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Abstract Using crossed homomorphisms, we show that the category of weak representations (respectively
admissible representations) of Lie-Rinehart algebras (respectively Leibniz pairs) is a left module
category over the monoidal category of representations of Lie algebras. In particular, the corresponding
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representations) of Lie-Rinehart algebras (respectively Leibniz pairs). This generalises and unifies various
existing constructions of representations of many Lie algebras by using this new bifunctor. We construct
some crossed homomorphisms in different situations and use our actions of monoidal categories to recover
some known constructions of representations of various Lie algebras and to obtain new representations for
generalised Witt algebras and their Lie subalgebras. The cohomology theory of crossed homomorphisms
between Lie algebras is introduced and used to study linear deformations of crossed homomorphisms.
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1. Introduction

This article aims to give a conceptual approach to unify various constructions of
representations of certain Lie algebras and construct new representations of some Lie
algebras using crossed homomorphisms, Lie-Rinehart algebras and Leibniz pairs.

1.1. Representations of Cartan-type Lie algebras

The representation theory of Lie algebras is of great importance due to its own overall
completeness and applications in mathematics and mathematical physics. The Cartan-
type Lie algebras, originally introduced and studied by Cartan, consist of four classes
of infinite-dimensional simple Lie algebras of vector fields with formal power series
coefficients: the Witt algebras, the divergence-free algebras, the Hamiltonian algebras
and the contact algebras. The representation theory of Cartan-type Lie algebras was first
studied by Rudakov [40, 41]. He showed that irreducible continuous representations can
be described explicitly as induced representations or quotients of induced representations.
Later, Shen [42] studied graded modules of graded Lie algebras of Cartan type (W,5,S,!,
and H,") with polynomial coefficients of positive characteristic. Larsson constructed a
class of representations for the Witt algebras W,, with Laurent polynomial coefficients
[24]. More precisely, Shen’s modules, called mixed product, were constructed by certain
monomorphism, while Larsson’s modules, named conformal fields, came from a physics
background. We call the methods of constructing these modules Shen—Larsson functors.
Many other authors have contributed to the theory along these approaches in the last
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few decades. In particular, irreducible modules with finite-dimensional weight spaces over
the Virasoro algebra (universal central extension of the Lie algebra WW; of vector fields
on a circle) was classified by Mathieu in [33], while Billig and Futorny recently gave
the classification of irreducible modules over the Witt algebras W,, (n > 2) with finite-
dimensional weight spaces [2]. Note that intrinsically there is a functor from the category
of finite-dimensional irreducible representations of finite-dimensional simple Lie algebras
to the category of representations of Cartan-type Lie algebras among these works. There
should be some essential part that applies to all of those constructions (even more) of
complicated modules over some classes of Lie algebras (not only Cartan-type Lie algebras)
as a whole regardless of any specific feature exhibited in each particular case. From this
point of view, it is no surprise that earlier results in this direction due to many authors
are fragments of the general theory. We find a unifying conceptual approach generalising
Shen—Larsson functors. This is one of the main purposes of the article.

1.2. Representations of Lie-Rinehart algebras and Leibniz pairs

Note that the abovementioned Cartan-type Lie algebras are either Lie-Rinehart algebras
or Leibniz pairs.

Lie-Rinehart algebras, originally studied by Rinehart in [39] in 1963, arose from a wide
variety of constructions in differential geometry and they have been introduced repeatedly
into many areas under different terminologies; for example, Lie pseudoalgebras. Lie—
Rinehart algebras are the underlying structures of Lie algebroids. See [32] and references
therein for more details. A Lie-Rinehart algebra is a quadruple (A4,L,[-,-]z,a), where A
is a commutative associative algebra, £ is an A-module, [,z is a Lie bracket on L
and «: L — Derg(A) is an A-module homomorphism with some compatibility conditions
involving the Lie brackets. Lie—Rinehart algebras have been further investigated in many
aspects [6, 19, 20, 21, 31, 34]. In particular, Rinehart constructed the universal enveloping
algebra of a Lie-Rinehart algebra [39]. Huebschmann gave an alternative construction of
the universal enveloping algebra U (A,L) of a Lie-Rinehart algebra (A4,L,[,-|z,«) via the
smash product, namely, U(A,L) = (A#U(L))/J, where J is a certain two-sided ideal in
A#U (L), and showed that there is a one-to-one correspondence between representations
of a Lie-Rinehart algebra and representations of its universal enveloping algebra [19].
Representations of Lie-Rinehart algebras are deeply related to the theory of D-modules
[38], which are modules over the algebra D of linear differential operators on a manifold.
Since the algebra D is the universal enveloping algebra of the Lie—Rinehart algebra of
vector fields, a D-module is the same as a module with a representation of the Lie—
Rinehart algebra of vector fields. We introduce the notion of a weak representation
of a Lie-Rinehart algebra. The adjoint action is naturally a weak representation of
a Lie-Rinehart algebra on itself. There is a one-to-one correspondence between weak
representations of a Lie-Rinehart algebra and representations of the smash product
A#U(L).

The notion of a Leibniz pair was originally introduced by Flato-Gerstenhaber—Voronov
in [11], which consists of a K-Lie algebra (S,[,-]s) and a K-Lie algebra homomorphism
B:S — Derg(A). In this article, we only consider the case that A is a commutative
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associative algebra. A Leibniz pair was also studied by Winter [47] and called a Lie
algop. Leibniz pairs were further studied in [18, 22]. A Lie-Rinehart algebra (A,L,[-,]z,)
naturally gives rise to a Leibniz pair by forgetting the A-module structure on £. We
introduce the notion of an admissible representation of a Leibniz pair. If WRepg (L)
denotes the category of weak representations of a Lie—Rinehart algebra £ and ARepg(S)
denotes the category of admissible representations of a Leibniz pair S, then we have the
following category equivalence:

WRepk (L) = ARepg (L),

where the right-hand side £ is considered as the underlying Leibniz pair of a Lie-Rinehart
algebra. On the other hand, a Leibniz pair also gives rise to a Lie-Rinehart algebra S®x A,
known as the action Lie-Rinehart algebra. We show that an admissible representation of
a Leibniz pair can be naturally extended to a representation of the corresponding action
Lie-Rinehart algebra. We have the following category equivalence:

ARepg (S) 2 Rep(S®x A),

where Rep(S ®k A) denotes the category of representations of the Lie—Rinehart algebra
S ®k A. See Remark 3.34 for more details about this equivalence.

1.3. Crossed homomorphisms

The concept of a crossed homomorphism of Lie algebras was introduced in [30] in the study
of nonabelian extensions of Lie algebras in 1966. A special class of crossed homomorphisms
was recently called a differential operator of weight 1 in [14, 15]. A flat connection
1-form of a trivial principle bundle is naturally a crossed homomorphism. To the best
of our knowledge, this concept has not been investigated for many years, and we will
use it in this article. More precisely, by using crossed homomorphisms, we show that the
category of weak representations (respectively admissible representations) of Lie-Rinehart
algebras (respectively Leibniz pairs) is a left module category over the monoidal category
of representations of Lie algebras. In particular, we obtain bifunctors among categories
of certain representations:

Frr : Repg(g) x WRepg (L) — WRepg (L), Fu : Repg(h) X ARepk (S) — ARepk(S),

which we call the actions of monoidal categories, generalising Shen—Larsson constructions
of representations for Cartan-type Lie algebras. Our construction sheds light on some
difficult classification problems in representation theory of Lie algebras.

We observe the importance of crossed homomorphisms in our above construction. To
better understand crossed homomorphisms and our actions of monoidal categories, we
also study deformations and cohomologies of crossed homomorphisms. The deformation of
algebraic structures began with the seminal work of Gerstenhaber [12, 13] for associative
algebras, followed by its extension to Lie algebras by Nijenhuis and Richardson [36].
A suitable deformation theory of an algebraic structure needs to follow a certain
general principle: on one hand, for a given object with the algebraic structure, there
should be a differential graded Lie algebra whose Maurer—Cartan elements characterise
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deformations of this object. On the other hand, there should be a suitable cohomology
so that the infinitesimal of a formal deformation can be identified with a cohomology
class. We successfully construct a differential graded Lie algebra such that crossed
homomorphisms are characterised as Maurer—Cartan elements. The cohomology groups
of crossed homomorphisms are also defined to control their linear deformations.

1.4. Outline of the article

In Section 2, we recall the concept of crossed homomorphisms between Lie algebras and
show that there is a one-to-one correspondence between crossed homomorphisms and
certain Lie algebra homomorphisms (Theorem 2.7). This fact is the key ingredient in our
later construction of the left module category.

In Section 3, we introduce the new concepts: weak representations (respectively
admissible representations) of Lie—Rinehart algebras (respectively Leibniz pairs). Using
crossed homomorphisms, we show that the category of weak representations (respectively
admissible representations) of Lie-Rinehart algebras (respectively Leibniz pairs) is a
left module category over the monoidal category of representations of Lie algebras. In
particular, the corresponding bifunctor Fg, which we call the action of monoidal cate-
gories, is established to give new representations of Lie-Rinehart algebras (respectively
Leibniz pairs). See Theorems 3.26 and 3.36. This generalises and unifies various existing
constructions of representations of many Lie algebras by using this new bifunctor.

In Section 4, to show the power of our action of monoidal categories Fp established in
Section 3, we construct some examples of crossed homomorphisms in different situations
using our action of monoidal categories to recover some known representations of various
Lie algebras (see Subsections 4.1-4.3) and to obtain new representations of generalised
Witt algebras and their Lie subalgebras (see Corollaries 4.13, 4.15, 4.16). Certainly,
our action of monoidal categories will be used to other situations to give new simple
representations of suitable Lie algebras.

In Section 5, we characterise crossed homomorphisms as Maurer—Cartan elements in a
suitable differential graded Lie algebra and introduce the cohomology theory of crossed
homomorphisms. We use the cohomology theory of crossed homomorphisms that we
established to study linear deformations of crossed homomorphisms and to prove that the
linear deformation Hy := H +td,,,, (—Hx) is trivial for any Nijenhuis element 2 (Theorem
5.14).

We conclude our article in Section 6 by asking three questions.

As usual, we denote by Z, Z, and C the sets of all integers, positive integers and complex
numbers. All vector spaces are over an algebraically closed field K of characteristic 0.

2. Crossed homomorphisms between Lie algebras

Let (g,[-,-]g) and (b,[-,-]s) be Lie algebras. We will denote by Der(g) and Der(h) the Lie
algebras of derivations on g and b, respectively. A Lie algebra homomorphism p: g —
Der(h) will be called an action of g on h in the sequel.
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Definition 2.1 ([30]). Let p: g — Der(h) be an action of (g,[-,-]5) on (h,[,-]y). A linear
map H :g— b is called a crossed homomorphism with respect to the action p if

Hz,ylg = p(x)(Hy) — p(y)(Hz) + [Hz, Hyly, Va,y €g. (1)

Remark 2.2. A crossed homomorphism from g to g with respect to the adjoint action
is also called a differential operator of weight 1. See [14, 15] for more details.

Example 2.3. Let P be a trivial G-principle bundle over a differential manifold M,
where G is a Lie group. Let w € Q!'(M,g) be a connection 1-form, where g is the Lie
algebra of G. Then w is flat if and only if dw + %[w,w] g = 0, which is equivalent to

Xw(Y) = Yw(X) —w([X,Y]) + [w(X),w()];=0, VXY e€X(M).

Therefore, a flat connection 1-form — that is, w € Q' (M,g) = Hom(X(M),g ® C>(M))
satisfying the above equality — is a crossed homomorphism from the Lie algebra of vector
fields X(M) to the Lie algebra g ® C°°(M) with respect to the action p given by

p(X)(ue f)=u@ X(f), VXeX(M)ucgfeC?(M).

Example 2.4. If the action p of g on h is zero, then any crossed homomorphism from g
to b is nothing but a Lie algebra homomorphism. If § is commutative, then any crossed
homomorphism from g to b is simply a derivation from g to h with respect to the
representation (b;p).

Definition 2.5. Let H and H’ be crossed homomorphisms from g to f with respect to the
action p. A homomorphism from H’ to H consists of two Lie algebra homomorphisms
¢g:9— g and ¢y : h — b such that

Hogy=¢yoH', (2)
Gy (p(x)u) = p(dg(2))(dy(u)), Vze€guehb. ®3)
In particular, if ¢4 and ¢y are invertible, then (¢g4,¢y) is called an isomorphism from

H' to H.
The following result can be also found in [30].

Lemma 2.6. Let H be a crossed homomorphism from g to b with respect to the action
p- Define prr : g — gl(h) by

pr(@)u = pla)u+[Ha,uly, Va € gu €. (4)

Then py is also an action of g on b; that is, py : g — Der(h) is a Lie algebra
homomorphism.

We use g x,,, b and gx, b to denote the two semidirect products of g and § with respect
to the actions py and p, respectively. More precisely, we have

[(z,w), (4,0)] o = [2,Y]g + pE (T)v — pr (y)u + [u,v]p,
[(w,u), (y,0)], = [2,y]g + ()0 — p(y)u+ [u,v]p.
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Theorem 2.7. Let H:g— b be a linear map and p: g — Der(h) an action of g on b.

(a) Suppose that py given by (4) is an action of g on h. Then the linear map H :
IXpu b —> g, b defined by
ﬁ(x,u) = (a@H;v—l—u), Vr € g,uc€h, (5)
is a Lie algebra isomorphism if and only if H is a crossed homomorphism from g
to b with respect to the action p.
(b) H is a crossed homomorphism from g to h with respect to the action p if and only
if the map tg : g — g X, b defined by
v (z) = (z,Hz), Vo € g (6)

is a Lie algebra homomorphism.

Proof. (a). Clearly, H is an invertible linear map. For all x,y € g,u,v € h, we have

[ (2,u),H(y.0)], = [, Hz +u),(y, Hy +v)],

= ([z.y]g,p ( J(Hy+v) = p(y)(Hz +u) + [Hz +u, Hy +v]y)

([2.9]g: p(@)v — p(y)u+ [Ha,v]y — [Hy,uly + [u,v]s + [Ha, Hylg
+p(z )(Hy)*P(y)(Hff)),

([zylg Hlz,ylg + prr(x)v — pr (y)u+ [u,v]p)

([zylg, Hlz,ylg + p(x)v — p(y)u+ [Hz,v]y — [Hy,uly + [u,v]p).

Thus, [H(x,u),H (y,v)], = H[(m,u),(y,v)]pH, if and only if (1) holds for H, which is

equivalent to that H is a crossed homomorphism from g to § with respect to the action p.
(b) follows from the proof of (a) by taking u=v=0. O

H(z,u), (4,0)]pn

Remark 2.8. In fact, crossed homomorphisms correspond to split nonabelian extensions
of Lie algebras. More precisely, we consider the following nonabelian extension of Lie
algebras:

0—=bh—=9dh—=9g—0.

A section s:g — g®bh must be of the form s(x) = (z,Hzx), x € g. Statement (b) says that
s is a Lie algebra homomorphism if and only if H is a crossed homomorphism. Such an
extension is called a split nonabelian extension. See [30] for more details.

3. Action of monoidal categories arising from Lie-Rinehart algebras and
Leibniz pairs

In this section, first we introduce the notion of a weak representation of a Lie-Rinehart
algebra and show that the category of weak representations of Lie-Rinehart algebras is a
left module category over the monoidal category of representations of Lie algebras by using
crossed homomorphisms. Then we introduce the notion of an admissible representation
of a Leibniz pair and obtain similar results. In particular, the corresponding bifunctors
are called the actions of monoidal categories for Lie—Rinehart algebras and Leibniz pairs.

https://doi.org/10.1017/5147474802200007X Published online by Cambridge University Press


https://doi.org/10.1017/S147474802200007X

2374 Y. Pei et al.

3.1. Weak representations of Lie—Rinehart algebras

Let A be a commutative associative algebra over K. We denote by Derg(A) the set of
K-linear derivations of A; that is,

Derx(A) = {D € Endg(A) : D(ab) = D(a)b+aD(b),Ya,b € A}.

Definition 3.1 ([39]). A Lie-Rinehart algebra over A is a K-Lie algebra (L,[,"]z)
together with an A-module structure on £ and a map « : £ — Derg(A) (called the anchor)
which is simultaneously a K-Lie algebra and an A-module homomorphism such that

[m7ay]£ :a[w,y}ﬁ—i—a(w)(a)y, Vﬁ?ayEﬁ, a€cA.
We usually denote a Lie-Rinehart algebra over A by (A,L,[,-]z,a) or simply by L.
Remark 3.2. It is clear that a Lie-Rinehart algebra with o = 0 is exactly a Lie A-algebra.

Example 3.3. (A,Derg(A),[,-]c, =1d) is a Lie-Rinehart algebra, where [-,-]¢ is the
commutator bracket.

Example 3.4. Let M be an A-module. Denote by gl,(M) the set of A-module
homomorphisms from M to M. It is obvious that (gl4(M),[-,-]c) is a Lie A-algebra.

Example 3.5. Let M be an A-module. A first-order differential operator on M is
a pair (D,o), where D : M — M is a K-linear map and o = op € Derg(A), satisfying the
following compatibility condition:

D(am) =aD(m)+o(a)m, VYaec Ame M. (7)

Denote by ©(M) the set of first-order differential operators on M. It is obvious that
D(M) is an A-module. Define a bracket operation [-,-]¢ on D(M) by

[(D1,01),(D2,02)]c := (D10Dg —DyoDy,01009 —02001), Y(D1,01),(Da,02) € D(M),
(8)
and an A-module homomorphism Pr: ® (M) — Derg(A) by Pr(D,o) = o for all (D,0) €

D(M). Then (A,D(M),[-,"]c,a = Pr) is a Lie-Rinehart algebra.

Remark 3.6. Let M be an A-module. It is straightforward to see that we have a
semidirect product commutative associative algebra A x M, where the multiplication is
given by

(a,m) - (byn) = (abjan+bm), Va,be A, mn € M.

Then (D,o) is a first-order differential operator on M if and only if (o,D) is a derivation
on the commutative associative algebra A x M. This result is the algebraic counterpart
of the fact that a first-order differential operator on a vector bundle F can be viewed
as a linear vector field on the dual bundle E*. In fact, functions on the vector bundle
E* — N are generated by C*°(N) and I'(E'), while the latter are fibre linear functions on
E*. Since a first-order differential operator maps a fibre linear function to a fibre linear
function, it is viewed as a linear vector field on E*.
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Definition 3.7.
(i) Let (A, L,[]z, ) and (A,L[-,-]c,0’) be Lie-Rinehart algebras. A Lie-Rinehart
weak homomorphism is a K-Lie algebra homomorphism f: £ — £’ such that
o of=a.
(ii) A Lie-Rinehart weak homomorphism f is called a Lie-Rinehart homomorphism
if f is also an A-module homomorphism; that is, f(ax) =af(x), for all a € A and
rzeL.

Note that zero map from £ to £’ is not a Lie-Rinehart weak homomorphism if « # 0.

PI‘OpOSitiOIl 3.8. Let f1 . (A,El,[-,~]gl,oz1) — (A,,CQ,[',']L27OAQ) and f2 : (A,Ez,[',']£270é2)
— (A,L3,[]zs,03) be two Lie-Rinehart weak homomorphisms. Then fyo f1 is a Lie—
Rinehart weak homomorphism from (A,Lq,[-,]z,,01) to (A,Ls,[]cy.a3).

Proof. This is easy to see. O

We denote by WH(L, L) the set of weak homomorphisms from the Lie-Rinehart algebra
(AL ]z,) to (A L[] z7,@’). By Proposition 3.8, it is easy to see that WH(L,L) is a

monoid.

Definition 3.9.

(i) A weak representation of a Lie-Rinehart algebra (A,L,[-,-]z,«) on an A-module
M is a Lie-Rinehart weak homomorphism p: £ — ©(M). We denote a weak
representation by (M;p).

(ii) A weak representation (M;p) is called a representation if p is also an A-module
homomorphism; that is, p: £ — ©(M) is a Lie-Rinehart homomorphism.

Remark 3.10. A weak representation of a Lie-Rinehart algebra (A,L,[,-]z,«) on an
A-module M means a K-Lie algebra homomorphism p: £ — gl (M) such that

p(z)(auw) = ap(z)(v) + a(z)(a)u, VzeLl,ac Aue M;
that is, (D = p(z),0 = a(x)) is a first-order differential operator on M.

Remark 3.11. In [19], Huebschmann showed that there is a one-to-one correspondence
between representations of a Lie-Rinehart algebra and representations of its universal
enveloping algebra U(A,L) := (A#U(L))/J, where J is a certain ideal of the smash
product A#U(L). More explicitly, it is known that U(L) is a Hopf algebra and A is
a U(L)-module algebra. Then the smash product A#U (L) (see [35]) is a K-vector space
A®U(L) with elements denoted by a#u and with product defined for all a,b € A and
u,v € U(L) by

(a#tu)(btv) Zaa u(1))b#u (o)

where we use the standard Sweedler notation A(u) =) u)®uGg) for the coproduct
A. The algebra A#U (L) is also called the Massenyeterson algebra in [19]. It is not
hard to see that there is a one-to-one correspondence between weak representations of a
Lie-Rinehart algebra and representations of the smash product A#U(L).
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Example 3.12. Let (A4,L,[,"]z,«) be a Lie-Rinehart algebra. Define ad : £ — D(L) by
ad,y = [xay}ﬁv Oad, = Ot(l‘), Va,y € L.

Then ad is a weak representation of £ on L. Note that ad is generally not a representation
of £ on itself.

Definition 3.13. Let (A4,L,[,"]z,«) be a Lie-Rinehart algebra and (M;p) and (M';p')
be two weak representations of £. An A-module homomorphism ¢ : M — M’ is said to
be a homomorphism of weak representations if ¢pop(x) = p/(z)o¢ for all z € L.

Proposition 3.14. Let ¢ : (M;p) — (M';p") and ¢ : (M';p") — (M";p") be two
homomorphisms of weak representations of L. Then ¢’ o is a homomorphism from (M;p)

to (M”;p”).
Proof. This is easy to see. O

We usually denote by M 4 M a homomorphism between the weak representations
(M;p) and (M';p’) and denote by WRepy (L) the category of weak representations of a
Lie-Rinehart algebra (A,L,[-,-]z,«) and Repg(g) the category of representations of a K-
Lie algebra (g,[-,-]¢). It is obvious that the category of representations of a Lie-Rinehart
algebra (A,L,[-,]z,a), denoted by Rep(L), is a full subcategory of the category WRepg (£).
Please note the subtle difference between the two categories Repg (L) and Rep(L).

Definition 3.15 ([6]). Let (A4,L,[-,]z,«) be a Lie-Rinehart algebra and (G,[,-]g) be a Lie
A-algebra. We say that £ acts on G if a K-Lie algebra homomorphism p: £ — Derg(G)
is given such that

plax) =ap(z), px)(av) =ap(x)u+a(z)(a)u, Ya€ AxzeLueg.

Let (A,L,[,"]z,«) be a Lie-Rinehart algebra and (G,[-,-]g) be a Lie A-algebra on which
L acts via p: L — Derg(G). On the A-module L& G, define a bracket operation [-,-], by

[(2,u), (y,0)]p = ([2y]e,p(@)v = p(y)u+[uv]g), Vay € Luwved,
and define an A-module homomorphism & : L& G — Derg(A) by
a(zu) =a(z), VeeLlued.

Then (A,L®G,[,,-],,&) is a Lie-Rinehart algebra [6], which is called the semi-direct
product of £ and G and denoted by £x,G.
Note that the Lie algebra £ x,G acts on the Lie algebra (G,[-,-]g) by

plx,u)v =p(z)v, Veel, uveg. 9)
Then using Theorem 2.7 (b), we can easily verify the following result.

Proposition 3.16. With the above notations, the projection Pr: Lx,G — G is a crossed
homomorphism with respect to the action p.
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3.2. Left module categories over monoidal categories

Proposition 3.17. Let (A,L,[-,-]z,«) be a Lie-Rinehart algebra and p an action of L
on a Lie A-algebra (G,[-,-]g). For a crossed homomorphism H : L — G between K-Lie
algebras, we define a K-linear map vy : L — L x,G by

v (z) = (x,Hx), Yz eLl.
Then vy is a Lie-Rinehart injective weak homomorphism from L to Lx,G.

Proof. By Theorem 2.7 (b), we know that ¢y is a K-Lie algebra monomorphism.
Moreover, for all z € £, we have

&(I’H(x)) = o?(m,Hx) = a(x),

which implies that a = &ovpy. Thus, ¢y is a Lie-Rinehart injective weak homomorphism.
O

Corollary 3.18. Let (M;p) be a Lie-Rinehart weak representation of (A,Lx,G,[-,-],,¢&)
and H be a crossed homomorphism from L to G. Then (M;uovy) is a Lie-Rinehart weak
representation of (A, L[] c,).

Proof. By Propositions 3.8 and 3.17, we deduce that potg: L2 Lx,G 5 D(M) is a

Lie-Rinehart weak homomorphism. O

Let (A,L,[-,]]z,«) be a Lie-Rinehart algebra and (g,[-,]g) be a K-Lie algebra. Then
G =g®k A is a Lie A-algebra, where the A-module structure and the Lie bracket [-,-]g
are given by

a(g®b)=g®ab, [gRa,h®@blg=[g,h]g®@ab, VYa,be A, g,heg.

Moreover, the Lie-Rinehart algebra (A,L,[-,-]z,«) acts on the Lie A-algebra g®g A by «
as follows:

a(z)(g®a)=gRa(z)(a), YVzeLlacAgeg. (10)

Consequently, we have the semidirect product Lie-Rinehart algebra (A,L x, (g ®k
A)ﬂ['»']md)'

Let (A,L,[,-]z,@) be a Lie-Rinehart algebra and (M;p) be a Lie-Rinehart weak
representation of (A,L,[,-]z,a). Let (g,[-,/];) be a K-Lie algebra and (V;6) be a
representation of g. Then V ®x M has a natural A-module structure:

alv@m)=v®am, VacAveV ,meM.
We define a K-linear map pH6: L X, (g@x A) — glg(V ®x M) by
(P0) (2,9 ®a) (v ©m) i= v ® pl(x)m+B(g)v ® am
foralzeL,ac A geg meM, veV.

Lemma 3.19. With the above notations, (V ®@x M;pHB0) is a Lie-Rinehart weak

representation of the Lie—Rinehart algebra (A,L X (@K A),[,"]a,@).
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Proof. Since p: L — D(M) and 0 : g — gl(V) are K-Lie algebra homomorphisms, for all
a,be Ax,y € L,g,h € gm e M,v eV, we have

(1B6)(w,90), (pBO) (s h@b)le — (PBO) (w9 @a), (3:h b)) ) (v @m)
— (pB)(z,g®a) (v@p(y)m—i—@( )v®bm> — (pBO)(y,h @ D) (v@p(x)m+0(g)v®am>

— (pB)([z.5)e,h @ a(@)(b) — g2 aly) (@) + g.h]g @ ab) (v @ m)

=v® p(x)(p(y)m) +0(g)v @ alp(y)m) +0(h)v © p(x)(bm) +0(g) (0 (h)v) © a(bm)
—v@p(y)(p(z)m) = 0(h)v@b(p(x)m) —b8(g)v @ p(y)(am) —(h)(6(g)v) @ b(am)
—v@p([z,yle)m —0(h)v @ a(z)(b)m+60(g)v @ a(y)(a)m —6([g,hlg)v ® (ab)m
=0.

Therefore, we deduce that pHE is a K-Lie algebra homomorphism.
Furthermore, by p(z) € ®(M), we have

(pBO)(2.92) (a(v@m)) = (PBO) (2,92 b)(v @ am)
= v® p(z)(am) +6(g)v @ a(bm)
=@ (ap(w)(m) +a(x)(@)m) +0(g)v @ a(bm)
~a((pBO) (@92 b)(vem) ) +a(@)(a)(vem),

which implies that (pEE)(x,g®b) € D(V @ M) and & =Pro (pHH).
Therefore, pBO : Lx, (gRx A) = D(V ®k M) is a Lie-Rinehart weak homomorphism.
O

Corollary 3.20. Let (M;p) be a Lie-Rinehart representation of (A,L,[-,"]c,«) and (V;0)
be a representation of g. Then (V @k M;pH0) is a Lie—Rinehart representation of L X
(g®x A).

Proof. Since p is an A-module homomorphism, we have
((rBO) (b9 @)~ b(pBO) (w90 a) ) (v om)
=v®p(bz)m+0(g)v® (ba)m — b(v ®p(z)m+0(g)v® am)
=0, Va,beA zeLl geg meM,veV.
Thus, pH#6 is also an A-module homomorphism. O

Before we give the main result of the article, we recall the notions of a monoidal category
and a left module category over a monoidal category.

Definition 3.21 ([10]). A monoidal category is a 6-tuple (C, ®,a,1,l,r) that consists
of the following data:

e a category C;
e a bifunctor ® : C x C — C called the monoidal product;
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e a natural isomorphism a: ®o(® x Ide) — ®o (Ide X ®) called the associativity
isomorphism;
an object 1 € Ob(C) called the unit object;
a natural isomorphism [ : ® o (1 x Id¢) — Id¢ called the left unit isomorphism and
a natural isomorphism 7 : ® o (Ide x 1) — Id¢ called the right unit isomorphism.

These data satisfy the following two axioms:
(1) the pentagon axiom: the pentagon diagram

(WoX)eY)®Z

WeX)o (Y eZ) We(XeY))eZ
aw,x,y@zl iaw,xegy,z
ldw®ax, v,z
We(Xe(Y®2) We(XeY)®2)

commutes for all W, XY, Z € Ob(C).
(2) the triangle axiom: the triangle diagram

(X®1) oY ey X@(1QY)

commutes for all X,Y € Ob(C).
The monoidal category C is strict if the associativity isomorphism, left unit isomor-
phism and right unit isomorphism a,l,r are all identities.

Example 3.22. Let C be a category and End(C) be the category of endofunctors
(the functors from C into itself). Then End(C) is a strict monoidal category with the
composition of functors as the monoidal product and the identity functor as the unit
object of this category.

Example 3.23. The category of representations Repg(g) of a K-Lie algebra g is a
monoidal category: the monoidal product of (V4;61) and (V3;65) is defined by

(Vi;601) ® (Va3 62) := (Vi ® V301 @ 1dy, +1dy, ® 6s),

and the unit object 1 is the 1-dimensional trivial representation (K;0) of g. Moreover,
the associativity isomorphism

A(Vy30,), (Vai0a), (Vass) © (V1301) @ (Va;02)) @ (Va;03) — (Vi;61) @ (Va3 02) @ (V3563))
is defined by

A(V1301), (Vai02),(Va;03) ((vl ®U2) ®UB> = ® (UQ ®’U3), Vu; € V;’ =123, (11)
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and the left unit isomorphism [(y,¢y and the right unit isomorphism 7(y/,9) are defined by
lviey(k®v) = kv, 7,9 (v@ k) :=kv, VK€K, veV. (12)

Definition 3.24 ([10]). Let (C, ®,a,1,l,r) be a monoidal category. A left module
category over C is a category M equipped with a bifunctor ™ : C x M — M, a natural
isomorphism a™ : @M o (@ x Idy) — @M o (Ide x ®M) and a natural isomorphism
IM:@Mo (1 xIdpy) — Ida such that the pentagon diagram

(X®Y)®2Z)MM

M
% W

(X®Y)oM (Z2e™M M) (X@(Y®2)e™MM
aM \L iaM
X, Y, 2eMM X, Y®Z,M
Idx ®M“4)\'/TZ.M
XM (Y @M (Z @M M)) XM (Y ®2) @M M)

and the triangle diagram

aM
(Xe1)eMM oL X oM (1M M)
AN e
rxm)(@MMlmlﬁ

commute for all XY, Z € Ob(C), M € Ob(M).

Example 3.25. Any monoidal category (C, ®,a,1,l,r) is a left module category over
itself. More precisely, we set @ = ®, a€ = a, 1€ =[. This left module category can be
considered as a categorification of the regular representation of an associative algebra.

Let (A,L,[,]z,c) be a Lie-Rinehart algebra and g be a K-Lie algebra. Let H be a
crossed homomorphism from the K-Lie algebra £ to g ®g A with respect to the action «
given by (10). For all z € £, we set Hx =),z ® 2" or Hx = 2f @ 2! for simplicity.

By Corollary 3.18 and Lemma 3.19, our main theorem can be stated as follows.

Theorem 3.26. Let (A,L,[-,]z,«) be a Lie-Rinehart algebra and (g,[-,-]q) be a K-Lie
algebra. Then any crossed homomorphism H : L — g®g A induces a left module category
structure of the category of weak representations WRepg (L) over the monoidal category
Repk (g). More precisely, the left module structure is given by

e the bifunctor Fy : Repg(g) x WRepg (L) — WRepk (L), which is defined on the set
of objects and on the set of morphisms respectively by

Fir ((V:6),(M:p) ) = (V @5 M; (pE0) o 111, (13)
Fa(VA3V MEM)y=veM "3 V'eM, (14)
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for (V;0),(V';0") € Repg(g), (M;p),(M’';p") € WRepg(L), representation homo-
morphism V Yoy of the K-Lie algebra (g,[-,-]g) and weak representation homo-

morphism M LYY of the Lie-Rinehart algebra (A, L,[-,-]c,);
e the natural isomorphism

A(V1;601), (Va;02), (M;p) - FH((Vl;‘gl) & (Vz;@z),(M;p))
= Fir ((Va300), F (Va3 02),(M3)) ),

which is defined by

A(V1:01), (Vasba), (M) (V1 @ 02) ®M) = 11 ® (v2 @), (15)
e the natural isomorphism l(ar,p) : Fu ((K;0),(M;p)) — (M;p), which is defined by
l(M;p)(k@)m) = km. (16)

Proof. By Corollary 3.18 and Lemma 3.19, (V@ M; (pH6) o) is a weak representation
of L. Thus, Fy is well-defined on the set of objects. To see that Fy is also well-defined on
the set of morphisms, we need to show that the linear map ¥ @¢: VoM — V' @ M’ is
indeed a homomorphism from (V ®g M;(pB6é)oiy) to (V' @x M'; (p' B )ory). In fact,
forallae A, veV, me M, we have

W@ (awom)) -a((W@s)vom)) = (Vo) (veam) —a(b©) ©6(m))

=¥ (v) @ p(am) @ —¢h(v) ® ag(m)
=0.

Forallz €g, veV and m € M, we have
W @0) ((pBO)n(@) wem) - (0B Na(@) (o o) vem)
= wa ) (((pBO)(@.ef @2 (vam)) - ((/ BO) (@2l @) (b(0) @ 6(m))
= e ) (vep@m+0avaim) - (b @ @)o(m)+0/ @)v() 2 aiom))
= (¥(0) @ B(p(@)m) + Y(O(2)v) @ d(ai'm))
~ (bW @ @)o(m) + 0 @) 2 zio(m) )
=0.

Thus, we obtain that Fy(1),¢) =1 ® ¢ is a homomorphism of the weak representations.
Moreover, by straightforward computations, we deduce that Fy preserves identity
morphisms and composite morphisms. Therefore, Fy is a bifunctor.

Let (V1;61) and (Va;63) be representations of the K-Lie algebra g and (M;p) be a weak
representation of the Lie-Rinehart algebra (A,L,[-,-]z,«). For all b€ A, v1 € Vi, v € V3
and m € M, we have

A(V3:00), (Vai6a), (Msp) (b((vl ®v2) ®m)) = ba 0., (v2:62), (M13p) ((Ul ®vs) ®m)

= Q(V1;0,), (Vasha), (M;p) (('Ul ®1)2) X bm) — b(’Ul ® (UQ X m))
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=01 ® (v2®@bm) — v, @b(v2 @ M)
=0.

For all z € L, v1 € Vi, vs € Vo and m € M, we have

awim, oo o) (088 (01 @1y, +1dv, 262 ) ) (@) (01 @v2) @) )
~ (02000 ) 8O )11 (@) )aviiony. (v asip) (01 @v2) @)

= a0, 00 (( (0B (01 @1y, +1dy, ©0) ) (@2f 0 2) ) (1 @ v2) @) )
- ((((PE592)OLH> Hﬂ@l)LH(ﬂﬁ))(Ul ® (v2®@m))

= A(V1,01), (Vas0a), (M;p) ((Ul ®v2) @ p(z)m+ (01 @ Idy, +Idy, @ 02)(27) (v1 ®v2) @ m)
- ((((paaez)om) EE@l)(:r 29 ®x-A))(vl ® (v2@m))

=01 ® (v2 ® p(z)m) + 61 (29 )v1 ® (v2 @ L' M) + 11 ® (02 (2f )v2 @ M)
— (01 ((0B2)en (@) (w2 @m)) + 61 (2901 @ (v 0 m) )

=01 ® (v2® p(x)m) + 01 (29)01 @ (v2 @ TAM) +v1 ® (B3(29)v2 @ 24m)
—(v1®(v2®p( Ym A+ 05 (29 v @ 2m) + 61 (29)v1 ® (vy @ ] m))

= 0.

Thus, we obtain that a(v,.e,),(v4:6,),(M:p) 18 @ homomorphism of the weak representa-
tions. Moreover, by straightforward computations, we obtain that a(v,;e,), (vs:0,),(M:p) 1S
a natural isomorphism and satisfies the pentagon diagram in Definition 3.24.

Let (M;p) be a weak representation of the Lie-Rinehart algebra (A,L,[-,]z,a). We have

Ly (a(k®@m)) = liar,py (B ®am) = k(am) = a(km)
=al(py(k@m), Vac A, keK, meM.

For all z € £, k € K and m € M, we have

Loty (B0t () (k@ m) ) = p(w) (L) (k@)
— L (((PBO) @28 @) (k@ m) ) = plw) (km) = Larp) (k@ p@)m) = plw) (km)
= k(p(x)m) = pl) (km) = 0.

Thus, we deduce that [(s,,) is a homomorphism of weak representations. Moreover, by
straightforward computations, we obtain that /(,s,, is a natural isomorphism and satisfies
the triangle diagram in Definition 3.24. The proof is finished. O

Since (A;«) is a representation of a Lie-Rinehart algebra (A, L,[-,+]z,«), which is known
as the natural representation, we obtain the following result.
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Corollary 3.27. Let (A,L,[,-]z,«) be a Lie-Rinehart algebra, (g,[-,-]g) a K-Lie algebra
and H a crossed homomorphism from L to g @k A. Then we have a functor

Fif : Rep(8) — WRepy (L),

(V;0) = (Vg A; (aB0)owy), VY(V;0) € Repk(g).

We can also have a very useful functor on WRepg (L) as follows.

Corollary 3.28. Let (A,L,[,-]z,a) be a Lie-Rinehart algebra, (g,[-,-]g) a K-Lie algebra,
H a crossed homomorphism from L to g®Qx A and (V;0) a given representation of g.
Then we have a functor

F% - WRepg (£) — WRepg (L),
(M;p) = (Vex M;(pB0) o), Y(M;p) € WRepg(L).

A special but very interesting case of the above result is that (V;60) = (g;ad). In the next
section we will show that Corollary 3.28 is a very efficient way to construct interesting
modules from easy modules.

3.3. Admissible representations of Leibniz pairs

In this subsection, we introduce the notion of an admissible representation of a Leibniz
pair. In the sequel, A is always a commutative associative algebra. The notion of a Leibniz
pair was originally given in [11].

Definition 3.29 ([11]). A Leibniz pair consists of a K-Lie algebra (S,[-,-]s) and a K-Lie
algebra homomorphism 5:S — Derg(A).

We denote a Leibniz pair by (4,S,[,-]s,5) or simply by S.

Definition 3.30. An admissible representation of a Leibniz pair (A,S,[,]s,3)
consists of an A-module M and a K-Lie algebra homomorphism p: S — glg(M) such
that

p(x)(am) =ap(x)m+ p(z)(a)m, VreS,aeAmeM. (17)

Definition 3.31. Let (A4,S,[,]s,8) be a Leibniz pair and (M;p) and (M’;p') two
admissible representations of S. An A-module homomorphism ¢ : M — M’ is said to
be a homomorphism of admissible representations if ¢ o p(z) = p'(z) o ¢ for all
res.

Admissible representations of Leibniz pairs are like weak representations of Lie—
Rinehart algebras. We use ARepy (S) to denote the category of admissible representations
of S.

It is straightforward to obtain the following result.

Lemma 3.32. Let (A,S,[]s,8) be a Leibniz pair, M an A-module and p: S — glx (M) a
K-linear map. Then (M;p) is an admissible representation of S if and only if (Ax M,S®

M,[-,-]5,8) is a Leibniz pair, where Ax M is the commutative associative algebra given
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in Remark 3.6, [-,-], is the semidirect product Lie bracket and B:S®M — Derg(Ax M)
1s defined by

B(x,m)(a,n) = (B(x)a,p(x)n), VreS,acAmmnel.

It is obvious that any Lie-Rinehart algebra is a Leibniz pair. A weak representation of a
Lie-Rinehart algebra is naturally an admissible representation of the underlying Leibniz
pair. We have the following category equivalence:

WRepg (L) = ARepk (L),

where the right-hand side £ is considered as a Leibniz pair.

Conversely, given a Leibniz pair (A4,S,[-,]s,3), we also have an action Lie-Rinehart
algebra (A,S ®k 4,[,-],«0), where the A-module structure and the K-Lie bracket [-,-] are
given by

alz®b)=z®ab, [x®ay®bl=z,yls®ab+y® (aB(x)b) —z® (bS(y)a),
and an A-module homomorphism «: S®g A — Derg(A) is defined by a(x®a) := af(x)
for all a,b € A, x,y € S. Furthermore, we obtain the following result.
Proposition 3.33. Let (M;p) be an admissible representation of a Leibniz pair
(A,S, ['7']575)' Deﬁne p: S®]KA — g[]K(M) by
px®a):=ap(z), VreS,acA.
Then (M;p) is a representation of the Lie—Rinehart algebra (A,S ®x A,[-,-],c).
Proof. First, it is obvious that p is an A-module homomorphism from S ®x A to glg (M).
Then it is straightforward to deduce that p is a K-Lie algebra homomorphism. Finally,
by (17), we deduce that
plxz@a)(bm) = ap(z)(bm) = a(bp(x)m + B(z)(b)m) = bp(z @ a)m + a(x @ a)(b)m.
Thus, (M;p) is a representation of the Lie-Rinehart algebra S ®x A. O

Remark 3.34. We have the following category equivalence if A is unital:
ARep (S) = Rep(S @k A).

First, the construction of Proposition 3.33 can be easily enhanced to a functor. In fact,
assume that ¢ : M — M’ is a homomorphism of admissible representations of a Leibniz
pair (A,S,[,-]s,0); then it is straightforward to deduce that

pop(z@a)=p(@®a)ed
for all z € S,a € A. Thus, ¢: M — M’ is also a homomorphism of representations of the
Lie-Rinehart algebra S®g A. So we obtain a functor P : ARepg(S) — Rep(S ®k A), which
is defined on the sets of objects and morphisms respectively by
P(M;p) = (M;p),
Plp: M —M')=(¢: M — M.
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Conversely, let (M;p) be a representation of the Lie-Rinehart algebra S ®k A. Define
p:8 — glg(M) by

plx)=plx®l), VredS.

Similar to the above discussion, this can also be enhanced to a functor and give the
equivalence between the categories ARepy(S) and Rep(S ®k A).

Let ({1,8, [,-]s,8) be a Leibniz pair and h be a K-Lie algebra. Then (A,S & (h ®x
A),[-,],8) is a Leibniz pair, where the K-Lie algebra structure on S@ (h ®x A) is given by

[(z.9®a),(y,h@b)]
= ([z.9ls,h @ B(x)(b) — g @ B(y)(a) +g,h]y ®ab), Y,y €S,g@a,h@becherA,
and 3:S® (h®x A) — Derg(A) is given by

Bz, g®a) = B(z).

Denote this Leibniz pair by S x5 (h @k A).
Let (M;p) be an admissible representation over S and (V;6) be a representation of a
K-Lie algebra h. Then V ®x M has a natural A-module structure:

alv@m)=v®am, YVacAveV meM.
We define a K-linear map pB6:Sxg(h®x A) — glx(V @ M) by
(pHO)(r,gRa)(vem):=vRp(x)m+0(g)vam, VreS, acA geh, meM, veV.
Then it is straightforward to verify the following result.

Lemma 3.35. With the above notations, (V @x M;pHB0) is an admissible representation
of the Leibniz pair S xg (h @k A).

Let H be a crossed homomorphism from the K-Lie algebra S to h ®x A. Then we have
the Lie algebra homomorphism

LH ZS—>SD</3(E)®KA)
v (z) = (z,Hz), VxeS.

Similar to Theorem 3.26, we have the following result.

Theorem 3.36. Any crossed homomorphism H : S — h®g A induces a left module
category structure of the category of admissible representations ARepg(S) over the
monoidal category Repy(h),

Fi : Repg(h) x ARepy (S) — ARepg (S)
Fu ((V;0),(M3p)) = (V @x M; (080) o1).
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Proof. We verify that the representation (V ®@x M;(pH@) o) satisfies (17). For any « €
S,ac AveV,me M. Suppose H(z)=Hzx = Zl:c? @zl or Hr = x? @ for simplicity.
Then
((pBO)ornr)(z)(alv@m)) =(pB)(z,a] ') (v©am)
=0 ® p(x)(am) +0(z))v @ 2 am
—a(v&@p(@)(m) + ()o@ im) + B(w) (a) (v @ m)
=a((pBO)ory)(x)(vem)+p(x)(a)(vem).
The proof is similar to Theorem 3.26, so the details will be omitted. O

Since (A4;f) is an admissible representation of a Leibniz pair (A,S,[,-]s,8), we obtain
the following result.

Corollary 3.37. Let (A,S,[,"]s,8) be a Leibniz pair, (h,[,-]y) a K-Lie algebra and H a
crossed homomorphism from S to h @k A. Then we have a functor

Fii - Repg(h) = ARepy (S),
(V50) = (Vek A;(BBO)ory), V(V;0) € Repg(bh).

We can also have a very useful functor on WRepg (L) as follows.

Corollary 3.38. Let (A,S,[-,]s,8) be a Leibniz pair, (h,[,-]y) o K-Lie algebra and H a
crossed homomorphism from S to h®Qg A and (V;0) a given representation of h. Then we
have a functor

FU : ARepy (S) — ARepy(S),
(M;p) = (Vg M;(pB0)owy), V(M;p) € ARepy(S).

A special but very interesting case of the above result is that (V;60) = (h;ad).
According to Corollaries 3.27 and 3.37, the bifunctors Fy in Theorem 3.26 and Fpy
given in Theorem 3.36 are the actions of monoidal categories.

4. Representations of Cartan-type Lie algebras

From the definition of a crossed homomorphism we see that it is generally hard to
find nontrivial crossed homomorphisms. Next, we will show some examples of crossed
homomorphisms and their tremendous power in obtaining new irreducible modules via
results in the previous section.

4.1. Shen—Larsson functors of Witt type
For n > 1, recall the Witt algebra W,, = Der(A,,) over the Laurent polynomial algebra

A, = Clzi?!,--- ,zE!], which can be interpreted as the Lie algebra of (complex-valued)

polynomial vector fields on an n-dimensional torus. Let 0; = % be the partial derivation
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1 Tn

with respect to the variable z; for i =1,2,...,n, and denote d; = x;0; and " = z* x5? - - - ]
for r = (ry,r9, -+ ,ry)T € Z". Then

W,, =span{z"d; | r € Z",1 <i<n}
with the Lie bracket
[2"d;, 2 d;lw, = six" T 3d; —rja"td;, V1<ij<nrs€Z"

Obviously, (Ap, Wh,[,-lw,,Id) is a Lie-Rinehart algebra. Certainly, (A4,;Id) is the natural
representation of the Lie-Rinehart algebra (A,,Wn,[,:]w,,Id). Let g = gl,, be the Lie
algebra of all n x n complex matrices. Then G = gl, ® A4,, is a Lie A,-algebra. For 1 <
1,5 <n, we use E;; to denote the n x n matrix with 1 at the (4,7) entry and zeros elsewhere.

Lemma 4.1. The linear map H : W, — gl, ® A,, defined by
H(z"d;) = ZTiEij ®z", VreZ"1<j<n
i=1

is a crossed homomorphism from W, to gl,, ® A,,.

Proof. This follows from (2.5) in [16] (or (2.3) and Lemma 2.1 in [25]) and Theorem 2.7.
O

By Lemma 4.1 and Corollary 3.27, we obtain the following result.

Corollary 4.2. We have a functor Fj" : Repc(gl,) — WRepc(W,,) given by
Fim(V30) = (V &c An; (IdBO) o1y), V(V30) € Repe(gl,).

Let A, = C[zfl,...,x,ﬁgl,al,...,an} be the Weyl algebra, which is the universal
enveloping algebra of the Lie-Rinehart algebra (A,,Wy,[.]w,,Id). Let (P;p) be a
representation of A,. It is obvious that (P;p|w,) is a W,-module. By Lemma 4.1 and
Corollary 3.28, we obtain the following result.

Corollary 4.3. We have a functor F¥ : Repc(gl,) — WRepc(W,,) given by
Fii (V;0) = (V &c P; (plw, B0)own), (V) € Repe(gl,)-

Remark 4.4. The functor F5;, introduced by Liu, Lu and Zhao in [25] is a generalisation
of the Shen—Larsson functor of type (W, gl,,), which gives a class of new simple modules
over W,,. This class of simple W,,-modules was used in the classification of simple W,,-
modules that are finitely generated as modules over its Cartan subalgebra (see [16]).

Next we take g = C, the 1-dimensional trivial Lie algebra. Let p = (p1,p2,---,pn) €
C[tE'] x C[t£!] x --- x C[tE!],q € C. Similar to the automorphism oy, in Section 2 of [45],
we can easily see that the linear map

W,, = W, Xiq Am
x"d; — x"(d; +p;) +qrix’,
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is a Lie algebra homomorphism. By Theorem 2.7, we see that the linear map
HILQ :Wn — g ®An = Ana
a"d;— (pi+qri)z”, YreZ"1<i<n,

is a crossed homomorphism from W, to A,. In fact, H, , € Derc(W,,A,). By Lemma 4.1
and Corollary 3.28, we obtain the following result.

Corollary 4.5. We have a functor F, ; : WRepe(W,,) = WRepe(W,,) defined by
Fyq(M;p) = (M;poim,,), Y(M;p) € WRepe(Wh).

Remark 4.6. By forgetting the A,-module structure, the corresponding functor Fj, ; is
just the twisting functor in the W, -module category introduced in [28, 29, 45], where a
lot of new simple modules were obtained over the Virasoro algebra and W,,.

4.2. Shen—Larsson functors of divergence zero type

In this section we assume that n > 2. Let us recall the divergence map div: W,, — A,
with z"d; — r;x", for all r € Z™. It is well-known that

Sp={weW, |div(w) =0}

is a Lie subalgebra of W,,, called the Lie algebra of divergence zero vector fields on an
n-dimensional torus. Let d;;(r) = r;jz"d; —r;z"d;. Then

Sn = spang{d;,di;(r) | i,j =1,2---,n}
with the Lie bracket
[y, dij (1)]lw,, = rrdiz(r),
[dij (7),dpq(3)lw, = 78pdig(r+8) —1;8qdip(r +5) — Tispdjq(r +5)+ Ti8qdjp(r +5),

for r,s € ZN i, j,p,g=1,--- ,n.

Note that S, is not a Lie-Rinehart subalgebra since S,, is not an A,-module. It is
straightforward to see that (A,,Sy,[-,"]w,,Id) is a Leibniz pair.

Recall that sl,, is the Lie subalgebra of gl,, consisting of all traceless complex matrices.
The restriction H|s, of the crossed homomorphism H in Lemma 4.1 is a crossed
homomorphism from S, to sl, ® A,,. By Corollary 3.37, we obtain the following result.

Corollary 4.7. We have a functor ff}" : Repe(sl,) = ARep(Sy) defined by
Fir(V;0) = (V @c Ap; (1dB0) ovy), Y(V;0) € Repe(sly,).

Let (P;p) be a representation of A,. It follows that (P;p|s,) is an admissible
representation of S,, since S,, C A,,. By Theorem 3.36, we obtain the following result.

Corollary 4.8. We have a functor Fi : Repc(sl,) — ARepc(S,) defined by
Fi(V3i0) = (V @c Pi(pls, BO)our), V(V;0) € Repe(sly).

Remark 4.9. The functor F}; was introduced in [8] and is a generalisation of the Shen—
Larsson functor of type (S,,sl,,), to give a class of new simple modules over S,,.
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4.3. Shen—Larsson functors of Hamiltonian type
For r € Z*", let

n

h(?") = Z(rnﬁaf@i — rixro”'nﬂ) € Wa,.

i=1
It is well-known that H,, = Spanc{h(r) | r € Z?"} is a Lie subalgebra of Wh,,, with

n

(1), 1(8) Wy, = Y (Pyisi = snpiri)h(r+s),  Vr,s € Z°".

i=1

This Lie algebra H, is called the Lie algebra of Hamiltonian vector fields on a 2n-
dimensional torus. Note that #,, is not a Lie-Rinehart algebra since H,, is not an Ag,-
module. It is straightforward to see that (A, Hn,[,-]w,,,1d) is a Leibniz pair.

Let sp,, be the Lie subalgebra of gl,, consisting of all symplectic matrices. The
restriction Hly, of the crossed homomorphism H in Lemma 4.1 is a linear map
Hp — 5o, @ Agp given by

" Tn+1 T1T2n —nmr —TTy
H(h(?")) _ 'rnrn+1 e TnTan —Trnpri e —TnTn ®{,CT e Ep ® A2
- 2 ny
Tnt1Tntl  *°° TnglT2n  —TntdTl 0 —TpilTn "
TonTn+1 e TonTon —TonT1 ot —TonTn

which is certainly a crossed homomorphism from #,, to sp,,, ® As,. By Corollary 3.37,
we obtain the following result.

Corollary 4.10. We have a functor Fi>" : Repg(sps,) — ARepe(Hyn) defined by
Fi(V;0) = (V @c Agy; (IdB0) orgr), V(V;6) € Repe(spay,)-

Remark 4.11. The functors defined in Corollaries 4.2, 4.7 and 4.10 are the well-known
Shen—Larsson functors of type (Wi, gl,,), type (Sp,sl,) and type (Hn,5p,,,), respectively.
The functor of type (W, gl,,) was introduced by Shen [42] (over polynomial algebras) and
Larsson [24] (over Laurent polynomial algebras) independently in different settings. The
functors of type (Sp,sl,,) and (H,,5p,,,) were introduced by Shen over polynomial algebras
[42] and further studied in [5, 44] over Laurent polynomial algebras. For any simple gl,,-
module V the simplicity of the W,,-module F;"(V;6) was determined in [9, 17, 26]. In
particular, simple W,,-modules of this class (with V as simple finite-dimensional gl,,-
modules) are all simple Harish-Chandra W,-modules [2]. Note that there are still no
results for H,, similar to those in [9, 17, 26].
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4.4. Actions of monoidal categories for generalised Cartan type

Let A be a commutative associative C-algebra and let A be a nonzero C-vector space of
commuting C-derivations of A. Let us first recall the construction of the generalised Witt
algebras from [37]. The tensor product AA := A®c A acts on A by

a®0:x— ad(x), ax€ AdEA.
Since A is commutative, this gives rise to a linear transformation o : AA — Derc(A).
Define a bracket [-,-]aa on AA by
[a0,b0] an = ad(b)d —bd(a)0, Va,be A,0,0 € A,
which gives a Lie algebra structure on AA. Then « is clearly an action of AA on the
commutative Lie algebra A. Assume that dim¢ A < co. Then there are 0y, ---,9, € A such
that AA is a free A-module with basis {01, ---,0,} (see [49]). We denote this Lie algebra
by W, (A,A). Note that (AW, (A,A),[-,-] 4a,@) is a Lie-Rinehart algebra.
Now we have a generalisation of Lemma 4.1.

Lemma 4.12. The linear map H : W,,(4,A) — gl,, ® A defined by
H (Zaﬁl) :ZZEij ®8¢(aj), a; €A
i=1 i=1j=1
is a crossed homomorphism from Wy (A,A) to gl, ® A.

Proof. It is straightforward but tedious to verify the above formula. We omit the
details. O

Similar to Corollary 4.2, by Lemma 4.12 and Theorem 3.26 we obtain the following
result.

Corollary 4.13. We have a functor Fj : Repc(gl,,) — WRepc(W,,(A,A)) defined by
F(V;0) = (VacA;(aB0)ouy), Y(V;0) € Repe(al,).

Remark 4.14.

(1) If A=C[z{", - 2] and A = Spanc{z; 8%1’ S ,xn%ﬁ}, W, (4,A) is the standard
Witt algebra W,, and the corresponding F 1{[4 is the Shen-Larsson functor of type
W, gl,,)-

(2) If A=C[ay", 2] and A = Spanc{z2-, -+, 52}, Wa(A,A) is also the standard
Witt algebra W,. However, the corresponding Shen-Larsson functor F f{4 is different
from the standard F3 except on the category of finite-dimensional gl,,-modules.
This was pointed out by Liu, Lu and Zhao in [25].

(3) If Ais taken to be a polynomial algebra with finitely many variables x; together with
some x;l and A to be some mixed differential operators w.r.t. x;, the Lie algebra
Wi (A,A) was introduced by Xu [48]. The corresponding Shen-Larsson functor F7}
was introduced and studied by Zhao [50], generalising Rao’s results in [9)].

(4) Under certain finite conditions, the functor Fj is the Shen-Larsson functor
Wi (A,A) introduced and studied by Skryabin in [43].
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(5) Let A be the coordinate ring of an irreducible affine variety and A a certain
subalgebra of Der(A). The corresponding Shen—Larsson functor F ;14 was introduced
and studied in [3, 4] to give new simple modules over W, (4,A).

Now let us define the divergence map div: W,,(4,A) — A to be the C-linear extension of
div(ad) =0(a), Vae€ A,0€A.

Let S, (4,A) ={w e AA | div(w ) 0}. Then S,,(A4,A) is a Lie subalgebra of W,,(A4,A); see
[1] for more details. If A = C[zT",-- 2] and A = Spanc{z; 8%1, X 86 b, Sn(4,A)
is the Lie algebra S,, of divergence zero vector fields on an n-dimensional torus.

Note that S,,(A4,A) is not a Lie-Rinehart subalgebra since S,,(A,A) is not an A-module.
It is straightforward to see that (A,S,(4,A),[-,"]aa,Id) is a Leibniz pair.

It is clear that H|s, (4,a) is a crossed homomorphism from S, (A4,A) to s, ® A. Similar
to Corollary 4.5, by Lemma 4.12 and Corollary 3.37 we obtain the following result.

Corollary 4.15. We have a functor Fi : Repg(sl,) — ARepe (S, (A,A)) defined by
Fi(V;0) = (VecA;(«B)oiy), Y(V;0) € Repe(sly,).

Now let us define a map D : A — Wh,(A,A) to be the linear extension of
D(a) = (9:(a)0nyi— Onyi(a)d;), Vae€ A
i=1
Let H,(A,A)={D(a)|a € A}. Then H,(A,A) is a Lie subalgebra of Wa, (A,A), with

[D(a),D(b)]aan =D (Z(@i(a)('“)nJri(b) — 3n+i(a)6i(b))> , VYa,be A.
i=1

If A=Clzi', - 23i!] and A = Spanc{z; 2~ Ba T2 g, aa; -}, then #H,(A,A) is the Lie
algebra of Hamiltonian vector fields on a 2n- dimensional torus.

Note that H,,(A4,A) is not a Lie-Rinehart algebra since H,(A,A) is not an A-module.
It is straightforward to see that (A, H,(A,A),[-,-]aa,Id) is a Leibniz pair.

The restriction H|y, (a,a) of the crossed homomorphism H in Lemma 4.12 is a crossed
homomorphism from H,,(A,A) to sp,, ® A. Similar to Corollary 4.10, by Lemma 4.12
and Corollary 3.37 we obtain the following result.

Corollary 4.16. We have a functor Fi : Repe(spy,,) — ARepe(Hn(A,A)) defined by
Fia(V:i0) = (V@c A; (eB0)owy), V(V;0) € Repe(spy,).

5. Deformation and cohomologies of crossed homomorphisms

In this section, first we give the Maurer—Cartan characterisation of crossed homomor-
phisms of Lie algebras. In particular, we give the differential graded Lie algebra that
controls deformations of crossed homomorphisms. Then we define the cohomology groups
of crossed homomorphisms, which can be applied to study linear deformations of crossed
homomorphisms.
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5.1. The differential graded Lie algebra controlling deformations

Definition 5.1. A differential graded Lie algebra (g,[,-],d) is a Z-graded vector
space g = ®;ez0; together with a bilinear bracket [-,-]: g®g — g and a linear map d: g — g
satisfying the following conditions:

e [0:,0;] C git; and [a,b] = —(=1)[b,a] for every a,b homogeneous.
e Every a,b,c homogeneous satisfies the Jacobi identity

[, [b.c]] = [[a.B],c] + (= 1)™[b, [a,c])-

e d(g;) C git1, dod =0 and d[a,b] = [da,b] + (—1)%[a,db]. The map d is called the
differential of g.

We have used the notation a =i if a € g;.

Definition 5.2 ([27]). Let (g = ®rezfr,[,],d) be a differential graded Lie algebra. A
degree 1 element 6 € g; is called a Maurer—Cartan element of g if it satisfies the
following Maurer—Cartan equation:

1
do + 5[9,0] =0. (18)
Proposition 5.3 ([27]). Let (g = ®rezdk,[,-],d) be a differential graded Lie algebra and
let € g1 be a Maurer—Cartan element. Then the map
du ‘g0 du(l') = d(x)+[u7x]7 Vz € g,

is a differential on the graded Lie algebra (g,[,-]). For any v € g1, the sum p+v is a
Maurer—Cartan element of the differential graded Lie algebra (g,[-,-],d) if and only if v is
a Maurer-Cartan element of the differential graded Lie algebra (g,[-,-],d,.).

Let (g,[,-]g) and (b,[-,]s) be Lie algebras and p: g — Der(h) be an action of g on b.
Consider the graded vector space

C* (gah) = @kZOHom(/\kgah)'
Define d : Hom(A™g,h) — Hom(A™* g h) by

m—+1
(df)(xh e ?x’m-i-l) = Z (_l)m-Hp(xi)f(xh Ty ax’rn-l-l) (19)
i=1
+ Z (_1)m+i+j_1f([xi7xj]gﬂx1’“'7‘%i7"'ai.j7"'7‘rM+1)a
1<i<j<m+41
for all f € Hom(A™g,b). Define a skew-symmetric bracket operation [[-,-] : Hom(A™g,h) x
Hom(A™g,h) — Hom(A™*"g.h) by
Hfl?f?]](xlvx27 axm-‘rn)
= (71>mn+1 Z (71)U[f1 (za(l)a toe axo(m))af2(xa(m+l)v T 7xo(m+n))]h (20)
UES(myn)
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for all f; € Hom(A™g,h) and f> € Hom(A"g,h). Here S(,, ) denotes the set of all (m,n)-
shuffles.
Note that for all u,v € b, [u,v]] = —[u,v]s.

Proposition 5.4. With the above notations, (C*(g,h), [,-],d) is a differential graded Lie
algebra. Its Maurer—Cartan elements are precisely crossed homomorphisms from g to b
with respect to the action p.

Proof. In short, the graded Lie algebra (C*(g,h), [,-]]) is obtained via the derived bracket
[23, 46]. In fact, the Nijenhuis—Richardson bracket [-,-]yr associated to the direct sum
vector space gV gives rise to a graded Lie algebra (©r>oHom(A¥(g@®h),g®h),[,-]nR)-
Obviously, ®y>oHom(Ag,h) is an abelian subalgebra. We denote the Lie brackets [,
and [-,-]p by pg and py, respectively. Since p is an action of the Lie algebra (g,[-,]4), we
deduce that pg+ p is a semidirect product Lie algebra structure on g@®bh. Thus, pug+p
and pp are Maurer—Cartan elements of the graded Lie algebra (C*(g®h,g®h),[-,-Inr)-
Define a differential d,,, on (C*(g®b,g®b),[-,]nr) via

Ay, = [Hps°INR-

Further, we define the derived bracket on the graded vector space @x>oHom(A*g,h) by

[f1.foll == (=1)™ [, filnr, folnr,  Vf1 € Hom(A™g,h), fo € Hom(A"g,h),

which is exactly the bracket given by (20). By [y, )Nk = 0, we deduce that (C*(g,h), [-,-]))
is a graded Lie algebra.

Moreover, by Imp C Der(h), we have [pg + p,up]nr = 0. We define a linear map d =:
[t + p,-]nr o1 the graded space C*(g@h,g@®h). We obtain that d is closed on the subspace
®r>oHom(AFg, h) and is given by (19).

By [pg+ 0,1t + pInr = 0, we obtain that dod = 0. Moreover, by [ug + p,1plng = 0, we
deduce that d is a derivation of (C*(g,h), [-,-]]). Therefore, (C*(g,h), [,-],d) is a differential
graded Lie algebra.

Finally, for a degree 1 element H € Hom(g,h), we have

(dH + % [H,H]) (x,y) = plx) (Hy) — p(y)(Hz) — Hz,y)s + [Ha, Hyls.

Thus, Maurer-Cartan elements are precisely crossed homomorphisms from (g,[-,-]4) to
(b,[,-]p) with respect to the action p. The proof is finished. O

Let H:g—> b be a crossed homomorphism with respect to the action p. Since H
is a Maurer—Cartan element of the differential graded Lie algebra (C*(g,b),[",-],d) by
Proposition 5.4, it follows from Proposition 5.3 that di :=d+ [[H,-] is a graded derivation
on the graded Lie algebra (C*(g,h), [-,-]]) satisfying d2%, = 0. Therefore, (C*(g,h), [-,-],dx)
is a differential graded Lie algebra. This differential graded Lie algebra can control
deformations of crossed homomorphisms. We have obtained the following result.

Theorem 5.5. Let H : g — b be a crossed homomorphism with respect to the action p.
For a linear map H' : g — b, H+ H' is still a crossed homomorphism from g to b with
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respect to the action p if and only if H' is a Maurer—Cartan element of the differential
graded Lie algebra (C*(g,h), [,-],dm)-

5.2. Cohomologies of crossed homomorphisms

In this subsection, we define cohomologies of a crossed homomorphism, which can be used
to study linear deformations in Section 5.3.

Recall that py defined by (4) is a representation of g on h. Let d,,, : Hom(AFg,h) —
Hom(A*+1g.h) be the corresponding Chevalley-Eilenberg coboundary operator. More
precisely, for all f € Hom(A*g,h) and =1, ---,2x11 € g, we have

def(xla e 71‘]6-&-1)
k+1 k+1
_Z H_l (1}1,"' xk+1 +Z H_l Hmzvf(xla”'ai'iv"'vxk+1)]h

+ Z (_1)i+jf([xi7xj]g71:1a'“7i‘i7"'7j:j7"'7xk+1)-
1<i<j<k+1

It is obvious that w € b is closed if and only if p(z)u+ [Hz,uly =0 for all z € g, and
f € Hom(g,h) is closed if and only if

p(x1) f(w2) — p(x2) f(21) + [Hwy, f(22)]g — [Hxa, f(21)]5 — f([3317$2]g) =0, Vr,z2€9.

Definition 5.6. Let H : g — b be a crossed homomorphism with respect to the action
p. Denote by C*(g,h) = Hom(A¥g,h) and (C*(g,h) = Br>0C*(g,h),d,, ) the above cochain
complex. Denote the set of k-cocycles by Z¥(g,h) and the set of k-coboundaries by
B%(g,h). Denote by

H*(g,h) = Z"(g,0)/B"(g.h), k>0, (22)

the kth cohomology group, which will be taken to be the kth cohomology group for
the crossed homomorphismH.

Comparing the coboundary operators d,,, given above and the operators dg = d+[H,]
defined by the Maurer—Cartan element H, we have the following.

Proposition 5.7. Let H: g — b be a crossed homomorphism. Then we have
dpy f=(=1)""dpf, Vf€Hom(A*g,h).
Proof. Indeed, for all 1,29, ---,741 € g and f € Hom(A*g,h), we have

(=DM dmf) (21,22, wr)
= (=1 df + [H.fD) (@1, r41)

1+1

_Z D (@) f (w1, -+ R Tgt)
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+ Z (_1)i+jf([fﬂi,$j]g7$17"',i‘i,"',i’j7"',$]€+1)

1<i<j<k+1

+ (=D (=) Z (=17 [Hz @), f(To2) 1 Toke1)]y
(TGS(L]C)

i+1 _

Z(*l)lﬂp(mi)f(l“lw“7fia"'a$k+1)

i=1

+ Z (—1)i+jf([l‘i,$j]g,$1,"',i‘i,"',ij,"',xk+1)
1<i<j<k+1
k+1

+Z Z 1Hm17f(x17 '.7i'ia"',xk+1)}h

= ( pr)(xlny, axk+1)7
which implies that d,, f = (—1)*"dg f. O

At the end of this section, we show that certain homomorphisms between crossed
homomorphisms induce homomorphisms between the corresponding cohomology groups.
Let H and H be two crossed homomorphisms from g to h with respect to the action p
and (¢g,¢p) a homomorphism from H to H in which ¢g4 is invertible. For all £ > 0, define

® :Hom(A*g,h) — Hom(A*g,bh)
Frropofoleg )
Theorem 5.8. Let H and H be two crossed homomorphisms from g to b with respect

to the action p of g on b and (dg,¢y) be a homomorphism from H to H in which ¢4 is
invertible. Then the above ® is a cochain map from the cochain complex (C*(g,h),d,_) to

(C*(g,h),d,, ). Consequently, ® induces a homomorphism @, L HF (g,h) — H*(g,h) between
corresponding cohomology groups.

Proof. By the fact that (¢4,¢y) is a homomorphism from H to H, we have

((dp ) (@, whr1) = Gy (doy (b5 ' (1), .65 (Th41))

i+1

= (1) gpp(g (@) f(dg (1), i g (k1))
i=1
+ > (D) f([bg (i) bg (@) g bg (@), e BBy, (Thn))
1<i<j<k+1
k41
+Z l+l¢ H¢g (ml) f(d);;l(xl)a"'7i'i7"'7¢;1(xk+1))]h
i+1

_Z D" p(:) g f(dg (1), -+, &iy g (Trg1))
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+ Z (_1)i+j¢hf((bg_l[l’i,ﬂ?j]g,d)g_l(l‘l),"'7£i'i,"',.’i’j,"',(bg_l(l‘k+1))
1<i<j<k+1
k+1

+Z(—l)”l[H(Iz')@hf(d?;l(xl)v By (Tre1))]p

= de(I)(f)(J?1, e vxk—i-l)v

which implies that ® is a cochain map. O

Corollary 5.9. Let H and H be two isomorphic crossed homomorphisms. Then the
cohomology groups H*(g,b) and H*(g,b) are isomorphic for any k € 7 .

5.3. Linear deformations of crossed homomorphisms

In this subsection, we study linear deformations of crossed homomorphisms using
the cohomology theory introduced in Subsection 5.2 and show that isomorphic linear
deformations are identified with the same class in the second cohomology group. We give
the notion of a Nijenhuis element associated to a crossed homomorphism, which gives rise
to a trivial deformation.

Definition 5.10. Let H : g — b be a crossed homomorphism with respect to the action
pand $:g— b be a linear map. If H; = H 41§ is still a crossed homomorphism from g
to h with respect to the action p for all ¢, we say that $) generates a (one-parameter)
linear deformation of the crossed homomorphism H.

It is direct to check that H; = H 4t is a linear deformation of a crossed homomorphism
H if and only if for any z,y € g,

p(x)9y — p(y)Ha + [Hz, Hyly + [H2, Hyly — H[z,ylg =0, (23)
[, 6yls = 0. (24)
Note that Equation (23) means that £ is a 1-cocycle of the crossed homomorphism H.
Definition 5.11. Let H be a crossed homomorphism from g to h with respect to the
action p.

(i) Two linear deformations H} = H +t$); and H? = H +1), are said to be equivalent
if there exists an « € g such that (Idg +tad,,Idy +tp(z)) is a homomorphism from
H? to H}.

(ii) A linear deformation H +t$) of a crossed homomorphism H is said to be trivial if

there exists an « € g such that (Idg +tad,,Idy +tp(z)) is a homomorphism from Hy
to H.

Let (Idg+ tad,,Idy +tp(x)) be a homomorphism from H? to H}. Then Id,+ tad, and
Idy +tp(x) are Lie algebra endomorphisms. Thus, we have

(Idg + tad,)[y. 2lg = [(Idg + tad,) (), (Idg + tad, ) (=)]g, Vo2 € g,
(1dy + tp(a)) [l = [(1dy + tp(a)) (), (g + tp(2))(0)], Vav € b,
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which implies that z satisfies
[z,ylg,[x,2]glg =0, VYy,z€g, (25)
[o(z)u,p(z)v]y =0, Yu,vebh. (26)
Then by Equation (2), we get
(H +t91)(Idg +tad, ) (y) = (Idy +tp(2)) (H +192)(y), Vy €,
which implies
(92 =91)(y) = —p(y)Hz — [Hy, Hly, (27)
Mlr,ylg = p(e)(H2y), Vyeg. (28)
Finally, Equation (3) gives
(Idy +tp(x))p(y) (w) = p((Idg +tad:) (y)) (Idy +tp(x)) (u), Vy € gu €b,
which implies that z satisfies
p([zylg)p(z) =0, Vyeg. (29)
Note that Equation (27) means that $)2 —$1 =d,,,, (—Hx). Thus, we have the following.

Theorem 5.12. Let H be a crossed homomorphism from g to § with respect to the
action p. If two linear deformations H! = H+t9, and H? = H+t$)5 are equivalent, then
$H1 and $Ho are in the same cohomology class of H'(g,h) = Z1(g,h)/B(g,h) defined in
Definition 5.0.

Definition 5.13. Let H be a crossed homomorphism from g to h with respect to the
action p. An element x € g is called a Nijenhuis element associated to H if x satisfies
Equations (25), (26), (29) and the equation

p(w) (ply) e+ [Hy, Haly ) =0, Vyeg. (30)
Denote by Nij(H) the set of Nijenhuis elements associated to a crossed homomorphism H.

By Equations (25)—(29), it is obvious that a trivial linear deformation gives rise to a
Nijenhuis element. The following result is in close analogy to the fact that the differential
of a Nijenhuis operator on a Lie algebra generates a trivial linear deformation of the Lie
algebra [7], justifying the notion of Nijenhuis elements.

Theorem 5.14. Let H be a crossed homomorphism from g to b with respect to the action
p. Then for any x € Nij(H), H; := H+t$ with $ :=d,,,(—Hz) is a linear deformation
of the crossed homomorphism H. Moreover, this deformation is trivial.

We need the following lemma to prove this theorem.

Lemma 5.15. Let H be a crossed homomorphism from g to § with respect to the action
p. Let ¢g: 9 —> g and ¢y : h —> b be Lie algebra isomorphisms such that Equation (3)
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holds. Then (bEl oHo¢g is a crossed homomorphism from g to b with respect to the
action p.

Proof. It follows from straightforward computations. O
(The proof of Theorem 5.14.). For any Nijenhuis element x € Nij(H), we define
H=dy(—Hz). (31)
By the definition of Nijenhuis elements of H, for any ¢, H; = H +t$) satisfies
Ho <Idgl +tad1) - (IdfJ —l—tp(x)) o Hi,
(Id;, +tp($)) op(y) = p((Idg +tad1)(y)) o (Idh +t,0(:v)>, Yy € g.

For t sufficiently small, we see that Idy + tad, and Idy + ¢tp(x) are Lie algebra
isomorphisms. Thus, we have

H, = (IcuJ +tp(sc)) oHo (Idg —i—tadI).

By Lemma 5.15, we deduce that H; is a crossed homomorphism from g to b, for ¢
sufficiently small. Thus, $ given by Equation (31) satisfies the conditions (23) and (24).
Therefore, H; is a crossed homomorphism for all ¢, which means that §) given by Equation
(31) generates a deformation. It is straightforward to see that this deformation is trivial.

It is generally not easy to find Nijenhuis elements associated to a crossed homomorphism
H from a Lie algebra g to §. Next, we give examples on some special Lie algebras where
the Nijenhuis elements can be explicitly determined.

Example 5.16. Let g be a 2-step nilpotent Lie algebra; that is, [g,[g,9]] =0and H:g—g
a crossed homomorphism with respect to the adjoint action ad of g on g. It is easy to
see that (25), (26), (29), (30) hold for any x € g. Therefore, Nij(H) = g for any crossed
homomorphism H with respect to the adjoint action ad of g on g. For example, we can
take g to be any Heisenberg algebra.

Example 5.17. Consider the unique 2-dimensional nonabelian Lie algebra on C2. The
Lie bracket is given by [e1,e2] = €1 for a given basis {e,e2}. For a matrix (ZH Zm>,

21 @22

define

Hei; =ajier +azies, Hes=aise; +asneo.

H is a crossed homomorphism from C? to C? with respect to the adjoint action if and
only if

H[61,62] = [H@l,eﬂ + [61,H62] + [H€17H€2].

By a straightforward computation, we conclude that H is a crossed homomorphism if
and only if as; =0, (1+a11)ase = 0. So we have the following two cases to consider.
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(i) If agy = 0, then we deduce that any H = (aél a62> is a crossed homomorphism. In

this case, © = tje; +taes is a Nijenhuis element of H if and only if ¢5(t1a11 +t2a12) = 0.
Then for any t; € C,t1e; is a Nijenhuis element for the crossed homomorphism H =
ail  a12
(% %)
.. -1 ai12
(ii) If 1+ aq; =0, then we deduce that any H = < 0 o
In this case, x = t1e1 +toeq is a Nijenhuis element of H if and only if t5(taa12 — t1ase —
t1) = 0. In particular, e; +es is a Nijenhuis element for the crossed homomorphism H =

-1 2
(0 7
Example 5.18. For any crossed homomorphism H from a finite-dimensional semisimple
Lie algebra g over C to another Lie algebra h with respect to any action p, we claim that
Nij(H) = 0.

Let € g be a fixed nonzero vector and assume that go = [z,g] is abelian; that is, (25)
holds. We will show that this is impossible.

Denote n =dimg,g, = {y € g: [z,y] = 0}. Considering the linear map ad(z) : g — g, we
see that dimgo+dimg, = n. Let (-,-) be a nondegenerate invariant bilinear form on g. It
is easy to see that g, = gg. From 0= (0,g) = ([[z,0),[z,9]],9) = ([z,9],[[7,9],8]) we have

) is a crossed homomorphism.

[[.0],0] C 95" = a-

We deduce that 0 = [x,[[z,g],0]] = [[x,[2,9]],g]- Since g is semisimple, we see that [z,[z,g]] =
0. Thus, z is nilpotent. From Jacobson—Morozov theorem, there are elements f,h € g such
that

[hyx] =2z, [h,f]==2f, [z,f]=nh.

f]] =4x #0. So go is noncommutative, which is a contradiction.

We see that [[z,h],[z,
=0.

Therefore, Nij(H)

6. Conclusion

We introduce the notions of weak representations of Lie-Rinehart algebras and admissible
representations of Leibniz pairs. By using crossed homomorphisms between Lie algebras,
we construct two actions of the monoidal category of representations of Lie algebras on the
category of weak representations of Lie-Rinehart algebras and the category of admissible
representations of Leibniz pairs, respectively. In particular, the corresponding bifunctors,
called the actions of monoidal categories, unify and generalise various constructions of
modules over certain Cartan-type Lie algebras. New representations of some Lie algebras
are also constructed using the actions of monoidal categories. To better understand
crossed homomorphisms and the actions of monoidal categories, we also give a systematic
study of deformations and cohomologies of crossed homomorphisms.
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There are some natural questions worthy of consideration in the future:

(i) Whether the bifunctors Fy and Fp preserve certain properties of representations.
For example, when Fg(V,M) and Fy(V,M) are simple if both V and M are
simple.

(ii) For two crossed homomorphisms H and H’, under what conditions are the

bifunctors Fgy and Fy: naturally isomorphic?

(iii) How to classify simple objects in the categories WRepg (£) and ARepg(S) under

certain conditions.
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