlinear phenomena in more r e a l i s t i c 
way one must use the chaot ic theory . F ina l l y , l e t u s r e c a l l 
the statement of Ian S tewar t , [54 ] , t ha t chaos i s (i) exci t ing 
as i t provides t o o l s for simplifying complicated phenomena, 
( i i ) worrying because i t in t roduces new doubts about the t r a 

d i t i ona l model building procedure, ( i i i ) fasc ina t ing for i t s 
in te rp lay of mathematics, science and technology and (iv ) 
beaut i fu l , above a l l . 
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