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Abstract

Let f = (fi,..., fr) be a system of polynomials with integer coefficients in which the degrees
need not all be the same. We provide sufficient conditions for which the system of equations
fitxi,...,x,) =0 (1 < j < R) satisfies a general local to global type statement, and has a

solution where each coordinate is prime. In fact we obtain the asymptotic formula for number
of such solutions, counted with a logarithmic weight, under these conditions. We prove the
statement via the Hardy-Littlewood circle method. This is a generalization of the work of Cook
and Magyar [‘Diophantine equations in the primes’, Invent. Math. 198 (2014), 701-737], where
they obtained the result when the polynomials of f all have the same degree. Hitherto, results of
this type for systems of polynomial equations involving different degrees have been restricted to the
diagonal case.

2010 Mathematics Subject Classification: 11P32, 11P55 (primary); 11D45, 11D72 (secondary)

1. Introduction

Letd > 1,and let f = (f;, ..., f;) be a system of polynomials in Z[xy, ..., x,],
where f, = (fo1, ..., for,) is the subsystem of degree ¢ polynomials of f (1 <
¢ < d). We are interested in finding prime solutions, which are solutions with
each coordinate a prime number, to the equations

JorC, oo, x) =0 (A<€<d, 1<r<r. (1.1)

Let us denote Vy(C) to be the affine variety in C" defined by the equations (1.1).
Solving diophantine equations in primes is a fundamental problem in number
theory. For example, the celebrated work of Green and Tao [10] on arithmetic
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progressions in primes can be phrased as the statement that given any n € N the
system of linear equations

Xipo —Xip1 =Xip1 — X (1 <i<n)

has a prime solution (xy, ..., X,42) = (P, ..., Pus2) Where p; < pp < -+ <
Pni2- The modern results on the large scale distribution of prime solutions on
Vto(C) when f consists only of linear polynomials, for scenarios which do
not reduce to a binary problem, is mostly summed up in the work of Green
and Tao [12]. An example of a binary problem is bounding gaps between
primes, an area which Maynard [19], Tao (see [19, page 385]), and Zhang [24]
made significant progress in by building on the work of Goldston, Pintz, and
Yildirim [9]. In particular, it was shown in [19] that at least one of the equations

x—x=2j (1<) <300)

has infinitely many prime solutions. Another binary problem of significance is the
Goldbach’s conjecture, which states that the equation

)Cl+X2=N

has a prime solution for every even integer N greater than 2. It was proved by
Vinogradov [21] that the equation

X1 +x+x3=N (1.2)

has a prime solution for all sufficiently large odd N € N. The ternary Goldbach
problem, which is the assertion that the equation (1.2) has a prime solution for all
odd N € N greater than or equal to 7, was solved by Helfgott in [13].

The examples given thus far had been for systems of linear equations. The
scenario for systems involving higher degree polynomials is also complex, and
has not been well-understood yet. Indeed, even the problem of whether a system
of nonlinear polynomial equations has a solution over QQ is ‘one of considerable
complexity’ [4].

For solving nonlinear equations in primes, there are results due to Hua [14] for
certain systems of homogeneous polynomials that are additive, for example on
the system of the shape x{ +---+x/ = N; (1 < j < d) where N; € N. Hua also
has results on the Waring—Goldbach problem, which is regarding prime solutions
of the equation x{ + - - + x¢ = N where N € N. These results were established
via the Hardy—Littlewood circle method. We refer the reader to [16, 17] for recent
progress on the Waring—Goldbach problem due to Kumchev and Wooley. There
is also [5] by Chow regarding prime solutions of certain diagonal equations by a
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transference principle approach. For the case of quadratic forms, there is a result
due to Zhao [25].

The first result regarding prime solutions of general systems of nonlinear
polynomials is contained in the breakthrough of Cook and Magyar [6], which we
state in Theorem 1.1. Before we can state their result we need to introduce some
notations. We also note that there is a discussion in [6] on this topic from the point
of view of some recent results in sieve theory, which the list includes [2, 8, 18].
We refer the reader to [6] for more details on this discussion.

Letf > 1.Let G = (Gy, ..., G,) be a system of degree ¢ forms in Q[x1, ...,
x,]. We define the Birch singular locus V{ to be the set of points in C" given by

G,
rank ( (X)) <r. (1.3)
1<rsr

8Xj

IR
Observe that this defines an affine variety in C". We define the Birch rank, B,(G),
to be the codimension of V. Given g = (g1,..., &), a system of degree £
polynomials in Q[x, ..., x,], where G, is the homogeneous degree ¢ portion
of g, (1 < r < r'), we extend the notion of the Birch rank to systems of degree ¢
polynomials by defining
B (g) := Bi(G).

When £ = 1, following [6] we define 3 (g) to be the minimum number of nonzero
coefficients in a nontrivial linear combination

MG+ -+ A G,

where A = (A, ..., A) € Q'\{0}. Clearly B;(g) > O if and only if the linear
forms G, ..., G, are linearly independent over Q. For any £ > 1, if ¥’ = O then
we let B,(g) = +o0.

Let F = (Fy, ..., F)) be the system of homogeneous polynomials, where for
eachl1 < ¢ <d,F, = (Fe,..., Fy,) and F,, is the homogeneous degree ¢
portion of f;, in (1.1). We let Vg ¢(IR) be the set of points in R” satisfying

Foo(xi,oox) =0 (1<€<d, 1<r<r). (1.4)

Let A be the von Mangoldt function, where A(x) is log p if x is a power of
prime p, and O otherwise. Given x = (x, ..., x,), we let

AX) = A(xy) -+ Axy). (1.5)

We define the following quantity

Mi(X) = ) ALy (), (1.6)

xe[0,X]"
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where 1y, is the characteristic function of the set V;((C). Thus the quantity
M;(X) is the number of solutions, counted with a logarithmic weight, of the
equations (1.1) in [0, X]" whose coordinates are all prime powers.

We may now phrase the main result of Cook and Magyar in [6], which is for
the case when the polynomials of fin (1.1) all have the same degree.

THEOREM 1.1 [6, Theorem 1]. Let £ = £, = (fus1, ..., fur,) be a system of
degree d polynomials in Z[x, ..., x,]. Suppose By(f) is sufficiently large with
respect to d and ry. Then there exist C(f), a constant which depends only on f,
and ¢ > 0 such that

andrd
_ n—dry
Mi(X) = COHX" + 0 (—(log X)L_) .

In this paper, we generalize Theorem 1.1 to handle systems of polynomials in
which the degrees need not all be the same. The following is the main theorem of
this paper.

THEOREM 1.2. Letf = (f,, ..., ) be a system of polynomials in Z[xy, ..., x,],
where £, = (fo1, ..., for,) is the subsystem of degree £ polynomials of £ (1 <
£ < d). Foreach 1 < £ < d, suppose B,(f,) is sufficiently large with respect to
dandry,...,r. Then there exist C(f), a constant which depends only on f, and
¢ > 0 such that

d
_ n=3 - tre X1
Me(X)=C(HX + 0 ( (og X)° )
Note Theorem 1.2 recovers Theorem 1.1 when r; = --- = r;_; = 0. We also
prove in Section 7 that if the equations (1.1) has a nonsingular solution in Z,
the units of p-adic integers, for each prime p, and Vf ¢(R) has a nonsingular real
point in (0, 1)", then
Ci > 0.

We also present Theorem 8.1 in Section 8, where we obtain the asymptotic
formula for the number of prime solutions, counted with a logarithmic weight,
instead of solutions whose coordinates are all prime powers as in Theorem 1.2.
Hitherto, the only examples in the literature of results of this type, for systems
of polynomial equations involving different degrees, have been restricted to the
diagonal case similar to the aforementioned result of Hua.

Theorems 1.1 and 1.2 are both obtained via the Hardy-Littlewood circle
method. Circle method was pioneered by Hardy and Littlewood to give an
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asymptotic formula for the number of solutions to Waring’s problem, and it has
been quite effective at producing asymptotic formulas for the number of integer
points of bounded height on varieties when the number of variables is sufficiently
large. The results of this type on the distribution of integer points on varieties
are provided by Birch [1] and Schmidt [20]. In [3], Browning and Heath-Brown
succeeded in generalizing the seminal work of Birch [1], and showed ‘how forms
of unequal degrees can be handled in an efficient manner, so as to give the results
in the spirit of Birch for arbitrary systems.” They obtained the following result.

THEOREM 1.3 [3, Theorem 1.2]. Letf= (f;, ..., ) be a system of polynomials

in Zlxy,...,x,), where £, = (fe1,..., for,) is the subsystem of degree ¢
polynomials of £ (1 < £ < d). Let D; =ri +2r,+ -+ jr; 1 < j < d)
and Dy = 0. Let
3 27— e (1<e<d)
Sy = _ <l <d).
‘ —~ B

Letr; = 0andr; > 1, and suppose we have

2[ 1
D, 1
(Bz(fe) “”') e +J§ls’r’ =

for £ = 0 and for every € satisfying r; > 0. Then there exist C'(f), a constant
which depends only on £, and § > 0 such that

> Lo ® =X IR 4 o ),

xe[0, X"

Note Theorem 1.3 recovers the main result of [1] whenr; = --- = ry_; = 0.
The constant C'(f) is slightly different from C(f), and it is also positive assuming
f satisfies suitable local conditions. (These are slightly different from the local
conditions described in the paragraph after Theorem 1.2.) As stated in [3],
‘Birch’s original result needed the forms all to have the same degree, and there
is a significant technical problem in extending the method to the general case.’
It is required in Theorem 1.1 that the polynomials all have the same degree. As
in the case for integer points, there are significant challenges to be overcome in
generalizing the result on prime solutions of polynomial equations of equal degree
to handle arbitrary systems.

We follow the main strategy of Cook and Magyar [6] to achieve Theorem 1.2.
Let us briefly explain the idea of their approach using a very simple case.
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Lety =(x,...,x,)andz = (x,,4¢, ..., X,) forsome 2 < m < n so thatx = (xy,
Yy, z). Suppose the system in consideration consists of one degree d homogeneous
polynomial of the following shape

Fx) =x{ +51(Y) + $(2),

where §(y) and §,(z) have sufficiently large Birch rank or /-invariant (defined in
Section 2). By the orthogonality relation, we have (using the notation (1.6) with
F in place of f)

1
MF(X)=/ > AXe(@F(x)da
0

xe[0,X]"

= / Y A®e(@F(x)da
M(C)

xe[0, X"

+ / Z AX)e(aF (X)) da, (1.7)
m(C)

xe[0,X]"

where D(C) is the major arcs and m(C) is the minor arcs (defined in Section 4).
By a fairly standard approach, the following estimate for the integral over the
major arcs is obtained

C J Xn—d
A F da =C(F)X"™ [0
/M) > A®e(@F(x)da =C(F)X"™ + (aog X)C>

x€[0,X]"

for some ¢ > 0. The challenge is over the minor arcs. By the Cauchy—Schwartz
inequality and the orthogonality relation, we have

/ Z AX)e(aF(x)) da
m(C)

xe[0, X"

< NN, (log X)"™' sup

aem(C)

> AGe(ax)

x1€[0,X]

’

where

Ny =#{(y.y) € [0, X"V : F1(y) = 5.0}
and

N, = #{(z,7) € [0, X" : Fr(2) = Fa(2)).

From our assumptions on §(y) and §,(z), we have

Nl << XZ(mf])fd and N2 << X2(nfm)7d‘
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Then a method known as Weyl differencing is used to obtain the following

> AGxe(ax))

x1€[0,X]

sup
aem(C)

<

X
(log X)“

for some ¢’ > n — 1. Therefore, we obtain

n—d

< (IOg X)c’—n-‘r] ’

/ Z AX)e(aF(x)) da
m(C)

xe[0,X]"

and the asymptotic formula for M ¢(X) holds. In this case, there were no terms
of F(x) involving variables from both y and z, which makes the analysis very
simple. Roughly speaking, the idea of [6] is that when such mixed terms are
present, by considering certain level sets where the portions of the polynomials
with these mixed terms are constant, the approach described above can be used.
Also these level sets have to be chosen in a way that it does not introduce any
unmanageable error terms. In order to generalize this argument of [6], we take
the following steps. First, by an inductive argument we generalize [6, Proposition
2], which decomposes systems of degree d forms by a partition of variables, to
handle systems involving forms of different degrees (Proposition 3.1). Next, using
Grobner basis theory we reduce the polynomials, without changing the solution
set, to have suitable properties for the mentioned Weyl differencing argument to
work. These properties become useful in the major arcs analysis as well. We note
this reduction was not necessary in [6]. Here we also show that the reduction
works well with the k-invariant. In our minor arcs analysis, we decompose the
system of forms by Proposition 3.1 once and then we apply it again to one of
the resulting systems of forms; the second application was not necessary in [6].
In [6], there are only the degree d forms in consideration, and the forms arising
from the regularization process (Proposition 2.7) all have degrees strictly less
than d. On the other hand, in our case the system in consideration has forms of
degrees between 1 and d, and the forms arising from the regularization process
have degrees strictly less than d. Thus, the forms in consideration and the forms
arising from the regularization process are not as cleanly separated in our case. We
overcome this challenge by the repeated application of Proposition 3.1. Finally,
we treat the major arcs analysis in a similar manner as in [6]; however, the analysis
becomes more complicated due to the fact that the system involves polynomials
of differing degrees.

The organization of the rest of the paper is as follows. In Section 2, we collect
some definitions and results related to the regularization process, which is an
important part of the method in [6] and also of this paper. In Section 3, we prove
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Proposition 3.1 to decompose systems of forms. We prepare the initial setup
for the minor arcs analysis in Section 4; this is where we reduce the system of
polynomials as mentioned above. We then obtain the desired minor arcs estimate
in Section 5. In Section 6, we collect technical results that are necessary in
obtaining our major arcs estimates in Section 7. Finally, we state our conclusions
and further remarks in Section 8. We also have Appendix A, where we provide
proofs for the results presented in Section 6. The work here is based on [20], and
we chose to present these technical details at the end for an easier read of the
paper.

Throughout the paper we do not distinguish between the two terms
‘homogeneous polynomial’ and ‘form’, and we will be using these terms
interchangeably. By ‘rational form’ we mean it is a form with coefficients in
Q. By an affine variety we mean an algebraic set which is not necessarily
irreducible. We use « and > to denote Vinogradov’s well-known notation. We
also use the notation e(x) to denote e?**. For x = (xy, .. ., X,), the notation

2.

xe[0, X"

means we are summing over allx € Z" withO < x; < X (1 <i <n).Forg e N,
we use the numbers from {0, 1,...,g — 1} to represent the residue classes of
Z./qZ. Finally, given x = (xy, ..., x,) by |x| we mean |X| = n in Sections 3 and 5,
and |x| = max, ¢, ¢, |x;| from Section 6 onwards. There should be no ambiguity
since we are defining these notations as they come up.

2. Regularization lemmas

In this section, we collect results from [6, 20] related to regular systems (see
Definition 2.3) and the regularization process. Given a system of rational forms
F, via the regularization process we obtain another system of forms which has at
most the expected number of integer points, its number of forms is ‘small’, and
partitions the level sets of F. This was an important component of the method
in [6] used to split the exponential sum in a controlled manner during the minor
arcs estimate.

Let £ > 1. Given a form G € Q[xy, ..., x,] of degree £, we define the A-
invariant (also referred to as the rational Schmidt rank in [6]), h,(G), to be the
least positive integer / such that G can be written identically as

Gzﬁlvl-i'"'-Fﬁhvh, 2.1
where l~/,- and \7, are rational forms of positive degree (1 < i < h). Let G =

(Gy, ..., G, ) be asystem of degree £ forms in Q[x, ..., x,]. We generalize the

https://doi.org/10.1017/fms.2018.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.21

Prime solutions to polynomial equations 9

definition of the h-invariant, and define the A-invariant of G to be

he(G) = min h,(uiGi+ -+ purGy). 2.2
}

/

reQ\{0

Letg = (g1,..., &) be a system of degree ¢ polynomials in Q[x, ..., x,]. Let
G, be the homogeneous degree £ portion of g, (1 < r < r’). We define

he(g) == he(G). 2.3)

The h-invariant satisfies the following property.

LEMMA 2.1 [22, Lemma 2.2]. Let £ > 1 and let G = (G, ..., G,/) be a system
of degree £ forms in Q[xy, ..., x,]. Suppose hy(G) > 1. Then for any 1 <i < n,
we have

he(G) — 1 < hy(Gly,=0) < he(G),
where G|xi:0 = (G] |Xi:0’ ey Gr’|Xj:0)-

We have the following relation between the h-invariant and the Birch rank by
combining [20, Lemma 16.1, (10.3), (10.5), (17.1)].

LEMMA 2.2, Let £ > 1 and let G = (G4, ..., G,) be a system of degree £ forms
in Q[xy, ..., x,]. We have

he(G) = 2'"*By(G). (2.4)
DEFINITION 2.3. Letd > 1. Letu = (uy, ..., u;) be a system of polynomials
in Q[x,...,x,], where w, = (u,y,...,us,) is the subsystem of degree £

polynomials of u (1 < £ < d). Let D, = ZLI Lroand Ry = ZLI r¢. We denote
Vu.o(Z) to be the set of solutions in Z" to the equations

u, =0 (1<L<d 1<r<n). 2.5)
Let us denote the equations (2.5) by u(x) = 0. We say the system u is regular if

|Vao(Z) N[—X, XT"] < X"~ P,

Similarly as above we also define V, ¢(R) to be the set of solutions in R” of the
equations u(x) = 0. For a system of polynomials u as given in Definition 2.3, we

let U = (U, ..., U)) be the system of forms such that for each 1 < £ < d, we
have U, = {U,, ..., Uy, } where U, is the homogeneous degree £ portion of
ug, (1 <r < rp). The following theorem is one of the main results of [20] due to
Schmidt.
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THEOREM 2.4 [20, Theorem II]. Letd > 1. Letu = (uy, ..., Uy) be a system of
rational polynomials with notations as in Definition 2.3, and also let U, be the
system of homogeneous degree £ portions of u, (2 < £ < d). If we have

he(Up) = d2*(€)r Ry (2 < €< d),
then the system u is regular.

Even though the statement of [20, Theorem II] is regarding systems of forms,
the above Theorem 2.4, which is the inhomogeneous polynomials version, also
holds by the explanation given in [20, Section 9] and ‘Remark on inhomogeneous
polynomials’ in [20, page 262].
Let us denote
Pac(t) =d2*(E)* (2 << d). (2.6)

Then for each 2 < £ < d, p, () is an increasing function, and
pae(Ry) = d2*(ED)reRy.

Note Theorem 2.4 is regarding systems of polynomials which do not contain
any linear polynomials. The following Corollary 2.5 is for systems that contain
linear forms as well. We refer the reader to [6, Corollary 3] or [22, Corollary 3.3]
for its proof.

COROLLARY 2.5. Let d > 1. Let u = (uy,...,u;) be a system of rational
polynomials with notations as in Definition 2.3, and also let U, be the system
of homogeneous degree £ portions of u, (1 < € < d). Suppose w, only contains
linear forms, in other words w, = U, and that they are linearly independent over
Q. Foreach2 < £ < d, let py(-) be as in (2.6). If we have

h(Uo) 2 pge(Ru —r) +r 2<E<d),

then the system u is regular.

For x = (xy, ..., x,,), by a partition of variables x = (y, z) we mean that the set
of variables of y and z partition xi, ..., x,. Let £ > 1. GivenG = (G4, ..., G.),a
system of dggree ¢ forms in Q[xy, ..., x,], and a partition of variables x = (y, z),

we denote G to be the system obtained by removing from G all forms which
depend only on the z variables. Clearly if we have the trivial partition x = (y, z),
where z = (J, then G = G. Given a degree ¢ form G(x) in Q[xy, ..., x,], we
define the h-invariant with respect to z, h,(G; z), to be the smallest number A,
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such that G (x) can be expressed as

ho
Gx)=G(y.0) =Y Uj(y.9)V;(y. 2) + Wo(2),

j=1

where U jand \7j are rational forms of positive degree (1 < j < hg), and Wy(z) is
a rational form only in the z variables. We also define /,(G; z) to be

he(G;z) = min hy(MG,+ - -+ A1-G.; 7).
1eQ'\{0}

If we have the trivial partition, then clearly we have h,(G; ¥) = h,(G). From this
definition the following lemma holds.

LEMMA 2.6 [6, Lemma 2]. Let £ > 1. Let G = (G4, ..., G,) be a system of
degree L forms in Q[xy, ..., x,], and suppose we have a partition of variables
X = (y,z). Let Yy be a set of variables with the same number of variables as'y.
Then we have

he(G(y, z), G(Y', 2); 2) = h(G; 2),

where the left hand side denotes the h-invariant with respect to z of the system
(Gl(y’ Z)7 ey Gr/(yv Z)7 Gl(y/’ Z)s ety Gr/(y/v Z))‘

In [6], the process in the following proposition is referred to as the
regularization of systems. We will be utilizing this proposition in Section 5
to obtain the minor arcs estimate. Let us remark that results of this type had been
obtained before for polynomials over finite fields [11, 15].

PROPOSITION 2.7 [6, Propositions 1 and 1']. Let d > 1, and let F be any
collection of nondecreasing functions F; : Zso — Zso 2 < i < d). For a
collection of nonnegative integersry, . .., ry, there exist constants

Ciri,....r0e, F)y ..., Ca(riy...,10, F)

such that the following holds.

Given a system of forms U = (U, ..., Uy) in Z[x,, ..., x,], where U, = (U, 1,
..., Up,,) is the subsystem of degree £ forms of U (1 < £ < d), and a partition
of variables x = (y, z), there exists a system of forms R(U) = (R9 ), ...,
RYW)) in Qxi, ..., x,], where R (U) is the subsystem of degree £ forms of
R ), satisfying the following. For each 1 < £ < d, let r, be the number of forms
inRYU), andlet R =r{+---+71).
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(1) Each form of the system U can be written as a rational polynomial expression
in the forms of the system R(U). In particular, the level sets of R(U) partition
those of U.

(2) Foreach1 < £ <d, r,isatmost Co(ry, ..., 1y, F).

(3) For each 2 < € < d, we have hy(R“(U)) > F,(R'). Moreover, the linear
forms of R (U) are linearly independent over Q.

4) Let ﬁ“) (U) be the system obtained by removing from R® (U) all forms
which depend only on the z variables (1 < £ < d). Then for each2 < £ < d,

we have hg(ﬁ([) U); z) = F,(R'). Furthermore, we may assume that the

linear forms of ﬁ(l)(U) depend only on the y variables, and that they are
linearly independent over Q.

We note that the last assertion in (4) regarding the linear forms of R (U) is not
stated in [6, Proposition 1’]. However, it is easy to deduce that this is indeed the
case from [6, Proposition 1] at the expense of possibly slightly larger constants
Ci(ri,...,rq, F) (1 <i < d) than in [6, Proposition 1']. We also note that with
this assertion, it follows that every linear form of R (U) is either only in the y
variables, or only in the z variables.

3. Decomposition of forms

In this section, we decompose a system of forms into two parts in a way that
both parts have large Birch rank. Let d,n € N, and let F be a system of forms
in Q[xi, ..., x,] of degrees less than or equal to d. We use a slightly different
notation in this section compared to the previous sections in order to make the
argument as clear as possible. We denote F = (FD ... F), where F© is the
subsystem of degree ¢ forms of F (1 < £ < d). Foreach 1 < £ < d, we denote
the elements of F“ by

FO = (F" ..., F"),

where r; is the number of forms in F). Suppose we have a partition of variables
X = (y, z). We define F{')(y, 2) to be the following system of forms

FOy.2) = (F (4,2 - F°0,2),..., FO(y,2) — F(0,2). (3.1)
Note for each 1 < r < ry, we have

Fy,2) = F20,2) = F(y, 0) + (F2(y, 2) — F”(y,0) — F?(0,2)),
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and every monomial with nonzero coefficient in (F“(y,z) — F“(y,0) —
F“(0, z)) involves both the y variables and the z variables, in other words it
cannot be in terms of only the y variables or only the z variables. For each
1 < £ < d, we also define

F(z) = (F?(0,2),..., F"(0,2)). (3.2)

It should be clear from the context which partition of variables is being used when
the notations (3.1) and (3.2) come up in this section. We now give an example of
how these notations may be used. Let us consider F© with £ > 1. Suppose we
have partitions of variables x = (v, z) and z = (y, Z'), and let us denote x = (v, (y,
z')). From the first partition of variables, we have F{') (v, z) and F\" (z) as above.
Since F{” (z) is in terms of the z variables, we can consider (3.1) and (3.2) of this
system with respect to the partition z = (y, z'). We then have

F), ,(v.2)
= (F{"(0,(y.2)) — F{(0,(0,2)), ..., FY(0, (y,2)) — F"(0, (0,2)))

and
(F), @) = (F(0,0.2)). ... F{"(0.(0.2)).

Given a set of variables y, we denote |y| to be the number of variables of y.
The following proposition for a system of forms of equal degree is proved in [6].
We will be using this proposition as the base case in induction to generalize it in
Proposition 3.4.

PROPOSITION 3.1 [6, Proposition 2]. Let C, and C, be some positive integers.
Letd > 1 and F = F9 = (Fl(d), cees Fr(d‘”) be a system of degree d forms in Q[x,,
..., X1, where B;(F) is sufficiently large with respect to Cy, C,, ry and d. Then
there exists a partition of variables x = (y, Z) such that

|Y| g Clrd7
Bi(Fy.(y,2z) = Ci, and By(F,(2)) = C,.

The following lemma and its corollary are also proved in [6].

LEMMA 3.2 [6, Lemma 3]. Let £ > 1 and let G = (G4, ..., G.) be a system of
degree € forms in Q[xy, ..., x,]. Given any 1 < j < n, we have

Bi(G) = Bi(Gly;=0) = Bi(G) —r' — 1, (3.3)
where G|,,—o = (G1ls;=0, - - - » Gy'|x;=0). When £ = 1, we in fact have
Bi(G) = Bi(Gl,;=0) = Bi(G) — 1.
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Proof. The lower bounds are provided in [6, Lemma 3], so we only provide the
argument for the upper bounds here. We remark that due to a minor oversight the
lower bound is stated to be 13,(G) —r’ in [6, Lemma 3] instead of the lower bound
given in (3.3). However, by following through their argument it can be seen that
in fact (3.3) is the correct lower bound. We begin by considering the case £ > 1.
Let us denote
G =(G\,...,G),

where G, = G,|,,— for each 1 < r < r'. It follows from the definition of the
Birch singular locus given in (1.3) that

VeNn{xeC":x; =0} C V.

Since the dimension of V& N {x € C" : x; = 0} is either dim(V) — 1 or dim(V{),
we have
dim(V¢) — 1 <dim(V{),

and equivalently,

By/(G) = n — dim(V§) = n — 1 — dim(V) = By(Gl,,~0).

For the case £ = 1, it follows immediately from the definition. O
COROLLARY 3.3 [6, Corollary 4]. Let £ > 1 and let G = (Gy,...,G,) be
a system of degree { forms in Q[xi,...,x,]. If H is an affine linear space

of codimension m, then the restriction of G to H has Birch rank at least
(By(G) —m(@r’ 4+ 1)). When £ = 1, we in fact have that it is at least (B, (G) — m).

We obtain the following technical result for a system of forms that is more
general than in Proposition 3.1.

PROPOSITION 3.4. Letd,n € N. Let F = (F9, ..., F) be a system of forms in
QIxi, ..., x,], where F = (Fl(i), cees F,Ei)) is the subsystem of degree i forms of
F (1 <i<d). LetC;y, Cip (1 <i<d)bepositive integers. Foreach 1 <i < d,
suppose B; (F?) is sufficiently large with respect to Cy 1, ..., Cy1, Ci2, ..., Cqo,
Yy, ..., 1, and d. Then there exists a partition of variables x = (y, z) such that

d
lyl < Z Ciqri,
i—1

and for each 1 <i < d, we have

i—1

Bi(F{,(y.2) > Ciy — (i + 1) Y Coare,

=1
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and

i—1
Bi(F(2)) > Cia— (r; + 1) Y_ Cpare.

=1

Proof. We prove by induction the following statement: Given 2 < j < d, there
exists a partition of variables X = (v;, z;), where v; = (y4, ..., ¥;), such that for
each j < i < d we have

lyil < Ciri,
i—1
Bi(F), (v;,2)) = Ciy — (i + 1) Y_ Coure,
l=j

and

i—1
Bi(F;?(Zj)) =2 Cio—(r+1) ZCLW-
t=j
We begin with the base case j = d. We know from Proposition 3.1 that there
exists a partition of variables x = (y,, Z,) such that

|yd| < Cd,lrdv
B,(F, (Yi.24)) = Cay,  and  By(F(z4)) = Cap.

This concludes our base case.

Suppose the statement holds for j + 1, in other words there exists a partition
of variables X = (v;41,2;1,), where v, 41 = (¥4, ..., Y¥j+1), such that for each
j+1<i<dwehave

lyil < Ciri,
i—1
BiFY ,  (Vj1,20) = Coy— i+ 1) Y Coare, (3.4)
(=j+1
and
i—1
Bi(F (241) > Cia— (i +1) Y Coare. (3.5)
=j+1

First we observe that by Lemma 3.2 the following holds

B;(F (2;11) = B;(FV (X)|y;,,=0) = B;(FV (%) = (rj + DIV,

Zj+1

d
> B;(FYx) = (rj + 1) Y Cirs.

i=j+1
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Since B;(FY(x)) is sufficiently large with respecttod, r;, ..., 74, Cj1, ..., Ca1,
and C;,, we obtain from Proposition 3.1 a partition of variables z;,, = (y;, ;)

such that
ly;| < Cjqry, (3.6)
Bi((F]), , (¥v2) > Cji, (3.7)
and '
Bi((F) (2)) > Cj». (3.8)

We denote v; = (v;11,¥;) = (Ya, - - ., ¥;), and consider the partition of variables
X = (v;,2;).
Since v;;; € v;, we have

F,(j)(X)|vj:0 = (Fr(j)(x)|vj+1:0)|vj':0 1<r< rj)

and consequently,

Fg)(zj) = (Fgﬁl)zj (z;). 3.9
Therefore, we obtain by (3.8) that
B/(Fg)(l,)) = C_,‘,z. (3.10)

We have the following two decompositions for F/)(x),
FP, (vi.2) + F(z))
=F) (Vis1, 2j41) + (FY )yj,Z/ (¥j.2) + (FY )z,» (z)),

Vit Zj+1 Zj+1 Zj+]

where the first decomposition is via the partition X = (v;, Z;), and the second via
the partitions X = (v;4, Zj4+1) and z; 1, = (y;, z;). It follows from (3.9) that

FO, (v;.2) =FD  pnz) + FD)  (vz). G

Vi+1,Zj+1 Zji1 ¥
Since v; 4, N (y,, z;) = ¥, we obtain from (3.11)
F, Vi 2Dl = (FD) (35 2) 00
— ()
= (szﬂ)y/_.zj (y).2). (3.12)

Also see the sentence after (3.1) for the explanation of F{) (Vit1,

Vit1,Zj41

Zj1)|v;.,=0 = 0. Consequently, we obtain from Lemma 3.2, (3.12), and (3.7),
Bi(E, (vi.z)) = B;(F), (v;,2))ly,,,=0)
_ )
= Bj((inH)yj’zj (¥j2;)

>C). (3.13)
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Let j + 1 < i < d. Recall we have partitions X = (v, 41, Zj+1), X = (v}, Z;),
andz; = (y,,z ) Since v; = (v;41,Y;), it follows that

(FO®)y =0 ly=0 = FP®)ly,=0 (1 <7 <7y)
and consequently,

(F F®

Zj+1 Z+1

)2, () = F (2j31)ly,—0 = ii)(l_;)- (3.14)
Therefore, we obtain from (3.14), Lemma 3.2, (3.5), and (3.6),

Bi(F,)(z)) = Bi(F}) (z;11)) — (ri + Dy

= < io—(ri+1) Z Ceﬂ’z) — (r; + Dly;l

l=j+1
i—1

Cir—(ri+1) Zce,ﬂ’z-

=)
Also we have the following two decompositions for F®) (x),
Fy, (v;,z2) +F)(z))
=F) (Vit1,Zj41) + (FY )y;z; (¥j» 2j) + (F

Vi+1:Zj+1 Zj+1 Zj+1

)2;(2;),  (3.15)

where the first decomposition is via the partition x = (v;, z;), and the second
via the partitions X = (v;41,2;11) and z;,, = (y;, ;). Therefore, it follows from
(3.14) and (3.15) that

FO, (v,.2)ly,=0
=(F (v’,)ﬂ 20 (Vit1s Zjs1) + (ngil)yj,z, (¥;>2;)ly;=0
=F i)y (3.16)
Consequently, we have by Lemma 3.2, (3.16), (3.4), and (3.6),
Bi(F(l) (Vjﬂ zj)) = B; (ng)zj (v;, Zj)|y,:0)
> B,/(F¥ (Vir1,Zj41)) — (r; + Dy,

VitlsZj41

i—1
> (c,-,l — i+ Y c@,m) — (ri 4+ DCjar;

t=j+1

Cii— (ri + 1)2(;@ 7. (3.17)
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Hence, from (3.6), (3.10), (3.13), (3.15), and (3.17), we see that we have
completed induction. From the j = 2 case with v, = (Y4, Y4—1, - - - , ¥2) and z,, we
can proceed in the exact same manner as above to deal with the linear forms even
though the definition of the Birch rank, B, is slightly different than that for the
higher degrees. We can do so because Proposition 3.1 is still applicable with 13; for
systems of linear forms. By letting the resulting variables vi = (Y4, Ya_1, - - - » Y2,
y1) and z; be y and z, respectively, we complete the proof of Proposition 3.4. [

4. Initial setup to prove Theorem 1.2

Letf = (f;, ..., f]) be a system of polynomials in Z[xy, ..., x,], where f, =
(feas -+ fer,) is the subsystem of degree £ polynomials of f (1 < £ < d). We
let F = (Fy, ..., F)) be the system of forms such that for each 1 < £ < d, we
have F, = (Fy1, ..., Fy,,) where Fy, is the homogeneous degree £ portion of f; ,

(1 < r < ry).Recall in Theorem 1.2 we consider the system of equations
Jo,xX)=0 (I1<f<d, 1<r<r), 4.1)

where for each 1 < £ < d, B,(f,) is sufficiently large with respect to d and ry,
..., 1. Also recall we denote the integer solutions of these equations by V;o(Z).
In order to prove Theorem 1.2, we begin by simplifying the polynomials in (4.1)
to satisfy more properties suitable for our purposes without changing the solution
set Vio(Z).

By reducing the polynomials in (4.1) without changing the solution set, we
transform system (4.1) into the following system:

for®) =0 (1<e<d, 1<r<ry, 4.2)
where for 2 < £ <d,

for(®) = o, W + x,(X) + fo,x) (1<r<r)

and . _
frrX) =c W + fi,x) A<r<n)

with the following properties. Here w is a subset of the variables x = (x, ..., x,),
and foreach 1 < ¢ <d,1 <r < r, W is a degree £ monomial in w.

(1) Foreach 1 < ¢ <d, 1 <r <ry,wehavec,, € Z\{0}, and w¥ is the leading
monomial of f;,(x) with respect to a graded lexicographic ordering.

(2) The monomials wit are distinct, and given 1 < £ < d, 1 < r < 1y, W is
not divisible by any one of Wi’ (1 < € < £,1 <r' <rp).
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(3) Foreach2 < ¢ < d,1 < r < ry, the polynomial x,,(x) has degree less
than or equal to £ with coefficients in Z. Also x,,(x) does not contain any
monomial divisible by any one of wiv»' (1 < €' < £,1 <71 <rp).

(4) Foreach1 < ¢ <d, 1 § r < rg, the polynomial ﬁ,r(x) has degree ¢ with
coefficients in Z. Also f;,(x) does not contain any monomial divisible by
any one of wi*' (1 <€ < £, 1 <7 <rp).

(5) Foreach2 < ¢ <d,1 <r <r, wehave

he(xe,) < Cy,
where C is a constant depending only on d and ry, ..., ry.

(6) Foreach 1 < ¢ <d, B,({ ﬁ,r 11 < r < rp}) is sufficiently large with respect
todandry, ..., r.

(7) Foreach2 < £ < d, h,(f,) is sufficiently large with respecttod and ry, .. .,
ri, and B (f)) is sufficiently large with respectto d and ry, ..., 7.

These conditions system (4.2) satisfies become crucial during our minor arcs
estimate. Before we describe this reduction process, first we note basic properties
of the Birch rank which will be utilized in this section. Let £ > 1 and G = {G,,
..., G} be asystem of degree £ forms in Q[xy, ..., x,]. Letky, ..., k,» € Q\{0}.
Then it follows from the definition of the Birch rank that

BZ({KrGr 1 <r< r//}) = BZ(G)

Letk e Qand 1 <i,j <r".LetG, =G, ifr #i,and G; = G, + kG;. It also
follows from the definition of the Birch rank that

Bi({G, : 1 <r <r"}h) = Bi(G).

We now transform system (4.1) into system (4.2) beginning with £ = 1. By
considering the reduced row echelon form of the matrix formed by the coefficients
of Fi,..., Fi,,, and relabeling the variables if necessary, we reduce the linear
polynomials in (4.1) without changing the solution set to be of the shape

f]’r(X)an,r+| +fl,r(x]a--~’xn7r1) (1 <r<rl)7
where f] ~(x1,...,x,—,) is a linear polynomial in variables x, ..., x,_,, with
rational coefficients. Then by substituting x,,_,+1 = — fi,,(x1, ..., X,_,,) into each

equation in (4.1) with £ > 1, we may further reduce without changing the solution
set such that for £ > 1 the polynomials f;, do not involve any of the variables
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Xp—ri41s - - - » Xy Let us label w, = x,_,41 (1 < r < rp). By multiplying each of
the resulting equation by an integer constant if necessary, we replace system (4.1)
with the following system of equations

JoX) =0 (1<€<d 1<r<r, 4.3)

where
fe,r(X)EZ[xl9"'vxn—r]] (1<£<d71<r<r[)3

and for each 1 < r < ry, we have

fl,r(X) = C1,, Wy + ﬁ.r(xl’ ey xn—rl)

with ¢, , € Z\{0} and f{_,(xl, vy Xn_p) € Zlxy, ..., X,—p,]. From the definition
of the Birch rank, we have that B,(f;) remains the same under these changes.
Therefore, it follows by Lemma 3.2 that B, ({ f] - 1 < r <)) is sufficiently
large with respect to d and r4,...,r;. For 1 < £ < d, we can deduce from
Corollary 3.3 that we still have B,(f;) sufficiently large with respect to d and
rq, ..., r1. Let us put a graded lexicographic ordering on the monomials formed
by Xi,...,Xy—p, Wi,..., W, such that w, is the leading coefficient of fi,.
By denoting wi = w, (1 < r < ry), we see that the linear polynomials in
(4.3) satisfy the conditions of system (4.2). We note that for us this graded
lexicographic ordering is essentially on the monomials formed by xi, ..., x,_,,
as wy, ..., w, do not appear in f,, with £ > 1.

Let us denote B, := BB,(f,) for the Birch rank of f, in (4.3). We consider F, =
(F215s ..., Fa,,), the system of homogeneous degree 2 portions of f,. From each
., ..., F,,,, we collect the coefficient of the monomial x; x;, and turn it into
a vector in Q™. We do this for every degree 2 monomial. We then form a matrix
by putting these vectors in columns from left to right in the decreasing order of
the degree 2 monomials. Since B, = B,(F,) > 0, this matrix has full rank. We
row reduce this matrix, and we denote the r, monomials where the leading 1’s
occur to be wi2r (1 < r < r,), and label the distinct variables involved in these r,
monomials to be w, = (w,,41, ..., W, +k,). Clearly we have K, < 2r,.

From the row reduction operations done on the coefficient matrix of F,, without
changing the solution set we can reduce f; to

for®X) =0, W2 + f5,(x) (1 <r<r), (4.4)

where wi7 is the leading monomial of f,(x), with respect to the graded
lexicographic ordering, and none of the monomials of fz,r (x) is divisible by any
one of wit' (1 < £ <2,1<r <ry). Wehave that ¢;, w2 + f5 ,(x) is a Q-linear
combination of f,1,..., fo,, in (4.3), where the Q-linear combination comes
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from the row reduction operations applied on the coefficient matrix described
above. Thus by the basic properties of the Birch rank, it follows that

By({co, W + fo,(x) : 1 <7 < 12)) = By
It then follows from (2.4) that the h-invariant of f, in (4.4) satisfies
ha(f,) > 2'72B,,

and hence h,(f,) is sufficiently large with respect to d and ry, ..., r;. We also
have by Lemma 3.2,

B({fo,x): 1 <7 <)) = Bol{ for ®lwpmo 1 1 <7 < 12})
= Bo({(c2, W + fo, () lwsmo 1 1 <7 < 12))
> By({eo, W + f,(X) 1 1 <r <mh) — (n+ DK,
=B, — (rn+ 1)K,.

Thus Bz({f;,,(x) : 1 < r < rp)) is sufficiently large with respectto d and ry, . . .,
r1. It is also clear that w¥’ is not divisible by any one of wi" = w, (1 <7’ <
r1). Therefore, we have obtained that we can reduce the degree 2 polynomials of
system (4.3) without changing the solution set to satisfy the conditions of system
(4.2) with yx, ,(x) being the zero polynomial (1 < r < rp).

Using the ¢ = 2 case as the base case, we prove our statement by induction. Let
£y = 3. Suppose we have reduced the polynomials f, in (4.3) for each 2 < £ <
£y — 1, without changing the solution set, to satisfy the conditions of (4.2). First
we take the distinct variables involved in the monomials w3 (1 < r < r3) that
have not yet appeared in w,, and label them as w, 4,41, ..., Wy 4k,+k,. Clearly
we have K3 < 3r;. We adjoin these variables to w,, and let w; = (w41, ...,
Wy, +k,+k5)- Then we take the distinct variables involved in the monomials w¥r
(1 < r < ry) that have not yet appeared in w3, and label them as w,, 1k, +x;+15
.oy Wr ikt kst kg - Clearly we have Ky < 4ry. We adjoin these variables to ws,
and let wy = (W, 115 .-, Wrt+k,+ks+k,)- W continue in this manner until we
obtain

Wo—1 = (w,l+1, ey w,.1+K2+...+KiO_]),
where K; < jr; Q< j <4y —1).
Foreach 1 <r < ry,, we let

JeorX) = Xg,, (X + fo (%), 4.5)

where every monomial of XZ) J(x) is divisible by one of witr (2 <0 < £y, 1 <
r < ry), and none of the monomials of fg{),r(x) is divisible by any one of wit-
2<l <y, 1<r<ry).Since

feo,r(x)|W/C‘0_|:0 = [’;.r(x)|W4{0_1:0 (1 g r g r[o)v
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we have by Lemma 3.2 that

B, ({fr, ) : 1< <reed) = By (i, Ry 1=0 1 1 <7 <)
= B[o({f@o,r(x)|W/¢0,|=0 : 1 g r < r(()})
> By, (£,) — (rey + D(Ky + -+ - + Kyy—1).

Consequently, we have that By, ({f,, , : r < ry,)) is sufficiently large with
respect to d and ry, ..., r;. Also it follows by basic facts about reduction in
Grobner basis theory that we may write

X, ) =30, + DD L ®) fo, (), (4.6)

2 <ty 1<r/ <y

where Xéo,r(x? is a polynomial which does not contain any monomial divisible by
any one of witr (2 < £ < £y, 1 < r < ry). Furthermore, Xéo_r(x) is a polynomial
of degree less than or equal to £y, and ¢y, ., (X) is a polynomial of degree less
than or equal to £, — ¢’. We obtain by the definition of the A-invariant that

heo(Xy) < byl ) +hey | D DT G ®) frr ()

20 <y 1<r <y

< re + Ty 4.7

foreach 1 < r < ry,. Also, via (4.6) we can reduce f,, of (4.5) without changing
the solution set, and assume it is of the shape

Fuor®) = X0, 0+ £, (1< r < rey), 4.8)

where none of the monomials of f;/  (x) or x; .(x) is divisible by any one of witr
R<tl<tby, 1 <r<r.

We then consider Fy, = (Fy 1, ..., Fgo,%) where Fy,, is the homogeneous
degree {, portion of f,, in (4.8). From each Fy,,..., Fy,,, we collect the
coefficient of the monomial x;, - - - x;, and turn it into a vector in Q. We do this

for every degree £, monomial. We then form a matrix by putting these vectors
in columns from left to right in the decreasing order of the degree £, monomials.
From the definition of the A-invariant, we can deduce

e

he,(Fe,) + Zhio(Xzo LX) = he ({fp,(X) 1 1 <7 <))

r=1
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Consequently, we obtain from (2.4) and (4.7) that

lo—1
hey(Fey) = 270 By ({1, (00 0 1< r < rgg)) = 20 ) 1o
=2
Thus it follows that A, (F,,) is sufficiently large with respect to d and 7, ..., ry.

In particular, since we have hy,(F,,) > 0, the coefficient matrix of F,, above has
full rank. We row reduce this matrix, and we denote the r,, monomials where the
leading 1’s occur to be wior (1 <r < re,). We then take the distinct variables
involved in these r,, monomials that have not yet appeared in w,,_;, and label
them as

w,]+1(2+...+1(£071+1, ey w,,+K2+...+KK071+KlO .

Clearly we have K, < £yry,. We adjoin these variables to w,,_;, and let w,, =
(w,.lH, ey w,,+K2+...+K[0).

From the row reduction operations done on the coefficient matrix, without
changing the solution set we can reduce f;, to

Foor () = o0 r WO 4 100, ) + fro, X (1 <7 < rg),s (4.9)

where wior is the leading monomial of f;,,, with respect to the graded
lexicographic ordering, and none of the monomials of fgor(X) or XgO,(X) is
divisible by any one of wit' (1 < €' < £y, 1 <1’ < ry). Also xg,.,(X) —{—cgo,,_wlfor

. . . . .. ~ 2 :

is a Q-linear combination of x; |, ..., Xxg,. oy and similarly f, ,(x) + c,(_,o?,w“o»r
is a QQ-linear comblnatlon of fi s flo "o for some appropriate rational
coefficients Ce ', and cl y» Where cé(l)?r + cz?r = ¢y, . It then follows by the

definition of the h-invariant and (4.7) that

reg Lo—1
h(Xtor) S T4 Y hey () S U42r, Y re (L<r < ryy).
r=1 =2
We obtained fgo F(X) + 0(2) witr as a Q-linear combination of feo e feo oy

where the Q-linear comblnatlon came from the row reduction operations apphed
to the coefficient matrix of F,,. Thus by the basic properties of the Birch rank, it
follows that

Bey ({Fro.r %) + ¢ wior 0 1 <7 < 1)) = By (1L, 1 1 <7 < 1))
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Therefore, we obtain by Lemma 3.2 that

By, ({ frp.r (%) : < red)
> BZO({fZU,r(XNweU:O 1 <r <ryd)
= Be, ({(fop.r (0 + ¢, Whor) g o 1 <7 <))
> By ({fror X) + ¢ wior 1 1< r <)) = (g + D(Ka + - + Ky
=By, ({fy,, 1 <7 <rg}) = (rgy + DKy + -+ + Kyp).

Thus we have that B, ({ fgw(x) : 1 < r < ry}) is sufficiently large with respect
tod and ry, ..., r;. It then follows by a similar argument given above, to show
the A-invariant of f,, in (4.8) is sufficiently large, that the A-invariant of f, in
(4.9) is sufficiently large with respect to d and ry, ..., r. Finally, we also have
by the construction that for each 1 < r < ry,, the monomial witr is not divisible
by any one of witr (1 < € < £y, 1 < r < r,). Thus we have completed induction.
Therefore, we obtain that we can transform system (4.1) into system (4.2) without

changing the solution set. Let us adjoin w,; to (w;, ..., w, ) and denote the
resulting set of variables to be w = (wy, ..., wg), where
d
K=ri+K+ - +K; <) tre. (4.10)
=1

We also add that if there are any ¢ with r, = 0, we simply skip these cases in the
above argument.
Letoy, e R(1 <£<d,1<r <r),and consider

Y e fu®

1<e<d 1<r<ry

as a polynomial in xi, ..., x, with real coefficients, where f is the system of
polynomials in (4.2). Given any 1 < £ < d and 1 < r < ry, it follows from
the construction that the coefficient of wi*r of the above polynomial is c; o,
Letx = (w,X'). Letus also fix X' = x; € 7Z"—K Tt is clear that if we consider

DD s fer(w,xp) (4.11)

1<6<d 1<r<re

as a polynomial in w with real coefficients, then given 1 < £ < d,1 <r < r, we
still have that the coefficient of wir of this polynomial is CorOpr Furthermore,
this polynomial does not contain any monomial divisible by wi¢~ other than itself.

Weset R=ry;+---+r.Leta = (e, ..., ;) € R where oy = (a1, ...,
ar,,) € R (1 < € < d). Similarly, we denote a = (ay, ...,a,) € (Z/qZ)X,
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where ¢ € Nand a, = (ag1,...,a0,,) € (Z/qZ)" (1 < £ < d).LetT =R/Z
and || 8| denote the distance from 8 € R to the nearest integer, which induces a
metric on T via d(«, B) = || — B||. For a given value of C > 0 and an integer

1 < g < (log X)€, we define

My g (€)= for € T max Jlaw, — i, /qll < X~ (og X)° (1 < €< )

I

for each a € (Z/qZ)® with gcd(a, g) = 1 (by which we mean that the greatest
common divisor of the numbers a, 1, ..., a;,, and g is 1). These arcs are disjoint
for X sufficiently large.

We define the major arcs to be

mo= J U MO,
g<(og X)€ ae(Z/qZ)R
ged(a,g)=1

and define the minor arcs to be
m(C) = TR\M(C).

In other words, the major arcs is a collection of elements in T that can be
simultaneously ‘well approximated’ by rational numbers of the same denominator
g, where ¢ is ‘small’.

For a system of polynomials f, we define

d re
TEa):= ) AXe (ZZfo) .ae,r), (4.12)

xe[0,X]" =1 r=1

where we defined A(x) in (1.5). By the orthogonality relation, we have

M(X)= ) ALy (%)

xe[0,X]"

=f--~/T(f;a)da
T T

= / T, @) do +/ T o) do. (4.13)
M(C) m(C)

For the system of polynomials f in (4.2), we prove the following results on the
minor arcs and the major arcs.
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PROPOSITION 4.1. Let f be the polynomials in (4.2). Given any ¢ > 0, for
sufficiently large C > 0 we have

H—Z?ZI Krg

TEa)de K ———.
~/;1(C) (log X)°

PROPOSITION 4.2. Let £ be the polynomials in (4.2). Given any ¢ > 0, for
sufficiently large C > 0 we have

d g X”*Z?:] Lre
/ T a)da =CEX" St o[ 2,
M) (log X)°

where C(f) is a constant that depends only on f.

We prove Proposition 4.1 in Section 5, and Proposition 4.2 in Section 7.

5. Hardy-Littlewood circle method: minor arcs

Proof of Proposition 4.1. We consider the system of polynomials f in (4.2)
constructed in the previous section, which satisfies all the conditions described
below (4.2). Recall we denote w = (w;, ..., wg), where K < dR and R =
Z‘Zzl re. We let F = (ﬁd, R E) be the system of forms such that for each
1<e<d, I<~’g = (ﬁgvl, e, I:"'g,,i) and E,, is the homogeneous degree ¢ portion of
ﬁ,,. (1 <r <rp).Foreach 1 < £ < d, we know that 5, (E) is sufficiently large
with respect to d and r,, .. ., r;. Thus we apply Proposition 3.4 to the system

Falwos - » Filweo),

and denote the partition of variables of x\w we obtain by (y, z) so that x = (w,
y,z). Let

00, (y.2) = Fp, (0,y,2) — F,,,(0,0,2) 2<£<d, 1<r<rp.

Then the partition of variables x = (w, y, z) satisfies

d

¥yl =M <) rC;. (5.1)

=1
and also

-1
Bi({Qu(y.0: 1<r<r)>Cli—ry Chry Q<L<d), (52)
j=1

Bi({F,,(0,y,0): 1 <r <ri))>Ct, (5.3)
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and
-1
Bi({Fo,(0,0,2) : 1<r<r) 2Coh—r Y Chyry (1<E<d), (54
j=1

where C7, and C7, (1 < £ < d) are positive integer constants depending only
ond and r,, ..., r; to be chosen later. In particular, we will make sure that the
right hand side of (5.4) for 2 < £ < d is sufficiently large with respect to d and
r4, - .., I . For notational convenience, we label y = (yy, ..., yy) and z = (z;,
fee Zn—M—K)-

We then apply PI’OROSitiOIl 34 (witll Cii=Ca=0Cp=-= Cd.2~: 1) to
the system of forms (F,(0, 0, z), ..., F2(0, 0, z)), where F,(0, 0, z) = (F,,(0, 0,
z), ..., F;,,(0,0,2)) for each 2 < ¢ < d. Let the partition of variables we obtain
to be z = (a, b), which satisfies

d
lal = M' <) Gy, (5.5)
=2

and

—1
Bi({Pi,@b): 1<r<r))>Cp—r ) Chrj Q<t<d, 1<r<ry),
j=2

(5.6)
where
Po.(a,b) = F,,(0,0,2) — F,,(0,0,(0,b)) 2<t<d, 1<r<r).

Note we are only mentioning the statement (5.6) for 2 < £ < d, because we will
not be needing it for the case £ = d. Recall from (4.2) we have for 2 < £ < d,
l<r<r, ~
for(®) = co, W + x0,(X) + fo,(x),
where
he(xe,) < Cy

for some constant C;; dependent only on d and ry, ..., ry. Let XZ(Z,) (x) denote the
homogeneous degree £ portion of x,,(x). Then it is easy to deduce from the
definition of the A-invariant that the quantities

Re(x2(0,y,2) — x:7(0,0,2)), he(x(0,0,2) — x2(0,0, (0, b)),
he(x:2(0,0, z))
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are all bounded by 2C;j. We then let

Qi (y,2) = 00, (v,2) + %20, y,2) — x.(0,0,2) (5.7)

and
P, (a,b) = P, (a,b) + x.2(0,0,2) — x)(0,0, (0, b)). (5.8)

We remark that from the definition it follows that Q,,(y, z) is precisely the
homogeneous degree ¢ portion of the polynomial f;,(0,y,z) — f;,.(0,0,z).
Clearly every monomial of Q,,(y, z) with nonzero coefficient contains at least
one of the y variables, and hence h,(Q,,(y,z)) < |y|. Similarly, P, ,(a, b) is
precisely the homogeneous degree ¢ portion of the polynomial f,,(0,0,z) —
fe-(0,0, (0,b)). Clearly every monomial of P, ,(a, b) with nonzero coefficient
contains at least one of the a variables, and hence %,(P; ,(a, b)) < |a|.

We obtain the following three inequalities from (5.2), (5.6), and (5.4),
respectively, by applying (2.4) and the definition of the h-invariant with the
comment before (5.7),

he({Qer(y,2) : 1 <7 < 1))
-1
> 2!+t <C2,1 —r, Zc;,lr,) ConCl @<e<d), (59
he({P,(a,b) : r<re})

> 2 (M reZlerj) €y 2<Lt<d),  (510)

and

ha({F4,(0,0,2) + x32(0,0,2) : 1 < r < 1))

d—1
> g (c;,z —rch;-,]rj) - 2ncy. 6.1

j=1

It is clear from the definition that the homogeneous degree d portion of f, (0, 0,
z) is precisely Fd +(0,0,2) + X(d) (0,0, z) foreach 1 < r < ry. Thus we have

Fy,(0,0,2) = F;,(0,0,2) + x7(0,0,2) (1 <r<r,),
and we also let

F,00,0,2z) = (F;,(0,0,2), ..., F,;,,00,0,2)). (5.12)
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With the notations we have defined so far, we have
Fur(0,y,2) = Qu, (¥, 2) + Fy,(0,0,2) (I <7 <ra),
and foreach2 < £ < d,
F (0,y,2) = Q¢ (y,2) + Prr(a,b) + F,,(0,0,(0,b)) (I <7 <r),
where
Fy,;(0,0,2) = Pp.(a,b) + F;,(0,0,(0,b)) (I <r<r).

Let2 < ¢ < d.Foreach 1 < r < ry, the partition of variables x = (w,y, z)
gives the decomposition of the following shape

f«‘i,r(w7 Y» Z)

-1
= fo,w. 0,00+ > 3 (Z o, . z)) w - w,

Jj=1 1<i1<~<ij<K

t—j
(Z .ij(]?tl (Z)> ytl e yt/' + Fe,r(O, yv 0)
M

n<-< k=0
-1

+F,,0,0,2)+ ) GH@), (5.13)
k=1

which we describe below. We note that Cbékr) i1, (¥, 2) and llfg(kr) ..., (2) are forms

of degree k. The above decomposition estabhshes the following. The term

for(w,0,0) + Z > (Z D), O z)) W, - w,

j=1 1<i1 <<i; <K

consists of all the monomials of f; ,(x) which involve any variables of w, and also
the constant term. The term

-1
> <Z'1’2’?n (z)) Yoy, + Fu (0,5, 0) (5.14)

j=1 1<n <<t <M

consists of all the monomials of f;,(x) which involve any variables of y and
do not involve any of the w variables. In other words, it is precisely f;,(0,y, z)
— f0.-(0,0,z). Finally, we have the terms which only involve the z variables

£—1

Fi, (0.0.2) + ) Gl(@),

k=1

where Gékz (z) is the homogeneous degree k portion of f;,(0, 0, z).
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We denote

®={}), . :2

Criiy, i

<
I<ip<---<i

Note every form of @ has degree strictly less than d, and involves only the y
variables and the z variables. We shall use the notation |®| to denote the number
of forms in @, and other instances of notation of this type should be interpreted
in a similar manner. Clearly we have

d d
|®| < Zremd < Z RO(AR) < d*P R,
=2 =2

Recall the function p, , defined in (2.6). We apply Proposition 2.7 to the system
@ with respect to the partition of variables (y, z) and the functions F = {F, ...,
Fu_1}, where

.F;(l‘) = ,od,d(ZR + 2[) + 2t +4r1
+2R(AR(R* + D *2%(p4.4(2R + 2t) + 2t + 4r, + 2RC})
+dR}(R*+ D22t + 1)),

for each2 < i < d — 1, and obtain R(®) = (RYD(®), ..., RV (®)). For each
1<s<d—1,

RO@) ={AY : 1 <i < [RY(D)])
is precisely all the degree s forms of R(®). For each form A" € R®(®) (1 <
s<d—1,1<i<|RW@)|), we write

A=) Y B L@, (5.15)

k=0 1<ii < <ik KM

where each ¥ % i, (@) is a form of degree s — k. Thus each form Afs) introduces

at most (s + 1334’ < dM? forms in z. Also for each 1 < s < d — 1, we denote
ﬁ(‘y)(q§) to be the system obtained by removing from R (®) all forms which
depend only on the z variables. Let ﬁ(q§) = (ﬁ(dfl)(é), ... ,ﬁ(l)(cp)), R, =
Z‘:ll |ﬁ(s)(d5)|, and D, = Z‘f;ll s |ﬁ(s)(d5)|. By relabeling if necessary, for

each 1 < s < d — 1 we denote the elements of ﬁ(‘y)(q)) by

R (@) =AY 1 <i < R @))). (5.16)
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Let
U ={F,00,0,0,b):2<l<d,1<r <ry
UG @ :2<e<d, 1<r<r 1<k<e—1}
U, @:2<e<d, 1<r<r,1<j<e—1,
1< <M 1I<k<E—j}
USSP @ 1<s <d—11<i <[RV@)0<k <5,
1<iy <+ <ix < M)

In other words, ¥ is the collection of all Gé’? (z), llfe(lj)ll ” (z), A ;. (Z) except

s,itig,.

the constants, and all F, (0,0, (0, b)) but not Fd,,(O 0, 0,b)). In particular,
every form of ¥ has degree strictly less than d. We can see that

[¥| < R+dR + RA*M? + |R(®)|dM".

Furthermore, every form of ¥ is only in terms of the z variables.
We let R(W¥) = (RYDW),...,RVYW)) be a regularization of ¥ with
respect to the functions F' = {F}, ..., F)_.}, where

F(t) = pa.aQR + 2t) + 2t + 4r
+2R(AR(R* + 1)22%(04.4(2R + 2t) + 2t + 4r, + 2RC}))

foreach2 <i <d-—1.Foreachl <s <d —1,
ROW) ={V":1<i <|RVW@)|}

is precisely all the degree s forms of R(¥). Let R| = Zf;ll |R®W)| and D; =

Yol SIRO W)
Let @) denote the degree j forms of @. It follows from Proposition 2.7 that
each |R”(®)| is bounded by some constant dependent only on F and |@@~V|,
, |®@1|. Thus we see that |R(®)| and R, are bounded by a constant dependent

only ond and ry, ..., r;. It also follows from Proposition 2.7 that each |R® (¥)|
is bounded by some constant dependent only on F', d, R, M, and |R(®)|. Thus
we obtain that R, is bounded by a constant dependent only on M, d and ry, ..., ry.

We first set C7 | = 2R, + 1. We now set the values of C7 | (2 < £ < d) such
that they satisfy

—
217l (CZ,I —reZC;’I}"j> 2]"ZC Ld, ((ZR +2R2) +2R2 +4r1 (517)
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Since (5.17) is equivalent to

-1
Cy =27 (p0.cRR + 2Ry) + 2Ry + 4ry + 2r,C) + 10 Y Chyr,

j=1
we can also make sure C; | satisfies the additional constraint

-1
Cl1 < 2(Paa@R +2Ro) +2R; +4ry + 2RC) + B ) C5 .

j=1

It is then not difficult to show by induction that

Cy < (R +1D2%p4.a(2R + 2Ry) + 2R, + 4ry + 2RCY)
+ R*(R* + 1)*Cy,

In particular, C;, is bounded by a constant dependent only on d and ry, ..., 1.
Therefore, it follows from (5.1) that

d
M<RY C
=1

< dR(R* + D) 2(py4(2R + 2Ry) + 2R, + 4r, + 2RC))
+dR*(R*+ D' 2QR, + 1). (5.18)

Thus it follows that R; is bounded by a constant dependent only on 4 and
Vgy..., 1.
We then set the values for C7, (2 < £ < d) to satisfy

(Cgl rgzcjlr,) 2rCy 2 pae(RR+2Ry) + 2R, +4r,.  (5.19)
By a similar argument as for the C7, above, we can also make sure that C7
satisfies

C; < (R*+ 1D2%psa2R 4+ 2R)) + 2R, + 4r; + 2RCY),
and it follows from (5.5) that

M’ <dR(R*+ 1)722%(pga(2R + 2R,) + 2R, +4r, + 2RC}). (5.20)
In particular, each C; ; and M’ are bounded by constants dependent only on d and

ra,--.,r.Letusset Ct, =2R; + 1. We then make sure that for each 2 < £ < d,

https://doi.org/10.1017/fms.2018.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.21

Prime solutions to polynomial equations 33

C; , is sufficiently large with respectto C3 |, ..., C} |, Cy ..., Co_y |, Fay -, 11,
and d, and also that C[},z satisfies

d—1
2! (c[;,2 —ry Z c;,lr,) —2ryCl > paaQR +2R)) 4+ 2R, +4r. (5.21)
j=1

We note that the three inequalities (5.17), (5.19) and (5.21) provide lower bounds
for the h-invariants in (5.9), (5.10), and (5.11), respectively.

We now decompose the linear polynomials. From Proposition 2.7, we know
that every linear form of RV (@) is either only in the y variables, or only in the
z variables. First we consider the linear forms of ﬁ(l)(tb) = {AE”(y) 1 <i <
|ﬁ(l)(q§)|}, which we know to be linearly independent over Q and involve only

the y variables. By considering their linear combinations, we may assume without
loss of generality that these linear forms are of the shape

’ . 1
AV =3+ A G gy o) (L <E <R (@),

where A;(y@n@)m, ..., Yu) is a linear form in the variables YR®
with coefficients in Q. By (5.3) and Lemma 3.2, we have

@170 I

~ =
Bi({F1,(0,y,0)] I<r<nh) =2C —IR (@)= R+1>0.

w=0 1<i<R @) *
Therefore, we can find r; variables from VRO g2 0 IM such that the r; x ry

matrix, where the rth row consists of the coefficients of FL, (0,y,0) of these
ry variables, is invertible. Let us denote these variables by Vi, ..., Y, , and let
Y= 1., ) We can then write

Fi 0,y,0) =g 51+ + &%, + Fi..0,y, 0) |50,

where g1, ..., 8., € Z. Let REP(@D) be a maximal linearly independent (over
Q) subset of

RO(@) U {F;1(0,5,0) =0, ..., F1, (0,7, 0)|5-0}.

The important thing to note is that by our construction, we have that the set of
linear forms

~ ~ M
{gr,lyl +"'+gr,r1yr1 : 1 < r < rl}UR+ (d))

is linearly independent over Q. Here ﬁil)(cb) is the set of forms obtained by
removing from Rﬂrl)(q)) all forms that depend only on the z variables. Note we

also have |ﬁ$)(®)| <RV (@) + .
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We also decompose the linear forms F, 1.-(0,0, z) in a similar manner. First we
consider the linear forms of RV (W) = (V" (z) : 1 <i < |ROW)|}, which
we know to be linearly independent over Q and involve only the z variables. By
considering their linear combinations, we may assume without loss of generality
that these linear forms are of the shape

V@) =z + VI @rowysts - k) (1 <i <|RO@))),

where V/(Zjrw w41, - - - » Zu—m—k) 1s a linear form in the variables z;rm w41,
.+, Zu_m—x With coefficients in Q. By (5.4) and Lemma 3.2, we have

Bl({ﬁl.r(O, 0,2)|,—0 a<icroO@y) : 1 <r <)) > Cf,2—|R(1)(‘1’)| > Ri+1>0.

Therefore, we can find r; variables from zjgrw w41, - - - » Za—m—k such that the
r; X r; matrix, where the rth row consists of the coefficients of f],, 0,0,2z) of
these r; variables, is invertible. Let us denote these variables by 71, ..., 7, , and
letZ = (Zy,...,%,). We can then write

ﬁl,r(o’ 07 Z) = g;,1g1 +-- 4 g,/«'rl’zrl + F],r(oa 0’ z)|i:0a

where g/, ..., g, € Z. Let R (¥) be a maximal linearly independent (over
Q) subset of

ROW) U{F1(0,0,2) 50, . ... F1.,, (0,0, 2)5_}.

The important thing to note is that by our construction, we have that the set of
linear forms

(g T+ +8, T 1<r <n)URPW)

is linearly independent over Q. We also have that |[R\" (¥)| < |RO (W) + r,.
We replace R (@) of R(®) with R\ (P) and refer to the resulting set of

forms as R, (@®). It follows easily from the construction that the linear forms of

Rﬁ:)(cp) are either only in the y variables, or only in the z variables. We denote

R+(¢) = (R(d*l)(gp), ) R(Z)(QD)’ Rgrl)(¢))7
and by abusing notation slightly let

RO@) ={A" 11 <i <RV (@)]} and

—(1) . —(1)
R, (@) ={A @y :1<i <R, (®)}.
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We then define ﬁ+ (@), R,, and D; for R (@) in an analogous manner as R(P),
R,, and D, for R(®), respectively. Similarly, we replace RV (¥) of R(¥) with
Rﬂ:)(llf) and refer to the resulting set of forms as R (¥). We denote

Ri(¥) = RYPW), ..., RPW), RV W),
and by abusing notation slightly let
RYW) = V'@ : 1 <i <IRP W)

We also define R} and D) for R, (¥) in an analogous manner as R; and D, for
R(¥), respectively. It then follows that we have R, < R, +r; and R} < R +ry.
For each H € Z&, we define the following set

ZH) = {z [0, X" MK N7Z MK . R, (¥)(z) =H).

By R, (¥)(z) = H, we mean that \/i(‘y)(z) = H,;, where H,; is the corresponding
term of H, for every Vi(” € R, (¥). Other instances of notation of this type should
be interpreted in a similar manner. By Proposition 2.7, we know that each of the
polynomials F, (0,0, (0,b)) 2 < ¢ <d,1 <r <r)and G)(2) in (5.13) can
be expressed as a rational polynomial in the forms of R, (¥). Let us denote

F,(0,0,(0,b)) = ¢} (Ry(¥)),

and
Glgkz (z) = Cz.r:k (Ry(¥)),

where c‘;m and cZ‘,:k are rational polynomials in R} variables. Therefore, for any
zy = (ay, by) € Z(H) we have

Fi,(0,0,(0,by)) =i, (H) and G{l(z0) = c; ., (H).

We also know that F, 1.-(0,0,z)|3-9 is constant on Z(H), and we denote this
constant value by cfy,(H).
Similarly, we know that each of the polynomials llfl(’k,):,]w,j (z) in (5.13) can be
expressed as a rational polynomial in the forms of R (¥). Let us denote
l]/(k)

L,rity,...

@ =8, (Re(W)), (5.22)

where ¢\ is a rational polynomial in R variables. Therefore, for any z, €
AT PRN ¥

Z(H) we have

(k) _ Al
Wi,r:tl,...,tj (ZO) - C/Z,r:tl,...,tj (H)
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Since each of the forms llfs(i ”k) (z) in (5.15) can be expressed as a rational

polynomial in the forms of R, (¥), let us denote

,p(s k) W (z) = ~(& (RJr(lP))

Sll] Sll]

where each ¢, cY - ”) is a rational polynomial in R] variables. Therefore, for each

A® with1 <5 < <d—1Tand1 <i < |RW(P)], we can write
A=Y Y, ) LRy (5.23)
k=0 1<i < <ix <M
Consequently, we can define the following polynomial foreach 1 < s < d — 1
and I <i < |RY(P)],
Ay ZzH) =Y > T My, (5.24)
k=0 1<ii < <ix <M
so that given any z, € Z(H) we have
APy, 20) = A (v, Z(HD).
We then define
Ro(®)(y. Z(H) = (AV(y. ZH) 1 2< s <d — 1.1 <i < RV (@)])
UR (@),

which is a system consisting of R} polynomials (with possible repetitions).
For each G € Z&, we let

Y(G:H) ={ye[0,X1"NZ" : R (®)(y, ZH)) = G}.

It follows from the definition of ﬁﬁ) (@) that for each 1 < r < ry the polynomial
Fi,(0,y,0)]5-0 is constant on Y (G; H), and we denote this constant value by

i (G, H).
Recall @ is the collection of all @ék,) i (y, z) in (5.13), and that each
cDék,) i1y (¥ z) can be expressed as a rational polynomial in the forms of R, ().

It follows from our definition that the forms of R, (&) which depend only on the
z variables are constant on Z(H), and the remaining forms, which are precisely
the forms of R (&), are constant on Y (G; H) x Z(H). Thus each oL o] (y,z)

0,r:iy
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is constant on Y (G; H) x Z (H), and we denote this constant value by o i (G,

Lriy,...,

H).Let2 < ¢ < dand 1 < r < ry. Therefore, for any choice of z = (a, b) € Z(H)
and y € Y (G; H), the polynomial f, ,(x) takes the following shape

f({,r (W’ y7 Z)

-1 —j
= f[,r(w, 0’ 0) + Z Z ( Czlfr):il,...,i_,- (G’ H)) Wi -+ W,
k=

j=1 1< <~<i; <K \k=1

-1 0—j
- > (Z &, (H)) Yo - Vi, + For(0,y, 0)

J=1ISH <<t <M\ k=0
—1

+Py,(@b)+cf (H) + ) e (). (5.25)
k=1

When ¢ = d, we replace the term P, ,(a, b) + cg’r(H) in (5.25) with F,,(0, 0, z).
Similarly, when £ = 1 and 1 < r < ry, for any choice of z = (a, b) € Z(H) and
y € Y(G; H), the polynomial f;,(x) takes the following shape

fl,r(X) = C1,,W, + E,r(wa 09 0) + (gr,l;l +---+ 8r.ri irl)
+C;$r(G, H) + (g;JFZ\’l + e + g:’ﬁrlfzrl) + Cili’r(H)

where ﬁ, is defined in (4.2).
Foreach2 < ¢ <d,1 <r <r,, welabel

¢Z,r (Wa Ga H) = f[,r(wv 05 0)

-1 —j
k
+y D ( cé,ﬁz,-l,“.,,,.(G,H)) Wy, Wy,
1

J=1 1< << <K \k=
and
-1 l—j
IR HEDY (Z &t <H>) YooYy + For(0.y,0).
j=1 1< <<t <M \ k=0
(5.26)
We let
-1
Xo (@b, H) =P ,@b) +c, )+ ¢, H Q<L<d 1<r<n,
k=1
and also
d—1
Xoo@ b H) = F;,0,0,2)+ Y ¢ ,H) (1<r<r).
k=1
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Then forz = (a,b) € Z(H) and y € Y (G; H), we have

ferw,y,2) =&, (w,G, H) + U . (y, H) + X, . (a, b, H)
2<el<d, 1<r<r.

We define the following three exponential sums,

Soe, G, H) = )~ A(w)e( > anew, + fi(w,0,0)

wel0, XK 1<r<n

+ > > €, wG, H>>,

2<0<d 1<r<re

Si(e. G H) = )~ A(y)e( Y (g gn B + €L (GUHD)

yeY (G:H) 1<r<n
+ E E ai,r : L(é.r(ya H)) )
2<e<d 1<r<re
and

SeH= > A(z)e( D (gt 8,7+ e, (D)

z=(a,b)eZ(H) 1<r<n

+ 3 ) X @b, H)).

2<esd Isr<re
Let
L1(X)={HeZN: ZH) £ ¢},
and for each H € £, (X), let
Lo(X; H) = {G € Z" : Y(G, H) # #).
We have the following bounds on the cardinalities of these sets,
I£(0] < X1 and  L,(X; H)| < X2

It is not difficult to deduce the first inequality. The implicit constant in the second
inequality is independent of H, and to see this we note that given A;S) with 1 <

s<d—1land1<i<|R"”(®)], we have

AP al= 3 3 B <X

k=0 1<i < <ik <M
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for any (y, z) € [0, X]"~%¥ N Z"X, and similarly for the linear forms of ﬁ?(@).
Therefore, we obtain by applying the Cauchy—Schwarz inequality

2

/ T, o) do
m(C)

<Y X [ Y amaman

HeL(X) GeL(X;H) wel0, X1
yeY (G;H)
z=(a,b)eZ(H)

-e < Z Oll,r(cl.ru)r + ﬁ.r(w’ 07 0) + (gr,lyl +---+ 8r.ri S;rl)

I<r<n

+ ¢}, (G, H)

+ (g 4+ 8, %)+ cf.,(H)))

2
-e< Y > o (€ (W, GUH) + 4y, (v H) + X (a, b, H))) dor
2<U<d 1<r<ry
2
< X% Y Y / So(@, G, H)S; (@, G, H)Sy(a, H) der
Hel(X) GeLy(X:H) ¥ ™(C)
< XPtP - sup  sup [So(e, G, H)I®
Hel(X) aem(C)
GeLyr(X;H)
YD ISIG GBS HS, (5.27)

Hel|(X) GeL,(X;H)

where | - ||, denotes the L2-norm on [0, 1]%.
By the orthogonality relation, it follows that

151G, G, ) 3115:(, Bl < (log X)*" ¥ N1(G; N> (H),
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where

NG H) = |{(y,y) € Y(G;H) x Y(G; H) : 8, (y, H)
:uﬁ,r(y/7H) (2<£<d,1<r<rg),
gr,l;l +--- gr,rlirl = gr,lyi + -+ gmiﬁl 1<r< "1)}|,

and withz = (a,b) and 2’ = (a’, b’),

NyH) = |{(z,2)) € ZH) x Z(H) : X,,(a, b, H)
=X, @, b, H Q2<€<d, 1<r<ry,
g Fi g, T =g T g T (<<l

Here y! (1 <i < ry)arer, of the y' variables in the exact same way y; (1 <i <ry)
are r; of the y variables. Similarly, Z (1 <i < ry) are r; of the z' variables in the
exact same way Z; (1 < i < r;) are r; of the z variables. Other instances of
notation of this type should be interpreted in a similar manner.

With these notations, we may further bound (5.27) as follows

/ T, a)da
m(C)

< (log X)" 2 xP P2 | sup  sup [Sy(e, G, HD[* | W, (5.28)
Hel(X) aem(C)
GeLy(X:H)

2

where

W= > Y MGHNH).

Hel|(X) GeLr(X;H)
We can express YV as the number of solutions y,y' € [0, X]¥ N Z" and z =
(a,b),z = (@,b) € [0, X]" MK NZ"~M=K of the system
Ri(W)(@) =R,(¥)@)=H (5.29)
Ri(@)(y, ZH) =R ()Y, ZH) =G
U, (v, ) =, (Y, H) 2<LE<d, 1<r<r)

gr.lyl +-- 4+ gr,rlirl = gr,l’)\;i +-- 4+ gr,rl’j;rll (1 < r g rl)
Xer(@,b,H) =X, @, b,H) 2<<d, 1<r<ry
g;qlzl + ct e + g;’,.l’z‘rl = g;’lfz,l + M + g;,rlzl:,l (1 < r < }"])

forany H € £,(X) and G € L,(X;H). By R, (¥)(z) = R, (¥)(z) = H, we
mean that V,*) (z) = Vi(s) (z') = H,;, where H, is the corresponding term of H, for
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every V,.(” € R, (¥). The second set of equations in (5.29) should be interpreted
in a similar manner.

We know that the system of polynomials ﬁ+(¢)(y, Z(H)) is identical to
ﬁ+(q))(y, Zo) for any choice of zy € Z(H). Similarly, it follows from (5.14),
(5.22), and (5.26) that the polynomial i, ,(y, H) is identical to f;,(0,y, zo) —
fe.-(0,0,2y) for any choice of zy € Z(H). Furthermore, for 2 < £ < d we
know that each term of X, , (a, b, H) except for P, ,(a, b) is constant on z = (a,
b) € Z(H). Therefore, since R, (¥)(z) = H implies z € Z(H), we can rearrange
the system (5.29) and deduce that MV is the number of solutions y,y’ € [0,
XM NZMandz,z € [0, X]"" MK NZ=M=K of the following system

Ri(¥)(2) = R4 (¥)(2) (5.30)
R (®)(y,z) = R ()Y, 2)
f[,r(o, y? Z) - f(i,r(oy 0’ Z) = ff,r(ov y/’ Z) - f[,r(o, 09 Z)
2<e<d, 1<r<r
gr.ls;l +---+ gr,rlyrl = gr,ls;i +---+ gr,r]y;l (1 < r < rl)
Fi,0,0,2) = F;,0,0,2) (1<r<ry)
P, (a,b) =P, (@, b) 2<l<d 1<r<r)
g;,l’zl +ot g;,rl’Z’I = g;l’z/l +oeet gr,r‘lzr] (1 }" )

Our result then follows from the following two claims.

CLAIM 1. Given any ¢ > 0, for sufficiently large C > 0 we have

K

sup  sup [So(e, G, H)| € .
Hel((X) aem(C) (log X)“
GeLls(X:H)

CLAIM 2. We have the following bound on WV,
W <« Y 2—2K=2%{_, bre=D{~Dj

Let ¢ > 0. By substituting the bounds from the two claims above into (5.28),
we obtain that for sufficiently large C > 0 we have

X"*Z[Z:I lry

Tt a)de K ———,
/m(C) (log X)°

which is the bound in the statement of this proposition. Therefore, we are only left
to prove Claims 1 and 2 to establish our proposition. We now present the proof of
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Claim 2. Claim 1 is obtained via Weyl differencing, which is a technique based
on the Cauchy—Schwarz inequality, and we prove it in Section 5.3 after the proof
of Claim 2.

From (5.30), we can write

W= > W@ W,

z=(a,b)e[0, X ]"~M-K

where Wi (z) is the number of solutions y, y' € [0, X]” N Z to the system

Ry, 2) = Ry(®)Y, D),
f@,r(()’ yv Z) - fz,r(os 07 Z) = fK,r(Os y/v Z) - f@,r(()’ 07 Z)
2<e<d, 1<r<r
gr,lyl + - +gr,r1yr1 = gr,ly{ +- 4+ gr,rly;l A<r<n),

and Wj(z) is the number of solutions z' = (a’, b') € [0, X]"" M=K N Z"M~K to
the system

Ri(W) (@) = R(¥)(@)
Fd,r(0707z)=Fd,r(0,0»z,) (] grgrd)
Py.(a,b) = P (@, b) Q2<l<d 1<r<r
gt g, =g+ T+ 8,5, (I<r<n.
Define W, := )", W!(z)* (i = 1, 2) so that we have W? < W, W, by the Cauchy—
Schwarz inequality. We estimate YV, and W, in Sections 5.1 and 5.2, respectively.
In Section 5.1, we prove W, « X"+3M—K=2X0 =20, and in Section 5.2 we
prove W, « X3=M —K)=2 X tre=2D] Combining these bounds for YW, and W,

we obtain ,
W < WIPWI? « X2 2K 2K tre=Di= Dy,

which proves Claim 2.

5.1. Estimate for YV,. We first estimate VV,, which we can deduce to be the
number of solutions y,y, v,v € [0, X]¥Y NZM and z € [0, X|"" MK nZz—M-K
satisfying the equations
fer0,y,2) = fo,0,y,2) =0 (2
fl,r(()?V’Z) f(r(o V z)_O (

r
Zgrlyl_zgrl%:O (1<r<r1)
i=1 i=1

re)  (5.31)

</ <
</l r<ry)
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r r
Zgr,i’ﬁi - Zgr,ﬁ; =0 (AI<r<n)
i=1 i=1

Ri(®)(y. 1) = Ru(P)(Y,2) =0
Ro(@)(V.2) — R (P)(V.2) = 0.

Let ﬁi)(cb) denote the degree i forms of ﬁ+(¢) (1<i<d).By ﬁ+(¢)(y, Z)
- ﬁ+ (®@)(y', z), we mean the system of forms where its degree i forms are

(@) (i) , i i . =)
RO (®)y,2) —R (D). 2) ={A)(v,2) — AV (.2 : 1 <j <R, (@)},

for each 1 < i < d — 1. Recall we have Ry (®) = R (®) for2 <i <d — 1.
We also define

RoA(P)(v,2) — R (P)(V, 2)

in a similar manner.

We consider the A-invariant of the system of polynomials on the left hand side
of (5.31), and show that it is a regular system. Recall we defined Q, . (y, z) in (5.7)
and also remarked that it is the homogeneous degree £ portion of the polynomial
fer0,y,2) — f,.,(0,0,z). Therefore, the homogeneous degree ¢ portion of the
polynomial f;,(0,y,z) — f.,(0,y,z) is precisely Q,,(y,z) — Q¢ (¥, z). Thus
the homogeneous degree d portions of the degree d polynomials of the system
(5.31) are Qu, (¥, 2) — Qu, (¥ 2), Qur (v, 2) — Qu, (v, 2) (1 < 1 < r). We let
h, be the h-invariant of these degree d forms. Suppose for some A, u € Q'%, not
both 0, we have

D ke (Qar(y.2) — Qus(¥ . D) + - (Qu, (v, 2) — Qur (V. 2))

r=1

="0,-V, (5.32)

where ﬁj = ﬁj(y, y,v,Vv,z) and \7]- = Vj(y, Yy, Vv, V,z) are rational forms of
positive degree (1 < j < hy). Without loss of generality, suppose A #= 0. If we
set v=v =y =0, then the above equation (5.32) becomes

rd

ha
> ke Qur(y.m) =) Uj(y,0,0,0,2)- V;(y,0,0,0,2).

r=1 j=1
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Therefore, we obtain from (5.9) and (5.17) that

hg 2 hg({Qar(y,2) : 1 <1 <1q))
2 paa(2R +2R,) + 2R, + 41y
=P

=0 =0
0.d(2R + 2R, = 2|R . (®)| — 2ry) + 2IR, (@)| + 2r;.

We now estimate the h-invariant of the degree ¢ polynomials of the
system (5.31) for each 2 < £ < d — 1. The homogeneous degree ¢ portion of the
degree ¢ polynomials of the system (5.31) is precisely Q,,(y,z) — Q. (Y, 2),

0., (v.2)— 00, (v, 2) (1 < r < ry), and the forms of R, (@) (y, 2)— R, (@)Y
z) and ﬁf) (®)(v,2) —ﬁf) (@) (v, z). We let hy be the h-invariant of these degree

)
¢ forms. Suppose for some A, o € Q" and y, y’ € Q" @I not all zero vectors,
we have

S (Qer (1 2) = Qur (¥ ) + by - (Qes (v, 2) — 00, (V. 7))

r=1
+ > @Y r2 - AYY. )+ (A (v.2) — AV (V. 2)

O
ISUSIR (@)

hy
=30, 7, (5.33)
j=I

where l7j = ﬁj(y, y,v,Vv,z) and \7j = Vj(y, Yy, v, V,z) are rational forms of
positive degree (1 < j < hy). We must consider two cases, y = y’ = 0 and at
least one of y and y’ not being a zero vector. If y = y’ = 0, then at least one of
A or p is not a zero vector. Without loss of generality, suppose A # 0. Then by
setting v =v =y = 0, we have

re he
D> hQe(y.m) =) Ui(y,0.0,0,2)- V;(y,0,0,0,2).
r=1 j=I
Consequently, we obtain from (5.9) and (5.17) that

he 2 he({Qer(y,2) : 1 <7 <r¢)) 2 pa (2R +2Ry) + 2Ry + 4ry.

For the second case, suppose without loss of generality that y # 0. First we set
v = v’ = 0 and simplify the equation (5.33) to
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Sk (Qu.D -0y )+ Y y(AYG.2) - AV, )

=1 0]
g IR (@)

he
=> U;(y.y.0.0.2)- V;(y.y.0.0,2). (5.34)
j=1

Recall every monomial of Qy , (y, z) contains at least one of the y variables. Thus
it follows from the definition of the A-invariant, (5.1), and (5.18) that

he(Qe,(y,2)
<M

< dR(R* + 1)"22%(pg.4(2R + 2R;) + 2R, + 47, +2RC)
+dR*(R*+ D 2Q2R, + 1).

Therefore, by moving the term Z:;l A (Qer (Y, 2)— Qo (¥, 2)) to the right hand
side of the equation (5.34), we obtain via Lemma 2.6 and (4) of Proposition 2.7

that
h[ + 2}’[M
—(0) —() ,
P hl(R+ (Q)(y’ Z) - R+ (¢)(y ’ Z))
h(R, (®)(y.2) — R, (@)Y 2): 2)
h(RL (®)(y. 2), R ()(Y. 2): 2)
— _— ,
=h,R" @)y, 2, R (@), 2); 2)
= n,R" (®)(y. 2): 2)
= Fi(Ry)
= pdd(ZR —|— 2R2) + 2R2 + 4}’1
+2R@R(R* + 1) 22%(pg.4(2R + 2R;) + 2R, + 4r +2RC})
+dR}*(R*>+ D) 2(2R, + 1)). (5.35)

VoWV

Thus it follows that
he 2 04.a2R +2Ry) + 2Ry +4r1 2 pg (2R 4+ 2Ry) + 2R, + 4.
Therefore, in either case we obtain

, =0
he 2 pae(2R +2Ry) + 2Ry +4r1 2 pa 2R + 2R, — 2[R, (P)| — 2r1)
=0
+ 2[R, (P)] +2r1.

https://doi.org/10.1017/fms.2018.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.21

S. Yamagishi 46

Finally, we also have to show that the linear forms of the system (5.31) are
linearly independent over Q. Recall the linear forms of

A =)
{Zgr,iyi I<r< ”1} UR+ (@)(y,2)
i=1

are linearly independent over Q, and by construction they are only in the y
variables. It is then a basic exercise in linear algebra to verify that the linear forms
of

- - , O - ’
R, (®)(y,2) - R, (P)(Y.2) UR+ (@)(v,2) = R, (D)(V,2)
U {Zgr,i)N’i - Zgr,i% Isr< r1}
i=1 i=1
U {Z&@—Zgr,ﬂilérérl} (5.36)
i=1 i=1

are linearly independent over Q.
Therefore, we obtain from Corollary 2.5 that

W, « X"+3M-K=2 >4 tre—2D)

5.2. Estimate for VYV,. We now estimate VV,, which we can deduce to be the
number of solutions z, z, z” € [0, X]""M~K N Z"~M~K gatisfying the equations

Fy,:(0,0,2) — F;,(0,0,2) =0 (1<r<ry) (5.37)
F;,(0,0,2) — F;,(0,0,2) =0 (1<r<ry)
Py .(a,b) — P, (@, b)=0 Q2<Ll<d 1<r<r)
Poo@b)— P@ b)Y =0 Q<l<d1<r<n)
r r
ngzi - Zg;,z =0 A<r<n)
i=1 i=1
r ri
Zg;-iz'_ g2 =0 (A<r<r
i=1 i=1

Ri(¥)(@z) — R, (¥)(Z) =0
Ri(¥)(z) — R (¥)(Z') =0,
where z = (a, b),z' = (a’, b), and z’ = (a”, b”). Here the notations R, (¥)(z) —

R,.(W)(@)and R (¥)(z)—R,(¥)(z") should be interpreted in a similar manner
as in Section 5.1.
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We consider the h-invariant of the system of forms on the left hand side
of (5.37), and show that it is a regular system. The degree d forms of the
system (5.37) are precisely F,,(0,0,z) — F,;,(0,0,2") and F, (0,0, z) — F, (0,
0,z") (1 <r < ry), and we let h,; be the h-invariant of these degree d forms.
Suppose for some A, . € Q“, not both 0, we have

rd rd

D - (Fup(0,0,2) = Fu r(0,0,2)) + ) gty - (Fyp (0,0,2) — Fy (0,0,27))

r=1 r=1

hq
-3 8,7, (5.38)
j=1

where U ;= U j(z,7',7") and \7]- = \7]- (z,7',2") are rational forms of positive
degree (1 < j < hy). We consider two cases, (A + p) # 0 and (A + p) = 0.
Suppose (A + n) # 0. If we set z = z” = 0, then the above equation (5.38)
becomes

hg

rd
> 0w+ ) Far(0,0,2) = > U(2,0.0) - V;(z,0,0).

r=1 j=1

Thus we obtain
hg = ha(F4(0,0,2)).

On the other hand, suppose (A + ) = 0, then the above equation (5.38) simplifies

to
hy

rd
=D ke (Fa,(0.0.2) — Fy, (0.0.2) = ) T, - V.

r=1 Jj=1

From this equation, by setting z” = 0 we obtain
ha = hq(Fq(0,0,2)).
Therefore, in either case we obtain from (5.11), (5.12), and (5.21) that

hy «(F4(0,0,z))

> h

2 p4.a(2R +2Ry) + 2R, + 4

> paa(2QR + 2R, = 2IRV(W)| — 2r1) + 2IRV ()| + 2ry.

We now estimate the i-invariant of the degree £ forms of the system (5.37) for

each 2 < £ < d. Recall we have R (¥) = (R4 D), ..., R2w), RV (¥)).
The degree ¢ forms of the system (5.37) are precisely P,,.(a,b) — Py, (a’,b’),
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Py, (a,b)— P,.(a",b") (1 <r <), and the forms of RO (W) (z) — RO (W¥)(z)
and RO W) (z) — ROW)(z"). We let h, be the h-invariant of these degree ¢
forms. Then for some A, o € Q" and y, p’ € QR®I not all zero vectors, we
have

> A (Pey(a,b) — Pry(@, b)) + i (Pey(a,b) — Pr,(@', b))

r=1
RO W)
+ Y (V@ -v@) +v - vP@ - vPa))

j=1
he

=>"U;-Vj, (5.39)
j=1

where ﬁ‘,- =U j(z,z',2") and 17,- = Vj (z,7',z") are rational forms of positive
degree (1 < j < hy). We consider two cases, y = y’ = 0 and at least one of y
and y’ is not a zero vector.

First we suppose that y = y’ = 0. In this case, at least one of A and g is not
a zero vector. Without loss of generality, suppose A % 0. Then by setting z = z”
and z’ = 0, the equation (5.39) becomes

/‘l(

Z APy, (a,b) = Z l7j(z, 0,z) - Vj(z, 0,z).

1<r<ne j=1
Therefore, it follows from (5.10) and (5.19) that

he 2 he({Pe,(@,b) 1 1 <r <))
2 ,Od’g(zR +2R1) + 2R1 +4I"1
> pacRR 4 2R = 2|RV ()| — 2r1) + 2IRY(W)| + 2.

Next we suppose at least one of y and p’ is not a zero vector. Without loss of
generality, suppose y # 0. We consider two further subcases, (¥ + y’) # 0 and
y+y)=0.

Suppose (y +p’) # 0. In this case, we set 2 = z” = 0, and the equation (5.39)
simplifies to

RO W)
Z (A, + 1) P r(a, b) + Z vi+v)- V}’“(z)
1<r<re j=1
he
=3 0,@0.0)- 7, 0,0). (5.40)
j=1
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Recall every monomial of Py, (a, b) contains at least one of the a variables. Thus
it follows from the definition of the A-invariant, (5.5), and (5.20) that

ho(Pyr(a,b)) < M < dR(R* 4+ 1)"2%(04.4(2R +2R,) 4+ 2R, + 4r; +2RCY).

Therefore, by moving the term ) _, <r<ne (X + ) Py (a, b) to the right hand side
of the equation (5.40), we obtain via (3) of Proposition 2.7 that

he + M'ry = hy(ROW))
F(Ry)
= 04,42R +2R) + 2R, 4 4r

+2R(AR(R* + D) *2%(p4.4(2R + 2R)) + 2R, + 4r, + 2RCY)).

VoWV

Thus we obtain

]’le pd,d(2R + 2R1) + 2R| + 4]"1

>
> pac2R + 2R — 2[RV W) —2r) + 2IRV ()| + 2. (5.41)

On the other hand, we now suppose (y + y’) = 0. By setting z = z" = 0, the
equation (5.39) simplifies to
re RO )] he
=Y hPu@ D)= Yy VO =) U;0.2,0)- V0.2, 0).

r=1 Jj=1 j=1

Then by a similar argument as above, we have

= psa(2R +2R;) + 2R, 4 4r,
+2R(dR(R* + 1)"*2(ps.4(2R + 2R)) + 2R, + 4r; + 2RC})).

Therefore, we also obtain

hg pdd(ZR + 2R]) + 2R1 + 4}"1

>
> p4c2R + 2R, — 2[RV W) —2r) + 2RV W) + 211 (5.42)

in this case.
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We also have to show that the linear forms of the system (5.37),

(RLW)@ —RL @) @)} JRL @)@ —RL @) @)

At st
IDHIER VERERA

i=1 i=1

r

r
U {Zg;ﬁi - g7 1<r< rl} , (5.43)
i=1

i=1

are linearly independent over Q. Recall the linear forms of

RO@) @ | {Zg;ﬁ,- 1<r< rl}
i=1

are linearly independent over Q. Using this fact, the verification of linear
independence over QQ of the system of linear forms (5.43) is a basic exercise in
linear algebra.

Therefore, we obtain by Corollary 2.5 that

W, « X3n-M-K)=2 Yoy =20
5.3. Proof of Claim 1. Recall we defined

So(er, G, H) = ) A(w)e( Y e, W 4 £ (w,0,0)

wel0, XK I<r<n

+ Y Y €, WG, H)) : (5.44)
2<U<Ld 1<r<re

where
Q:E,r(w3 G’ H) = f[,r(wv 09 0)

-1 l=j

Yy (Z oG H)) —
j=1 1< <~<ij<K \k=1

Also recall we defined the monomials wit (1 < £ < d,1 <r <rp)in 4.2). If
we consider the expression in the exponent of (5.44),

Z al,r(cl,rwjl.r + ﬁ,r(wa 0’ 0)) + Z Z Oy e Qt[,r(wy G’ H)a

1<r<n 2<e<d 1<r<ry
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as a polynomial in w with real coefficients, then it follows from the discussion
after (4.11) that the coefficient of wi*" of this polynomial is ¢, o, ,. Furthermore,
this polynomial does not contain any monomial divisible by wi¢" other than itself.
We need to introduce few definitions and lemmas before we can begin with the
proof of Claim 1. Let 1 < £ < d,q € N,and a, € Z/qZ. For g > 1 we define

NG (Co) = (& €10, 1) : & — ar/g| < log X)X},
and when g = 1 we let

N (Co) = (& € [0, 1) : minf|&, [& — 1]} < (log X)X ).

We set
d 1
Ny = Y U 99,0 x - x P (Co).
C d(ag,...,a,q)=1
a<log X0 80 etz
and denote

1(Co) = [0, DNNUCy).
Let U, be the group of units in Z/q7Z. When g = 1 we let U; = {0}. Let us also

denote
nW%ﬁﬂQD\ U U9,

g<(log X)€0 arely

Suppose & = (&, ..., &) € [0, 1)¢ satisfies & € n'P(C,) for some 1 < £ < d.
Then it is clear that & € n(Cy).

We have the following lemma which is a special case of [14, Ch. VI, Section 1,
Theorem 10].

LEMMA 5.1 [14, Ch. VI, Section 1, Theorem 10]. Letf > 1, oy_y, ..., a1, ap € R,
and ged(a, g) = 1 with (log X)° < q < X‘(log X)~=°. Suppose we have oy > 0
such that o > 2% (oo + 1). Then we have

a -1 X
Ze —p top e Foapto ) K e,
= \4 (log X)7
p prime

where the implicit constant depends only on £.

From this lemma we can obtain the following, which is essentially a special case
of [14, Ch. X, Section 5, Lemma 10.8].
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LEMMA 5.2 [14, Ch. X, Section 5, Lemma 10.8]. Suppose £ > 1 and «ay, .. .,
o; € R. Let

Ti(otg,...,00) = Z A@)e(apx + - 4 oy x).
x€[0,X]

Given any ¢y > 0, for sufficiently large Cy > 0 we have

Ty (o, ..., S E—
| T (o )| K (log X)

for any ay, ...,a; € R with o, € n9(Cy). Here the implicit constant depends
only on £.

Proof. By Dirichlet’s theorem on diophantine approximation, there exista, g € Z
such that ged(a, ) = 1,1 < g < X*(log X)=%, and

(log X)“
lgoy —al < Yt (5.45)
Since we have c c
log X)¢° log X)¢0
a@_g <(Og ) g(Og ) ’ (5.46)
gX*t Xt

it follows from the definition of n'® (Cy) that ¢ > (log X)°. Let 8, = oy — a/q.
Then we obtain from (5.45) that

log X)¢° 1
ae_g <M<_

1Bl = xS X

We now have the setup to apply Lemma 5.1. Let us define

To(ay, ..., 00) = Z e(ap' + -+ i p).

1<p<X

p prime
By following the argument in the proof of [14, Ch. X, Section 5, Lemma 10.8],
we obtain that given any ¢y > 0, for Cy > 0 sufficiently large we have

To(ay, ..., D E—
| To (ot )| K (log X)°@

where the implicit constant depends only on £. From here we obtain via partial
summation the required bound on T;(«y, ..., o). ]
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Recall ||| is the distance from « € R to the closest integer. The following is a
special case of [20, Lemma 14.1].

LEMMA 5.3 [20, Lemma 14.1]. Suppose » € R, A > 1, and Z > 0. Let N'(Z)
be the number of integers v such that

| < ZA and ||av| < ZA7N. (5.47)
Then for 0 < Z, < Z, < 1 we have
N(Z)) > (Z,/Z)N (Z»),
where the implicit constant is an absolute constant.

We now begin with the proof of Claim 1. Let M, be the diagonal R x R
matrix where its diagonal entries from the top left corner to the right bottom
corner ar€ €41, Cq 25+« +5 Cdrys Ca—1,1> Cd—1,25 -+« s Cd—1,r4_y> - -5 C1,15C1,25 + - -, C1 |
in this order. Clearly M, is an invertible matrix. Let y,, = oy ¢, . Consider the
polynomial in the exponent of (5.44) as a polynomial in the w variables. Then we
know that the coefficient of witr of this polynomial is y, .. We also have

Aa,1 Va1
My-| + |=| : |eRX
Oll,rl yl,h
Suppose y € M(C’) for some C’ > 0, then there exist a € Z* and g € N such that

ged(@a, q) =1,0 < g < (log X)', and |y, —ace,/q| < (log X)¢'/ X" (1 <€ <d,
1 <r <r). Letus denote

aq.1/q ag,/q Ya1 — Aa1/q By
Mgt =] and Mg - : =
air /q ai,rl /q/ Yir = Qi /q ﬁ;,rl

It is easy to deduce that

. log X)¢'+!
q' <(logX)°™ and |B;,| < % (1<L<d, 1<r<r)
for X sufficiently large with respect to ¢4 1, ..., ¢1,,. Since ap, = a; . /q" + B, .
we see that & € 9(C’ + 1). Now since & € m(C), it follows from this argument
that y € m(C — 1). Then there exist ¢ and r such that y,, € n®(C”), where
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C” = (C — 1)/R, by the following reason. Suppose y;, € n©(C") (1 < £ < d,
1<r<ry.Thenforeachl <€ <d,1 <r <r,thereexistg,, € Nanda,, € Z
such that

(log X)'

ger < (0g X)) and ye, = ar,/qe,] < 5

By taking g to be the appropriate factor of the lowest common multiple of g, ,
.., q1.r> we see that y € 9(C — 1), which is a contradiction.

Throughout the remainder of this section, we fix £ and r to be such that y,, €
n®(C”). Following [6], we consider two cases depending on wi¢": Case 1 is when
witr contains only one distinct variable, and Case 2 is when it has more than one
distinct variable.

Case 1: Without loss of generality, suppose wi*" = w!. We may bound
So(ee, G, H) as follows

Sole, G.H) < (log )" o Y| D Awe(vwy

wg €[0,X] wy€[0,X] [w;€[0,X]
+ t(wy, wo, ..., wg, G, H))|, (5.48)
where T(w;, wo, ..., wg, G, H) has degree strictly less than £ as a polynomial in
w; with coefficients possibly dependent on wy, ..., wg, G, H. This follows from

the fact that the coefficient of w?! of the polynomial in the exponent of (5.44) is
Ye.r» and that there are no other monomials divisible by w!.

Therefore, since y;, € n¥(C”) we may apply Lemma 5.2 with ¢y = c+ K — 1
to the inner sum of (5.48) and obtain

X Xk

So(e, G, H log X)K-1x k-1 = )
o(a ) K (log X) Tog X) KT ~ (log X)°

Case 2: We have that wit- contains at least two distinct Variables. In particular, we
must have £ > 1. By relabeling if necessary, let witr = wi' ... w]* where ji, ...,
jx > 0. We know that the coefficient of wi** of the polynomial in the exponent of
(5.44) is y,.,. In this case, we may bound Sy (e, G, H) as follows

|So(, G, H)| < (log )™ 3~ - D [S(wy, ..., wg, G, H),

wg €[0,X] wi+1€[0,X]

(5.49)
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where

S(wl,...,wK,G,H)
= > o Y Ay Awe(ye, W + Ow, ..., wy)),

wi€[0,X] w€[0,X]

and O(wy, ..., wy) = OWy, ..., W, : Wiy, ---, Wk, G, H) is a polynomial
in wy, ..., w; with coefficients possibly dependent on wy.y, ..., wg, G, H. By
construction, we also know that this polynomial does not have any monomial
divisible by witr.

We now apply Weyl differencing ¢ times, where we apply it j; times to the
variable w; for each 1 < i < k. The point is that with this process every monomial
of yg,,.wj“v’ + ®(wy, ..., w) for which at least one of w; has degree strictly less
than j; will vanish, in particular every monomial of & (wy, ..., wy) will vanish.
Letc = ji!... ji!. As aresult, we obtain

|S(wla cee, Wk, G’ H)|2£
<« (log X)X %7 min{X, [@ye,vi- - vent|7') (5.50)
vie[—X,X]
1<i<e—1

Since this is a standard application of Weyl differencing, and also similar to the
argument in [6, pages 725-726], we leave the details to the reader.
Let

~ 1
Ay = {(vl, c ) € X X1 N2 Sy v |l < ?} .

For any 1 < X’ < X, we define the set
Ax x = {(vl, v e [=X/XL, X/ X1 Nz

~ 1
SV Vg < — 4
llcye.vr -1l < X (X)) }
By applying Lemma 5.3 successively in the variables vy, ..., v,_;, we obtain

lAx| < (XN Ax xl.

Let X' = X (log X)~¢"/. Suppose there exists (v, ..., v,_;) € Ay y such that
(vy -+ -ve_1) # 0. Then we have

(log X)<'

[cvy - vy < Qlog X)) and ||y, v1 - ve || < X
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for X sufficiently large with respect to ¢, and this contradicts the fact that y,, €
n®(C"). Thus at least one of vy, . .., v,_; must be 0. Therefore, we have

|Ax x| < (log X)“~2¢"/,

and consequently,

x -1 -1
A —_— Ax x —_— 5.51
[Ax| < ((log X)CW> | Ax x| < (Tog X)70 (5.51)
We now proceed in a similar manner as in [20, Lemma 13.2]. First let us deal
with the case £ > 2. Let Ny(v], ..., v,_,) be the number of points v,_; € [—X,
X1NZ such that (v}, ..., v,_,, v,—1) € Ay. Then we have
Axl= D o D0 No(wr,.oo, v, (5.52)
vie[-X.X]  voe[—X.X]

and let Ny = | Ax| when £ = 2.
Let us write {«} for the fractional part of a real number «, that is, {¢} = o —
max.<« Z. Then for any set of integers vy, ..., v, 5, anda € Z with0 < a < X,
V]

the ifleequality

a -~ a+1

— < UL s U

X {cyerv1 -1} < X
cannot hold for more than Ny(vy, ..., v,_,) integer points v,_; lying inside [— X,
X1] for the following reason. Suppose this is indeed the case, and let v,_; € [—X,
X] be one integer which satisfies (5.53). If v,_; and v, , are two distinct points
that satisfy (5.53), then we have

(5.53)

”Eyff,rvl sV (Ve — Ué_l)” < ?

and (v,_; —v,_;) € [—X, X] N Z. Consequently, we have (v, ..., Ve, Vouy —
v,_,) € Ay from which we can obtain contradiction. Therefore, we obtain the
following inequalities

> min(X, 18y, v |7

ve—1€[—X,X]
X X
< No(vy, ..., v020) Z min <X, max (—, —))
0<asx a | X—a-—1|
< N()('Ul, ey Ug_z)XIOg X. (554)
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Thus via (5.51), (5.52), and (5.54), we have the following bound for (5.50),

ISy, ..., wg, G, H)[*

< (log )™ x> 3" oo 3 min(X, [y, v vl
vie[—X,X] ve—1€[—X,X]

< (og X)X %" o N No(r - ) X log X
vie[—X,X] ve—2€[=X,X]

= (log X)XE X4 Ay X log X
g XZKk(log X)z‘kﬂ—c”/d’

and hence
ISy, ..., wk, G, H)| < X*(log X)*+2(1=C"/d),

Therefore, we obtain from (5.49) that

|SO(OL, G, H)| << (]Og X)K*k . Z L. Z Xk(log X)k+2’/5(lfc”/d)

wg €[0,X] wi+1€[0,X]

< (log X)X X ¥ (log X)? "1-C"/

The case £ = 2 can be dealt with in a similar and more simple manner. Recall
from above C” = (C — 1)/R and K < dR. Thus we make sure C is sufficiently
large with respect to d and R. This completes the proof of Claim 1, and hence the
proof of Proposition 4.1 as well. O

6. Technical estimates

In this section, we collect results related to Weyl differencing that are necessary
in obtaining estimates for the singular integral and the singular series defined in
(7.4) and (7.19), respectively.

Let us denote By = [0, 1]". Letor = (ety, ..., ;) € RX, where R = r |+ - -+71y4

and o, = (0tp 1, ..., 00,) € R* (1 <€ < d). Wedefine
el = max [la,|| and |e|= max ||
<e<d 1<0<d
1<r<r 1<r<re
Letu = (uy, ..., u;) be a system of polynomials in Q[x1, ..., x,], where u, =
(Me.1, - .-, Ugp,) 1s the subsystem of degree £ polynomials of u (1 < £ < d). We let

U= (U, ..., U be the system of forms, where foreach 1 < ¢ < d, U, = (U, 1,
..., U¢s,) and U, is the homogeneous degree ¢ portion of u,, (1 < r < ry).
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We define the following exponential sum associated to u,

S(a) = S(u, By; o) := Z e ( Z Z Oy Mg’,-(X)) . (6.1)

XePBNZ" 1<e<d 1<r <y

Letx; = (xi1,...,%;.,) fori > 1, and let

1 1
H,Ug,y (Xls ceey XZ) = Z e Z(_I)ZI-FW-HKU[',(ZHXI + -4 thg).
11=0 t¢=0

Letey, ..., e, be the standard basis vectors of C". Let 1 < £ < d and r, > 0. We
define M, = M, (U,) to be the set of (¢ — 1)-tuples (xi, ..., X,_;) € (C")*"! for
which the matrix

(m]l =y, X, X1, €)] (I<r<r,1<i<n) (6.2)

has rank strictly less than r,. For Py > 0, we denote zp,(M,) to be the number of
integer points (X, ..., X,_;) on M, such that

max max |x; ;| < P.
1<i<l—11<<n

We define g,(U,) to be the largest real number such that
ZP(MZ) & Pn(i—l)—ge(Uz)H (6.3)

holds for each ¢ > 0. It was proved in [20, page 280, Corollary] that

2!
he(Up) < (log—z)l(ge(Ue) + (£ = Dre(ry — 1)). (6.4)
Let
25— Dy,
Ty

when r, > O and g,(U,) > 0. Welet y, = 0if r, = 0, and let y, = 400 ifr, > 0
and g,(U,;) = 0. For £ with r, > 0, we also define

_ 26—1 _ Ye
gU)  (=Dr,

We need the following lemma to obtain estimates on the singular integral. Let

d re
Z(By, 7) = / e <Z T, U@,,(v)) dv.
veB

=1 r=1

Ve (6.5)
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LEMMA 6.1 [23, Lemma 2.7]. Suppose u has coefficients in Z, and that B, (a,) is
sufficiently large with respect to ry, . .., ri, and d. Furthermore, suppose ys, . . .,
ya are sufficiently small with respect to ry, ..., ry, and d. Then we have

Z(Bo, 1) < min(1, |[7|7*), (6.6)
where the implicit constant depends at most ond, ry, . .., r;, and U.

We refer the reader to [23] for a proof of this lemma. The proof in [23] is similar
to that of [20, Lemma 8.1], which is for systems without linear polynomials.
However, due to the presence of linear polynomials it requires some justification
not available in [20].

We also need to deal with certain situations where the coefficients of u may
depend on P (but not the coefficients of U). There are essentially two different
scenarios we have to consider, first of which we refer to as the following.

Condition (x): The polynomials of u have coefficients in Z, and the coefficients
of U do not depend on P. However, for each u,,(x) (1 < £ <d,1 <r <ry) the
coefficients of its monomials whose degrees are strictly less than £ may depend
on P.

We have the following result when u satisfies Condition (x).

COROLLARY 6.2. Suppose u satisfies Condition (x'). Let S(a) be the sum
associated tou as in (6.1). Suppose &' > 0 is sufficiently small and Q > 0 satisfies

Qy, < L.
Then one of the following alternatives must hold:
(i) 1S(@)] < P2
(ii) There exists ng € N such that

ny < P2 and ||lngay|| < PTIterate
The implicit constants depend only on n,d, ry, &', Q, and U,.

Next we present the result in our second scenario for when the coefficients

of u may depend on P. Let uff? (x) be the homogeneous degree j portion of the

polynomial u, , (x). In the following corollary, for j < £ the coefficients of ui’ ,) x)
may be in (Q and also depend on P, but in a controlled manner. On the other hand,
the coefficients of U, ,(x) do not depend on P.
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COROLLARY 6.3. Suppose u has coefficients in Q, and further suppose U has
coefficients inZ.. Let Q > 0and e > 0. Let 2 < € < d withr, > 0. If £ = d, then
let 0 = 0 and q = 1. On the other hand, if 2 < £ < d, then suppose 0 < 6 < 1/4
and that there is g € N with

q< P’ qa;eZ’(t<j<d),

and
)
qop ug (X) € Zlxy, ..., X,]

forevery < U <d,0< j < ,1<r <rp. Let S(a) be the sum associated to
u as in (6.1). Suppose
49 + Qy, < 1.

Then one of the following alternatives must hold:
(i) [S(@)] < P2
(i) There exists ng € N such that

ng < P2 and |ngget,|| « PTUHA0Trete,
The implicit constants depend at most onn,d, ry, ..., ry, Q, &, and U.

We present the details of the proofs of Corollaries 6.2 and 6.3 in Appendix A.

7. Hardy-Littlewood circle method: major arcs

For x = (xy, ..., x,), let us denote X = (x,...,x,_,). In this section, we
consider the system of equations

Jor ) =0 (1<€<d 1<r<r), (7.1)
where we assume f is of the shape
for® = fo,(X) € Zlxy, ..., %] Q<L<d, 1<r<ry),

and _
fl,r(X) = cl,rxnfrrrr + flr(sz) (1 g r g rl)9

where ¢, € Z\{0} and ﬁ,(i) € Zlxy, ..., x,_,]. We further assume f satisfies
the following: hy(£,), ..., hy(f,), and B, (f)) are all sufficiently large with respect
tod and ry, ..., r. Clearly systems with these assumptions include the reduced
system f in (4.2) (see property (7) which was obtained using Lemma 2.2). Let us
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remark that in contrast to the major arcs analysis in [6], we have conditions on
the h-invariant instead of the Birch rank, and these conditions on the /-invariant
required in this section are ‘comparable’ to those in [20]. We also denote Fy, to
be the homogeneous degree £ portion of f,, (1 < £ <d,1 <r <), and let
Fo=(Fp1,..., Fe,) (1 <€)

Let B, = [0, 1]* C R". Given b € (Z/qZ)", we define

o) = Y, (1) - ¥, (1),

where

V()= Y AQ).
Ogvgt,-
v=b;(mod q)
We use the notation x = b (mod ¢) to mean x; = b; (mod ¢) for each 1 < i < n.
Suppose for a € [0, 1)%, we have @ = a/q + B where a € (Z/qZ)R. Then we

have
T o)
d re
= Z A(X)e (Z Qg fe,r(X)>
xe[0,X]" =1 r=1

d rg
=Y Y ame (Zzaz,r‘fz,r(b)/ﬂl>

be(Z/qZ)" x€[0,X]" (=1 r=1
x=b(mod q)

d re
e (Z > B fo))

=1 r=1
d
Sy (ZZ% . /q)
be(Z/qZ)" (=1 r=1
d
' f ¢ (ZZ% - fz,r(t)) dy, (1), 72)
teX*B =1 =1

where dy, (t) denotes the product measure dv,, (£,) X - - - X dy, ().

Let ¢ be Euler’s totient function. For a positive integer g, recall we put U, for
the group of units in Z/gZ. Lemma 7.1 follows immediately from the proof of
[6, Lemma 6] as the proof does not depend on the fact that the polynomials of the
system all have the same degree.
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LEMMA 7.1. Letc > 0, C > 0, ¢ < (log X)€, and b € (Z/qZ)". Suppose a =
a/q + B € M, ,(C). Then we have

d 1y
/ e (ZZﬁw - fe,r(t)) dy,(®)

(=1 r=lI
d

1 ”
=1y —— e for dv + 0(X"/(log X)),
PB4 () /veme(;,_l e It m) Vo /tee X))

where Iycw, is 1 if b € (U,)" and 0 otherwise.

Let ¢ > 0. We simplify the above integral by a change of variable as follows

d re
/ e (ZZﬁe,r : fe,r(V)) dv
veXBg

=1 r=1
d re
= / e| DD B Fu ) dv+ 00X
VEX%Q =1 r=1
= X"I(Bo, B) + OX""1), (7.3)
where
Bi,=X'B, (1<L<d 1<r<r,
and
re
I(By, 1) = / e(Z r@,,-F@,,(v)) dv.
veBo  \ =1 r=1
We define

J(L) =/ I8y, 1)dT.
lTI<L

By our assumptions on f and (6.4), we know we can apply Lemma 6.1 and
obtain Z(By, t) <« min(1, |7|~%~!). With this estimate, it is an easy exercise to
show that

u(oo) = / iy Z(By, )dT, (7.4)
which is called the singular integral,txists, and that
lu(oo) = J(L)] < L7 (7.5)
We note that 1 (00) is the same as what is defined in [3, (2.3)], and we have

u(oo) >0 (7.6)
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provided that the system of equations
Fr,x)=0 (I1<f<d,1<r<r)

has a nonsingular real solution in (0, 1)". The argument used to show this fact is
standard and we refer the reader to see for example [7, Ch. 16], or the explanation
in [3].

We define the following sums:

d re
Sag= Y ¢ (Z > furk) oae,r/q) : (7.7)

ke(U,)" =1 r=1

1
B(q) = Z ¢(—q),,'sa,qv

ged(a,q)=1
ae(Z/q2)®

and

SX)= ) B@. (7.8)

g<(log X)¢

By combining Lemma 7.1 with the definitions given above, we have the
following.

LEMMA 7.2 [6, Lemma 8]. Givenanyc > 0, C > 0, and q < (log X)€, we have

"*Z(zizl lry

T @yde = X s, (Gog 6 + 0 [ X
/mza_q(c) (e da = @ 1 ((log X)7) + (log X) |~

Therefore, we obtain the following estimate as a consequence of the definition
of the major arcs, (7.5), and Lemma 7.2.

LEMMA 7.3. Given any ¢ > 0 and C > 0, we have

/ T(F: @) do = S(X)p(o0) X" Xtz tre
M(C)

XXt xn-Xien
+o(6x)

IogX)¢ | (log X)°

We still have to deal with the term &(X), and this is done in the following
section.

https://doi.org/10.1017/fms.2018.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.21

S. Yamagishi 64

7.1. Singular series. In order to estimate the term G(X), we begin by
obtaining estimates for the exponential sum S, , defined in (7.7). We define g, (F)
as in (6.3). It then follows from (6.4) that

he(Fo) < (log2)™ - 2! (ge(F) + (€ — Dre(re — 1))

for 2 < £ < d with r, > 0. From this inequality, for 2 < £ < d with r, > 0 we see

that we can assume g, (F,) to be sufficiently large with respecttod and ry, ..., ry.
Let
1 + R(8004> +2) R+1
0 =1+ max , .
800d3 + 1 1—1/(800d%+ 1)

With our assumptions in this section, Q satisfies the following,

1 1
4 _ -
<V2Q+J/3Q+ +)/dQ+800d>< 100"

¢ B 3 -1
0. ril — 1).251<(log2) (he(Fy) E'(SOOd DO i — 1))
1
and d—1
0<Q<———(ntdy+ - +42)7", (7.10)

dir+1)
where y, is defined (with respect to F, here) after (6.4). We fix this value of Q
throughout the remainder of this section. Also since B;(F;) is sufficiently large
with respect to d and ry, ..., r, we have B, (F;) > Q.
We consider two cases depending on a to bound S, , when g is a prime power.
These cases are treated separately in Lemmas 7.4 and 7.5.

LEMMA 7.4. Let p be a prime and let ¢ = p', t € N. Leta = (a,,...,a;) €
(Z/qZ)R with ged(a, q) = 1. Furthermore, suppose there exists £ € {2, ..., d}
such that gcd(a,, g) = 1. Then we have the following bounds

q"° ift <800d° + 1,

Saq K
4 p2q" 2 ift > 800d° + 1,

where the implicit constants are independent of p.

Proof. We consider the two cases t < 800d>+1 and ¢ > 800d> + 1 separately. We
begin with the case t < 800d> + 1. In this case, we apply the inclusion—exclusion
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principle to S, ;. As a result, we obtain

d rg
Sa,q = Z e <Z Z fl,r (k) : ai,)‘/Q)

ke(U,)" =1 r=1

n d re
= Z l_[ 1— Z L= pw; 6(2 fz,r(k)'az,r/CI>

ke(Z/qZ)" i=1 v eZ/p=1Z =1 r=1
d re
_ Y ot Y Y ke <zsz<k> -ae,r/q),
1S{1.2,...n} ve(@/pi-1 7y ke(Z/qT)" =1 r=I
(7.11)
where
1 lfkl = pv;,
lki:pv; = .
0 ifk; # pv,
and

S0k v) =[] Lizps

iel

for v € (Z/p'~'Z)"". In other words, F;(k; v) is the characteristic function of
the set H;y = {k € (Z/qZ)" : k; = pv; (i € I)}. We now bound the summand
in the final expression of (7.11) by further considering two cases, |I| > tQ and
[I] < tQ. In the first case |I| > t Q, we use the following trivial estimate

d re
> > Fikive (ZZfM(k) .au/q) < ptDHI(phyrI

ve(@/p ') ke(Z/qD)" =1 r=1
— g
<qg" e
On the other hand, suppose |/| < ¢ Q. Let us label s = (sy, ..., s,—1) to be the

remaining variables of x after setting x; = 0 foreach i € I. Foreach 1 < ¢ < d,
1 <r <y let

9e,r(8) = fo,(X) |x,-=pu,-(ie1),

or equivalently the polynomial g, , (s) is obtained by substituting x; = pv; (i € I)
to the polynomial f; ,(x). Thus g, ,(s) is a polynomial in n — || variables whose
coefficients may depend on p. With these notations we have

https://doi.org/10.1017/fms.2018.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.21

S. Yamagishi 66

d re
Y Tl ve <Z D e - ae,r/Q)

ke(Z/qZ)" (=1 r=1

d re
= Z e (Zde,r(S) -ae,,/q)

se(Z/qZ)yn—M =1 r=1

d g
= > (Z >0 -az,,/q> .

se[0,g—1]—11 =1 r=1

We can also deduce easily that the homogeneous degree ¢ portion of the
polynomial g, ,(s), which we denote &, ,(s), is obtained by substituting x; =
0@ € 1) to Fy,(x). Hence, we have

G (8) = For (X) |20 Gens

and in particular, it is independent of p. Thus the system of polynomials g, ,(s)
(1 <2<d, 1 <r <r) satisfies Condition (x'). It also follows by Lemma 2.1
that

he({8e, : 1 <r <red) = he(Fe) — 1] > he(F) — (800d° +1)Q (2 <L < d).

By our choice of Q, namely (7.9), and from (6.4), we have

1

— <1 2<eLKd),
oo g2 =1 @stsd

0y, < Oy <

where y, and y, are defined with respect to {&,, : 1 < r < r¢} here.

Take ¢ > 0 sufficiently small. Let us suppose that p and ¢ are sufficiently large
with respect to the coefficients of F, n,d, ry, ..., r1, &, and Q, which implies that
q is sufficiently large with respect to the coefficients of &, (s) (1 < £ < d,
1 < r < ry). Suppose we have

d re
) e(Zde,As)-az,r/q>>(q—1)"—’—Q. (7.12)

se[0,g—11"—1 (=1 r=I
Then by Corollary 6.2 there must exist ny € N such that

ng K g and  |ng(as/q)| < g TevTE

Since p and t are sufficiently large, we have ny < ¢ /6%’ and ||ny(a,/q)| <

g~/ pecause Oy, + & < 1/(1600d° + 2). Then it follows that
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ny < p!/1604°+2 4, Suppose now that not all entries of nga, are divisible
by g. In this case, we obtain

1
< llnolag/@)ll < g6 2

Q| =

which is a contradiction. Thus all of the entries of nya, must be divisible by ¢ = p’
and since ged(ng, p) = 1, it follows that all of the entries of a, must be divisible by
q. Therefore, we can simplify the exponential sum in consideration since e(m) =
1 when m € Z, and the inequality (7.12) becomes

d re d—1 rg
> e(Zde,,<s)-ag,r/q>= > e( Zgz,r(s)'az.r/4>

se[0,g—1]—111 =1 r=1 se0,g—1]—111 =1 r=1

> (g — -2, (7.13)

We may repeat the argument as above, because we are now dealing with the
system of polynomials g, ,(s) (1 <€ <d—1,1<r <ry). Again by Corollary 6.2
there must exist n;, € N such that

ny < g2 and  ng(ag /)]l < g @I
Since p and ¢ a}re sufficiently large, we have n; < ql/(160043+2) and [l aq_1 /q)|| <
g~ TNV because Qyy y + & < 1/(1600d° + 2). Then it follows that
ny < p" (16004°+2) — 1, Suppose now that not all entries of nya,_ are divisible by
q. In this case, we obtain

/
; < ”no(ad—l/Q)” < q(dfl)fl/(1600d3+2)’

which is a contradiction. Thus all of the entries of nya,_; must be divisible by
g = p' and since gcd(ng, p) = 1, it follows that all of the entries of a,_; must be
divisible by ¢. It is then clear that we can repeat the argument and keep reducing
until we obtain that all of the entries of a, must be divisible by ¢ for each 2 <
¢ < d. We remark that if there exists £’ with r,, = 0, then we simply skip the case
¢ = ¢ during this process. Thus we have gcd(a,, g) > 1 for each 2 < £ < d,
which is a contradiction. As a result we must have

d re

se[0,q—1]7=111 (=1 r=1
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Thus we obtain

d re
YooY Fkive (ZZfz,r(k)-az,r/Q)

ve(Z/p' 1)\ ke(Z/qZ)" =1 r=1
< (pffl)\l\qn*\l\*Q
< g" 2

Consequently, by combining the estimates for the two cases |/| > rQ and |/| <
t Q, we obtain
Sag € q"7°

when ¢ < 80042 + 1.
We now consider the case r > 800d* + 1. By the definition of S, ,, we have

d re
Sa,q = Z 4 (Z ff,r(k) . aZ,r/q>

ke(U,)" =1 r=1

d re
= Z Z e (ZZfe,r(k-i- py) 'Cle,r/CI)

ke(Up)" ye(Z/p'—1Z)" (=1 r=1

d re
= Z Z e(ZZfe,r(kery)‘ae,r/q). (7.14)

ke(U,)" yel0, p'—1 -1} =1 r=1

For each fixed k € (U,)", we have
.f(f.,r(k+ PY) = szE,r(y) + w[,r:p,k(y) (1 g 14 < d, 1 g r g r[)v

where wy ,., k(y) is a polynomial in y of degree at most £ — 1 and its coefficients
are integers which may depend on p and k. We let

1
Mw()’) = Flr(y) + ?wk,r:p,k(y) (1 g 14 < d, 1 g r < l"g).

We can then express the inner sum of the last expression of (7.14) as

d re
Z ¢ <Z Z uer(y) - ae,r/(q/p‘)> .

ye[(),p’*‘—l]” =1 r=1

We have that u has coefficients in Q, and U has coefficients in Z. Let oy, =
ag, /Pt (1<L<d, 1<r<r),and P = (p"~' = D).
Recall we have set Q to satisfy

1 1
4 - -
(VzQ+V3Q+ + %0 + SOOd) < 1004
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where y, is defined with respect to F, here. Suppose we have

d e (ffw,r(y) 'Ole,r)

yel0, P]? (=1 r=1

> p" ¢,

Then by Corollary 6.3, there must exist n, € N such that
ng < P27 and |ngay| < POt

For P = p'~! — 1 sufficiently large, we have

(t—1)/(100d) (t—=1)(—=d+1/(100d))

ng < p and |ng(as/p" DIl < p

because Qy; + ¢ < 1/(100d). Suppose now that not all entries of nya, are
divisible by p'~?. In this case, we obtain

1
t—d
e <l PO <

which is a contradiction. Thus all of the entries of nya, must be divisible by p'~<.
In particular,

ngoty = nd(ad/p’_d) (S Zrd,

and we can assume without loss of generality that n, is a power of p satisfying
ng < pt=V/4a% Sincet —d > (t — 1)/(100d), it follows that every entry of a,
is divisible by p.

From the inequality 7 > 80043 + 1, we have p? < p@~D/804) Thyg we have

1
(ndpd)ad,rﬁwd,r:p,k(y) € Z[Yl, R Yn] (1 < r g rd)a

and
2
ny Dd < PQVd+28P1/(800d )'

With this setup, we can apply Corollary 6.3 again with £ =d — 1 and

| 1
o= L L r
Qva+ 5002z T = Tood = 3

where ¢; > 0 is sufficiently small, and deduce that there must exist n,_; € N such
that

g < pQra-ite  gnd ||nd—lndpd“d—1|| « Pp—@=D+40+0va-1+e
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For P = p'~! — 1 sufficiently large, we have

nao < P and lng g p®(ag /p' T4V | < pTDE D0,
because
0 + 40 + (0] +4\ OVa + —— ! +
_ &= _ £ < ——
Yd-1 Yd-1 Ya 800d2 1004

Suppose now that not all entries of (n,_n,; p®a,_;) are divisible by p'~@=V In
this case, we obtain

;<Iln nap®(@ag_1/p"~ M)l !
pl—@d=D S Ma-1a P \Qi-1/ P pU=D{d=1)=1/(100a))’

which is a contradiction. Thus all of the entries of (n,_;n;p%a,_;) must be
divisible by p'~@=Y_In particular,

d d —d-1 .
ng_1ngp’og_y = ng_ngp®(ag_/p"~“") e 24,

and we can assume without loss of generality that n,_; is a power of p satisfying
ng_; < pt=D/01%0d Sincet — (d —1) > 2(t — 1)/(100d) +d, it follows that every
entry of a,_; is divisible by p.

We have
(ndlndpd+(d_]))ad,)‘%wd,r:p,k(y) € Zlyr, ...,y (I <r <ry),
(ndlndpd-‘—(d_l))adl,r#wdl,r:p,k(y) €Ly, ...,y (A <r <),
and

2
nd,lndpd+<d—l) < P Qva-1+2¢ pQya p2/(800d%)

With this setup, we can apply Corollary 6.3 again with £ = d — 2 and

0= 0Vi1+ 841+ Qys+

80042
< QVi-1+ €1+ Oya+ 30042
1

< [

100d

1

-, 7.15
<3 (7.15)
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where ¢,_; > 0 1is sufficiently small. At this point it is clear that we can repeat the
process, in fact we continue in this manner until £ = 2. We remark that if there
exists ¢ with rp, = 0, then we simply skip the case £ = ¢’ during this process.

As a result, we obtain that every entry of a,, ..., a, is divisible by p. Thus we
have ged(a,,g) > 1 for each 2 < ¢ < d, which is a contradiction. Therefore,
we obtain

d re
> (Z > furk+ py) - aw/ﬂ)

yelo, =1 —11n =1 r=1
d re
Iy (zzumy) )‘
yelo,P1"  \e=1 r=1
< P @
<< (pt—l)n—Q‘

Thus we can bound (7.14) as follows

d re
Sa,q < Z Z e(Zwa(k‘FPY)'ae,r/‘])

keEU; yel0, pi=1—1]" =1 r=1
< pn(ptfl)an
= p2q" 2. O

LEMMA 7.5. Let p be a prime and let ¢ = p', t € N. Leta = (a;,...,a;) €
(Z/qZ)® with gcd(a, q) = 1. Furthermore, suppose ged(a,, q) > 1for2 <€ <d,
and gcd(ay, g) = 1. Then we have

q" 2 ift <800d° + 1,

Suq K
4 p%q" 2 ift > 800d> + 1,

where the implicit constants depend only on n and the coefficients of ¥\, and in
particular they are independent of p.

Proof. First we consider the case t > 1. Since gcd(a;, g) = 1, there exists 1 <
r" < ry such that ged(a; -, p) = 1. By our assumption on f, we have
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d re
Sa,q == Z e (Z Z flr(k) . al,r/Q)

Ke(U,)" (=1 r=1

= 1_[ Z e(Cl.rkn—r1+r ' al,r/‘]) Z e ( Z fllr(,k\) ' al,r/q

I<r<r kn—r;++€Uqg ke(U,)" "1 I<r<n

d re
+ Z Z flr(i{\) : al.r/Q) .

=2 r=l1

If ged(p, ¢1,7) = 1, then ged(ay, - ¢+, g) = 1. Consequently, we have

Yo el cidhnrn/9) =) elk/q) =0,

kn—r1+r/€Uq kel
because ¢ > 1. In this case, it follows that
Sag =0.

Otherwise, we have p|c, . Let ¢, ,» = pm, where p { m. By a similar argument,

we have
0 ift >ip+1,
Z e((al,r/ ‘ Cl,r’)kn7r1+r’/q) = —Pio lft - iO + 1,
kn—rﬁ»r/e[U‘I ¢(Q) lft < iO'
Therefore, for all but finite possibilities (depending only on ¢y 4, ..., c1,,) of g

we always have S, , = 0. Thus for # > 1 we see that we can obtain the bounds
in the statement of the lemma with the implicit constant depending only on ¢, ;,
ey Clpy e

In the case t = 1, since e(m) = 1 for m € Z, we have by our hypothesis that

Sap= ) e (Z frr () -al,r/p) :

ke(Up)" r=l1

We bound this sum in a similar manner as in Lemma 7.4. We apply the inclusion—
exclusion principle and obtain
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> e(}jjmxk>-au/p)

ke(U,)" r=1
= > JI0-1-o)e (Z fir() -al,r/p)
ke(Z/pZy" i=1 r=1
= > (=p" > &(k)e(Zfl,r(k)-al_,/p), (7.16)
1S{1,2,....n} ke(Z/pZ)" r=1
where
1 ifk; =0,
1k,:0= .
0 ifk; #0,
and
F1k) = [ [ Li=o-
iel

In other words, §; (k) is the characteristic function of the set H; = {k € (Z/pZ)" :
k; =0 (i € I)}. We now bound the summand in the final expression of (7.16) by
further considering two cases, |I| > Q and |I| < Q. In the firstcase || > Q, we
use the following trivial estimate

Z:;ﬁmk<§:ﬂ,wyauno <ph < pre.

ke(Z/ pZy" r=1

On the other hand, suppose |I| < Q. Let us label s = (s, ..., s,—;) to be the
remaining variables of x after setting x; = O foreachi € I.Foreach 1 <r < ry,
let

91,-(8) = f1,r(X)|x,=0 ey

or equivalently the polynomial g, ,(s) is obtained by substituting x; = 0 (i € I)
to the polynomial f| ,(x). Thus g, ,(s) is a polynomial in n — || variables. Let us
denote
n—|1|
g1.-(8) = Z e Si+c, (L<r<n).

i=1

With these notations, we have
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> ke (Z frr0) - ay ,/p>

ke(Z/pZ)"
r
= Z e (Zgl,r(s) 'al,r/p>
se[0, p—117- 11 r=1
4 ri n—|I|
=e (Z Cro al,r/p) Z e <Z Z cr.Si - d1,r/P)
r=1 se[0, p—1]1—111 r=1 i=1

:e(gc;,oal,,/p) > (X”:l <Zc ,)).(7.17)

se[0, p—1]7—1I i=1
We can also deduce easily that the homogeneous linear portion of the polynomial

g1,,(s), which we denote &, ,(s) = 3/_\"' ¢/, s;, is obtained by substituting x; =
0@ € 1) to Fy,(x). Hence, we have

&G1.,(8) = Fi,(X)]x,=0 en)-
It then follows by Lemma 3.2 that
Bi({&,:1<r<n}) =BiF)—|l|>B(F)—-Q>0.

In particular, it follows that &, (s), ..., &, ,,(s) are linearly independent over Q.
Thus for p sufficiently large with respect to the coefficients of F;, the coefficient
matrix of &, ;(s), ..., &, (s) has full rank modulo p. Therefore, it follows that
if

I
ZC;J ca;, =0 (mod p)

foreach 1 <i <n—|I|,thenitmustbethata,; =---=a;,, =0 (mod p). Since
we have gcd(a;, p) = 1, this is a contradiction. Thus without loss of generality
suppose

c=Y c,-a, #0 (mod p).
r=1
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Then equation (7.17) becomes

Y Fike (Z fir ) -al,r/p)

Ke(Z/ pZy r=1
n—|I| 7
Si ,
= E e(ss1/p) E e E - Ecr,i-al,r
0<s1<p—1 0<si<p—1 =2 P r=1
2<i<n—|1|

because

Y elcsi/p)= Y. elsi/p)=0.

0<n <p—1 0<si <p—1

Therefore, by combining the estimates for the two cases || > Q and |I| < Q, we
obtain

Sap < pC,

where the implicit constant depends only on 7 and the coefficients of F. 0

By a similar argument as in [14, Ch. VIII, Section 2, Lemma 8.1], one can
show that B(g) is a multiplicative function of g. We leave the proof of the
following lemma as a basic exercise involving the Chinese remainder theorem
and manipulating summations.

LEMMA 7.6. Suppose q,q' € N and gcd(q, q') = 1. Then we have
B(qq") = B(q)B(q).

Recall we defined the term G(N) in (7.8). For each prime p, we define

u(p) =1+ B(p", (7.18)

t=1

which converges absolutely under our assumptions on f. Furthermore, under our
assumptions on f the following limit exists

&(c0) := lim &(N) = [] n(p), (7.19)

p prime

which is called the singular series. We prove these statements in the following
Lemma 7.7.
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LEMMA 7.7. There exists §; > 0 such that for each prime p, we have
mw(p)=1+0(p~"™),
where the implicit constant is independent of p. Furthermore, we have
IG(N) — 6(c0)| « (log N)™*
for some &, > 0.

Therefore, the limit in (7.19) exists, and the product in (7.19) converges. We leave
the details that these two quantities are equal to the reader.

Proof. Let &y > 0 be sufficiently small and let Q = Q — ¢&. It follows from the
definition of Q that Q satisfies

~ 14+ R(800d° +2 ~ R+1
+ R( +2) and QO > ;1 >R+ 1.
800d° 41 T 800d3+1

We substitute Q = @ + &¢ into the bounds in Lemmas 7.4 and 7.5. It is then clear
that we may assume the implicit constants in Lemmas 7.4 and 7.5 are 1 for p
sufficiently large with the cost of using é in place of Q. For any ¢ € N, we know
that ¢ (p') = p'(1 —1/p) > %p’. Therefore, by considering the two cases as in
the statements of Lemmas 7.4 and 7.5, we obtain

lw(p) — 1]

1 1
RN P SRt R D P SRTran

1< <8003 +1 |ged(a, p')=1 t>800d3+1 |ged(a, p')=1
ac(z/p'7)® ac(z/p' )R

&« Z erp—ntpnt—zé + Z szpfntpéJrnr—zQ
1<1<800d3+1 +>800d3+1
-0 O — 3 5_
< pR Q +pr (800d°+2)(Q—R)

< p ',

for some §; > 0. We note that the implicit constants in < are independent of p
here.
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Let ¢ = p}---p" be the prime factorization of ¢ € N. Without loss of
generality, suppose we have 7; < 800d°+1 (1 < j < vp) and 7; > 800d°+1 (v <
J < v). By a similar calculation as above and the multiplicativity of B(g), it
follows that

B(q) = B(p})---B(pl)

—n (n—é) R —n (" Q)
<<(np, o) (1 o)

j=vo+1
R-0 0
( 1_[ pj)
Jj=vo+1

R-0 0/(800d3+1)
<gq [ qQ/
—1-8,

q %

N

for some §, > 0. We note that the implicit constant in < is independent of g here,
because the implicit constants in Lemmas 7.4 and 7.5 are 1 for p sufficiently large
as mentioned above. Therefore, we obtain

IB(N) —=&(c0)| < > [B(q)

> (log N)C

< Y g

g>(log N)¢
& (log N)=¢%, O

Let v,(p) denote the number of solutions x € (U,:)" to the congruence relations
fe ) =0 (mod p) (1 <L<d, 1<r <ry). (7.20)
Then using the fact that

t

> e(m-a/p') = {g o,

a€Z)p'T otherwise,
we deduce
t
1+ Z B(p")
d re
+Z o ,),, 2. ) ¢ (ZZMk) -ae,,~/pf)
p kE(U )" ecd(a, p/)=1 =1 r=1

ae(Z/p/ DR
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22 <irife,,<k>-a@,,/pz)

ke(U,)" ae(Z/p'Z)R =1 r=1

¢>(p )"

tR

__r
¢(p’)"

Therefore, under our assumptions on f we obtain

fR v (p)
 P(pr

We can then deduce by an application of Hensel’s lemma that

v (p).

wn(p) = hm

u(p) >0,

if the system (7.1) has a nonsingular solution in Z7, the units of p-adic integers.
The details are left to the reader. From this it follows in combination with
Lemma 7.7 that if the system (7.1) has a nonsingular solution in Z; for every
prime p, then

&)= [] wp >o. (7.21)

p prime

By combining Lemmas 7.3 and 7.7, we obtain the following.

PROPOSITION 7.8. Let f be the polynomials in (7.1). Given any ¢ > 0, for
sufficiently large C > 0 we have

d Xl’l Zg,lhe
/ T a)do = G(OO)M(OO)X"*ZHM +O0{——— -
M(C) (log X)©

‘We note that this proposition contains Proposition 4.2 as a special case with

C() = &(c0)u(00). (7.22)

8. Conclusions and further remarks

Let us refer to the polynomials in (4.1) as f, and the polynomials in (4.2) as f
in this section. We let F and § be the systems of the highest degree homogeneous
portions of f and §, respectively.

As a consequence of Propositions 4.1 and 4.2, we obtain the following
asymptotic formula for the system of equations (4.2). We have that given any
¢ > 0, there exists C > 0 such that
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M;(X) =/

T

2/ T (f; oz)dot—i—/ T(f; o) dor
M(C)

m(C)

" n—y"0_, try
=C(HX" L=+ 0 <—X ) : (8.1)

TH; o) da

(log X)°

which proves Theorem 1.2 for f.
Recall from Section 4 that transforming the system f into § does not affect its
solution set, in other words V;(Z) = V; ¢(Z). Therefore, we in fact have

Me(X) = M;(X) = C(HX" =1 4 0 X2
f( )— f( )— (f) - + W .

Since C(f) is a constant dependent only on f, in turn it follows that it is a
constant which depends only on f. Thus by setting C(f) = C(§), we have obtained
Theorem 1.2.

We also remark that if Vg ¢(R) has a nonsingular real point in (0, 1)", then so
does Vz o(R), and if the system of equations (4.1) has a nonsingular solution in
Z, for every prime p, then so does the system (4.2). Under these conditions, it
follows from (7.6), (7.21), and (7.22) that C(f) = C(f) > 0. We leave the details
here to the reader.

Finally, we followed [6] and used the von Mangoldt function A as our weight
for the exponential sum. Consequently, M;(X) counts the number of solutions,
with a logarithmic weight, to the equations f = 0 whose coordinates are all
prime powers. Let 1p denote the characteristic function of the set of prime
numbers. For x = (x, ..., x,), we let 1p(x) = 1p(xy)---1p(x,) and log(x) =
log(x;) - - - log(x,). Let us define

M(X) =) 1og(®)1p () Lyyc) (%)

xe[0,X]"

with the convention that log(x)1p(x) = 0 if x; = 0 for some 1 < i < n. The
quantity M;(X) counts the number of prime solutions, with a logarithmic weight,
to the equations f = 0. We record the following result for M;(X).

THEOREM 8.1. Under the same hypotheses as in Theorem 1.2, we have

x-S tr
(X)) =CHX I o[ =——— ),
Mf( ) ® + Qog N)

where C(f) is the same constant as in the statement of Theorem 1.2.
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We can obtain this asymptotic formula by changing the weight from A(x) to
log(x)1p(x) in the proof of Theorem 1.2. Since the resulting changes in the proof
are minimal, we leave the details to the reader.

Acknowledgements

The author would like to thank James Maynard and Kannan Soundararajan for
their helpful advices, and the anonymous referee for her/his careful reading and
helpful suggestions. The author would also like to thank the following people
for helpful conversations and/or encouragement while working on this paper:
Matthew Beckett, Arunabha Biswas, Tim Browning, Francesco Cellarosi, Robert
Krone, Jamie Mingo, Abdol-Reza Mansouri, M. Ram Murty, Mike Roth, Trevor
Wooley, Stanley Yao Xiao, and Serdar Yiiksel.

Appendix A. Proofs of the results in Section 6

In this appendix, we provide proof for the results presented in Section 6. Let
us denote B, = [—1, 1]" and By = [0, 1]". Let X = (xy, ..., x,) and X; = (x;,1,
..., Xjn) for j > 1. Given a function G(x), we define

1 I
ey, ...,X) = Z e Z(—l)tﬁmwG(th + 4 1Xy).
11=0

173 =0

Then it follows that I} ¢ is symmetric in its £ arguments, and that I} g (X, .. .,
X¢_1,0) = 0[20, Section 11]. It is clear from the definition that if G'(x) is another
function, then Iy, ¢ + I'.¢: = I+ We also have that if G is a form of degree
dand ¢ > d > 0, then I'; ¢ = 0 [20, Lemma 11.2].

For o € R, let ||| denote the distance from « to the closest integer. Let & =
(etg,..., ;) € RE where R =r  + - +ryand &y = (opy,...,00,,) € R?
(1 £ ¢ < d). We define

lell = max |le, || and |e| = max |o,|.
<sesd <<
1<r<rg 1<r<re

We have the following standard results related to Weyl differencing.

LEMMA A.1[20, Lemma 13.1]. Suppose G(x) = G +GV(x) +--- + G9(x),
where G is a form of degree j with real coefficients (1 < j < d) and G® € R.
Let P > 1, and put

S' = S'(G, P,B,) = Z e(G(x)).

xePByNZ"
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Let ey, ..., e, be the standard basis vectors of R". Let ¢ > Qand 2 < € < d. If
€ =d, thenlet 0 = 0 and g = 1. On the other hand, if 2 < £ < d, then suppose
0 < 0 < 1/4 and that there is q € N with

g< P’ and |qgG?P| <cP' (L<j<a).

Then we have

S « PO R (1’[ min(P'", llg g0 (X, ..., X, e,->||1>> :

i=1

where the sum Y _ is over (£ — 1)-tuples of integer points Xy, . .., X,_1 in PBy, and
the implicit constant in < depends only on n, d, c, and €.

We remark that the term ¢ which appears in the statement of Lemma A.1 is not
present in the statement of [20, Lemma 13.1]. However, it can be seen from the
proof of [20, Lemma 13.1] that this change does not affect the result, or see the
explanation given in [20, page 275, line 5].

LEMMA A.2 [20, Lemma 14.2]. Make all the assumptions of Lemma A.l.
Suppose further that
NIy
where Q > 0. Let n > 0 and n + 40 < 1. Then the number N(n) of integral
€ — 1)-tuples
X1, ..., Xp-1 € PU%I
with
”qF(Z,G(O (X19 cees Xp 1y ei)” < P—é+49+(€—])ﬂ (l = 17 ceey n)
satisfies
N(’?) > Pn(Zfl)n72‘_]Qfs’

where the implicit constant in > depends only onn, d, c, n, and ¢.

Letu = (uy, ..., u;) be a system of polynomials in Q[xy, ..., x,], where u, =
(Uers .- Uep,) 18 the subsystem of degree £ polynomials of u (1 < £ < d). We let
U= (U, ..., U)) be the system of forms, where foreach 1 < ¢ <d, U, = (U, 1,

..., Uy, and U, , is the homogeneous degree £ portion of u,, (1 <r < ry). We
define the following exponential sum associated to u,

S(a) = S(u, Bp; o) := Z e ( Z Z Oy uh(x)) . (A.1)

XePBNZ" 1<e<d 1<r<re
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Let e, ..., e, be the standard basis vectors of C". Let 1 < £ < d. We define
M, = M, (U,) to be the set of (£ — 1)-tuples (xi, ..., X,—;) € (C")*! for which
the matrix

(myi] = Teu, Xis .o X1, €)] (I <r<r, 1 <i<n) (A.2)

has rank strictly less than r,. For P, > 0, we denote zp,(M,) to be the number of
integer points (Xp, ..., X,—;) on M, such that

max max |x; ;| < P.
I1<i<l—11<j<n

Given a degree £ polynomial

— i i
ux) = E Aj X oox)
i;eNU[0} (1<, <n)
0+ Fin <L

with real coefficients, we denote

lul = max  [A; ;| and Jful=  max  [|A; .l
i ENU{0} (1<, <n) i ENU{0} (1< <n)
0 +-4in <L 0<i iy <L

LEMMA A.3 [20, Lemma 11.3]. Suppose U (X) is a form of degree £. Then we
have
I Feull < 2°° U,

By a similar proof as in [20, Lemma 11.3], we can also show that for a degree ¢
form U (x) the following holds

|Ful <2971V (A.3)

Let1 < ¢ < d andr, > 0. We define g,(U,) to be the largest real number such
that
ZP(MZ) & Pn(lfl)fgg(U/é)Jrs (A4)

holds for each ¢ > 0. It was proved in [20, page 280, Corollary] that

2!
he(Uy) < m(ge(Ue) + (€ = Dre(ry — 1)). (A.5)
Let
21— Dy,
"= ge(Uyp)
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when r, > 0 and g,(U,) > 0. Welet y, = 0if r, =0, and let y, = +o0ifr, > 0
and g,(U,;) = 0. For £ with r, > 0, we also define
', 2! "%

T @) T W

We have to deal with the cases when the coefficients of u may depend on P

(but not the coefficients of U). There are essentially two different scenarios we
have to consider, the first of which we refer to as follows.

(A.6)

Condition (x): The polynomials of u have coefficients in Z, and the coefficients
of U do not depend on P. However, given u,,(x) (1 <€ < d,1 <r < ry) the
coefficients of its monomials whose degrees are strictly less than ¢ may depend
on P.

The following lemma is essentially [20, Lemma 15.1]. The point here is that if
we are only considering the case £ = d, then the implicit constants may depend
on U, but not on u. (Note for the case £ < d the implicit constants may depend
on u, see [23, Lemma 2.2].)

LEMMA A.4 [20, Lemma 15.1]. Suppose u satisfies Condition (x'). Let Q > 0,
¢ > 0, and let P be sufficiently large with respect tod and r,, ..., r. Let S(a) be
the sum associated to u as in (A.1). Given 0 < n < 1, one of the following three
alternatives must hold:

(i) [S()| < P"°.
(ii) There exists ny € N such that

ng < P90 and  ||ngoty|| & P4trad=bn,

(i) zp, (M) 3> P "2 Q= po1ds with Py = P,

The implicit constants depend at mostonn, d, ry, n, €, and Uy.

Proof. We have a € R, Let us denote

d re
Z ZOM,H/M,(X) = G(O) + G(l)(x) 4+t G(d)(x),

=1 r=1

where G is a form of degree j (1 < j < d) and G € R. Then it is clear
that G (x) = > @4, Uy, (x), and it depends on U, only, and not on u. With
this observation, by following through the proof of [20, Lemma 15.1] for the case
¢ = d while keeping track of the constant dependency, we obtain the result.  [J
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From Lemma A.4, we obtain the following corollary in a similar manner as
in [20, page 276, Corollary].

COROLLARY A.5 [20, page 276, Corollary]. Suppose u satisfies Condition (x').
Let S(at) be the sum associated to u as in (A.1). Suppose &' > 0 is sufficiently
small and Q > 0 satisfies

Qyy < 1.

Then one of the following two alternatives must hold:
(i) |S(@)] < P"°.
(i) There exists ng € N such that

ng < P2 and ||ngay|| « POt
The implicit constants depend at most on n,d, ry, &', Q, and Uy.

Now we move on to our next scenario of when the coefficients of u may depend
on P. Let uf_/ r) (x) be the homogeneous degree j portion of the polynomial u, , ().
In the following lemma, for j < ¢ the coefficients of uf/ Z (x) may be in Q and also
depend on P, but in a controlled manner. On the other hand, the coefficients of
U, ,(x) do not depend on P. We also note the implicit constants may depend on

U but not on u.

LEMMA A.6 [20, Lemma 15.1]. Suppose u has coefficients in Q, and further
suppose U has coefficients in Z. Let Q > 0and e > 0. Let 2 < € < d withr, > 0.
Ift =d, thenlet 0 = 0 and g = 1. On the other hand, if2 < £ < d, then suppose
0 < 0 < 1/4 and that there is q € N with

q < Pe? qoty € VA (E < 6/ < d)a

and
)
qajqu;, (X) € Zlxq, ..., x,]

foreveryl < j<d,0< ¥ <j1<r<r,.
Let S(at) be the sum associated to u as in (A.1). Given n > Q withn + 40 < 1,
one of the following three alternatives must hold:

(i) |S()| < P"°.
(i1) There exists ny € N such that

no K P and |\ gnoay || <« P,
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(i) zp, (M) 3> P2 @7 polds with Py = P,

The implicit constants depend at mostonn,d,ry, ..., r;, n, ¢, and U.

Proof. We have a € RX. Let us denote

d g
DD ) = GO+ G0+ + GO,

=1 r=1

where G is a form of degree ¢’ (1 < ¢’ < d) and G € R. Then it is clear that
GP(x) = Y1 aq,Uqy,(x). Recall we denote uifr) (x) to be the homogeneous
degree ¢’ portion of the polynomial u;,(x). Then we have

Ty

d rj
GO®) =Y o, Ur,®+ Y Za_,,,u;‘f’)(x) (1< <d).

r=1 j=t'+1 r=1
If £ < d, then it is clear from our hypothesis that we have
lgG Ol =0< P"*

foreach? < £ <d.
Suppose the alternative (i) fails. In this case, we may apply Lemma A.2 and
obtain that the number N () of integral (£ — 1)-tuples xy, ..., X,_; in P"B; with

lg oo, ... X1, @) < PTG =1, n) (A7)

satisfies .
n(¢—1)-2- —&
N(TI) >> P()( ) Q/m F’

where Py = P”", and the implicit constant in >> depends only on n, d, n, and ¢.
We have

lg e goXi, ..., Xe—1, &)l

re d T
E qo Ty, (Xi, ..o, Xe1, €) + E E qaj,rrg,uy: (X1, .00 Xo_1, €)

r=1 j=t+1 r=1

re
§ qaf,}']—'e,U(v, (X19 ey xl—l7 el)

r=1

’

because

qoej,rl}um(xl,...,Xg,l,ei) e (AS)
N
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foreach £ < j < d,1 <r < r;. Thus we see that (A.7) implies

re
Y qae Teu, K1 X )| < PTG =1 n). (A9)

r=1
Given xy, ..., X,_; as above, we form a matrix
[mri]xl ,,,,, Xp—17
where its entries are
my =Ty, X, .o X1, €) (I<r<r,1<i<n).

Now if this matrix [m,;]y, . x, , has rank strictly less than r, for each of the (£ —1)-
tuples counted by N (1), then by the definition of z 5 (M,) we have

n(e—1)—2¢1 —&
2p,(My) = N(n) > P02 @m=r

where the implicit constant in 3> depends only on n, d, , and ¢. Thus we have
the alternative (iii) in this case. Hence, we may suppose that at least one of
these matrices, which we denote by [m,;], has rank r,. Without loss of generality,
suppose the submatrix M, formed by taking the first r, columns of [m,;] has rank
Fy.

It follows from the definition of I y,, that every monomial occurring in
I'yu,, (i, ...,2,) has some component of z; = (z;1, ..., Z;,,) as a factor for each
1 <i < £[20, Proof of Lemma 11.2]. Recall we also have

T, | <2900,
from (A.3). Therefore, we have
m,; = Q,Ug_r(xlv ey X1, ei) < P(f_lv

and also
ng = det(Mo) < Py = P,

where the implicit constants in < depend only on n, £, r,, and U,. Hence,
from (A.9) we may write

re
q Zaz,rmri =ca+p (A<i<n),
r=1

where ¢; are integers and B! are real numbers satisfying

|13l/| < P7€+49+(€71)n (1 g i g n)

https://doi.org/10.1017/fms.2018.21 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2018.21

Prime solutions to polynomial equations 87

Let vy, ..., v, be the solution to the system of linear equations
re
Do vmg =noci (1<i<ro). (A.10)
r=1

Then we have

re
> (gnoa, —vymy =nof (1 <i <ro). (A.11)

r=1

By applying Cramér’s rule to (A.10), it follows that v, € Z (1 < r < ry). Also by
applying Cramér’s rule to (A.11), we obtain

Ur| < PO([_I)(”_UP_[+40+(l_l)" — P—Z+49+m([—l)n’

(A.12)

lgnoo |l < lgnooe, —

where the implicit constant in < depends only on n, ¢, r,, and U,. This completes
the proof of Lemma A.6. O

We then have the following corollary.

COROLLARY A.7 [20, page 276, Corollary]. Suppose u has coefficients in Q, and
further suppose U has coefficients in Z. Let Q > Qand e > 0. Let 2 < £ < d with
re>0.If¢ =d, thenlet 0 = 0 and g = 1. On the other hand, if2 < { < d, then
suppose 0 < 0 < 1/4 and that there is g € N with

g< P’ qu;eZ’ (t<j<d),

and
)
qop ug (X) € Zlxy, ..., X,]

foreveryl <0 <d,0< j<?,1<r<ryp.
Let S(a) be the sum associated to u as in (A.1). Suppose

40+ Qy, < L.
Then one of the following two alternatives must hold:
(i) 1S(@)] < P2
(i1) There exists ng € N such that

ng < P and ||ngget,|| « PTEHATOete,
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The implicit constants depend at most onn,d, ry, ..., ry, Q, €, and U.

Proof. The proof is similar to that of [20, page 276, Corollary]. If we have
210 /n < g(Uy),

then it is clear that the alternative (iii) of Lemma A.6 cannot occur for P

sufficiently large with respect to n,d, ry, ..., 1, 1, &, and U. In particular, this
is the case with n = Qy; + ¢’ where ¢’ > 0 is sufficiently small. Note we also
have
n+40 <1,
given 46 + Qy, < 1. O
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