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Abstract  Many problems about local analysis in a finite group G reduce to a special case in which
G has a large normal p-subgroup satisfying several restrictions. In 1983, R. Niles and G. Glauberman
showed that every finite p-group S of nilpotence class at least 4 must have two characteristic subgroups
S1 and S3 such that, whenever S is a Sylow p-subgroup of a group G as above, S; or S is normal in G.
In this paper, we prove a similar theorem with a more explicit choice of S; and Sa.
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1. Introduction and notation

Let p be a prime and let S be a finite p-group. Let Jr(S) be the subgroup of S generated
by the abelian subgroups of largest rank. In 1964, John G. Thompson introduced the
subgroup Jr(G) and used it to prove the following result [7, p. 118].

Suppose p is odd and S is a Sylow p-subgroup of a finite group G. Assume that
Ce(Z(9)) and Ng(Jg(S)) both have normal p-complements. Then G has a normal p-
complement.

This theorem led to further work by Thompson and others that used subgroups similar
to Jr(9) and local information about Sylow subgroups to obtain global information about
finite groups, particularly simple groups [14, pp. 225-282]. Much of this work reduced to
the following minimal situation:

(Ey) G is a nonidentity finite group;
p is a prime;
S is a Sylow p-subgroup of G;
Ca(0p(G)) < 0,(G);
S is contained in a unique maximal subgroup of G; and

for some normal subgroup K of G' and some natural
number n, G/K = PSL(2,p").
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Here, one needs to show that some non-identity characteristic subgroup of S is a normal
subgroup of G.

There are examples (below) in which no such characteristic subgroup exists, even
though S has nilpotence class precisely 2 and is thus almost abelian. Thus, it seems
surprising that there must exist such a subgroup if S has nilpotence class precisely 4
or larger (or precisely 3 or larger, if p # 3), by results of Niles [19] (in 1977) and
Baumann [2] (in 1979). In 1983, Niles and the author managed to extend these results
as follows [12, Theorem A].

Theorem. Suppose p is a prime and S is a finite p-group. Assume that S has nilpo-
tence class at least 3; if p = 3, assume that S has nilpotence class at least 4. Then there
exist non-identity characteristic subgroups S, S of S satisfying the following condition:
whenever a group G satisfies (Ey), S1 <G or S2 < G.

This result is useful when G ranges over a family of subgroups of a group, such as a
simple group [14, pp. 273-279].

In this article we extend this theorem in two ways. First, we find further sufficient
conditions under which some pair Sy, S satisfies the conclusion of the theorem (Theo-
rems A, B, D and E). Second, motivated by a question about the results of [12], we focus
on a different particular pair and find sufficient conditions for it to satisfy the conclusion
of the theorem (Theorem C). These results may shed light on a conjecture of Thompson
(below).

Just as the results of [12] used characteristic subgroups similar to Jg(S), our new
results involve characteristic subgroups arising from a recent article [11] using work of
Chermak and Delgado [5].

Some results related to [12] (and to this paper) appear in [1] and [3]. (For these articles,
J(S) is defined to be generated by the elementary abelian subgroups of maximal order
in S, and so may be different from the subgroup called J(S) in this paper. Similarly, the
Baumann subgroup is defined differently in these articles.)

The results of [12] are divided into cases, and this article was inspired by a question
about one case. In every case of [12], the subgroup S is relatively small and is contained
in the centre of S, while the subgroup Sy is relatively large and contains its centralizer
in S, just like the pair Z(S), Jg(S) in Thompson’s theorem. Moreover, in all except one
case, So has the additional property that no subgroup of S other than Sy is isomorphic
to Sa. (This property is clearly satisfied by Jg(S), which is one of the reasons that Jr(S)
is useful.) Hence, in these cases, whenever (Ey) is satisfied and S; is contained in O,(G),
then Sy is normal in G.

The exceptional case of [12] (which occurs in part (c¢) of Theorem D of [12] and
occupies most of the proof in [12]) is somewhat mysterious. Here, Sy is defined as the
intersection of some subgroups of .S, and the author suspected that some subgroup S* of
So defined more explicitly would satisfy the additional property above. After obtaining
the results of [11], our suspicion fell in particular on the subgroup Sycr, defined below,
which clearly satisfies the additional property.

Example 7.1 below shows that these suspicions were incorrect in general. However, in
Theorem C we use [11] to prove them under some restrictions on G. In part of the proof,
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we are able to prove that Sycr, <G in a situation in which a variation of Jg(S) (namely,
the subgroup J(S) defined below) may not be normal in G. In Theorems B and D, we
apply [11] to obtain new sufficient conditions on S for S; and Sy to exist. This yields
Theorems A and E, which extend the theorem of [12] above.

To state Theorem A, we use notation from [14, pp. 227, 274] for two subgroups similar
to Jr(S). As before, S denotes an arbitrary finite p-group. Let 7 (S) be the set of all
abelian subgroups of S of maximal order and let J(S) be the Thompson subgroup of
S, which is generated by 7(S). Let j(S) be the Baumann subgroup of S, given by
Cs(Z(J(S))). As usual, for any group G, let &(G) denote the Frattini subgroup of G and
let Z5(G) denote the subgroup given by Z3(G)/Z(G) = Z(G/Z(G)). In this article, we
call the elements of &7 (.S) the large abelian subgroups of S.

Consider the following hypothesis:

(P) (i) S is a subgroup of Z(S) and S, is a characteristic subgroup of .J(S),
(ii) whenever (Ey) is satisfied for some group G, then S; <G or Sz <« G.

Theorem A. Suppose p is a prime and S is a non-identity finite p-group. Then there
exist non-identity characteristic subgroups S and Ss of S satisfying the hypothesis (P),
except possibly when S satisfies the following conditions:

a) S is not abelian;

(a)
(b) J(S) =
()
(d)

Z(S) and &(95) are elementary abelian;

(i) if p =2, then &(S) < Z(9),
(i) if p =3, then &(S) < Z5(S), and
<

(i) if p > 3, then @(S5) < Z(S) and S has exponent p;

(e) some large abelian subgroup of S is elementary abelian; and
(f) for all large abelian subgroups A, B of S and all subgroups @ of S,

A]? = 15]12(5)| > 1Q|1Z(Q)| and (A, B) = AB=BA=Cs(ANB).

Note that conditions (a) and (d) yield that S has nilpotence class precisely 2 if p # 3
and precisely 2 or 3 if p = 3. Parts (a)-(d) come mainly from [12], while parts (e) and (f)
come from Theorem B below, and thus mainly from [11].

To describe some examples in which S has nilpotence class 2, consider a group H that
is isomorphic to SL(2, p™) for some natural number n and acts faithfully on an elementary
abelian group V of order p?”. We say that V is a standard module for H if there exists a
field F' such that V is a two-dimensional vector space over F' and SL(V, F') is the group
of all automorphisms of V' induced by H.

Now, suppose that S is a Sylow p-subgroup of the semi-direct product VH in the
situation above. In the simplest case, when n = 1, S is a dihedral group of order 8 if
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p = 2 and a non-abelian group of order p? and exponent p if p is odd. It is well known that,
for every n, no non-identity characteristic subgroup of S is normal in G. We show this in
Example 7.6 for n = 1 and give references for n > 1. Hence, S satisfies conditions (a)—(f)
of Theorem A, as one may easily verify.

For p = 3, we give in Example 7.7 a family of examples in which S has nilpotence
class 3 and no non-identity characteristic subgroup of S is normal in G.

We need additional notation from [11] and [12] for our other results:

d(S) = max{|A| | A < S and A is abelian},
f(S) =max{|R| - |Z(R)| | R < S},
f1(8) = max{|R[ - |[Cs(R)| | R < S},
F(S) ={R<S[|R[-|Z(R)| = f(9)},
91(5 ={R<S[|R]-|Cs(R)| = f1(5)},
oL =< (5)),
[S

S].

We call elements of % (S) centrally large subgroups, or CL-subgroups, of S.

By Proposition 2.4 of [11], f(S) = f1(S) and .#(95) is a subset of %#1(S). A CL-sub-
group of S that is minimal under inclusion in % (S) is called a minimal CL-subgroup of
S. Let Sycr denote the subgroup of S generated by all the minimal CL-subgroups of S.

For a finite group G and a prime p, we also let OP(G) be the subgroup generated by
all the p’-elements of G.

Now we may state our other main results.

Theorem B. Assume (Ey), and suppose J(S) = S. Let
mz(S) = max{|21(Z(Q))| | Q is a minimal CL-subgroup of S}
and
S = (P(Q) | Q is a minimal CL-subgroup of S and |£1(Z(Q))| = mz(S5)).
Then
(a) Z(S)<G or Sp <G, and

(b) if S¢ = 1, then the minimal CL-subgroups of S coincide with the large abelian
subgroups of S, and at least one of them is elementary abelian.

Remark 1.1. Note that Sg contains U!(Z(S)). Whenever (Ej) is satisfied, Z(S) <G
if and only if Z(S) = Z(G), by Lemma 2.19 below.

Theorem B will follow easily from results in [11]. We show in §3 that in case (b) of
Theorem B and case (c) of Theorem D (below), some large abelian subgroup of S is
normal in S and, for all large abelian subgroups A, B of S and all subgroups @ of S,

A2 = [S]12(8)] > |Q||2(Q)| and AB = BA=Cs(ANB)

(as in condition (f) of Theorem A).
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Theorem C. Assume (Ey), and suppose J(S) = S. Let

T=0,(G), G=0°G), S=SnG, T=0,G), L=CsZ(T) and q=p"
Then Z(S) <G or Symcr < G, except possibly if G satisfies the following conditions.
(a) S is a Sylow p-subgroup of G of nilpotence class at most 3.

(b) The commutator subgroup @' is the same for each minimal CL-subgroup Q of S
and is a characteristic subgroup of S, T and G, and G = TCg(Q").

(¢) T has nilpotence class at most 2, T/Z(T) is elementary abelian, and T' < Z(G) <
Z(T)<T=|T,G|.

(d) T has exponent p if p is odd, and S has exponent p if p > 5.

(e) G/L=SL(2,q) and Z(T)/Z(G) is a standard module for G/L.

(f) A chief factor U/V of G for which U < T is central if U < Z(G) or T <V <U < T
and is not central if Z(G) <V < U < T.

= ,t} en 1S a dinedra. roup ol oraer z - or some natural number k.
(g) If g = 2, then G/T is a dihedral group of order 2 - 3* f; I number k

(h) If ¢ > 2, then L = T and every non-central chief factor U/V of G satisfying U < T
is a standard module for G/T.

(i) If ¢ > 4, then there exists a normal subgroup R of Ng(S) such that
R<S, S=TR, [S,R<S5Z(@) and [S,R,R,R]=1.
By Theorem 2.10, the condition that Q' = R’ for all minimal CL-subgroups @, R of S
is satisfied for all groups S, and does not depend on the hypothesis of Theorem C.
While Syicr has the advantage of being defined more explicitly than the group S; in the
exceptional case in [12], there are cases (Examples 7.1-7.3) in which S <G, but neither

Z(S) nor Sucr is normal in G. (Thus, G satisfies conditions (a)—(i) of Theorem C.)
Consider the following condition:

(P') condition (P) is satisfied and f(Ss) = f(J(S)).
Remark 1.2. Condition (P’) says that Sy contains a CL-subgroup Q of J(S). By

Theorem 3.1 of [11], Q contains some large abelian subgroup A of J(S). Then A is a
large abelian subgroup of S. Therefore, d(S2) = d(S) and Cs(S2) < Cg(A) = A < Ss.

We also obtain the following analogues of Theorems A and B.

Theorem D. Assume (Ey) and suppose J(S) = S. Let Q be any minimal CL-sub-
group of S. Then

(a) Q' is a characteristic subgroup of S;
(b) Z(S)NQ' <G or Sy < G; and

(¢) if @ = 1, then the minimal CL-subgroups of S coincide with the large abelian
subgroups of S.
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Note that in case (c), S satisfies the conditions of Remark 1.1.

Theorem E. Suppose p is a prime and S is a non-identity finite p-group. Then there
exist non-identity characteristic subgroups S; and S, of S satisfying condition (P’),
except possibly if S satisfies the following conditions:

(a) S is not abelian;

(b) J(S)=5;

(c) Z(S) and ®(S) are elementary abelian;

(d) (i) if p=2, then §(5) <
(ii) if p =3, then P(S) <
(iii) if p > 3, then &(S) <

Z(9),
Z5(S), and
Z(S) and S has exponent p; and

(e) for all large abelian subgroups A, B of S and all subgroups @ of S,

A]? =15]12(5)| > |QI12(Q)| and (A, B) = AB = BA = Cs(An B).

Rather than alternating between two subgroups S; and Sy, it would be ideal to find
a single characteristic subgroup S3 of S that is normal in every group satisfying (Ejy).
However, examples (as in [12, pp. 412-413]) show that S3 need not exist, even for S of
arbitrarily large class.

Despite this, there are results that give some global information about a group G from
information about the normalizer N¢(Ss3) of a single non-identity characteristic subgroup
S3 of S. These results generally reduce to showing that S3<G in a group G that satisfies
conditions like (Ep) as well as additional conditions, such as commutator conditions on
the chief factors U/V of G for U contained in O,(G) [9, §§7 and 12].

As mentioned in [12, p. 413], John G. Thompson has asked whether, for p odd, there
exists a characteristic subgroup S5 such that S5 <G for every group G that satisfies (Ey)
and the conditions that G/ O,(G) = SL(2, p™) and some non-central chief factor U/V of
G with U < O,(G) is not a standard module for G/ O,(G). From Theorem 2.15 below,
the latter condition is equivalent to the commutator condition [U/V,S,S] > 1. This is
related to the condition of p-stability, which yields Z(J(S)) <G [9, pp. 22, 23, 41], and,
indeed, Thompson has conjectured [12, p. 452] that one can take S3 = Z(J(S)) under
his conditions as well.

By Remark 1.2 of [12], every group G satisfying Thompson’s conditions falls into one
of the cases of [12], and hence satisfies S; <G or Sy <G for the corresponding pair Sy, So.
If it also satisfies J(S) = S, then Z(S)<G or Syicr, <G, by part (h) of Theorem C. These
observations may shed light on Thompson’s question.

Section 2 consists of preliminary results. Theorems A, B, D and E are proved in §3.
The proofs come mainly from [12] and [11] and do not require most of the results of § 2.
Thus, most of this paper is devoted to the proof of Theorem C.
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Starting before Proposition 3.4, we assume the following additional hypothesis and
notation:

(H) G,p,S,K and n satisty (Ey),
T= OP(G)7
Z(S) # Z(G) and S = J(9).

Note that (H) is the hypothesis of case (c¢) of Theorem D of [12], except that there
one denotes O,(G) by M and one also assumes that U (Z(S)) = 1. Note also that if (H)
holds, then Z(S) = Z(J(S)).

In §§3-5, we reduce the proof of Theorem C to the special case in which the minimal
CL-subgroups of S are large abelian subgroups and G is generated by two large abelian
subgroups from different Sylow subgroups. We complete the proof in §6, and we give
examples in § 7.

All groups in this paper will be finite. In addition to the notation already defined, most
of our notation is standard and taken from [13]. In particular, for subgroups X, Y, Z of
a group,

[XaKZ]:HX’Y]aZL [X,Y;I]Z[X,Y],
[X,Y;i+1] = HX,Y;Z'],Y] fori=1,2,3,....

Throughout this paper, p denotes a fixed but arbitrary prime, and S denotes a fized but
arbitrary p-group.

2. Preliminary results

Here we state several previous results, mainly from [11]. Theorem 2.7 and Proposition 2.8
will be used very frequently, as will Dedekind’s Law: if H, K, L and HK are subgroups
of a group and H < L, then HK N L = H(K N L). Therefore, we will usually apply them
without quoting them.

Most of the results in this section are used only for Theorem C. The other main
theorems are proved in §3 and require only Theorems 2.7 and 2.10, Proposition 2.8 and
Lemmas 2.12 and 2.19 from this section.

In this section, P denotes a fixed, but arbitrary, p-group. (Some of these results remain
valid when P is an arbitrary finite group.)

Lemma 2.1.
(a) If H and K are subgroups of a group G, then [H, K| < (H, K).

(b) (Frattini argument.) If H is a normal subgroup of a group G and P is a Sylow
subgroup of H, then G = Ng(P)H.

(¢) If A is a p'-group of automorphisms of P, then
P=Cp(A)[P,A] and [P,A,A]=IP 4],
and, if P is abelian, P = Cp(A) x [P, A].
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(d) If N is a normal A-invariant subgroup of P in (c), then Cp,n(A) = Cp(A)N/N.
(e) If A centralizes P/N and N in (d), then A centralizes P.
(f) If P is a Sylow subgroup of a group G, then PNG' N Z(G) < P’.

Proof. Parts (a)—(d) are proved in [13] (part (a) on p. 18, part (b) on p. 12 and parts
(c) and (d) on pp. 177-181). Part (e) follows from (d). Part (f) follows from Theorem 10.8
in [21]. O

Theorem 2.2. Suppose that A is a group acting on a p-group P. Let B be a Sylow
p-subgroup of A.

(a) (Thompson.) Assume A = B x C for some p’-subgroup C of A, and C centralizes
Cp(B). Then C centralizes P.

(b) (Gaschiitz.) Assume P is abelian and P = @ x R for some A-invariant subgroup
Q@ and some B-invariant subgroup R of P. Then P = Q x R* for some A-invariant
subgroup R* of P.

Proof. (a) This is proved in [13, pp. 179-180].

(b) Let X be the semi-direct product of P by A. We embed P and A in X in the usual
manner. Then

P <X, PBisa Sylow p-subgroup of X, PBNQ =Q,

and RB is a complement to @ in PB, i.e. PB splits over PB N Q.

For any prime ¢ other than p, a Sylow ¢g-subgroup of A is a Sylow g-subgroup of X and
intersects () trivially, and hence obviously splits over this intersection. Thus, for every
prime g, including p, X possesses a Sylow g¢-subgroup that splits over its intersection
with Q. It follows from [16, Theorem 15.8.6] that X is a splitting extension of @ by some

subgroup Y.
Let R* = PNY. Then P = @ x R* and R* <« QY = X. Therefore, R* is invariant
under A, as desired. O

Theorem 2.3 (Noboru Ité). Suppose A and B are abelian subgroups of a group
and AB = BA. Then (AB)' is abelian.

Proof. This is proved in [17, p. 674]. |

Theorem 2.4. Suppose P has nilpotence class at most p — 1. Then
(a) every element of £21(P) has order 1 or p and

(b) if x,y € P and xP = yP, then (xy~')P = 1.
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Proof. This follows easily from Hall’s theory of regular p-groups, since P is a regular
p-group by [16, Corollary 12.3.1, p. 182]. Specifically, (a) and (b) follow from [16, p. 186].
Alternatively, these results follow easily from Lazard’s correspondence between
p-groups of class at most p — 1 and finite nilpotent Lie rings of p-power order and class
at most p — 1 [18, Chapter 10]. ]

Lemma 2.5. Suppose p is a prime, n is a natural number and H is an abelian group
of order dividing p™ — 1 acting irreducibly on an elementary abelian p-group V.
Then |V| = p* for some natural number k dividing n.

Proof. Let H* be the group of automorphisms of V' induced by the elements of H,
and let E be the ring of endomorphisms of V' generated by H*. Since E centralizes H, E
is an integral domain by Schur’s Lemma. As F is finite, it is a finite field GF(p*). Hence,
H* is cyclic.

We may regard V as a vector space over E. As H is irreducible on V', the dimension
of V over F is 1. Since the order of H* divides p™ — 1, the theory of finite fields shows
that k is a divisor of n. Then |V| = |E| = pk. O

Theorem 2.6 (Richard Niles). Suppose n is a natural number, K is a normal
p’-subgroup of a group H, A is a non-identity p-subgroup of H, and V is an elementary
abelian p-group on which H operates. Assume that

(i) H/K ~ PSL(2,p"),

(iii) [V, A, Al =1 and
(iv

Then

)
(ii) some Sylow p-subgroup of H lies in a unique maximal subgroup of H,
)
) [V/Cv(A)| < |A| and Cy (A) # Cy (H).

(a) A is a Sylow p-subgroup of H,

(b) H/Cr(V) =~ SL(2,p") and

(¢c) V/Cy(H) is a standard module for H/Cy (V).

Proof. This is proved in Lemma 2.8 of [19] (and is part of Lemma 2.3 of [12]). [
Theorem 2.7 (Chermak and Delgado). Suppose @, R € §1(P). Then

(a) QR =RQ and QR,Q N R € §1(P),

(b) Cp(Q) € 31(P) and Q = Cp(Cp(Q)), and

(c) Cp(@NR) =Cp(Q)Cp(R).

Proof. This is part of Theorem 2.1 and Proposition 2.3 of [11] (and follows from
Lemmas 1.1 and 3.1 of [5]). O
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Proposition 2.8. Suppose @ is a subgroup of P. Then
(a) if Q is a CL-subgroup of P, then Q € §1(P) and Cp(Q) = Z(Q);
(b) if Q € §1(P), then @ is a CL-subgroup of P if and only if Q > Cp(Q);

(¢) if @ and R are CL-subgroups of R, then QR = RQ and QR is a CL-subgroup of
P; and

(d) Pcr, and Pycy, are CL-subgroups of P.

Proof. Parts (a) and (b) come from Proposition 2.4 and Corollary 2.6 of [11]. Then (c)
follows from (a) and (b) and Theorem 2.7, and (d) follows from (c). O

Theorem 2.9. Suppose @ is a CL-subgroup of P and A is a large abelian subgroup
of P. Then

(a) QA = AQ and QA is a CL-subgroup of P,
(b) Coa(QNA) = Z(Q)A = AZ(Q) and
(¢) Pcy, contains J(P).

Proof. Theorem 3.1 and Corollary 3.2 of [11] give (a) and (b) and the containment
Pcr, > J(P). Then Z(Pcy) < Cp(J(P)) = Z(J(P)). By Theorem 2.7,

Pcr, = Cp(Z(Pcv)) = Cp(Z(J(P))) = J(P).

Theorem 2.10. Suppose QQ and R are minimal CL-subgroups of P. Then
(a) @=(QNR)Z(Q),

(b) @ =F,

(¢) 1Q] = |R| and |Z(Q)] = |Z(R)| and

(d) if Q is abelian, then <7 (P) is the set of all minimal CL-subgroups of P.
Proof. Parts (a)-(c) are part of Corollary 4.2 and Theorem 4.5 of [11].

For (d), assume @ is abelian. By (b) and (c), every minimal CL-subgroup of P is
abelian of the same order as @). By the definition of a CL-subgroup,

QI = 1QI1Z(Q)] = |A]|2(A)] = AP
for every abelian subgroup A of P. This gives (d). O

Our next result uses the methods of Lemma 4.3 of [11] to extend the lemma.
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Lemma 2.11. Suppose K, L<<P = KL and L = Cp(K). Assume that K is contained
in some minimal CL-subgroup of P. Let Z = K N L.
Then Z = Z(K) and there is a bijection between

the set of all minimal CL-subgroups @ of P containing K

and
the set of all minimal CL-subgroups Q* of L,

given by Q* = QN L and Q = KQ*. In this bijection, |Q| = |K/Z||Q*|.

Proof. Since L = Cp(K), Z = KN Cp(K) = Z(K). Clearly, there is a bijection
between the set of all subgroups T of P that contain K and the set of all subgroups T™*
of L that contain Z, given by

T*=TNL and T=TNKL=K(TNL)=KT".
In this bijection, we have Z=KNL=(KNT)NL=KN(T'NL)=KNT* and

T = |[KT"| = [K||T"|/|KNT*| = |[K/Z| [T"],
Z(T) = Op(KT*) = Cr(K) N Cp(T*) = LOT N Cr(T*) = Z(T*).

Therefore, |T||Z(T)| = |K/Z||T*||Z(T*)|. It is now clear that this bijection restricts to
the desired bijection for minimal CL-subgroups. g

Lemma 2.12.
(a) If Q is a CL-subgroup of P, then Q.J(P) > J(P).
(b) Some minimal CL-subgroup of P is normalized by J(P) and Pycr..

(c) If P = J(P) and d(P)? = |P||Z(P)|, then every minimal CL-subgroup of P is
abelian.

(d) If every minimal CL-subgroup of P is abelian, then J(P) = J(P).

Proof. (a) Let R = QJ(P). Then Z(R) < Cp(J(P)) = Z(J(P)).
By Theorems 2.7 and 2.9 and a short argument, R is a CL-subgroup of P and
R = Cp(Z(R)) > Cp(Z(J(P))) = J(P).

(b) This follows from Theorem 5.7 of [11].

(¢) By Proposition 2.8 and Theorem 2.9, Pcy, > J(P) > J(P) = P and Pgy, is a
CL-subgroup of P. Hence, P = Pgy, and f(P) = |P||Z(P)| = d(P)?. Let A be a large
abelian subgroup of P. Then f(P) = d(P)? = |A||Z(A)|, and A is a CL-subgroup of P.
Apply Theorem 2.10.

https://doi.org/10.1017/50013091512000089 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000089

82 G. Glauberman

(d) Here, J(P) = Pycr by part (d) of Theorem 2.10. By Theorem 2.7 and Proposi-
tion 2.8, J(P) = Cp(Z(J(P))) = J(P). O

Definition 2.13. Suppose @ is a subgroup of P and C is a central series

1=Qo<Q1 < <Qr=0Q

of Q. We define a partial ordering <¢ on the set of all subgroups of @ as follows: A <¢ B
if |A| = |B| and

(a) [ANQ;| <|BNQ;| fori=1,2,...,k and
(b) |[ANQ;| < |BNQ;| for some i, 1 <i < k.

Theorem 2.14. Suppose @) is a minimal CL-subgroup of P and x € P. Assume that
[z, Z(Q)] is abelian.
Let
Z=7Z(Q), M=[z7], Y=MCyz(M) and T=(QNQ")Y.

Then
(a) T is a minimal CL-subgroup of P,
(b) Y = Z(T) and T = Cp(Y), and
(¢) if x does not normalize Q, then Z <¢ Y for every central series C of P.
Proof. This is Theorem 5.5 of [11]. O

Theorem 2.15. Let n be a natural number, let G be SL(2,p"™) and let V' be an
elementary abelian p-group on which G acts irreducibly. Suppose S is a Sylow p-subgroup
of G and Vo ={v inV | S fixes v}.

Assume that G does not centralize V' and that

(a) [V, 5, 8] =0 or
(b) V] < [Vol?
Then V is a standard module for G.

Proof. Let F be the set of all endomorphisms of V' that commute with the action of
each element of G:
F =Homg(V, V).

By Schur’s Lemma, F' is a division ring. Since F' is finite, it is a field, by Wedderburn’s
Theorem. Then V is a vector space over F' and it is an absolutely irreducible module for
G over F, and V} is an F-subspace of V. Let d = dimp V. By a special case of a result of
Curtis and Richen (see [22, Theorem 44(b), pp. 231-232] or [20, Theorem 3.9(b), p. 446)),
dimp Vy = 1. Since G is generated by conjugates of S and G does not centralize V,

d>2. (2.1)
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We first assume (a). Then |V| = |Vo|¢ < |Vy|?, so that d = 2 and dimp V/V, = 1. Since
S is a p-group and F has characteristic p, S centralizes V/V}, and

V.S, 5] < [Vo, 5] =0,

which gives (b).

Thus, we may assume (b) for the rest of the proof. Let us regard V as a vector space
over F), rather than F'. Set H = Ng(S) and ¢ = p™. Then V}, is a subspace of V under H.
Let W be an irreducible subspace of V under H. Then H/S acts irreducibly on W. From
the structure of SL(2, q), H/S is a cyclic group of order ¢ — 1, i.e. p” — 1. By Lemma 2.5,

W] < q. (2.2)

Since V is irreducible under G, the subspace

> w

geqG

of V' is equal to V. Take an element u of G outside H. By the structure of SL(2, q), G is
the set-theoretic union of H and the double coset HuS. Note that

W =W and W*%¥ =W")Y forall zin H and y in S.

Therefore,
v=>wr=w+ Y Wy (2.3)
9eG yes
Recall that W < Vj and [V, S, S] = 0, by (2.1). Therefore, for each v in W* and y in
S,

v=v+ 0¥ —v)=v+v,ul € W*+Cy(S) =W"+ 1,
and by (2.3), (2.1) and (2.2),
V=Vo+W" and [F|<|F|"! = |V/V| < [W"| = W|<q=]5|. (2.4)

Then |F| = |Vo| = [W]| > |F|¢~}, and d = 2.

Now the theorem follows from Theorem 2.6. Alternatively, let |F| = p¥. Since G is
generated by p-elements, which act by determinant 1 on V over F, the action of G on
V induces a homomorphism of G into an irreducible subgroup of SL(2,p*). It is easy to
see that the homomorphism has trivial kernel, so that

|SL(2,)| = |G| < |SL(2,p")|.
Since |F| = p¥ < g by (2.4), ¢ = p¥ = |F| and V is a standard module for G. O

Theorem 2.16. Suppose S is a Sylow p-subgroup of a group G, K and L are normal
p’-subgroups of G, and n is a natural number. Assume that G acts on an elementary
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abelian p-group M and
(i) G/L=SL(2,p"), K> L and K/L=Z(G/L),
(i) L =[L,G] and K = ¢(G),
(iii) [M,S,S,S] =1,
(iv) [M] = |Car(S)P and
(v) for each x in S#, Cpr(z) = Car(9).
Then L centralizes M except possibly if p™ = 2 or 3.

Proof. Assume that L does not centralize M. Note that S is isomorphic to a Sylow
p-subgroup of SL(2,p"), and hence is elementary abelian of order p™.

Since L<@G, the kernel Cr, (M) of L on M is normal in G. Assume first that S centralizes
L/Cr(M). Let C = Cq(L/CL(M)). Then C is a normal subgroup of G that contains S.
So CK/K is a normal subgroup of G/K that contains SK/K. Since G/K is isomorphic
to PSL(2, p™), which is generated by its p-elements,

CK/K=G/K and G=CK =C9%(G).
As @(G) is the Frattini subgroup of G, we obtain
G=C and L=[L,G]<CL(M).
This is a contradiction because L does not centralize M. Thus,
S does not centralize L/CL(M). (2.5)

We regard M as a vector space over F),. Let G = G/Cg(M). For every element x and
subgroup H of G, let # and H be the images under the canonical homomorphism of G
onto G. By (2.5), S does not centralize L.

We show first that p < 5. Let y be an element of S that does not centralize L. Since
S is elementary abelian, y has order p. Therefore, § has order p and O,(L()) = 1. By
a theorem of Philip Hall and Graham Higman (see [13, Theorem 11.1.1, p. 359]), the
linear transformation ¢ of M over Fj, induced by the action of § has minimal polynomial
(x —1)? or (x — 1)P~1. Therefore, (t — 1)?=2 # 0, which gives

(M, y;p—2] > 1.
By (iii), [M, S; 3] = 1. Consequently, p — 2 < 3, and p < 5, as desired.
To complete the proof, we assume that n > 2 and derive a contradiction. Since S is

elementary abelian of order p™, S is not cyclic. By [13, Theorem 6.2.4],

L={(Cp(u) |ue S%).
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For each u in S#, Cp(u) preserves Cys(u), which is equal to Cy/(S), by (v). Therefore,
Ch(S) is preserved by L and hence by LS.

Let L* = [L, S]. Since LS preserves Cj(S), the centralizer of Cps(S) in LS is a normal
subgroup of LS that contains .S and, therefore, L*. So

C]\/[(S) < C]\/[(L*).

By (2.5), [M, L*] > 1 because L* does not centralize M. By Lemma 2.1, M = Cj;(L*)x
[M, L*]. Hence,
[M,L*]NCn(S) < [M,L*]NCp(L7) = 1.

However, [M, L*] is a non-trivial S-invariant subgroup of M, and so must contain non-
identity fixed elements under S. This contradiction completes the proof of Theorem 2.16.
O

Lemma 2.17. Assume the hypothesis of Theorem 2.16, and suppose also that
(i) G acts faithfully and irreducibly on M,

(ii) L > 1 and p™ = 3, and

(ili) G =S02(G) and K = &(02(G)).

Regard M as a module for G over F,. Then

(a) the restriction of M to K S contains a unique irreducible submodule N subject to
being also irreducible for K,

(b) the representation of G on M is induced from the representation of K.S on N,

(c) the restriction of M to K is the direct sum of N and three other irreducible sub-
modules N1, No, N3,

no two of N, Ny, Na, N3 are isomorphic as K-modules,

)
(e) the modules N1, No, N3 are cyclically permuted by S,
(f) S acts trivially on N, and

)

Proof. Here, |G/ O02(G)| = |S] = 3. Let @ = O2(G). From (iii) and Theorem 2.16,
K =®(Q) > L and G/L = SL(2, 3). From the structure of SL(2, 3),

G/L=(SL/L)(G/L) = SG'L/L and G = SG'L.

Assume first that K is cyclic. Then the automorphism group of K is an abelian 2-
group. So K is centralized by S, G’ and itself. As G = SG'L < SG'K, Theorem 2.16
yields

1=[K,G] > [L,G] =L,

contrary to (ii). Thus, K is not cyclic.
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If every characteristic abelian subgroup of @ is cyclic, then a theorem of Philip Hall
(see [13, p. 198]) asserts that @ is a central product of two subgroups E and R, where
E =1 or F is an extra-special 2-group, and R = 1 or R is a 2-group of maximal class.
Then &(Q) is abelian, hence cyclic. But ¢(Q) = K, which is not cyclic, which is a
contradiction. Thus, there exists a non-cyclic abelian characteristic subgroup A of Q.

Since @ is normal in G, A is normal in G. As M is irreducible under G, we may
decompose it as a direct sum

M=M®&M&- &M,

of homogeneous A-modules transitively permuted by G. Moreover, M; is irreducible
under the stabilizer Ng(M;) in G, and M is induced from the representation of N (M)
on M.

Now, M is a direct sum of isomorphic irreducible A-modules. As A is abelian, this
forces A/C4(Mjy) to be cyclic. Hence, C4(M7) > 1, and My < M by (i). Let H be a max-
imal subgroup of G containing Ng (M), and let N be the sum of M} as h ranges over H.
Then N is an irreducible H-module that is induced from the irreducible Ng (M )-module
M, and M is induced from the representation of H on N. Therefore, H is the stabilizer
of N in G, and M is the direct sum

M=) N (2.6)

geT

as g ranges over a transversal T to H in G (i.e. HT = G and Hu # Hv for u 2 v in T).
Let u be a generator of S. If S does not fix any subspace N9 in (2.6), then it permutes
these subspaces in cycles of length 3, and

M — M* @M*u @M*uz
for some subspace M* of M. Then
Cu(S) = Crr(u) = {x + 2" + 2% | & € M*}

and [M| = |[M*? = [Cp(S)]? > |Cum(S)]2. But |[M| = |Cps(S)|? from Theorem 2.16,
which is a contradiction. Thus, S fixes some subspace N¢ in (2.6).

By replacing M; by M{ | we may replace N9 by N. Then S is contained in the
stabilizer of N in G, which is the maximal subgroup H of G. Since ¢(G) is the intersection
of all the maximal subgroups of G and K = &(G), we have K < H. So SK < H.

Now H/K is a maximal subgroup of G/K that contains the Sylow 3-subgroup SK/K
of G/K . From Theorem 2.16, G/ K is isomorphic to PSL(2, 3) and thus to the alternating
group of degree 4. Therefore, SK/K itself is a maximal subgroup of G/K. Hence,

H/K =SK/K, H=SK, |G:H|=|G/K:H/K|=4,

and the transversal T" has cardinality 4.
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Since K <G and K preserves N, K preserves NY for every g in G. Thus, G/K acts as a
permutation group on the four summands N9 in (2.6), and the group H/K of order 3 is
the stabilizer of N in G/K. It is easy to see that S permutes the other three summands
cyclically. Let Ny be one of them. Then N; & N{* & N{‘2 is irreducible under SK,

Cu(S)=Cn(S)@{z+a"+2" |z N} and M=Na& (N, & N'a NY). (2.7)

Now we obtain (a), (b), (c) and (e).
Consider the dimensions of various subgroups of M as vector spaces over the prime
field F,. Since [N|* = |[M| = |Cy(9)]? and |N1| = [N, (2.7) gives

4dim N = dim M = 2dim C;(S) = 2(dim Cn(S) + dim N) < 4dim N.

Therefore, dim Cn(S) = dim N, and S centralizes N, which gives (f).

As K S is irreducible on N and S centralizes N, K acts irreducibly on N and [K, S]
centralizes N. As K < G, we see that K acts irreducibly on N9 for every ¢ in G. Since
M; < N and A< G and M; is a homogeneous component of M as an A-module, none
of the summands N;, Ny, Nl"z is isomorphic to N as an A-module, or, a fortiori, as a
K-module. Thus, no two of the four distinct summands of M in (2.7) are isomorphic as
K-modules, as claimed in (d).

Suppose M* is a K-submodule of M that contains Cps(S). Then M* > N. If M* <
M, then we may assume that M* is a maximal K-submodule of M. By the Jordan—
Hélder Theorem for modules, M/M* is isomorphic as a K-module to Ny, N{* or N{f. If
M/M* = Ny, then M* contains N, N{* and N**, and hence (by (2.7)),

M* contains (N @& N{* @ Nluz) + Cp(S), which is M.

This is a contradiction. Similar contradictions for the other cases show that M™* = M.
This proves (g) and completes the proof of the lemma. O

Lemma 2.18. Suppose p, G, S, K and L satisfy conditions (i) and (ii) of Theorem 2.16
forn =1, and p is 2 or 3. Let G act on elementary abelian p-subgroups My, M and M.
Regard M, My and M as vector spaces over the prime field F,. Assume that f is an
F,-bilinear function on My x M into M and

(i) f(u9,v9) = f(u,v)? for all w in My, v in My, and g in G, and
(i) f(u,v) # 0 for some v in My and v in Ms.

Assume also that
(iii) G acts irreducibly on M; and Ms, and L centralizes M,
(iv) for all u in Cy, (S) and v in Cy, (S), f(u,v) =0,

(v) fori=1,2, |M;| =|Cu,(S)|? and L does not centralize M;,
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(vi) if p =2, then G is a dihedral group of order 2 - 3¥ for some natural number k, and
(vii) if p =3, then G = SO2(G) and K = ®(05(G)).
Then p = 2 and G centralizes the image of f.

Proof. Here, |S| = p™ = p. Let = be a generator of S. Take i to be 1 or 2. By (v), S
acts faithfully on M;. We embed S in the endomorphism ring of M;. Since p < 3 and M;
has characteristic p,

(z—1)P=2a?-1=0 and 0= (z—1)3= (2 —1)(z" - 1)(z' = 1)
for all natural numbers j, k and [. Therefore,
[M;,S,5,5] =0 fori=1,2.

Assume first that p = 3. We work towards a contradiction. By Lemma 2.17, Cyy, (S)
contains a non-zero K-submodule N of My, and Cy,(S) contains a non-zero K-sub-
module N* of M.

Let X be the set of all w in M; such that

flu,v) =0 for all vin N*.

By (i) and (iv), X is a K-submodule of M; that contains Cjy, (S). By Lemma 2.17,
X = M. Similarly, the set Y of all v in My satisfying

f(u,v) =0 for all uin M

is a G-submodule of M containing N*. As G acts irreducibly on Ms, we have Y = M.
Thus, f is identically zero, contrary to (ii). This contradiction shows that p = 2.

Let F be a finite field extension of F5 that is a splitting field for all of the subgroups
of G. Let

M} =F®p, M; for each i
and let
M* =F @p, M.

Then f extends uniquely to a bilinear function over F' on M; x MJ into M*, which we
also call f for convenience. Part (i) of the hypothesis is still valid, but M7 and Mj need
not be irreducible. However, by [6, pp. 471-472],

each of M} and M; is a direct sum of irreducible modules. (2.8)
It is easy to see that Cy»(S) = F ®p, Cp, (S) for each 4, and hence, from (iv), that

for all u in Cpz; (S) and v in Cuz (S),  f(u,v) = 0. (2.9)
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To complete the proof, we wish to show that G centralizes the image of f. By (2.8),
it suffices to show that, for arbitrary irreducible summands Ny of M; and Ny of My, G
centralizes f(u,v) for every uw in Ny and v in No.

By (vi), G is a dihedral group of order 2-3* for some natural number k. Let H be the
Sylow 3-subgroup of G, so that |G/H| = 2. Let h be a generator of H. By Theorem 2.16,
G/L is isomorphic to SL(2,2), the dihedral group of order 6. Hence, L < H.

Now we take i to be 1 or 2 in order to choose notation. By (v), L does not centralize
M;. So Cp, (L) < M;. As G is irreducible on M; and L < G, the subspace Cyy, (L) of M;
is invariant under G and must be zero. Therefore,

Cn,(L) < Cum; (L) = F ®F, Cy, (L) =0,

and G/Cg(N;) is a dihedral group of order 2-3™ for some natural number m. Since F' is
a splitting field for H and NV; is irreducible under G, it is easy to see that IV, is induced
from a one-dimensional representation of H. Thus, IV; has dimension 2 and Cl;,(S) has
dimension 1. Let u; be a non-zero vector in Cy, (S) and v; = ul.

We continue with the assumption that i is 1 or 2. Then u;, v; is a basis of NV;. Since
S is different from S and S* when taken modulo Ca(N;), the subspace CNi(Shz) is
different from (u;) and (v;). So

C’Ni(ShQ) = (uf‘2> = (u; + \v;) for some non-zero element \; in F.

Now we apply the notation chosen above for i = 1 and ¢ = 2. By (2.9), f(u1,us) = 0.
Therefore,

0=07= f(uf,ul) = f(v1,v2),
and similarly,

0 = f(u1 + A\vr,ug + Agva) = Ao f (u1,v2) + A1 f(v1, uz).

Hence,
flur,uz) = AT Ao f (ur, va).

This shows that the image of f on Ny x Ny into M* is spanned by f(u1,v2) and is either
one dimensional or zero. Since M™ has characteristic 2, S centralizes this image. As G
is generated by S and S”, G centralizes this image. As mentioned above, this suffices to
prove the lemma. O

Lemma 2.19. Assume (Ey). Then
(a) G =(S,S8Y) for every element y in G\ Ng(SK) and

(b) Z(S)<G if and only if Z(S) = Z(G).
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Proof. (a) This is part of Lemma 2.7 of [12].

(b) Obviously, Z(S) <G if Z(S) = Z(G).

Assume conversely that Z(S5)<G. Take some element y in G\ Ng(SK). Since Cg(Z(S))
is a normal subgroup of G that contains S, it contains S¥. Hence, by (a), Ca(Z(5)) = G,
and Z(5) < Z(G). Since

Z(G) < Ca(0,(G)) < 0,(G) <5
by (Ep), we obtain Z(S) = Z(G). O

3. Proof of Theorems A, B, D and E

Let T' = O, (G). In this section, we prove Theorems A, B, D and E and Remark 1.1. Then
we reduce part of Theorem C to studying the chief factors within a particular subgroup
of T.

Recall conditions (Fy) and (H) from §1. Assume condition (Ep). Let

g=p", Z=Z(T) and L=Cg(Z).
Theorem 3.1. Assume (H). Then
(a) Z(G) < Z(S)< Zand T< L<K,
(b) G/L ~SL(2,q) and Z/Z(G) is a standard module for G/L,

(c) Z2(5)/Z(G) = Cz/z(c)(S/Z(G)),
(

d) @/ (T) is a proper subset of &/ (S),

)
)
)
)
(¢) whenever A € o7(S) — o/ (T), then AT = S and (ANT)Z € «/(T),
(f) Z < Z(9),
(¢) ifpisoddorn =1, then Z = [Z,G] x Z(G),

(h) K/L = Z(G/L), and

(i) L/T = [L/T,G/T) = [L,G|T/T and KT = &(G/T).

Moreover, let Wy be the subgroup of T that contains Z(G) and satisties W1/Z(G) =
Z(T/Z(@G)). Then

(j) if ¢ > 2, then L =TCr(Wy),
(k) if g =2, then G/T is a dihedral group and %|L/T| is a power of 3, and
(1) if ¢ =3, then G/T = (S/T)02(G/T) and K/T = &(0(G/T)).

Proof. Obviously, T < Cg(Z(T)) = L. Since (H) includes condition (E) of [12],
parts (a)—(g) of the theorem follow from Lemma 2.9 of [12]. Part (h) follows from (H)
and part (b). Parts (i)—(1) follow from Lemmas 3.5 and 2.2 in [12]. O
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Lemma 3.2. Assume (H). Then

(a) Z(G) < Z(S) < Z=$(2)Z(G) and |Z/Z(S)| = |S/T| = q,

(b) [Z,5] < Z(S), and

(c) for each x in Z — Z(S), Cg(z) =T.

Proof. This follows from Theorem 3.1 above and Lemma 3.1 of [12]. O

Theorem 3.3. Suppose G satisfies (H) and Syicy, Is not normal in G. Then some
minimal CL-subgroup @ of S is not contained in T. For any such subgroup,

(a) S=QT = Z(Q)T and QN Z = Z(S),
(b) (QNT)Z is a minimal CL-subgroup of S and of T,
(¢c) Q' is a characteristic subgroup of T' and of S,
(d) §=TCs(Q') and G =TCq(Q'),
) Q=(QNnT)Z(Q),
) 1Q/(QNT)| =g, and

)

(g) f(S) = f(T) and the CL-subgroups of T are the CL-subgroups of S that are
contained in T'.

(e
(f

Proof. Suppose every minimal CL-subgroup of S is contained in T'. Then f(S) = f(T)
and the minimal CL-subgroups of S and T coincide. So

Smcr = Tucr <G,

contrary to hypothesis. This contradiction shows that @) exists.

Now, (a)—(c) and the first part of (d) follow directly from Theorem 4.7 and Corollary 4.8
of [11], and (g) follows from (b). Hence, @' <« G.

Take y in G \ Ng(SK). Since Q' is normal in G, so are Cg(Q’) and TCq(Q’). Since
S=TCs(Q") < TCx(Q'"), we also have SY < TCx(Q'). By Lemma 2.19, G = (S, 5Y) <
TCe(Q'). So G =TCg(Q'), which completes the proof of (d).

Let R=(QNT)Z. By (b) and Theorem 2.10,

Q=(QNR)Z(Q)<(QNT)Z(Q) < Q,
which yields (e). By (a) and Lemma 3.2,
Q/NQNT)| =QT/T| =|5/T| = q
Thus, (f) is valid. O

Now we can prove most of our main results. Note first that Remark 1.1 follows from
Theorems 2.7 and 2.10, Proposition 2.8 and Lemma 2.12.
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Proof of Theorem B. Define Ty by analogy with the definition of Sg. Then T is
characteristic in T and hence normal in G. If Z(5) is not normal in G, then Z(S) # Z(G)
and we obtain condition (H). By Lemma 3.2 above and Remark 4.9 of [11], the theorem
follows. O

Proof of Theorem D. Theorem 2.10 gives (a) and (c). To prove (b), assume Syicr
is not normal in G. If Z(S) <G, then Lemma 2.19 yields

ZSNQ'<Z(S)=2(G) and Z(S)NQ «G.
So assume Z(S) is not normal in G. Then (H) holds. By Theorem 3.3,
G =TCo(Q) < Ne(Z(S)NQ) and Z(S)NQ' <G,
as desired. g

Proof of Theorem E. As in Theorem B of [12], let

[D(5), S]2(D(5)) if p=2,
So = [[2(5), 5], S]@(2(S5)) ifp=3,
[®(S), S]5L(S) if p> 3.

We wish to find a pair of characteristic subgroups S, Sy that satisfies (P) and the

condition that f(S2) = f(J(S)). By Theorem D of [12], we can satisfy (P) by taking
S, =[2J(S),5]NZ(S) and Sy =J(S) ifS# J(S)

and

Sy =0UYZ(S)) and Sy=2S8 ifS=J(S)and 5} (Z(S))>1.

Since we have f(S3) = f(J(S)) in both cases, we may assume that S = J(S) and
UY(Z(S)) = 1. So Z(9) is elementary abelian.

Let Q be any minimal CL-subgroup of S. If Q" > 1, then Theorem D yields that we
can satisfy (P) by taking S; = Z(S) N Q" and Sy = Sycr- Since f(Smcrn) = f(5) and
S = J(S), this pair satisfies (P’). Hence, we may assume that Q' = 1. By Theorem 2.10,
the minimal CL-subgroups of S coincide with the large abelian subgroups of S. Thus,
we will have f(Ss) = f(J(S)) if and only if d(Sy) = d(S).

Now we return to Theorem D of [12]. Assume Sy > 1. Then we are in case (c) of
Theorem D of [12], in which S; = Z(S) NSy and Sy is an intersection of subgroups
0,(G*) for a family of groups G* that satisfy (Ej).

Take a large abelian subgroup A of S for which |A N Sy| is as large as possible. If
A < Sy, then d(S2) = d(5), as desired. We assume that A is not contained in Sy and
work towards a contradiction.

Clearly, A is not contained in O,(G1) for some group G, in the family of groups G*
above. Let P = O,(G1) and B = (AN P)Z(P). By Lemma 2.9 of [12], B is a large
abelian subgroup of S. Since B < P, we have B # A. Therefore, Z(P) is not contained
in A.
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By Theorem C of [12], Z(P) < O,(G*) for every group G* above. Therefore,
BNSy > (AQSQ)Z(P) > AQSQ,

contrary to the choice of A. This contradiction shows that A < So, as desired.

This leaves us with the case in which S = J(S) and Q" = Sy = 1. Since Q' = 1,
Theorem 2.10 and Lemma 2.12 give parts (b) and (e) of Theorem E. Since Sy = 1, we
obtain parts (c) and (d). Finally, since C(0,(G)) < O,(G) < S, we obtain part (a). O

Proof of Theorem A. Assume that there exists no pair of non-identity characteristic
subgroups of S satisfying condition (P). Since condition (P’) includes condition (P),
Theorem E yields conditions (a), (b), (c), (d) and (f) of Theorem A. In particular,
J(S)=S.

By Theorem B, Z(S) <G or Sg <G for every group G satisfying (Ep). Since J(S) = S,
the subgroup Sg is a characteristic subgroup of J (S). Therefore, the pair Z(S), Sg
satisfies (P). Since Z(.S) > 1, we must have Sg = 1. Now Theorem B gives us condition (e)
of Theorem A. O

We have now proved Remark 1.1 (after Theorem 3.3) and Theorems A, B, D and E.
So we turn our attention to Theorem C.

3.0.1. Henceforth in this article, we assume the hypothesis of Theorem C.

Then J(S) = S. Clearly, we may assume Z(S) # Z(G). Then G satisfies condition
(H).

Take a central series C of S. Define a partial ordering < = <¢ on the set of all subgroups
of S as in Definition 2.13. Consider the centres Z(Q) for all the minimal CL-subgroups
@ that are not contained in 7. By Theorem 2.10, the order |Z(Q)| is the same for all
the choices of Q. Choose Qg so that Z(Qp) is maximal under <, that is, no choice of Q
satisfies Z(Qo) < Z(Q).

Proposition 3.4. Take Qg as above. Then
(a) K/T is a p'-group,

(b) Ng(SK) is the unique maximal subgroup of G that contains S,
(¢) S=QoT =Z(Qv)T, and
)

(d) for every element y in G — Ng(SK),
G = (8,8Y) = (Qo, Q)T = (Z(Qo), Z(Qo)")T.

Proof. Lemma 2.7 of [12] gives (a) and (b), and gives (S, S¥) = G for (d). Theorem 3.3
above gives (c). Then (c) gives

G =(5,5%) = ((QuT)", (QuT)") = (Qo, Q)T
Similarly, G = (Z(Qo), Z(Q0)¥)T. O
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Now we obtain our first main reduction.

Proposition 3.5. Let 7 be the subgroup of T' generated by the subgroups Z(R) as
R ranges over all of the minimal CL-subgroups of T. Then [Z(Qy), S] < Z.

Proof. Let W = Z(Qo) and Q1 = (QoNT)Z. Note that Z is a characteristic subgroup
of T and hence a normal subgroup of G. We must show that W centralizes the quotient
group S/Z.

_ By Proposition 3.3, Q1 is a minimal CL-subgroup of T' (and of S). So, by Lemma 2.12,
J(S) < Q1J(S). Since S = J(5),
S =@Q1J(S). (3.1)
Since Z = Z(T) < Z(Q1) < Z,
Q1= (QuNT)Z < (QNT)Z.
As W centralizes Qo,
W centralizes Q1Z/Z. (3.2)

Now take any large abelian subgroup A of S and any element x of A. By Theorems 2.9
and 2.3, WA is a subgroup of S, and (W A)’ is abelian. Hence, [z, W] is abelian. Let

M=[z,W], Y=MCy(M) and R=(QoNQ})Y.
If x normalizes Qg, then x normalizes W and
[z, W] <WNT =2Z(Qo)NT < Z(Q1) < Z.

Assume x does not normalize Qg. By Theorem 2.14, R is a minimal CL-subgroup of
S and Y = Z(R); moreover, W < Y. Therefore, R < T by our choice of Qq, and

[2,W]=M <Y =Z(R)< Z.

This shows that in all cases, [z, W] < Z. Since = was chosen arbitrarily in A, we see
that W centralizes AZ / Z. As J (S) is generated by all the large abelian subgroups A
of S,

W centralizes J(S)Z/Z.

By (3.1) and (3.2), W centralizes S/Z, as desired. O
Theorem 3.6. For Z as in Proposition 3.5, [OP(G),T] < Z.

Proof. As in the proof of Proposition 3.5, we let W = Z(Qo) and consider the action
of G on T/Z by conjugation. Let C' be the kernel of this action, i.e. C = Cg(T/Z), the
centralizer of T/Z in G. We must show OF(G) < C.

Clearly, C' <1 G. By Proposition 3.5, W centralizes S/Z and hence T/Z. So W < C.
Take y in G — Ng(SK). By Proposition 3.4,

G = (W,W¥)T < CT,
whence G = CT. Therefore, G/C is a p-group, and O?(G) < C. O
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Theorem 3.6 gives our first reduction. It shows that G centralizes all of the chief factors
U/V of G for wh1ch Z <V <U < T, so that we need to consider only the chief factors
for which U <

4. The second reduction

Take Qo as in § 3. We fix a p’-element f in G — Ng(SK) for the rest of this paper. Recall
that ¢ =p", Z =Z(T) and L = Cg(Z). Let

ROZQ(J;a GOZ <Q0)R0>7 TOZGOﬁTa
Q1 =(QuNT)Z and R =QI =(R,NT)Z.

We define G*, T* and S* after Proposition 4.5.
In §3, we showed that [OP(G),T] is contained in the group Z of Proposition 3.5. In
this section, we show that it is contained in Gy N Z and that O”(G) is contained in Gy.

Lemma 4.1. The following conditions are satisfied.
(a) Q1 and R; are minimal CL-subgroups of T and S.
(b) QuNQ1=QoNT and |Qo: QuNT|=gq.

(¢c) ZNZ(Qo) =ZNQy = Z(S).

(d) QoNRo=QoNE1NRyNEy <

(e) T =Cs(2).

(f) Z =2(5)Z(S)! = (2N Qo)(Z N Ro) = (Z N Z(Qu))(Z N Z(Ry)).
(g) To contains Q1 and Ry.

Proof. By Theorem 3.3, ()1 is a minimal CL-subgroup of 7', and the CL-subgroups
of T" are merely the CL-subgroups of S that are contained in 7T'; moreover,

QoNZ=2(S) and |Qo/(QoNT)| =q. (4.1)

Conjugation by f shows that R; is a minimal CL-subgroup of 7. Thus, we obtain (a).
Since Qo NT < QoN Q1 < QoNT, we have Qo NT = Qo N Q1. So (4.1) gives (b). As
Z(S) < Z(Qo), (4.1) also gives Z(S) = Z(Qo) N Z and (c).
By Proposition 3.4, the quotient groups QoK /K and RyK/K generate G/K and hence
are distinct Sylow p-subgroups of PSL(2,¢q), which must intersect in the identity sub-
group. Therefore, Qo N Ry < SN K =T and, by (b),

QoNRy=(QoNT)N(RyNT)=QoNQ1NRyN Ry,
which gives (d).

Part (e) follows from Lemma 3.2. Part (f) follows from Lemma 3.1 of [12] and part (c).
Part (g) follows from (f) and the definition of Q; and R;. O
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Part (d) of the following result shows that Gy is smaller than one might expect.
Proposition 4.2. The following conditions are satisfied.

(a) Z(Q1) and Z(R,) are contained in {(Z(Qq), Z(Ry)).
(b) Z(Q1) N Z(R1) = (Z(Qo) N Z(Ro))Z.

(¢) QN R =(QoNRo)Z.

(d) To = Q1R1 = (QoNT)(RoNT).

Proof. By Lemma 4.1, @1 and R; are minimal CL-subgroups of T and of S. Therefore,
by Theorems 2.7 and 2.10 and Proposition 2.8,

(Q1,R1) = Q1R1, Qo= (QoNQ1)Z(Qo), Z<Cs(Q1)=2(Q1), (4.2)

and Q1 R; is a CL-subgroup of T" and of S.
Since Ql = (QO N T)Z and Z < Z(Ql),

Z(Q1) =Z(Q1)N(QoNT)Z = (Z(Q1)NQoNT)Z = (Z(Q1) N Qo)Z.

Clearly, Z(Q1) N Qo centralizes Qp N Q1 and Z(Qp). Hence, by (4.2), Z(Q1) N Qo <
Cs(Qo) = Z(Qop). Therefore,

Z(@1)NQo = Z(Q1)NZ(Qo) and  Z(Q1) = (Z(Q1) N Z(Qo))Z. (4.3)

Let J = Qo N Ry. Conjugation of (4.3) by f yields Z(Ry) N Ryg = Z(R1) N Z(Ry) and
Z(Ry) = (Z(R1) N Z(Ry))Z. Therefore,

Z(Ql)ﬂZ(Rl)ﬂJ:Z(Ql)mZ(Rl)ﬁZ(Qo)ﬂZ(RQ) (44)

and Lemma 4.1 (f) gives (a).
By Lemma 4.1 and Theorem 2.10, J < Q1NR; < T, QoNQ1 = QoNT and |Qo| = |Q1]-
Therefore,

q=1Qo:QoNT|=1[Qo:QoNEA1[=1[Q1:QoNQx1l
Conjugation by f gives |R; : Ry N R1| = ¢q. Consequently,

[QiNRy:J|=|Q1NR:Q1NR;NJ|
=[Q1NR:Q1NQoN RN Ry|
=[|Q1NR1:Q1NQoNR1|Q1NQoN Ry :Q1NQoN RN Ry
<|Q1: Q1N Qol[Ry 2 RN Ry
=q". (4.5)

Now let I; = Z(Q;) N Z(R;) for i = 0,1. Then Z = Z(T) < I;. Since

Iy<JST and Q1 =(QuNT)Z=(QNT)Z(T),
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we have I() < Z(Qo)ﬁT < CS(QI) = Z(Ql) Sll’IlllaI‘ly7 IO < Z(Rl) So IO < 11. By (44)7
LnJd=5LNIy=I.
By Proposition 3.4, G = (Z(Qo), Z(Ro))T. Hence,

ZNJ=ZT)NQoN Ry < Z(G).
By Theorem 3.1, Z(G) < Z. Therefore, by (4.5),
¢t =12/2(G)| <|Z/(ZNI)| < |L/(LN )] < [QuN Ry J| < ¢*.

Since I; N J = Iy, we have Z(G) = Z N J and we obtain (b) and (c).
By (b) and Theorem 2.7,

Cs(Q1R1) = Cs(Q1) NCs(R1) = Z(Q1) N Z(R1) = (Z(Qo) N Z(Ro))Z
and
Q1R = Cs(Cs(Q1R1)) = Cs((Z(Qo) N Z(Ro))Z) = T N (Qo, Ro) = To.
Since Q1 R; < Tp and Z = (Z N Qp)(Z N Ry) by Lemma 4.1, we obtain (d). O
Lemma 4.3. Let P be a CL-subgroup of T. Then G normalizes Ty P.

Proof. By Proposition 4.2, Ty = @1 R, which is a CL-subgroup of T and of S. So
Ty P is a CL-subgroup of S, and so is QuToP. Since ToP < T,

ToP < QoToPNT = (Qo NT)TyP < Q1 Ty P = Ty P.

Therefore,
ToP = QoIoPNT < QTP and Qg normalizes Ty P.

Similarly, RoToP is a CL-subgroup of S7, and Ry normalizes TyP. Since Qp and Ry
generate G, it follows that Gy normalizes Ty P. O

Proposition 4.4. There exists a series of subgroups
To=Uo< Uy < <Up=TncL
such that, fori=1,2,...,n,
U,—1<U;, Go normalizes U; and [U;,Go] < U;_1. (4.6)
Proof. Consider the CL-subgroups X of Tyicr, containing T such that
G normalizes X
and there exists a series of CL-subgroups
To=Us<U;<--<U, =X

satisfying (4.6).
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Trivially, Ty is such a subgroup. Take X of maximal order among these subgroups. We
show by contradiction that X = Tycr.

Assume X < TycL. Since Tycr is generated by all minimal CL-subgroups P of T,
some P is not contained in X. As X and P are CL-subgroups, XP = PX. Choose P
such that the order of X P is as small as possible. Since G normalizes Ty P by Lemma 4.3
and X (ToP) = X P, Gy normalizes X P.

Since T is nilpotent and G normalizes X and X P, there exists a series of subgroups
of XP, X =V < Vi <--- <V = XP such that V;_; < V; and Gy normalizes V;, for
i =1,..., k. By our assumptions, there exists ¢ such that

[Vi, Go] is not contained in V;_q,

i.e. Go does not centralize V;/V;_;.

As Gy is generated by Qo and Ry, at least one of @y and Ry does not centralize
Vi/Vi_1. We assume that Qg does not centralize V;/V;_1, as the argument for the other
case is similar because

Ql = Ry <8/ < Go.

Since g and P are minimal CL-subgroups of S, Theorem 2.10 gives
P=(QoNP)Z(P) and XP=X(QyNP)Z(P)=XZ(P).
Similarly, since Qo NT < Q1 < X,
Qo = (QoNP)Z(Qo) and XQo=XZ(Qo). (4.7)

Thus, X < V;_1 < V; < XZ(P). Since Qo does not centralize V;/V;_1, there exists w in
Z(P) such that

w lies in V; and Qg does not centralize the element V;_jw of V;/V;_1.
By (4.7), Z(Qo) does not centralize V;_jw. Therefore,
[w, Z(Qo)] is contained in X P but not in V;_;. (4.8)

Let Y = Z(Qo) and W = Z(P). Then w € W. We now argue as in the proof of
Proposition 3.5. By Theorem 2.7 and Proposition 2.8, %#1(S) contains Y, W and YW.
Therefore, by Theorem 2.3,

(YW)' is abelian.

So [w,Y] is abelian. Let
M=wY], L=MCy(M) and R=(QoNQy)L.

Since [w, Y] is not contained in V;_1, it is not contained in Qo N7, and hence it is not
contained in @g. Therefore, w does not normalize (). As in the proof of Proposition 3.5,
R is a minimal CL-subgroup of S and R < T'. Since

(QoNQEF)CYy(M) < QoNR<LQoNT <Ty < X,

https://doi.org/10.1017/50013091512000089 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000089

A pair of characteristic subgroups for pushing-up. II 99

we have
R=(QoNQy)L=(QoNQy)Cy(M)M < XM < XR.

Hence, XR=XM and V;_1R=V;_1 M.
Recall that M = [w, Y] and that w lies in V; but Y does not centralize w, modulo V;_;.
As V;Y/V;_1 is a p-group and Y normalizes V;,

1< Vi M/Viy < [Vi/Vir, ViY/Viia] < Vi/Vio1.

Therefore, X < V,_1 <V, 1M =V, 1R < V; < XP, which yields X < XR < XP and
|XR| < |X P|. This contradicts our choice of P and proves the proposition. |

Proposition 4.5. Let G* = (Z(Qy), Z(Ry)) and T* = (Z(Q1), Z(R1)). Then

Proof. Proposition 3.4 gives (a). By Theorem 2.7, F1(S) contains Z(Q1) and Z(R;)
and (b) is valid. Note that, similarly, §1(S) contains T* and (T, Z(Qq)) = T*Z(Qo).
Recall that Q1 = (QoNT)Z(T). Hence, Z(Qo) NT < Z(Q1) < T* < T. Therefore,

T*=T"*(Z(Qo)NT) =T"Z(Qo) N T < T*Z(Qo);

whence Z(Qo) normalizes T*.
By Theorem 2.10, Q1 = (Q1 N R1)Z(Q1). Since Z(Q1) < T* and Q; N R; centralizes
T*, Q1 normalizes T*. By Theorem 3.3,

Qo = (QoNT)Z(Qo) < (Q1,Z(Qu))-

So Qo normalizes T™. Similarly, Ry normalizes T*. Hence, T* <1 Gy, which is (c).
Recall that Ty = @1 R1. By Theorem 2.10,

Q1= (Q1NRy)Z(Q1) < (Q1NRy)T™.

Hence, Z(Ry) centralizes Q1T /T*. Similarly, Z(Ry) centralizes R1T*/T*, and Z(Qo)
centralizes Q1 T*/T* and R;T*/T*. Therefore, G* centralizes Ty/T*, which gives (d).
Let C = Ce(Qo N Ry). Clearly, G* = (Z(Qo), Z(Ry)) < C. By (a), G = G*T. Hence,

C=CNGT=G(CNT).
By Proposition 4.2, T* < G* and Q1 N Ry = (Qo N Ry)Z. Therefore,

cNT = CT(QO N RO) = CT(Ql N R1)7
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and Theorem 2.7 yields
cNnT = CT(Ql)CT(Rl) =Z(Q1)Z(R1)=T* and C= G*(CHT) =G'T* =G~

Thus, T* =CNT=G*NT.
Since G*/T* = G*/(G*NT) ~G*T/T = G/T and T = O,(G), we obtain

=0,(G/T) and O,(G*/T*)=1.

Hence, T* = O,(G*), which completes the proof of (e) and of the proposition. a
Henceforth, we define G* and T* as in Proposition 4.5, and let S* be SN G*.
Theorem 4.6. Take G*, S* and T™ as above. Then
(a) S* = Z(Qo)T* and S* is a Sylow p-subgroup of G*,

(b) Z(Qo)Tp is a Sylow p-subgroup of Gy,
(¢) OP(G) = OP(G*), and
(d) [T,0"(G)] < T

Proof. Let Q = Q. Since Z(Q) < G* and T* = G*NT (by Proposition 4.5), we have
Z(Q)NT* = Z(Q) NT. Therefore,

Z(@QTT" ~ Z(Q)/(2(Q)NT") = 2(Q)/(Z(@) NT) ~ Z(Q)T/T = S5/T.

This shows that Z(Q)T™*/T™ is a Sylow p-subgroup of G*/T* and Z(Q)T™* is a Sylow
p-subgroup of G*. Since Z(Q)T™* < S, we obtain S* = Z(Q)T* and (a). A similar proof
yields (b) because S = Z(Q)T and Ty = GoNT.

Let = be any p’-element of G*. By Lemma 2.1,

[T, {x), ()] = [T, (x)]. (4.9)
By Theorem 3.6, [T, ()] < Z for
Z = (Z(P) | P is a minimal CL-subgroup of T).

Since

Z < (P | P is a minimal CL-subgroup of T') = Tyicr,

we have [T, (z)] < TmcrL.
Take Uy, ..., U, as in Proposition 4.4, i.e.

T0:U0<U1<~“<Un=TMCL and [Ui,G0]<U1;1 fOTizl,...7’l’L.

Obviously, G* < Go. Then [T,{(z)] < U, and, by (4.9), [T,(z)] = [T, (z),{z)] <
[Un, (2)] < U,—1. Similar further arguments give [T, (z)] < Uy = Tp. Since [Ty, (z)] < T*
by Proposition 4.5, we obtain similarly

[T, (), ()] = [T, (x)] <T". (4.10)
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Let
Ty = ([T, (z)] | x is a p’-element of G*).

Then T} < T*. By Lemma 2.1, [T,{x)] < T for every p’-element x of G*. Therefore,
Ty <T. The definition of T} shows that G* normalizes T;. Hence, by Proposition 4.5,

Ty <1G*T =G.

Let C be the centralizer of T/T; in G. Clearly, C' contains every p’-element of G*, and
hence contains OP(G*). So

[07(G*),T] < Th. (4.11)

Let H = OP(G*). By Proposition 4.5, G* > T* > T). For every p’-element = in G*,
(4.10) gives

[T ()] = [T’ (z), (x)] < [T1, (x)] < [G", H] < H.

Therefore, Ty < H and, by (4.11), [H,T] < Ty < H. It follows that T normalizes H.
Since H is obviously normal in G*,

H<G'T =G.

Now, G/H is the product of the p-group G*/H and the normal p-subgroup TH/H,
and so must be a p-group. Consequently, OP(G) < H = OP(G*). This and (4.11) give (c)
and (d). O
5. Reduction to G*

In this section, we reduce the proof of Theorem C to the case in which G = G*. (We
take G*, T* and S* as defined before Theorem 4.6.)

Lemma 5.1. Let I — Qo N Ro. Then
(a) Qo = Z(Qo)I and Ry = Z(Ro)1,

(b) Go =I1G* and I < G,

(¢c) GonNS=15*=27Z(Qy)To and GoN S is a Sylow p-subgroup of Gy, and
) 5% = Z(Q0)Z(Q1)Z(Ry).

Proof. Let Q = Qo and R = Ry. By Proposition 4.5 and Lemma 4.1, G* = Cg(I)
and T* = G*NT, and I < T and Z = Z(S)Z(S)f. Therefore,

(d

R =(RNT)Z=(RNT)Z(S)'Z(S) = (RNT)Z(S). (5.1)
Since @ and R; are minimal CL-subgroups of S,

Q=(QNR)Z(Q). (5.2)
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Since Z(S) < Z(Q) and I < T, (5.1) yields
QNR =QN({(RNTYZ(S))=(Q@NRNT)Z(S)=1Z(95).

So, by (5.2), Q@ = (1Z(5))Z(Q) = I1Z(Q). Similarly, R = IZ(R). Since G* = Cg(I), this
gives (a) and shows that

Go = <Q’R> = <IZ(Q)7IZ(R)> < <IvG*> = IG" < Go,
whence Gy = IG* and I < Gy. Now we have (b) and
GonNS=IG"NS=1(G"NS) =15 (5.3)

By Theorem 4.6, S* = Z(Qo)T™, and Z(Qo)Ty is a Sylow p-subgroup of Gy. Since
Z(Qo)To < S, we have Z(Qo)To = Go N S. This and (5.3) give (c). Since T* =
Z(Q1)Z(R1) by Proposition 4.5, we obtain (d). O

Recall that, for a p-group P, o7 (P) is the set of all large abelian subgroups of P, i.e. all
abelian subgroups of maximal order in P.

Lemma 5.2. Let Q = Qo. Then
(a) Z(Q) is in &7 (S*) and
(b) &7 (S*) is the set of all minimal CL-subgroups of S*.

Proof. As in the proof of Lemma 5.1, let R = Ry and I = Q¢ N Ryp.
Then @ = IZ(Q) by Lemma 5.1. Thus, Cg(I) lies in the centre of @), which it obviously
contains. So

Call) = 2(Q). 5.0
Let P = GoNS. Then @y < P. By Lemma 5.1, P = I.5*. Since S* = G*NS = C(I)NS,
I,S*<aP and S*=G*NP=Cp(l). (5.5)

Moreover, I is contained in (), which is a minimal CL-subgroup of S and hence of P.
Therefore, the hypothesis of Lemma 2.11 is satisfied with I and S* in place of K and L,
and the conclusion of the lemma tells us that @ N.S* is a minimal CL-subgroup of S*. By
(5.4) and (5.5), QNS* = Co(I) = Z(Q). This gives (a), and Theorem 2.10 gives (b). O

Lemma 5.3. The following conditions are satisfied.
(a) G/IT=GT/T=G*/(G"NT)=G*/T*.

(b) Z(0%(G)) < TNOG) = 0,(07(G)).
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Proof. By Proposition 4.5, G = G*T. This gives (a).

Let H = OP(G) and W = Z(OP(G)). Then W = O,(W) x Y for the subgroup Y of
all p’-elements of W, and H, W and Y are characteristic, hence normal, subgroups of G.
Since T' = 0,(G),

O,(W)<T and YNT=1.

Therefore, [Y,T] < Y NT = 1. But then Y < Cg(T) < T, which gives Y = 1. Hence,

W =0,(W)<T. Thus, W <TNH.
Since T'N H is a normal p-subgroup of H, and O,(H) is a normal p-subgroup of G,

TNH<KO,H)KO,(G)NH=TNH.
This completes the proof of (b) and of the lemma. O
Lemma 5.4. Assume q > 4 and L =T. Then
(a) G=0P(G)T and S = (SNOP(G))T, and

(b) there exists a non-identity cyclic p’-subgroup M of OP(G) and an element x of
(OP(G) N S)\ T such that x normalizes M and z? € Cp(M).

Proof. (a) Let H = OP(G). Since we have assumed L = T, Theorem 3.1 yields
G/T = SL(2,q).
As g > 4, SL(2, q) is generated by its p’-elements. Therefore,

G/T = OP(G/T) = OP(G)T/T = HT/T = H/(HNT).

Hence,
G=HT and S=SNHT=(SNH)T.

(b) Assume first that p = 2. Then SL(2, ¢) has non-trivial cyclic Sylow 3-subgroups.
Let Hs/(H NT) be a Sylow 3-subgroup of H/(HNT).

Let H;/(HNT) be the normalizer of H3/(HNT) in H/(HNT) and let M be a Sylow
3-subgroup of Hs. Then M is cyclic and Hy/(HNT) is a dihedral group. By the Frattini
argument (part of Lemma 2.1),

Hy = HyNg, (M) = (HNT)M)Ng, (M) = (H N T)Ng, (M).

As Hy/(HNT) is dihedral, Ny, (M) contains an element x of 2-power order that lies
outside T such that z? lies in 7. Since H is normal in G, H N S is a Sylow 2-subgroup
of H. Therefore, we may replace Hy, Hs and = by conjugates, if necessary, so that x lies
in (HNS)\T. Then

22 € TN Ng(M) < Cr(M),

as desired.

If p is odd, we obtain z by a similar argument in which we let Hs/(HNT') be the centre
of H/(HNT) (of order 2) and we let Hy/(H NT) be the direct product of Hs/(H NT)
with a subgroup of order p in H/(H NT). O
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Now we present the first step in the reduction of Theorem C from G to G*.

Proposition 5.5. Condition (H) and the hypothesis of Theorem C are satisfied with
G*, S* and G* N K in place of G, S and K. Moreover, (S*)mcL = S*.

Proof. We first check condition (Ep) of §1 with G*, S* and G* N K in place of G,
S and K. Recall (from before Theorem 4.6) that S* = S N G*. By Theorem 4.6, S* is
a Sylow p-subgroup of G*. By Proposition 4.5, G = G*T and T* = G* N'T = 0,(G™).
Therefore,

S=SNGT=(SNG)T=5T and G/T*=GT/T=G/T. (5.6)
Since S is contained in a unique maximal subgroup of G, (5.6) shows that the same is

true for S/T in G/T, for S*/T* in G*/T* and for S* in G*.
As K > T and G = G*T, we have

(KNG)NT=G*"NT=T", K=KNGT=(KNG)T and G=G"K.

Hence, the isomorphism of G*/T* onto G/T in (5.6) takes (K N G*)T*/T™* onto K/T.
Consequently, by (Ey),

G*/(G*NK)~G/K = PSL(2,q).
Let H = Cg+(T*). Then H <« G*. To finish the proof of (Ey) for G*, S* and G* N K,
we must show that H < T*.

Let x be a p’-element of H. As in Lemma 5.1, let I = Qo N Ry. By Proposition 4.5,
G* = Cg(I). So T* = Cp(I) and z centralizes I and Cr(I). Thus,

(x,I) = (x) x I.

Now (x) x I acts on T by conjugation, and x centralizes Cp(I). By Theorem 2.2, (x)
centralizes T'. Since z is a p’-element and Cq(T') < T by (Ey), © = 1. This shows that H
is a p-group. As H <« G*, we have H < O,(G*) = T™*, as desired.

Next, we check the hypothesis (H) of §1 for G*, S*, G* N K and T* in place of G, S,
K and T. We saw above that T* = O,(G*). Since Z(S) < SNCs(I) = SNG* = S*, we
have Z(S) < Z(S*). By Lemma 3.2,

Z(G)< Z(S) < Z=2Z(T).
As G = G*T, G* does not centralize Z(S) and hence does not centralize Z(S*). Thus,
Z(S*) # Z(G™).

The final condition needed for (H) and the hypothesis of Theorem C is that S* =

j(S*). By Lemma 5.2, Z(Q) is a large abelian subgroup of S* and is a minimal CL-sub-

group of S*. By Theorem 2.10, Z(Q1) and Z(R;) have the same order as Z(Qy), and
hence are large abelian subgroups of S*. By Lemma 5.1,

5% =Z(Qu)Z(Q1)Z(Ry).
Therefore, S* = J(S*) = J(S*) = (5*)mcL, as desired.
Since Z(Qo) is a minimal CL-subgroup of S* and is not contained in 7% (by Theo-

rem 4.6), (S*)mcL is not normal in G*. This completes the hypothesis of Theorem C for
G*, S* and G* N K in place of G, S and K. (I
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5.1. Reduction for Theorem C

By Proposition 5.5, condition (H) and the hypothesis of Theorem C are satisfied with
G*, §* and G* N K in place of G, S and K, and (S*)mcrL = S™*.

Now assume that the conclusion of Theorem C is valid for G*, S* and G* N K in place
of G, S and K. By (H) and Lemma 2.19, Z(S5*) is not normal in G*. Since (S*)nmcr = S*,
(S*)mcr is not normal in G*. Therefore, conditions (a)—(i) of Theorem C are valid for
G*, S* and G* N K in place of G, S and K. Since Z(S) and Sycr are not normal in G,
we must show that (a)—(i) are valid for G, S and K.

Parts (b), (e) and (g) follow from Theorems 2.10, 3.1 and 3.3. By Theorem 4.6,
OP(G*) = OP(@G). Recall that we define G = OP(G) and T = O,(G) for Theorem C.
Therefore, parts (a)-(d) carry over immediately from G* to G.

Clearly,

T, G and Z (G) are characteristic, hence normal, subgroups of G. (5.7)
By Lemma 5.3,
G=G"T, G/T=G*)T* and Z(G)<TNG=T. (5.8)
Hence, by parts (e) and (h) of Theorem C for G* and Theorem 3.1,
if ¢ > 2, then G/T = SL(2,q) and L =T. (5.9)

To prove (f) and (h), we consider a chief series of G containing the series

Z(G)<KT<T<G.

Let U/V be a chief factor coming from successive terms in the chief series such that
U < T. Then we have one of the following cases:

i) TSV<UKL

mnV<U<ﬂ®.

In case (i), (5.7) gives
U,G<TNG=T<U.

Thus, G centralizes U/V. Since conJugatlon by G induces an irreducible action of G on
the module U/V, we see that G/G acts irreducibly on U/V. As G = OP(G), G/G is a
p-group. Hence, U/V is a central chief factor of G.

A similar argument shows that U/V is a central chief factor in case (iii).

Now assume case (ii). Here, U < T < G = OP(G) = OP(G*) < G*. Again, G acts
irreducibly on U/V. Since T' = O,(G) and G = G*T, T centralizes U/V and G* acts
irreducibly on U/V. Therefore, U/V is a chief factor of G* such that U < O,(G*). Since
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G* satisfies Theorem C, (5.8) and (5.9) and parts (f) and (h) of Theorem C show that
U/V is not a central chief factor and that

if ¢ > 2, then G/T = G*/T* = SL(2,¢) and U/V is a standard module
for G*/T*, and hence for G/T.

This proves part (f) of Theorem C and shows that U/V satisfies the conditions in
part (h) for cases (i)—(iii) above. By the Jordan-Holder Theorem for chief series (see [16,
Theorem 8.44], where they are called principal series), this proves part (h) in general.

To finish the proof, we must obtain part (i) of Theorem C. We may assume that ¢ > 4.
By (5.9),

L=T and G/T =SL(2,q).

We take z and M as in Lemma 5.4, so that

S = ST, zel \T and M is a non-trivial p’-subgroup of G normalized by z.

(5.10)
Then R R R
M, T|<[G,T)|<GNT T, (5.11)
and, by Lemma 2.1, T = [M, T|Cp(M) = TCr(M). Therefore, by (5.10),
S = 8T = STCyp(M) = SCr(M). (5.12)

By (f) and (h), each chief factor U/V of G satisfying Z(G) < V < U < T is a standard
module for G/T, and hence (by (5.10)) has no non-zero fixed points under M. Therefore,
C#(M) < Z(G) and, by (5.10) and (5.11),

Z(G) = C;(M) = Cp(M) N [G,T] = [(x), Cr(M)]. (5.13)

Since S = SNG, (5.7) and (5.8) show that S, Z(G) and S’ Z(G) are normal subgroups
of S and Ng(S). Therefore, by (5.13),

(), Cr(M)] < Z(G) < §'Z(G),

and z centralizes Cp(M), module $'Z(G). Since [(z),5] < 8" < §'Z(G), (5.12) shows
that = centralizes S, modulo S’ Z(G).
By (5.10), x lies in S\ T Let

R =04(S/5'Z(Q)).

Then R < § and R is normal in Ng(S). Therefore, RT/T is a normal subgroup of
N¢g(S)/T that contains the non-identity element zT'. By (5.9), G/T = SL(2,q). Note
that Ng(S)/T = Ng(S/T). Therefore, from the structure of SL(2,q), S/T is the only
non-identity normal subgroup of N¢,7(S/T) contained in S/T. Consequently,

RT/T = S/T and RT =S. (5.14)

https://doi.org/10.1017/50013091512000089 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000089

A pair of characteristic subgroups for pushing-up. II 107
By definition, [S, R] < §’Z(G). Since G satisfies (a),
[S, R, R < [$'Z(G), R] <[5, 5] < Z(9).

So [S, R, R, R] = 1. This completes the proof of (i) and the reduction of Theorem C to
the case in which G = G*.

Remark 5.6. The reduction above did not use the assumption that G* satisfies parts
(b), (e), (g) and (i) of Theorem C. Moreover, the only parts of (f) and (h) for G* that
were needed were the following statements:

if U/V is a chief factor of G* and Z(G) <V < U < T,
then U/V is not a central chief factor (5.15)

and

if ¢ > 2, then L =T, and every chief factor U/V of G*
as in (5.15) is a standard module for G*/T*.  (5.16)

Therefore, to prove Theorem C, we need only check parts (a), (c) and (d), and (5.15)
and (5.16) when G = G*. Note also that the p’-element f from the beginning of §4 lies
in G* because OP(G) = OP(G™).

6. Proof of Theorem C

In this section we complete the proof of Theorem C. We continue with the assumptions
stated at the beginning of §4. By §5, we may assume that G = G* = (Z(Qo), Z(Ryp))
and that the minimal CL-subgroups of S are the large abelian subgroups of S. To remind
us of this, we change notation. Let

A=Qo=2(Qo), B=Ro=Z(Ry), A*=Q: and B*=R;.
We also let T = ([A, B*],[B, A*]). Recall that B = Af and T’ = [T, T).
Lemma 6.1. The following conditions are satisfied.
(a) T=(ANT)(BNT).
(b) [A, B*] and B, A*] are abelian.
(c) T"=[ANT,BNT] < [A,B*|N[B, A*] < Z(T).
(d) T=[T,G]<G.

() T=(ANT)T = (BNTT.
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Proof. Recall that T = A*B* = (ANT)(BNT) from Proposition 4.2. This gives (a).
Let U=[ANT,BNT]. Then U< (ANT,BNT) =T and U < T". Since ANT and
BN T are abelian and centralize each other modulo U, we have T < U. Thus,

T"'=U=[ANT,BNT]. (6.1)

Since A and B* are CL-subgroups of S, AB* is a CL-subgroup of S. As A and B* are
abelian, It&’s Theorem (Theorem 2.3) yields that [A, B*] is abelian. By (6.1),

T'=[ANT,BNT] < [A,B"].

Similarly, [B, A*] is abelian and 7" < [B, A*]. Now we obtain (b) and (c).
AsT' < T, wehave T < T. By (a),

[T,A < [T,Al = [(ANT)BNT),A = [BNT,A] < [B*, A < T.

Therefore, A normalizes T and centralizes T/ T. Similarly, B normalizes T and centralizes
T/T. Since A and B generate G,

G normalizes T and [T,G] <T.

But clearly T < [T, G]. This gives (d).
Finally, recall that B = A/. Hence,

BNT=A"nT=(AnT)".
By (a) and (d),
T=ANTYBNT)T =(ANTYANTYT < (ANT)[ANT, f]T = (ANT)T.

So T = (ANT)T. Similarly, T = (BN T)T. This proves () and completes the proof of
the lemma. g

For this section only, we say that a subgroup U of T is an F'-subgroup of T (factorizable
subgroup of T') if
U<G and U= (UnNA)(UNDB).

Lemma 6.2. Suppose N is a normal subgroup of T. Let
N*={(a,b|laisin ANT, bisin BNT and ab is in N).
Then
(a) N < N* and N*/N is contained in the centre of G/N,
(b) N*=(ANN*)N =(BNN*)N = (ANN*)(BNN*), and

(¢) N* is an F-subgroup of T
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Proof. By Lemma 6.1,
T=(ANT)(BNT). (6.2)

Since N < G,
(AN N*)N is a subgroup of G.

For each @ in ANT and b in BN T such that ab lies in NV,
(AN N*)N contains a and ab, and hence contains b.

Therefore, N* < (AN N*)N. By (6.2) and the definition of N*, we have N < N*. So
(AN N*)N = N*. Similarly, we obtain

(BNN*)N = N* = (AN N*)N. (6.3)

By (6.3), AN/N and BN/N centralize N*/N. Since A and B generate G, we obtain (a).
Note that this also shows that N* is a normal subgroup of G.

Consider the subset (AN N*)(B N N*) of N*. By (6.2) and the definition of N*, this
set contains N. Clearly, it is closed under left multiplication by A N N*. So it contains
(AN N*)N. By (6.3), it is equal to N*, and we obtain (b) and (c). O

Recall that Z = Z(T).

Proposition 6.3. The group T satisfies Z(G/Z)N (T/Z) = 1.

Proof. Let N be the subgroup of G that contains Z and satisfies
N/Z =Z(G/Z)N(T/Z).

We must show that N = Z.
Let G=G/Z and let H= HZ/Z for every subgroup H of G. Define N* as in

Lemma 6.2. Then
NzZ(_)ﬂT and N*=(ANN*)N=(BNN™)N.

So N* = (ANN*)(Z(G)NT) = (BN N*)(Z(G)NT). Therefore, N* is centralized by A

and by B, and hence by G. So
2EGNT>N>N=2G)NT.
This shows that N* = N and, by Lemma 6.2,
N=(ANN*)(BNN*)=(ANN)(BNN). (6.4)
Recall that Af = B. Therefore,
BNN=A'NnN=(AnN).
Since N < Z(G), (6.4) yields
N=(ANN)ANN) =AnN and N=(ANN)Z=(ANN)Z(T).

It follows that A NT centralizes N. Similarly, B N'T centralizes N. By Lemma 6.1,
T=(ANT)(BNT). Consequently, N < Z(T) = Z. As Z < N, we obtain N = Z, as
desired. 0
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Now we show that G has no central chief factors between Z and the subgroup 73 of T
determined by Ty /Z = Z(T/Z).

Proposition 6.4. Suppose N <1 G and
Z<N and N/Z<LZ(T/Z).

Then

(a) N =I[N,G|Z,

(b) N=(NnA)(NNB).

Proof. As in the previous proof, let H = HZ/Z for every subgroup H of G. Let

M =[N,G|Z.
The hypothesis and the definition of M yield that
G centralizes N/M and N < Z(T). (6.5)
Define N* as in Lemma 6.2, so that
N*=(ANN*)N and N*=(ANN*N < (ANN*Z(T).

Obviously, N* is centralized by A NT. Similarly, N* is centralized by B NT. Since T =
(ANT)(BNT),
N < 2(T). (6.6)

By Lemma 6.2,
N*/N is centralized by G. (6.7)

Now we prove (a) and (b) separately.
(a) We use induction on |N|. Assume first that N is not elementary abelian. Let
Ni/Z =0 (N)={r €N |z € Z}/Z.
Then |N;| < |N|. By induction,
N1 =[N1,G]Z<[N,G]Z=M and Nj <M. (6.8)

Continuing from the previous paragraph, let ¢ be the mapping on N given by ¢(z) =
xP. Since N is abelian, ¢ is a homomorphism. Clearly, ¢ commutes with the action of each
element of G under conjugation, and the kernel of ¢ is Ny. By (6.8), Ny < M. Therefore,
by (6.5),

#(N)/p(M) is isomorphic to N/M and [p(N),G] < ¢(M) < ¢(N). (6.9)
By induction, [¢(N),G] = ¢(N). Hence, by (6.9),

(M) = $(N) and N = 11,
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which shows that N = M, as desired. Thus, we may assume that

N is elementary abelian. (6.10)

Define a mapping ¢* on N* by ¢*(z) = zP. By (6.10), ¢*(N) = 1. Hence, by (6.7),
#*(N*) is centralized by G. Thus,

¢*(N*) < Z(G)NT.

By Proposition 6.3, ¢*(N*) = 1. This says that N* is elementary abelian.

We regard N* as a vector space over the prime field I, and as a module for G over
F,. By Lemma 6.2, N* = (AN N*)N. Therefore, there exists a subgroup W of N* such
that

Z<W<(ANNSZ and N* =W x N. (6.11)

Then N is a G-submodule of N* and W is a vector space complement to N in N*. By
(6.6) and (6.11), W is invariant (in fact, centralized) under T and under A. Since S =T A
(by Theorem 3.3), W is invariant under S. By Theorem 2.2, there exists a complement
V to N in N* that is invariant under G.

By (6.7), G centralizes V. Therefore,

V<Z(G)NT.
By Proposition 6.3, V = 1. Consequently, N* = N. So N* = N. By Lemma 6.2,

N=(ANN)BNN)=(AnNN)ANN) <(ANN)[N,G]Z = (AN N)M.

Hence, N = (AN N)M.
Since N is elementary abelian and G centralizes N/M (by (6.10) and (6.5)), a small
variation on our proof that N* = N shows that N = M, whence N = M, as desired.

(b) By (6.6) and (6.7), N* < Z(T) and G centralizes N*/N. Therefore, by part (a),

N*=[N*,G] < N < N*.
So N = N* and N* = N. By Lemma 6.2, N = (N N A)(N N B), as desired. O
Proposition 6.5. The group T satisfies

T'<C0r(T)=Z.

Proof. Clearly, Z = Z(T) < Cr(T). By Lemma 6.1, T" < Z(T) < Cr(T). So we need
only prove that Cp(T) = Z.

As in the proofs of Propositions 6.3 and 6.4, let H = HZ/Z for every subgroup H
of G.

Let C = Cp(T). We will assume that C' > Z and aim for a contradiction.
Here, 1 < C < T and C <1 G. Therefore,

CNnz(T) > 1.
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Take the subgroup W of T for which
W=>=Z and W=0CnZ(T).

Then 1 < W < G.
By Proposition 6.4 and Lemma 6.1,

W=WnAWnNB) and T=(ANT)T =(BNT)T.
Since W < C' = Cp(T), it follows that T and AN T both centralize W N A, and
WNALZ(T) = Z.

Similarly, W N B < Z. Hence, W < Z and W = 1, a contradiction. This completes the
proof of Proposition 6.5. O

Proposition 6.6. The following conditions are satisfied.
(a) T/Z is abelian.
(b) Whenever U <G and Z < U < T, then
U=[U,G]Z and U=(UnNA)(UNB).
(¢) Whenever U,V <G and Z <V < U < T, then in the action of G induced on U/V
by conjugation,
Cuiw(A)=(AnU)V/V, Cy,v(B)=(BNU)V/V

and
U/V =Cyv(A) x Cyyv(B), Cyv(G)=1.

(d) In the situation of (c),
T centralizes U/V —and Cyy(A) = Cyy(x) for every x in A\ T.
(e) T'=[T,0%(G)]Z(G).
Proof. (a) This follows from Proposition 6.5.
(b) This follows from (a) and Proposition 6.4.

(c) Let F=U/V, A= (ANU)V/V and B = (BNU)V/V. Since A and B are abelian,
we can use (b) to obtain

A< Cp(A), B<Cp(B) and F=AB<Cp(A)Cp(B)<F. (6.12)
Let Cr(A)NCr(B) =U*/V. Since (A, B) = G, we have
U*/V=Cp(G), U"<G and [U*G<V.
But Z <V <U* <T, and (b) gives
Ur=U"G<VZ=V<U".

So U* =V and
1=U"/V =Cp(A)NCp(B) = Cr(G).
Now (6.12) gives F = A x B and (c).
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(d) Take U and V as in (c) and x € A\ T. Recall that A7 = B. From the structure of
PSL(2,q), 2/ lies outside S and Ng(S). Therefore, by condition (Ey) in §1,

G=(S,2/") and G=G'=(S a)=(B,T,z).

By (a), [U,T] £ Z < V. So T centralizes F. Hence, 1 = Cp(G) = Cp(B) N Cp(x).
Since Cr(A) < Cp(z), part (c) gives

Cr(z) = Cr(z) N (Cr(A)Cr(B)) = Cr(A)(Cr(z) N Cp(B)) = Cr(A),
as desired.

(e) Let
H=0"G), R=I[T,H, Y=2(G) and Q=RY.

Then, H,R,Y,Q < G.
By Theorem 3.1, Z/Y is a standard module for G/L, and hence is irreducible under
G and is not centralized by H. As [Z, H]Y/Y is a submodule of Z/Y,

[Z,H|Y)Y =Z]Y and Z=[Z,H]Y <RY =Q.

Let G = G/Q, and let X = XQ/Q for every subgroup X of G. Then H centralizes T
because [T, H] < Q. By (¢), T = [T,G|Z = [T, G]Q. Since G = O?(G)S = HS,

T=I[T,G)=|[T,HS|=[T,S).
As S is nilpotent, this shows that T = 1, i.e. Q = T, as desired. a
Recall that Z(G) < Ce(T) < T, so that Z(G) < Z(S5).
Proposition 6.7. In the situation of Proposition 6.6 (c),
(a) [U,A, Al <V ifp=2and U/V is elementary abelian, and
(b) [U,A;3] <V and [T, A;3] < Z if p is odd.
Proof. As in the proof of Proposition 6.6, let F' = U/V. By Proposition 6.6 (d),
T centralizes F. (6.13)

(a) Assume that p = 2 and that F is elementary abelian, and thus a vector space over
F,. Take any x in A. Then 2?2 lies in T because S/T is elementary abelian. Therefore,
by (6.13), the linear transformation ¢ induced on F over F, by conjugation by z satisfies

0=t"-1=(t—1)%
which gives [F,z,x] = 0. Thus, [F,z] < Cp(x). By Proposition 6.6,
[F,z] < Cr(A).
As this is true for all z in A,
[F,A] < Cp(A) and [F,A, Al =0,

which gives (a).
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(b) Assume that p is odd. By Theorem 3.1, Z = [Z,G] x Z(G) and Z/Z(G) is a
standard module for G/L. Therefore, [Z/Z(G), A, A] =1 and

[Z,A A =1. (6.14)
Take any elements y in ANT, ain A and win T. Since T' < Z(T') = Z,

ly,w) € Z and [y, w]* = [y, w"] = [y,w],

[y, w,a] = [y, w] [y, w]* = [y, w ]y, w*] = [y, w  w].

Thus,
[y, w,a] = [y, [w, a]].

Similarly, for a’ in A,

v, w,a,d’] = [y, [w,a],d'] = [y, [[w,a],d']] = [y, [w, a,a']].
By (6.14), we obtain
[y, [w,a,d']] = [y,w,a,ad'] € [T', A, A] < [Z,A, Al = 1.

As y can be any element of ANT,

[w,a,a'] € Cr(ANT)=Cr(ANT)Z) = Cp(A*) = A*.

Thus, [T, A, A] < A* = (ANT)Z and

[T,A4;3] < [(ANT)Z, Al < Z.

Since Z <V < U < T, we also have [U, A;3] <V, as desired. a
Proposition 6.8. The subgroup L contains T and satisfies the following conditions.
(a) L/T is a p’-group.

(b) T/Z = Cr/z(L) x [T, L] Z/Z.

(¢c) Whenever U,V <G and Z <V <U < [T,L]Z, U/V is centralized by T, but not
by L.

(d) If L > T, then q is 2 or 3.

Proof. (a) By Theorem 3.1 and Proposition 3.4, L < K and K/T is a p’-group. Hence,
L/T is a p’-group.

(b), (¢) Let T* = [T, L]Z. By Proposition 6.6, T'/Z is abelian. Therefore, conjugation
by L on T induces an action of L/T on T/Z. By (a) and Lemma 2.1,

T/Z = Cryz(L/T) x [T/Z,L|T| = Cryz(L) x [T/Z, L] = C12(L) x (T"/Z),
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which gives (b). Moreover,
Crpeyz(L) = (T*/Z) N Crz(L) = 1.

For U and V as in (c), T centralizes U/V because T centralizes T'/Z. Moreover,
Cuyz(L) < Cp-z(L) = 1. Therefore, Lemma 2.1 with P =U/Z, A= L/T and N = V/Z
gives

Cp/n(L) = Cpyn(L/T) = Cp(L/T)N/N = Cy/7z(L)N/N = N/N.
Thus,
Cuyv(L) = Cwyzyvyz)(L) = Cpn(L) = 1,

which gives (c).

(d) Suppose L > T. By (a) and Cauchy’s Theorem, L contains a subgroup X of prime
order other than p.

Assume first that X centralizes T/Z. Since L = C(Z) (defined before Theorem 3.1),
X centralizes Z. Therefore, Lemma 2.1 yields that X centralizes T. However, by condi-
tion (H), Cq(T) < T. As |X| does not divide |T'|, this is a contradiction. Thus,

X does not centralize T'/Z.

Now we have T* = [T,L|Z > [T, X]|Z > Z. Clearly, Z and T* are normal in G. Let
U/V be a chief factor of G such that

ZLV<ULT".

Let M = U/V. Then (c) shows that G/T acts on M and that L/T acts non-trivially
on M in this action. Since S = AT, Proposition 6.7 gives

(M, S;3] = 1. (6.15)
Let G = G/T and let H = HT/T for every subgroup H of G. By Theorem 3.1,
K=&G), K/L=Z(G/L) and L=][L,G].

Hence, by (6.15) and Theorem 3.1 and Proposition 6.6, the hypothesis of Theorem 2.16
is satisfied. As L does not centralize M, Theorem 2.16 yields that ¢ = 2 or 3. ]

Recall from Theorem 3.1 that G/L = SL(2, q).

Proposition 6.9. Suppose U/V is a chief factor of G such that Z <V < U < T and
L centralizes U/V .
Then U/V is a standard module for G/L.

Proof. Since S = AT and T < L,
Cuyv(S) = Cyyv(A).

Then, by Proposition 6.6, |Cy/v(S)|> = |U/V]. By Theorem 2.15 with G/L, U/V,
Cyyv(S) and SL/L in place of G, V', Vp and S, we see that U/V is a standard module
for G/L. O
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Proposition 6.10. The group T/Z(G) is abelian.

Proof. Assume otherwise. Recall that Z = Z(T) and, by Proposition 6.6, T/Z is
abelian. Let C' and D be subgroups of T' containing Z such that

C/Z =Cr/z(L) and D/Z =I[T,L|Z/Z.
Then C, D <« G. By Proposition 6.8,
T/Z =(C/Z)x (D/Z). (6.16)

SoT =CD.
Let Y = Z(G). By Theorem 3.1,

G/L =2 SL(2,q), Z/Y is a standard module for G/L (6.17)

and K/L = Z(G/L). Hence, Z/Y is irreducible under G/L. As T/Z is abelian, T' < Z.
Thus, T'Y/Y < Z/Y and

if T/Y is not abelian, then (T/Y) =T'Y/Y = Z]Y. (6.18)

In any case, since T has nilpotence class 2, the commutator mapping T' X T" — Z induces
a bi-additive mapping of abelian groups

T/ZxT/Z —Z]Y

that takes (xZ,yZ) to [z, y]Y.
We consider the action of G on its chief factors induced by conjugation. By Proposi-
tion 6.6,

Cx(A)=(ANU)V/V and X =Cx(4)x Cx(B) (6.19)
whenever U,V aG and Z <V <U < T and X = U/V. Since B = A, (6.19) also gives
U/V| = |Cuyv(A)f (6.20)

in this situation.
We prove the result in three steps:

1. C/Y is abelian;
2. D/Y is abelian;

3. D/Y centralizes C/Y.

Since T' = CD, this suffices.
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Step 1. C/Y is abelian.

Proof. Assume first that p is odd. Then SL(2, ¢) contains a unique element of order 2.
Therefore, by (6.17), there exists a 2-element g of G such that gL is the unique element
of order 2 in G/L.

Now ¢? is a p’-element of L. So g? centralizes C/Z. By (6.17), g? centralizes Z/Y.
Hence, by Lemma 2.1, g2 centralizes C/Y, and g induces an automorphism of order 2 on
c/y.

By (6.17), g acts as the —1 transformation of Z/Y. So Cz,y(g) =1, and Cz(g) < Y.
Similarly, by Proposition 6.9,

Cuvig) =1

whenever U/V is a chief factor of G and Z < U < V < C. Therefore, g induces an
automorphism of order 2 on C/Y that fixes only the identity element. By an elementary
result, C/Y is an abelian group inverted by g.

Next, assume that p = 2. Then, by (6.17) and Theorem 3.1 (h),

K/L=2Z(G/L)~ Z(SL(2,q)) =1 and K = L.

Now, SL(2, ¢) contains a subgroup H/L isomorphic to the symmetric group of degree 3.
Since S is a Sylow 2-subgroup of G, we may replace H by a conjugate, if necessary, so that
H NS is a Sylow 2-subgroup of H. Let g be a 3-element of H such that gL is an element
of order 3 in H/L. Then g does not normalize S because gL does not normalize SL/L.

We chose f (at the beginning of §4) to be an arbitrary p’-element of G\ Ng(SK). Since
SL = SK, we may assume for this part of the proof that f = g. Hence, B = Af = A9.

By an argument similar to our argument above for p odd,

Cecz(g) =1 and Cgz/y(g) = 1. (6.21)
We write C/Z and Z/Y as additive groups and let
6 (C/1Z)x (C)Z) = Z]Y

be the bi-additive mapping induced by the commutator mapping. For any x in C/Z, ¢
centralizes x + 29 4+ 29, so that 2 4+ 29 + 9 = 0, by (6.21); and similarly for z in Z/Y.
By Proposition 4.5 and the definitions at the beginning of §6,

G = G = (Z(Qo), Z(Ro)) = (A, B). (6.22)
By (6.19) and (6.20) with U = C' and V = Z,
Ceiz(A) =(ANC)Z/Z and |C/Z|=|Cc/z(A)f

and
C/Z = Cgyz(A) x Coyz(B). (6.23)

Therefore,
¢(a,a’) = 0 whenever a,a’ lie in Ce/z(A). (6.24)

https://doi.org/10.1017/50013091512000089 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000089

118 G. Glauberman

Take any a in Cc/z(A) and b’ = Cg)z(B). Let b = af and o’ = ¥9”. Then a' € Ccyz(A)
and b/ € Cc)z(B). By (6.24),

¢(a,a’) =0,  ¢(b,V) = (a?,a") = ¢(a,a’)? =0

and
0= ¢(a925 a’ )
=¢(—a—a?,—a’ —a'%)
= ¢(a’,d') + ¢(a,a”)
= ¢(b,a’) + ¢(a, V).
Therefore,

$(a,b')9 = ¢(b,a'"") = $(b, —a' — V') = —¢(b,d') = $(a, V).

However, Cz/y(g) = 1, by (6.21). Thus, ¢(a,b’) = 0. As [V/,a] = —[a,V], ¢(V',a) =
—¢(a,b’) = 0. Since a and b are arbitrary elements of C¢/z(A) and C¢/z(B), (6.23)
and (6.24) and the argument above show that ¢ is identically zero. By (6.18), we are
done. (]

Step 2. The group D/Y is abelian.

Proof. Assume that D/Y is not abelian. We work towards a contradiction.

Recall that D = [T, L]Z. Since Z/Y is abelian, [T, L] is not contained in Z. Since
T'< Zand L > T, we have L > T. By Proposition 6.8, ¢ is 2 or 3.

Consider a chief series for G that contains the series

1<Y<Z<D<QG.

Let
Y=Wo<Wi<:---<Wp=D

be the portion of the chief series from Y to D.

Take ¢ maximal such that 1 < ¢ < k and W;/Y is contained in the centre of D/Y.
Since D/Y is not abelian, 1 < <k — 1.

Now, W;41/Y is not contained in the centre of D/Y. Take j maximal such that
0 < j < k and W,;/Y centralizes W;41/Y. Then j < k£ — 1 and W;41/Y does not
centralize W;;1/Y . To summarize:

Y contains [Wi, D] (and hence [Wz, Wj+1]) and [Wi+1, Wj], but not [Wi+17 Wj_;,_l}.

By (6.17) and (6.18), [D,D]Z/Z = Y/Z. The previous paragraph shows that the bi-
additive mapping (T/Z) x (T'/Z) — Y/Z induced by the commutator mapping restricts
to a bi-additive surjective mapping

2 (Wiga /W) x (Wi /W;) = Y/Z
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such that
fw9,v9) = f(u,v)? for all win Wity /W;, vin W;11/W; and g in G.

Let My = Wip1 /W, My = W41 /W; and M =Y/Z. Since T centralizes every chief
p-factor of G, conjugation induces action of G/T on My, My and M. By Proposition 6.8
and (6.17), L/T acts non-trivially on M; and M and trivially on M. By (6.19) and (6.20)
applied to U/V = My, for k= 1,2,

|My| = |Car,, (AP = |Cr, (5],
Cur, (A) = (Wi N AW /W,
Car, (A) = (Wi N AW;/W;.

Therefore,
f(u,v) =0 for all win Cpy, (A) and v in Cyy, (A),

and, by Theorem 3.1, the hypothesis of Lemma 2.18 is satisfied with G/T, K/T and
L/T in place of G, K and L. Therefore, G/T centralizes the image of f. However, f is a
surjective mapping onto Z/Y, which is a standard module for G/L. This contradiction
shows that D/Y is abelian. O

Step 3. D/Y centralizes C/Y.

Proof. Since L/T is a p’-group, there exists a complement, Ly, to T in L, by the
Schur—Zassenhaus Theorem. Then L = LyT. As L = C¢(Z) and L centralizes C/Z, Lg
centralizes C'/Z and Z. By Lemma 2.1, Ly centralizes C.

Clearly, C <G and Ly < Cg(C) < G. Therefore,

[T, Lo] < Ca(C) < Ca(C/Y).
As T/Z is abelian and Z = Z(T),
Ca(C/Y) > [T, Lo)Z > [T, LoT)Z = [T, L] Z = D.
Thus, D/Y centralizes C/Y, as desired. O

As mentioned at the beginning of the proof, Steps 1-3 complete the proof of the
proposition. O

Corollary 6.11. The group S satisfies
(a) "< (ANT)Z = A* and

(b) 15(S) < [Z, AT’ < Z(S) and 74(S) = 1.
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Proof. Take x in ANT, y in T, and a in A. By Proposition 6.10, 77 < Z(G). Hence,
[2,9] = [2,9]" = [0%,y"] = [2,9°] and  [z,y7"y"] = [o,y]  z,y"] = L.
Thus, [y,a] =y~ y* € Cr(ANT) = Cr((ANT)Z) = Cp(A*) = A*. Since y and a were
chosen arbitrarily, [T, A] < A*.
Now, [T, A]<AT = 5. S0 [T, A]Z(G)<1S. As T' < Z(G) and A is abelian, S/[T, A]Z(G)
is abelian. Therefore, since Z(G) < Z < A*,

S' < [T, A|Z(G) < A*,

which proves (a).
By Lemma 3.2, [Z,S] < Z(S). Hence, by (a),

15(8) = [8,5] < [(ANT)Z, AT) < T'(2, 4] < Z(G)Z(S) = Z(9).

Then v4(S) < [Z(S), S] = 1. This proves (b). O
Proposition 6.12. The subgroup L contains T' and satisfies the following conditions.
(a) G/L ~SL(2,q).

(b) If ¢ > 2, then L=T.
(c) If ¢ =2, then G/T is a dihedral group of order 2 - 3k for some positive integer k.

(d) Z/Z(G) is a standard module for G/L.

Proof. By (Ey), Ca(T) < T. By Proposition 6.10, T/Z(G) is abelian, and thus is the
centre of itself. Therefore, the group W; in Theorem 3.1 is equal to 7', and all of this
proposition follows from Theorem 3.1. (]

Proposition 6.13. Let H = OP(G), P=HNS and R=HNT. Then
(a) T/Z is elementary abelian,

(b) if p is odd, then T/Z(Q) is elementary abelian,

(c) [R,H] = R,

(d) if p is odd, then R has exponent p, and

(e) if p > 5, then P has exponent p and S = PZ(G).
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Proof. Recall that Z(G) < Z(S) < Z, by Lemma 3.2. Let Y = Z(G).

(a) Let T = T/Z. By Proposition 6.6, T is abelian. Let T} /Z = §2,(T). Then T} < G.

Take any element a of A and let « be the automorphism of T induced by conjugation
by a. We regard the operation of T as addition, and a as an invertible element of the
endomorphism ring of T. Let § = o — 1. Since

[T, A, Al < v3(5) < Z(S) < Z,

by Corollary 6.11, 62 = (o — 1)? = 0.

As S/T is elementary abelian, a” lies in T and hence centralizes T'//Z. Therefore,

1=a?=(140)” =1+ pd,
whence pé = 0. Thus, [T,a]? < Z and [T,a] < Ty. This shows that A centralizes T/T;.
Since TV < Z < Ty and S = AT,
S centralizes T'/T.

As T, Ty <G, we see that C(T/T1) is a normal subgroup of G that contains S and hence
(S%), which is G, by Proposition 3.4. Thus, [T, G] < T;. However, by Proposition 6.6,

T =[T,H]Y = [T, G]Z. (6.25)
Since [T,G]Z < T, we obtain Ty =T, i.e.
T/Z is elementary abelian.

(b) Assume p is odd. We follow the proof of (a) with a few changes.

Recall that Y = Z(G). We take T to be T//Y instead of T/Z. By Proposition 6.10, T
is abelian.

Take any element a of A. Define o and ¢ as in the proof of (a), but acting on T instead
of T/Z. It is possible that 62 # 0. But since [T, 4, A, A] = 1 by Corollary 6.11, 6> = 0.
Let k = (p — 1)/2. Then

l=a? = (140 =1+pd+pké*> and 0= pd+ pké> = ps(1 + ko).
Then 0 = 0(1 — kd) = pd(1 + kd)(1 — k&) = pd(1 — k%62) = pd because &> = 0.
As in the proof of (a), we obtain [T, G] < Ty, where T1/T = §2,(T/Y). Then Propo-
sition 6.6 yields T = [T, H]Y < Tj. Consequently, T = Tj, and T/Y is elementary

abelian.

(¢) Here, p is arbitrary. Let @ = [T, H]. Since T, H <1 G, we see that @ < G and
Q<TNH-=R<G, and P is a Sylow p-subgroup of H.

Let G = G/Q. For every subgroup X of G, let X = XQ/Q. By (6.25), T = QY and
T =Y < Z(G). Since S = TA and A is abelian, S is abelian and R < Z(f_l)

As H is generated by p'-elements, so is H. So H/H' is a p’-group, and P < H'. By
Lemma 2.1,

R<PNZ(H) =PNE =Z(H) <P =1 and R=Q—[T,H]

By Proposition 6.6, T' = [T, H]Y = RY. Hence, R = [T, H] = [RY, H| = [R, H], as
desired.
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(d) Assume p is odd. Since T has nilpotence class at most 2, £2;(7T") has exponent p,
by Theorem 2.4.

Take any elements u of T and g of G. Let v = uw9. By (b), u» € Y = Z(G). Hence,
P = (u9)P = (uP)9 = uP. By Theorem 2.4, (uv=!)? =1, and uwv=! € 1(T). Thus,

[T,G] < 2.(T).
So R=[T,H] < £:(T), and R has exponent p.
(e) Assume p > 5. Let W = HNY. By Corollary 6.11 and Theorem 2.4,
S has nilpotence class at most 3 and §21(S) has exponent p. (6.26)
Similarly,
S/W has nilpotence class at most 3 and (24 (S/W) has exponent p. (6.27)

By Proposition 6.12, L = T and G/L = SL(2,q). Since ¢ > p > 5, we may take z
and M as in Lemma 5.4. Then « lies in P\ T, M is a non-identity p’-subgroup of G
normalized by z, and 2P lies in Cr (M) N H.

By Proposition 6.9, every chief factor U/V of G such that Y < V < U < T is a
standard module for G/L. Thus, Cy /v (M) = 1 for every such chief factor. By arguing
as in Step 1 of the proof of Proposition 6.10, we see that Cr(M) < Y. Hence,

e Cr(MYNHLYNH=W. (6.28)

For each element g and subgroup G* of G, let § and G* be the element gW and
subgroup G*W/W of G/W. Let F = Ng(P). Since W< HNT =R < P,

F/R= Ny/r(P/R) and F/R=Ngr(P/R).

By (d) and (6.28),
21 (P) = (z,R) > R.

So £21(P)/R is a non-identity normal subgroup of F'/R contained in P/R. However, from
the structure of SL(2, q) for ¢ > 4,

G/T =O0P(G/T)=O"(G)T/T =HT/T=H/(HNT)=H/R= H/R,
P/R is a minimal normal subgroup of F/R,
P/R=[F/R,P/R). (6.29)
Therefore, G = HT, S = PT, P/R = ©,(P)/R and P = 2,(P). By (6.25) and (6.27),
S=PRY =PY and P has exponent p. (6.30)

Since P is a normal Hall subgroup of F', it has a normal complement Fj, which is a
Hall p/-subgroup of F. Then F = FyP. As P/R is abelian, (6.29) yields

P/R—[F/R,P/R] = |F, P\R/R = Fo, P|R/R,
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whence
P = [Fy, P]R. (6.31)

By (6.26), S has nilpotence class at most 3 and (2;(S) has exponent p. Then, from (d),
(6.30), (6.31) and the method of proof of part (d), P = £1(P)R < §21(S). So P has
exponent p, as desired. O

Proof of Theorem C. Now we prove Theorem C. By Remark 5.6, we need to check
only (5.15), (5.16) and parts (a), (c¢) and (d) of the theorem when G = G*. Recall that
we assumed G = G* before Lemma 6.1, and that we defined

G=0°G), S=SNG and T =0,(G)

in Theorem C. Moreover, by Proposition 4.5, T* = O,(G*) = O,(G) =T.

As [0y (G),T] < Op(G) NOL(G) = 1, we have Oy (G) < Cg(T) < T. Therefore,
Oy (G)=1.

Since G <G and S is a Sylow p-subgroup of G,

S is a Sylow p-subgroup of G and O,/ (Z(G)) < 0,/(G) < 0, (G) = 1.

So

Z(G) = 0y (Z(G)) x 0,(Z(G)) = 0,(Z(G)) < 0,(G) =T.
Hence,
Z(G) < Z(T). (6.32)

By Corollary 6.11, S has nilpotence class at most 3. As Sisa subgroup of S, we obtain
part (a) of the theorem.

Recall that Z = Z(T). As before, let Y = Z(G). In the proof of part (e) of Proposi-
tion 6.6, we obtained Z = [Z, H]Y, i.e. Z = [Z,G]Y . Clearly,

[Z,G)<ZNnTNG=2Z(T)NT < Z(T).

Hence, Z < Z(T)Z(@) and [Z,G] < [Z2(1)Z(G),G) = [Z(T),G). By Proposition 6.12,
Z]Y is a standard module for G/L, and thus is not centralized by OP(G), i.e. G. So
1<[Z,G)<[Z(T),G], and Z(T) is not contained in Z(G). Therefore, by (6.32),

2(G) < Z(T). (6.33)

By Proposition 6.10 and 6.13, T/Z(G) is abelian, T/Z is elementary abelian, and

[T,G] =T. Since T < T, we obtain
T'<T'NT<Z(G)NT < Z(G).

By (6.33), Z(G) < Z(T) < T. This proves part (c) of the theorem.

Parts (d) and (e) of Proposition 6.13 give part (d) of the theorem.

Now recall statements (5.15) and (5.16) in Remark 5.6. Since G = G*, we may restate
them as follows.
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(5.15') If U/V is a chief factor of G and Z(G) <V < U < T, then U/V is not a central
chief factor.

(5.16") If ¢ > 2, then L = T, and every chief factor U/V of G as in (5.15') is a standard
module for G/T.

Take a chief factor U/V of G as in (5.15"). Then Z(G) U < T and

<V<
V<UNVY =VUNY)=VUNZG) <VZ(G) = V.
Thus, V =U NVY. We obtain an isomorphism of G-modules
uy/ vy =U(\VYy)/Vvy 2u/(UnVY)=U/V.

Therefore, UY/VY is a chief factor of G isomorphic to U/V.
Consider a chief series of G that contains the series

1Y <Z<<T<G.

Since Y < VY < UY < T, the proof of the Jordan—-Holder Theorem for chief series [16,
pp. 125-127] shows that some chief factor W/X from this chief series satisfies Y < X <
W < T and is isomorphic to UY/VY, and hence to U/V.

Since Z/Y is a standard module for G/L (by Proposition 6.12), it is a non-central
chief factor of G, and we have

W/X=2Z]Y o Z<X<WKT.

However, in the latter case, W/X is not central, by Proposition 6.6. Thus, in all cases,
W/X, and hence U/V, are not central. This proves (5.15).

To prove (5.16"), assume that ¢ > 2 and take a chief factor U/V as above. By Propo-
sition 6.12, L = T. Therefore, L centralizes U/V . By Proposition 6.9, U/V is a standard
module for G/T, as desired.

This completes the proof of Theorem C. (I

7. Examples

As mentioned in § 1, the group Sycr, in Theorem C has an advantage over the group S
in the exceptional case of [12] in being defined more explicitly and having (like J(S))
the property that no other subgroup of S is isomorphic to it. But Theorem C has the
disadvantage of allowing a wider family of exceptions to specifying a characteristic sub-
group of S that is normal in G. We illustrate this in Examples 7.1-7.3, where S is ‘large’
enough that one of the groups S; or S in the exceptional case of [12] is normal in G,
but ‘small’ enough that conditions (a)—(i) in Theorem C are satisfied and neither Z(.S)
nor Syicr is normal. Examples 7.2 and 7.3 also show that some of the restrictions on p
and ¢ in Theorem C are necessary.

In Theorem C, J(S) is not normal in G, while Sycr, may be normal. In contrast, in
Examples 7.4 and 7.5, Z(J(S)) is normal, while Z(Sucr,) is not. In Examples 7.6 and 7.7,
(Ey) is satisfied, but no non-identity characteristic subgroup of S is normal in G.
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Example 7.1. Let @ be a quaternion group of order 8 if p = 2 and a non-abelian
group of order p3 and exponent p if p is odd. It is well known that the automorphism
group of @) contains a subgroup H isomorphic to SL(2,p) that centralizes Z(Q). (For
p = 2, take H as in Example 7.2.) Let E be a standard module for H.

Let m be a natural number and @1, ..., Q,, be isomorphic copies of (). We embed FE,
Q1,...,Qn in their direct product T'= E X Q1 X -+ X Q,,, and let H act on T by acting
on each component according to the action above. Let G be the semi-direct product of
T by H.

Let S be the product of T' with a Sylow p-subgroup (o) of H, and let K be the product
of T with the centre of H. It is easy to verify that T'= O,(G) and that G satisfies (Ey)
for p™ = p. To verify the hypothesis of Theorem C, we must show that S = .J (S).

Clearly,

Z(G) = Z(Q1) x - x Z(Qm), Z(5)=Cplo) x Z(G), UY(Z(8)=1 (7.1)

and Z(T) = ExZ(G). Then T/Z(S) is abelian and Z2(S)/Z(S) = Z(S/Z(S)) < T/Z(9).
So
Z5(S) < T < 8. (7.2)

Consider first the case in which p is odd. Here, T has exponent p. It is well known
that o centralizes a subgroup B of order p? in Q. Let By, ..., B,, be the corresponding
subgroups of Q1,..., Q. Let

B=B;x---xB,, A"=ExB and A=Cg(0c)x B x (0).
It is easy to see that A and A* are large abelian subgroups of S and that
d(S) =d(T)=p*™*2, J(T)=T, J(S)=S and S =&(S)=Cg(o)x B. (7.3)

Next, consider the case in which p = 2. Then (see Example 7.2) @ contains elements
i, j, k such that

.o . e

=34, j°=i, k=1ij and k% =k L.

Let 41,...,%m and j1,...,Jm and kq,..., k;y be elements of Q1 X - -+ X @, corresponding
to i, j and k, and let ¢’/ = iyio - - - i0 and

B={ki,....,kn), A*=ExB and A=Cg(o)x Bld).
Then

0" = (iriz++im)o iriz i) = (iriz i) (i~ ) = bakz = Fo.

Since o’ centralizes 0’2, o/ centralizes B. It is easy to see that A and A* are large

abelian subgroups of S, and (7.3) is still valid in this case.
Thus, (7.1)—(7.3) hold for all choices of p. Note that |S| = p|T| = p-p?- (p*)™ = p>m+3
and, by (7.1), |Z(S)| = p™*!. Therefore,

S12(8)] = g8 g = g = (P72 = d (S
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By Lemma 2.12, the minimal CL-subgroups of S are the large abelian subgroups of .S,
and S = Scr, = Smer = J(9).

By (7.1) and (7.3), Z(S) # Z(G) and J(S) = S. Since S = Sycw, it follows from
Lemma 2.19 that neither of the two subgroups Z(S) and Sycr of Theorem C is normal
in G, and G satisfies conditions (a)—(i) of Theorem C.

In contrast, (7.1)-(7.3) yield that J(S) = S, 0*(Z(S)) = 1 and S’ is not contained in
Z(S). Hence, S has nilpotence class at least 3 (in fact, precisely 3). Therefore, if p # 3,
then S satisfies the hypothesis of the exceptional case of [12] discussed in §1 (i.e. case (c)
of Theorem D of [12]), and one of the pair of subgroups S, Ss given in that case is normal
in G.

Actually, the proof of Theorem D of [12] (on p. 450 of [12], where Z2(G) in (7.1)
should be corrected to Z3(.5)) shows a little more for p # 3: S <« G because we have the
conditions

J(S) =8, UNZ(S) =1, Z(S)#Z(G) and 2(Z:(S)) < 0,(G).

As S = SwmorL, our suspicion (in §1) that S > Sycr is false. (Note that here we
obtained S; <G without assuming that S7 is not normal in G. Indeed, one may calculate
that S; = Z(G) < G here.)

Again, assume p # 3. Since Sy is an intersection of subgroups O,(G*) for groups G*
that satisfy (Ey), So > @(S) = Cg(c) x B by (7.3). It is easy to see that the normal
closure of ¢(S) in G is equal to T'. Since Sy <G, we have So = T.

This example illustrates another difference between Theorem C and the results of [12].
If p # 3 and S is ‘too small’ to satisfy the hypothesis of [12], then, by Remark 1.2
of [12], a group G satisfying (Fy) will have a unique non-central chief factor within
0O,(G) (and this chief factor lies within Z(O,(G))). But for G in this example, G has
precisely m + 1 non-central chief factors within O,(G), since one occurs for each of E,
QI/Z(Ql)v tr Qm/Z(Qm)

Now assume that p > 5 and m = 1. Then Sy =T = E x Q1 and T has exponent p. Let
x1 = 0. Take 2o in By \ Z(G), x5 in E\ Cg(0), and z¢ in Q1 \ By, and take x3 = [x1, z5]
and x4 = [z2,26]. Then

E = (r3,25), Q1= (v2,74,%), Z(Q)=(x4), T = (x2,73,...,%)

and [z;,2;] = 1 whenever 1 < 4,j < 6 and |j — ¢| < 3. Since (z1,25) is a non-abelian
group of order p? generated by elements of order p, it has exponent p. Now

<$17' . '1CE5> = <"E1,.’I;3,x5> X <$2,x4>

and there exists an isomorphism ¢ of (zy,...,x5) onto T given by ¢(z;) = z;4q for
i=1,2,...,5. (This example comes from Example 8.2 of [12] and §9 of [10].)

We saw above that T' does not contain Syicr. The isomorphism ¢ shows more generally
that T" does not contain any non-identity subgroup S* satisfying the condition that every
subgroup of .S isomorphic to S* is equal to S*.
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Example 7.2. In Theorem C, part (d) yields that if 7/Z(G) is not elementary abelian
and p # 2, then Z(S) or Sycr is normal in G. Here, we show that the assumption that
p # 2 is necessary.

Let H be a group isomorphic to the symmetric group of order 3. Let U be the direct
product of two cyclic groups of order 4 with a quaternion group of order 8. Then

H={o,7) and U = (a) x (b) x {(i,7),

where 02 = 73 =1, a* = b* = i* = j* = 1 and i® = j® = [i, j]. Let ij = k, as usual.
We let H act faithfully on U by defining
el - o] - T T -—1

a=b, b =a, i°=j =i, o =b b =a'bt, "=t jT=k"'

Inside U, let ¢ = ai, d = bj and z = [i, j]. Note that &(U) = (a?,b%,2) = (c?,d?, 2).
Let T = (c,d,®(U)). Then z = [¢,d] and &(T) = &(U) = Z(T). Since

®=d, d°=¢, ¢"=dz and d" =c td 71z,

T is invariant under H. Let G be the semi-direct product of T' by H.
Let S = (T,0). Then S is a Sylow 2-subgroup of G,

IT|=2° |5]|=2° Z(S)=Cyr(o)=(c’d*2) and Z(G)=(z). (7.4)

Moreover, T = O,(G) and G satisfies (Eyp) for p™ = 2. Since (¢, Z(T')) is an abelian
subgroup of T of order 2* and T is not abelian,

We claim that d(S) = 2. Suppose A is an abelian subgroup of S. Then |A| < 2* if
A < T. So assume that A is not contained in 7. Then

ANZ(T) < Cyy(o) = Z(S) = (d®, z) < Z(T)
and (ANT)Z(T) is an abelian subgroup of 7. Therefore,
T>(ANT)Z(T)>ANT, |ANT|<|T|/22=2% and |A|=2/ANT| <2,

as desired. Thus, d(S) = 2*.
Let A* = (od, 2). Since (¢, Z(T)) and (d, Z(T)) are abelian subgroups of order 2* in T
that generate T', we have T' = J(T'). Moreover,
(0d)?* = 0 dod = cd,
(od)* = (cd)? = (aibj)* = (ab)’k?
= a®V’z = Pzd*zz = PdP2.
So od has order 8, A* = (od) x (z) and A* is abelian of order 16. Therefore, J(S) >
(J(T),A*) = S and S = J(S).
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Here,
1S]1Z(8)| = 25 - 22 = 2% = d(9)*.

By Lemma 2.12, the minimal CL-subgroups of S are the large abelian subgroups of .S,
and S = Scr, = SucoL = J(S). By (7.4), Z(S) # Z(G). Now, as in Example 7.1, neither
of the subgroups Z(S) and Sycr, of Theorem C is normal in G, but one of the subgroups
Sy, Sz for this case of [12] is normal in G. (In fact, Sy = T'< G, as in Example 7.1.) So

G satisfies conditions (a)—(i) of Theorem C. However, it is easy to see that
G=0"G)=T(z), T=0,G)=T, Z(G)=Czyr(2)=(z)=Z(G)

and T'/Z (@) is not elementary abelian, unlike the case when p is odd.

Further calculation shows that, for every large abelian subgroup A of S, |£2,(Z(A))| =
[£21(A)] < 23 < d(S) because A is not elementary abelian. Since [£2;(A)| = 22 for
A = (c, Z(T)), the parameter mz(S) in Theorem B is equal to 2% and we have

1 < Sp = (B(A) | Ais a large abelian subgroup of S and [£2;(A)| = 2%).

Since Z(S) # Z(G), Lemma 2.19 and Theorem B yield that Sg is a normal subgroup of
G. (In fact, Sg =&(T) = Z(T) > 1.)

Example 7.3. In Theorem C, part (h) yields that if L > T and ¢ > 2, then Z(S) or
Snmcr is normal in G. Here, we show that the assumption that g > 2 is necessary.

Let F be the Galois field of order 26. Then the multiplicative group F* contains a
unique subgroup M of order 9, and the Galois group of F' contains a unique element o
of order 2, given by z + 8. We may regard ¢ and the elements of M as permutations
of F. Then ¢ normalizes M.

Let H = M({o). Then H is a dihedral group of order 18. Therefore, H/f2,(M) is
isomorphic to the symmetric group of degree 3, so that H acts on a Klein 4-group F
with kernel 4 (M).

Let R be the set of all triples (z,y, z) for x,y € F and z € GF(2). Define a bilinear
mapping of F' x F into GF(2) by f(x,y) = T(zy®), where T denotes the trace function
from F' to GF(2). Note that f(z®,y%) = f(x,y) whenever & € M or o = o, and hence
whenever o € H.

We define multiplication on R by

(z,9,2)(2",y,2") = (@+ 2"y +y, 2+ 2 + f(2',y)),

and we let (z,y, 2)* = (x*,y%, z) for (x,y,2) € Rand a € H. Straightforward calculation
shows that R is a group and that

[(az,y, Z)v ($,7y/7 Z/)} = (07 0, f(xlvy) + f(x,y’))

Moreover, H acts faithfully on R by automorphisms. Finally, we embed E and R in their
direct product 7', and we embed T and H in their semi-direct product G.

Let S = T{o). Then S is a Sylow 2-subgroup of G and T' = O3(G), and G satisfies
(Ep) for p™ = 2. It is easy to see that R is an extra-special group of order 23 and

|S| =2, Z(T)=Ex Z(R), Z(S)=Cg(c)x Z(R) and |Z(S)|=4.
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Let
Ry ={(z,y,2) | x,y € GF(8) and z € GF(2)}

and
A1 =F x Rl.

Then R; is an elementary abelian subgroup of R of order 27 that is centralized by o. Let
A =Cg(0) x Ry x (o). Easy calculation shows that

A; and A are elementary abelian subgroups of order 2° in S, d(T) = d(S) = 2°,
T=J(T) and S=J(9).

Therefore, |S||Z(S)| = 216.22 = 218 = ((S)2. By Lemma 2.12, the minimal CL-subgroups
of S are the large abelian subgroups of S, and S = Scp, = SucL = j(S)

As in Examples 7.1 and 7.2, neither of the subgroups Z(S) and Sycr of Theorem C
is normal in G, but one of the subgroups S1, S for this case of [12] is normal in G. (As

in Examples 7.1 and 7.2, S; = T < G.) Since
L=Cg(Z(T))=Cs(EZ(R)) =T (M) > T,

we have L > T, unlike the case when ¢ > 2.

Example 7.4. Here we verify a case of Thompson’s conjecture in § 1 when S = J(S5)
and show that neither Sg nor Syicr is normal in this case.

Assume p > 5. For convenience, we take ¢ = p. Let G be the group denoted by G_,
in Example 8.1 of [12]. Then

G = (z € P |z is a p-element)

for a rank-1 parabolic subgroup P of the simple group Ga(p), P/G is a cyclic p’-group,
and S is a Sylow p-subgroup of G, P and Ga(p).

Let F' be the field F),. In the usual notation for simple groups of Lie type [4], S = U
and G = (z_,(F),S) for the short root @ in a fundamental root system {a,b} of type
Gs. As usual, let T'= O,(G). Then

S| =", G/T =2 SL(2,p), G satisfies (Ep), d(S5) =p°,

S=J(S)=J(S), |Z(S)=p and Z(S)=Z(T)<G.

Moreover, T is an extra-special group of order p® and exponent p, and T//Z(T) is a chief
factor of order p* in G, and thus not a standard module for G /7.
In the usual notation, the Chevalley commutator formulae [4] give

Z(T) = z3a+2(F), T = (x(F), Tota(F), Tot2a(F), Tp43a(F)),
S" = (pta(F), wpy2a(F), 2p430(F), Z(T))  ( )

[S, 8] = (wp2a(F), wpy34(F), Z(T)) (of order p?),
18", 5, 8] = (xp434(F), Z(T)) = Z2(S) ( %)

of order p%),

of order p
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Moreover, S = (z,(F),T) and Z5(S) = Cr(z4(F)). Thus, S has nilpotence class 5, and
it is a p-group of maximal class.

By Proposition 2.8 and Theorem 2.9, Scy, > j(S’) = S and Scy, is a CL-subgroup of S.
So S = Scr, and f(S) = |S||Z(S)| = p® - p = p". Let S* = C5(Z(S)). Then calculation
shows that

S* = (S wa(F)), Z(S*)=2Za(5), [S*|=p", |S*|Z(S")|=p"p* =p" = f(S)
and S* is the unique minimal CL-subgroup of S. Therefore,
Syor = S* and  Sg = P(S*) = (5*) =[5, 9.
Hence, none of S¢, Z(Swmcr) or Smcr is normal in G.
Here, Z(J(S)) = Z(S) = Z(T') <« G, in accordance with Thompson’s conjecture in § 1.

Example 7.5. Assume p is odd. Let T be an extra-special group of order p’ and
exponent p, let H be PSL(2,p) and let o be an element of order p in H. Let F be the
prime field Fj,.

In Example 10.4 of [8] (where T, H and o are denoted by H, L and x, respectively),
it is shown that there exists a semi-direct product, G, of T by H satisfying the following
conditions.

(a) H/Z(H) is the direct sum of two copies, V; and V3, of a three-dimensional vector
space V over F' on which H acts irreducibly as an orthogonal group.

(b) ¢ acts with cubic minimal polynomial on V; and V5.
(c) For S = T{o), S is a Sylow p-subgroup of G and d(S) = d(T) = p* and J(S) = S.
(d) Cg(o) is an elementary abelian subgroup of G of order p*.

Clearly, T = O,(G), Z(S) = Z(T) and G satisfies (Eo) for p" = p. Since S = J(95),
Proposition 2.8 and Theorem 2.9 yield that S = Scr, = J(S) and f(S) = |S]|Z(5)| =
p® - p=p°. Let S* = Cg(Z(5)).

This example is similar to Example 7.4. By similar methods, one sees that

2(9)| =p°, |S*|=p" and Z(S5") = Z»(S);

S* is the unique minimal CL-subgroup of S; and Sycr, = S* and Sg = @(S*) = Z2(5).
Thus, none of Syicr, Z(SwmcL) or S is normal in G.
Since SL(2,p) is not involved in G, G is p-stable, by [13, Theorem 8.12].

Example 7.6. (Here, p is arbitrary.) Let H be SL(2,p), let V be a standard module
for H, and embed V' and H in their semi-direct product G.
There exist elements u, v of V and w of H such that

V={(u,v), u’=wuww and v* =wo.
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Let S = (V,w), so that S is a Sylow p-subgroup of G. Then
w=1w=uwP=1 [uw =v, V=0,G) and G satisfies (Ey) for p" = p.

It is easy to see that V is the unique non-identity normal p-subgroup of G (because
H permutes the non-identity elements of V' transitively) and that there exists a unique
automorphism « of S such that

W=w, w*=u"! and v*=v.
Thus, V is not characteristic in S, and no non-identity characteristic subgroup of S is
normal in G.

For an arbitrary power ¢ of p, we may take H to be SL(2,q) instead of SL(2,p) and
then generalize the proof above to show that no non-identity characteristic subgroup of
S is normal in G. Alternatively, one may embed G in a rank-1 parabolic subgroup of
PSL(3, ¢) and use [4, pp. 200-202] and the method of Example 7.7.

Example 7.7. In Theorem A and several related results, S has nilpotence class 2 if
p # 3. We show here that the assumption that p # 3 is necessary.

Assume that p = 3. Let ¢ = 3™ for some natural number n. Take G and S to be the
subgroups of G2(q) analogous to the subgroups G and S of G3(p) for p as in Example 7.4.
(A different construction of G and S for ¢ = 3 is given below.) Thus,

G = (x € P |z is a 3-element)

for a rank-1 parabolic subgroup P of the simple group Ga(q), P/G is a cyclic 3'-group,
and S is a Sylow 3-subgroup of G, P and G2(q). As usual, let T' = O3(G).

It is easy to see that G satisfies (Ep). By [15, pp. 358-359], S has nilpotence class 3
if ¢ = 3. Since G3(q) contains G3(3), S has nilpotence class at least 3 in general. We
will show that no non-identity characteristic subgroup of S is normal in G. Therefore, .S
satisfies conditions (a)—(f) of Theorem A. In particular, S has nilpotence class precisely 3.

Suppose W is a characteristic subgroup of S that is normal in G. Then W Np(S). By
the Frattini argument (Lemma 2.1), P = GNp(S). Hence, W < P. We must show that
W =1.

Since ¢ is a power of 3, there exists an automorphism « of G2(g) that preserves S and
takes P to the other rank-1 parabolic subgroup P* of G2(q) that contains S [4, p. 206].
Then « preserves W, and W = We « P® = P*. Hence, W < (P, P*) = G2(q). As G2(q)
is simple, W = 1, as desired.

Let F' = F,. The main reason that this example is very different from Example 7.4
(where Z(S) < @) is that here [4, pp. 206-210)

[2a(F), 22046(F)] = [Zass(F), 2046 (F)] = 1,
because F' has characteristic 3. Indeed,

Z(8) = (w2a4(F), v3a420(F)), 1Z(S)|=¢* and d(S) =q".

https://doi.org/10.1017/50013091512000089 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000089

132 G. Glauberman

For the case when ¢ = 3, one can also construct G without using the group G3(3). One
takes T to be a direct product

T = <$2,$6> X <1‘3,335>,

where (x5, 76) is a non-abelian group of order 33 and exponent 3, and (r3,s5) is an
elementary abelian group of order 9. Let x4 = [x2, x¢], and define automorphisms x; and
x7 of T by

Ty __ Tl _ 1 _ 1 T1
Lo = T2, T3 = I3, Ty = T3 T, Tg = T2T3X4T5Te6,

7 __ —-1,.—1 —1 xT7 __ 7 __ T7 _
Ty = T2X3 Ty T5Tg , T3 = T3Ts, Ty' = Ts, Tg = T6-

Then 23 = 1 for i = 1,...,7. Let G be the semi-direct product of T' by (w1, 7). Then
T = 0,(G).

By §9 of [10], (x1,z7) is isomorphic to SL(2,3) and, for S = (1, T), there exists an
isomorphism ¢ of S onto (x7,T) determined by

q’)(xl) = Ti+1 for i = 1,...,6.

Clearly, (x1) and S are Sylow 3-subgroups of (x1,z7) and of G, and G satisfies (Ep).
Let g be an element of SL(2,3) such that (x7)¢ = (z1). Then the mapping given by
2+ ¢(x)? is an automorphism of S.

Suppose W is a characteristic subgroup of S that is normal in G. Then

W =¢(W)? and ¢(W)=W9 =W

From the definition of ¢, we see that W = 1, as desired.

Acknowledgements. It is a pleasure to dedicate this article to Ron Solomon for
many years of friendship, help and encouragement.

During the preparation of this paper, the author enjoyed the support of the National
Security Agency (USA) through a grant, and the hospitality of the Schare Research
Institute. G.G. thanks these institutions warmly.

References

1. M. ASCHBACHER, Generation of fusion systems of characteristic-2 type, Invent. Math.
180 (2010), 225-299.

2. B. BauMANN, Uber endliche Gruppen mit einer zu L9(2") isomorphen Faktorgruppe,
Proc. Am. Math. Soc. 74 (1979), 215-222.

3. N. CAMPBELL, Pushing-up in finite groups, PhD Thesis, California Institute of Technol-
ogy, Pasadena, CA (1979).

4. R. CARTER, Simple groups of Lie type (Wiley, 1972).

5.  A. CHERMAK AND A. DELGADO, A measuring argument for finite groups, Proc. Am.
Math. Soc. 107 (1989), 907-914.

6. C. W. CuURTIS AND I. REINER, Representation theory of finite groups and associative
algebras (Wiley, 1962).

7. W. FEIT, Characters of finite groups (W. A. Benjamin, New York, 1967).

https://doi.org/10.1017/50013091512000089 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000089

10.

11.

12.

13.
14.

15.
16.
17.
18.

19.
20.

21.
22.

A pair of characteristic subgroups for pushing-up. II 133

G. GLAUBERMAN, A characteristic subgroup of a p-stable group, Can. J. Math. 20 (1968),
1101-1135.

G. GLAUBERMAN, Global and local properties of finite groups, in Finite simple groups
(ed. M. B. Powell and G. Higman), pp. 1-64 (Academic Press, New York, 1971).

G. GLAUBERMAN, Isomorphic subgroups of finite p-subgroups, I, Can. J. Math. 23 (1971),
983-1022.

G. GLAUBERMAN, Centrally large subgroups of finite p-groups, J. Alg. 300 (2006), 480—
508.

G. GLAUBERMAN AND R. NILES, A pair of characteristic subgroups for pushing-up in
finite groups, Proc. Lond. Math. Soc. 46 (1983), 411-453.

D. GORENSTEIN, Finite groups (Harper & Row, New York, 1968).

D. GORENSTEIN, Finite simple groups: an introduction to their classification (Plenum,
New York, 1982).

R. L. GRIESS JR, Schur multipliers of finite simple groups of Lie type, Trans. Am. Math.
Soc. 183 (1973), 355—-421.

M. HALL, The theory of groups (Macmillan, New York, 1959).

B. HUPPERT, Endliche Gruppen I (Springer, 1967).

E. I. KHUKHRO, p-automorphisms of finite p-groups, London Mathematical Society Lec-
ture Note Series, Volume 246 (Cambridge University Press, 1998).

R. NILEs, Pushing-up in finite groups, J. Alg. 57 (1979), 26-63.

F. RICHEN, Modular representations of split BN pairs, Trans. Am. Math. Soc. 140 (1969),
435-460.

J. S. ROSE, A course on group theory (Dover, New York, 1994).

R. STEINBERG, Lectures on Chevalley groups, Yale University (1968) (available at
www.math.ucla.edu/~rst).

https://doi.org/10.1017/50013091512000089 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091512000089



