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ON A CLASS OF DEGENERATE ELLIPTIC EQUATIONS
YOSHIAKI HASHIMOTO AND TADATO MATSUZAWA

We shall prove in Chapter I the hypoellipticity® for a class of
degenerate elliptic operators of higher order. Chapter II will be devoted
to the consideration of the regularity at the boundary for the solutions
of general boundary problems for the equations considered in Chapter I
being restricted to the second order.

Chapter 1. Hypoellipticity for a class of degenerate elliptic operators.
§1. Introduction.

In [5], Grusin has proved the hypoellipticity for a class of degenerate
elliptic equations. Our aim in this chapter is to give a simple proof
with some additional assumptions on the operators considered in [5].

First we state the main result obtained in [5]. Let RY be N-dimen-
gsional Euclidean space regarded as a direct product of two Euclidean
spaces R* and R" (kK + n = N). We consider a pair (p,s) of N rational

numbers (p;, - -+, py)» (05, -+ -,0y) such that p; =1 and 6, =20 A Zj<N)
and that
(a) oj=0;=1 k+1<j<k+n=N

and for each 7,1 <7<k, one of the following conditions is satisfied:
(b) Pj > 0'j > O >
(C) Uj = 0 .

Suppose (p,0) is given. The following notations are convenient for the
later discussions:

=@, -, %y) Ry,
Received April 1, 1974,

» A differential operator P is said to be hypoelliptic, if any distribution u is in-
finitely differentiable in every open set where Pu is infinitely differentiable.
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x=(xl’y)’ xlz(xl""xk)y yj:xk+j léjén,
=@, 2, ¥ = (X, Te)y B = Xpryry ey i)

where k' is in agreement with the number of j satisfying (b).
Let m be a positive integer and set

1.1) M ={@,0);|a| = m,{p,a) = <o,1) 2 {p,axp — M},
1.2 My = {G, @) ; |la] £ m, (o, 7> = {p,a) — m},
where (y,a) is a pair of N-tupled multi-indices of non-negative integers
and y;, =0 for jif 6; =0 A< j< k). We use the following notations:
!“I:al"l‘ e oy,
{p,ay = gy + -+ - + pyay etc.

Now we consider a partial differential operator

1.3) Lz,D)= 3>, a,(x)a’D",

(r,a)eM

where a,,(2) € C*(RY), (a,7) € M and

D= (l 9 lL) :
10X, 1 0%y
Associated with (1.3) we consider the partial differential operator with

polynomial coefficients:

(1.4 Ly”,y; D) = > @, (0)aD~.
( Mo

7,@) €

Condition 1. Ly(x”,y; D) is elliptic for |2”| + |y| = 1.
Condition 2. The differential equation

(1.5) L@ y; &, Do) = 3 a,(0)ae” Div(y) = 0

(r,a) €My
a=(a’,p)

has no non-trivial solution in S(R;) for any fixed £e R*, £+ 0, and 2.
Set

0y = min p, , ¢’ = maxa; .
1<k 1sjsk

Having established these notations the main result of Grusin can be
stated as follows:

THEOREM 1.1 ([5, Theorem 1.1]). Assume p, > o¢°. = Under the con-
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DEGENERATE ELLIPTIC EQUATIONS 183

ditions 1 and 2, the operator L(x,D) is hypoelliptic in a neighborhood
of the origin.

With the additional assumptions on L(x,D) stated below, we shall
give an alternative proof of this theorem. Throughout this paper we
always assume that the order of L(x,D) is 2m (m =1). Moreover we
substitute the conditions 1 and 2 by the following conditions 1’ and 2’
respectively :

Condition 1’. Ly(x”,y; D) is strongly elliptic for |z”| + |y| =1 i.e.
there exists a positive constant 6 such that

1.6) Re Li(x"”,y; &,9) = 6(&F + [pP)*™

for all (2”,%) («”|+ |y|=1), £EeR* and peR". Here L} denotes the
homogeneous part of L, of order 2m.
Condition 2’. The differential equation

1.5y Lyx",y; & Do) =0

has no non-trivial solution in L*(R};) for all 7 and ¢ (&|=1).

THEOREM 1.1’. Assume that p, > ¢*. Under the conditions 1’ and 2/,
the operator L(x,D) is hypoelliptic in a neighborhood of the origin of R”.

Remark. Grusin showed in [3] that Condition 2 is equivalent to
Condition 2’ under Condition 1.

In order to show the hypoellipticity of the operator L(z,D) it is
essential to obtain the inequality of the type (2.13) as will be explained
in §2. In §3, we shall get this inequality with the aid of the method
suggested by that used in [13].

§2. The proof of Theorem 1.1’

In this section, according to [5, §2], we shall describe in several
steps how the proof of Theorem 1.1’ (or Theorem 1.1) is deduced to prove
the inequality (2.13).

(A) Let H, and H, be two Hilbertian spaces and we denote by
P(H,,H,) the set of all continuous linear mappings from H, into H,.
Z(H,,H, is a Banach space with the usual norm (denoted by | -|). Let
p(x, &) be ZL(H,,H,)-valued infinitely differentiable function defined in
2 X R, where £ is an open set in RY. We suppose that for every com-
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pact set K C 2 and for all multi-indices «,p, the following inequality
holds:

@.1 I2E@, Ol < C, (1 + |g)m-ri+s® e K, £eR*,
where p and § are non-negative numbers and

aa+ﬁ
@, 8) = -2 ___p(x,8) .
p(p)( & PR p(x, &)

We denote by S7; = Sy, (2 X Rt; H,, H,) the set of all p(x, &) satisfying
the above conditions. We denote by 2(2; H,) the set of H,-valued in-
finitely differentiable functions with compact support in an open set
2 C R*. Then we define a pseudo-differential operator:

@.2) p@, Dy = @0 | p@, yi@)e=ode,
B¢

where (&) is the Fourier transform of ue 2(2; H,). For this pseudo-
differential operator almost all theorems proved in [8] in the scaler case

are true.
Now consider a function p(£) infinitely differentiable except at £ =0
such that grad, x(¢§) — 0 as & — oo and that the following inequality holds:

(2.3) Ci1 4+ [&) < u(®) = C1 + [&D, §e R,
where 0<¢ <¢, <1 and C,C,>0.

THEOREM 2.1 (cf. [5, Theorem 1.1]; [6],[8]). Let p(x,&) be a symbol
in ST, with 0 <0 <e¢ <& < p. Suppose that there exist positive constants
d,A and a real number a such that for all xe 2,a,p and §,|6| > A, the
following inequalities are valid:

2.4 D)@, E)V g, = C, u(&)~ <118 [g[~ =+l | p(2, §)V g, veH,,
(2.5) |61 |]a, < C 0@, 8]y, veH,.
Then the pseudo-differential operator p(x, D) is hypoelliptic in 2.

In what follows we shall use the symbols C,4,p4,5,--- to denote
constants, and suffix or prime will also be used if necessary.

(B) Let £’ be an open neighborhood of the origin in R% and let B,
={yeR;;|y|<p}. For every o’ c £’ and & e R we have

L&', y,¢ D,) e Z(H™B,), LXB,)) .
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Hence if we put
2.6) p@,8) = L@, y;&,D,) ,
then p(«, &) e S’ X R:; H™B,), LX(B))).
If the hypoellipticity of the pseudo-differential operator p(2’, D;) in

2’ is proved, then we can derive the hypoellipticity of L(z,D) in 2XB,
as follows:

LEMMA 2.1. Assume that Condition 1’ is satisfied and p(x’,D,) is
hypoelliptic in . Then the differential operator L(x,D) = L(+',y,D,.,D,)
is hypoelliptic in a neighborhood of the origin of R, X R} = R".

Proof. By Condition 1’ L is elliptic in £’ X B,,y # 0 (letting the
sets £’ and B, shrink if necessary), therefore L is hypoelliptic in £’ X B,

y # 0. For any vector (0, ---,0,%,---,7,) = (0,7) # 0, we can easily see
the characteristic polynomial of L, at ¥ = 0 does not vanish by Condition 1’:

Z a’a,o(o)ﬂa ?l: 0 .

{al=2m
a=(0,a1,++,an)

Thus L is partially hypoelliptic with respect to the plane y = 0, whence
we have the conclusion of Lemma 2.1. (cf. [7, Chap. 4].)
(C) We introduce several notations. First we set

@.7 0={<0,7> + 2m — {p,a> .

Then ¢ = 0 if and only if (a,7) ¢ M,. (In the definition of M: (1.1) and
M,y: (1.2), the number m must be substituted by 2m.) We set

= (xl’ ""xk) ’ Y= (xk-H’ . '9xN) = (?/1, ""yn) .
@k = 2P 4
(@], = 2| + %]+ - + |Yal,
el =1aPr + - 8
2.8) (2", y; &) =[xl & ] + - - + |2 Y&

and
o= minp;, o =maxp;, ¢,=ming;, ¢ =maxo;.
1575k 1=jsk 1=jsk 1sjsk

Here |z, and |o’|,. include only the terms corresponding to ¢; + 0.

LEMMA 2.2 ([56, Lemma 3.1]). Let a = (&, ) = (@1, * s @ Bis  * * 5 )
and assume that
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7
2.9 || + — < 2m .
0o
Then we have the following inequality :
2.10) |26 |6l < C(&l, + hia”,y; Oy,
LEMMA 2.8 ([5, Lemma 3.2]). Assume thot

@.11) el + -2 > 2m .

0o
Then for arbitrary p > 0 there exists a constant C > 0 such that

[are™ || gfgmtebe < C(&], + M, y; OY 0, (&= 1,

(2.12)
yeB, ={llyl = u}.
(D) In §3 we shall prove the following lemma.

LEMMA 2.4 (cf. [6, Lemma 3.5]). Assume that the conditions in
Theorem 1.1 are satisfied. Then there exist positive constants A,C and
© and a neighborhood ' of the origin in R* such that

Iﬂ(Z:§2m 1agl, + r(x”,y, &)™ "' Div(Y) |32 mm
< CIIL@, y; & Do) [acam
for all o’ e 2, v(y) e *™(B,) and §&,|&|, = A.

(2.13)

Now by virtue of the inequality (2.13) we can see that the operator
p(z’, &) = L(x, ¥; & D,): (2.6) satisfies the conditions of Theorem 2.1. In
fact, we shall estimate p{3(2’, £)v(y), where v(y) eI-:F"‘(B,,) and a, B, are
multi-indices in N*. Since p(2/,&) is expressed as a sum of terms
a. ()& D), p§y is a sum of terms

@.14) (a_fc,_)"‘(a,,,(x)xr)(%)“‘(e«'mzv(y) .

Considering <o,7) — {p,a)> + 2m = 0, the number ¢ corresponding to the
term (2.14) is not smaller than <{¢’,e,> — {d¢', By, Where o’ = (o, * * -, px)
and ¢’ = -.-,0;). Then by Lemma 2.2 and Lemma 2.3 L’-norm of (2.14)
is estimated by

Clglenmrento|(gl, + B P DivW s 1§ = A .
Hence we have by (2.13)
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"(2.14)”14“(31‘) =< C I&I;PoluHa"IPl' ”I:(x”y; g, Dy)'v(y)"u(}_;#) N
1§, = A .

From this we can easily see that p(x/,&) satisfies the condition of
Theorem 2.1 by taking

@ <e<py,
d = min (g, — &, — ay)

and
pO) = [ + &)V + - + L+ &V

Thus to complete the proof of Theorem 1.1, it remains to prove
Lemma 2.4.

§3. Proof of Lemma 2.4: Main estimate.

Lemma 2.4 will be proved as a consequence of the following lemma.

LEMMA 3.1. Let L(2”,y,D) be given as in Theorem 1.1’. Then
there exists a positive constant C such that

2o A&l + r(a”,y ;5 ™ "' Div) [Lacrn
(3'1) 1B1S2m .
g C ” Lo(x”’ y ; E’ Dy)v(’y) ”21,2(31:)

for all v(y) e H*™(R™) N &'(R") and & e R*.

Proof. In (3.1) substitute & by ¢, « by 2~°« and D, by iD, respec-
tively (1 > 0). Then we see that quasi-homogeneous order of both sides
and is 2m. Hence it is sufficient to show the inequality (3.1) for |¢|, =
1. Let t(») be an infinitely differentiable function in = 0 such that

t(r):{o 0sr<i1
r=2.

Define
3.2) m@’,y;8 = (2|, + t(yD)* &+ - + (@), + (YD&) -

Then h, has the same order as & in |y| for large |y| and is constant
when 2”,£ are fixed and y runs through the sphere in R;. Furthere-
more for 7 =1,
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Oy | s is bounded ,
or!
(3.3) ol
——LYi kit 0 as |&”| + |y|—> oo .
or!

Substituting 2 by &, in (3.1) we obtain the inequality equivalent to (3.1).
Put

9", 75 6) = j "+ s €)ar

which has the same order as rh, as r — oo.

Now we shall use the coordinate transformation introduced in [5],
[16]:

(3.4) 2= Y _g@",|yl; 8 .
(Y]

Then we have

02; _ 9@”,y;8 _ 9@, 1y]; 9 14 h(2”,]y]; &)
R e (v i T )

and the Jacobian of the transformation is

e 4 . n—1
3.6) 0@ - 2) . 9@LIWEO™ (1 4 pa,lyl; 8) -
a(yn ""yn) }yl

We now pass from the variables ¥ to the new variables z in the equation

3.7 Lia",y; &, D)v@) = f@) .
It will have the form:
(8.8) M(z,D)v(z) = fi(?) ,
where

v, =1 + h)mry
8.9 {f1 — (1 4 hymonis

In the following we shall show the equation (8.8) is uniformly elliptic
in R* and all the coefficients belong to Z(R?). From Condition 1’ it
follows that for the principal part of L, (denoted by L) :

(3.10) Re Li(x”,y; &7 = o(nf™ + h(x”,y; &™) .
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Considering
M(z,D)v, = A + h) ™ ™LA + h) ™", = f,
we have for the principal part of M (denoted by M°%:

3.11) Re M(z,0) = 5@ S+ k- lazz l)
i=1{j=1
Furthermore by (3.5) and (3.6) we have

ﬁ£a+m*_
0Y;

ZER},

Cr< @A+ k)™ 0z - - -2,) <C
a(yl, cct yyn)

for some positive constants C and C’. Hence we have
3.12) Re M°(z,8) = & |¢f™ LeR:

for some constant ¢’ > 0. Hence M(z, D) is uniformly strongly elliptic in R?.
We remark that M(z,D,) depends on (x/,&¢) which is viewed as a
parameter.

By the above consideration all the coefficients of 2m-th order in
M(z,D,) are bounded in R*. The first derivatives of them are given in
the form:

(1 + hl)_zm‘lgTh/laa(O) Z Ca yi10ectom, J1v  Fom l:[ (azjv )
k

0Yss
3.13) yai 9 (2
1 h 2’”’-(], O Ca yi10eeia ( z-l” ) < sz )
+ ( + ) ( ) Z msJ1eeeJom I:I ay'iv azk aytv

where the summations are taken for 4, ---,%4m,71, -+, 7m Which run
through 1, .--,n. By using the following inequalities derived by (3.5)
and (3.6):

QA+ hy + h)7?

|§chn+mn
0Y;
and by using (8.3) we can finally see that (3.13) is bounded in R*. The

boundedness of the higher derivatives are shown as above. Similarly,
we can show recurcively that all the coefficients of 2m — j-th order (4 =
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1,2, ...,2m) belong to Z(R*) using (2.10), (3.3), (3.4), (3.5),(3.6) and (3.12).
Hence the Garding inequality for M(z, D,) can be derived; namely there
exist two constants C, > 0 and C, = 0 such that

Re (M(z, D,)v,(2),v,(2)) = C, || ’vl(z)”%mm;') - C, “'vl(z)“m(ng)

(3.14) v, e H*(RM) N &"(R) (cf. [14], p. 240) .

Here the constants C, and C, are independent of («”,¢), |&], = 1.
We can substitute », in (3.14) by (1 + h)™v,(2):

Re (M(z, D)1 + h)™v,(2), (1 + h)™v,(2))

(3.15)
2 CA + 2™ 0@ zmcrm — CollA + 2)™04(2) |Izocan) -

Using Leibniz’ formula and integration by parts, the left-hand side of
(8.15) is estimated from above by

CllA + k)™M(z, D)o, ||-[|(1 + k)", ||
+ 1A + A)™ 0 llgn- (X + R)™ 05"}

By (3.15),(3.16) and by interpolating the inequality of the form
BI1D A+ ”)™ilge- £ el + )™ [lgm + C@ [|(X + h)™01|Ls

(3.16)

we have
(8.18) [|(X + )™ |lam < C(I(A + A)™M(2, D)V, |lzs + |1 + h)™0y]|24)

for some constant C > 0.
Now starting from (3.18) and (3.14), we can show, by induction in
[Bl, that the following inequality is valid:

X + h)™Div,||gm
(8.19) 1ATEm
= C{IlA + h)™M(z, D)oy lzs + [|(X 4+ h)™v,|zs} -
Going over to the variables y we have
> 1A+ hl)z’""‘“Div(y) | z2crn)
|181=2m

(3.20) < CYILy@", ¥ &, D)ol + |1 + h)*™0|10}
ve H*™(R™) N ¢(R™),|&], = 1.

The second term of the right hand side of (8.20) can be dropped out by
Condition 2/, which completes the proof of Lemma 3.1.

Proof of Lemma 2.4. The differential operator L(«/,¥; D,) is ex-
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pressed as a sum of the terms a, (®)2'¢“Dj, (,@)e M, a = («,p). For
ve B"™(B,) we have

A

L fv+(f~f0)v

(8.21) 0 + T 0(0) — 00w Dip + T, a, @) Dip .

For any ¢ > 0, if we take x> 0 and if the diameter of 2’ C R% is
sufficiently small, we have

é | (@0 (%) — @, ()2~ Djv(¥) || 25,
<e m};m N0&l, + r@”,y; OY™ ' Div(W |l ze, ve H™B,) .

For the last sum in the right hand side of (3.21) we have by Lemma
2.2 and Lemma 2.3,

| o (@)27EX D0 |33,
= CopulERTNCEL + R, 9, Y™ P Div(W |2z, » 7> 0.
If we take a sufficiently large number A, then we have
0;:) | o (2)27 8" Div(Y) || 225,
Se Iﬁé_‘.m 10l + hCx”, 9, " "' Div(W lzas,y » 16, = A .

Thus by using Lemma 3.1, we are given desired inequality:

I L9llzamy = 1 Lo llzagmy — 1L — L)llzacs,
z©—2) lﬁ|Zs:z Nqgel, + r”,y, &)y mDp'U(?/)”m(B,,) ’
ve Hm(B ), [&l, =

Since ¢ can be taken arbitrarily the inequality (2.13) is obtained.

§ 4. Examples.

The following examples have been given in [5].

1. L= +2—§— Rei+#0or Rei=0 and |2|<1.
ay ax” ox

2. L=

+ Y

These operators satisfy the conditions in Therem 1.1 and also 1.1/, hence
they are hypoelliptic in (z, y)-plane.
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Chapter II. Boundary value problems.

§ 5. Introduction.

As an application of the method developed in Chapter I, we shall
congider the regularity of solutions of boundary value problems for the
degenerate elliptic equations being restricted to the second order.

Consider the case where n =1 and m = 2. Set

RY = R* X R, = {(#/,9) |2/ e R*,y > 0} .

The letters p,0, M and I, will be used as in §1. Thus we shall con-
sider a partial differential operator

®.1) L@,D)= Y a,@D", a,,) eCRY)

la] 2
(r,a) €M

with one of the following boundary operators:
(5.2), B(«x',D,) =1,
(5.2), By(«',D,) = D, + b(z’,D,.) + c(x) .

Here b(2’,D,) is a pseudo-differential operator defined in R* with its
symbol given by 3 b.(x)a'"B,(§), and c(«’) is a complex valued smooth
function defined in R*. We shall, therefore, investigate the regularity
of the solutions of the boundary value problem:

5.3) Lz, D )u(x) = f(x) in RY,
(5.4); B, Du(x’,0) = 0 on R:E, (j=1or 2.

We freeze as in § 1 the coefficients of the principal part of L and B, and
introduce the following notations:

Lyx",y;¢,D,) = 2, %, OuE Dy,

(7,2) €My
a=(a’,ay)

B,(x",&,D,) = D, + 3 b,(0)x"B,(&) .
Now we impose the following conditions.

Condition II. 1. Ly(2”,y;D)= >, a,(0)27D"
la]=s2

(r,z)gfmo
is strongly elliptic for [¢”|+ ¥y = 1 with y = 0.

Condition II. 2, (j =1 or 2). The homogeneous boundary value
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problem on the half line R!:

(5.5) L, y; D)v(y) =0,

(5.6); By, y; & Dy)v0) = 0

has no non-trivial solution in H*(R') for all & and & (|¢|, =1).

Condition II. 3. The symbol by(x”,&) = 3 b,.(0)2"B,. (&) is quasi-
homogeneous of order one, that is,

b(A"x", 2¢°8) = Aby(x”, &) 2>0.

Condition II. 4. b(x’, &) is real valued in R%,.

THEOREM 5.1. Assume that p, > ¢" and that boundary value problem
(6.3),(56.4); (j =1 or 2) satisfies either

case 1. the conditions II. 1 and II. 2,
or

case 2. the conditions II. 1, II. 2,, I1. 3 and I1. 4 corresponding to
j=1 or 2.

If feC"(R¥NU) (where U is a neighborhood of the origin in RY) and
if ue Hi (RY) with (5.8),(5.4); in RYNU (j =1 or 2), then there exists
a neighborhood V of the origin such that uwe C*(RY NV).

The proof of Theorem 5.1 can be reduced to that of the inequality
(6.1) which will be proved in §6. The inequality (6.1) corresponds to
(2.13) proved in Chapter I. By applying (6.1) and Theorem 2.1, we can
immediately prove the regularity of % at the boundary as in the case
treated in Chapter I. In case the symbol b(z’,&) of the boundary
opeyator B, is complex valued we need another method to obtain the
estimate of the type (6.1). This method, which will be discussed in §7,
can be applied for higher order operators. To illustrate our discussions
we shall give in §8 examples of boundary systems satisfying the con-
ditions in Theorem 5.1. Those conditions might be thought to be as
close enough to a mecessary condition.

§ 6. Boundary estimates.

As explained previously the proof of Theorem 5.1 can be reduced
to the following lemma.
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LEMMA 6.1 (cf. Lemma 2.4). Assume that the conditions in Theorem
5.1 are satisfied. (i.e. p, > o°, either the case 1: Conditions 1I. 1 and
II. 2, for the boundary system {L,B,}, or the case 2: Conditions II. 1,
II. 2,, II. 8 and II. 4 for {L,B,})). Then there exists positive constants
A, C and p and a neighborhood 2’ of the origin in R* such that the follow-
ng inequality holds:

21081, + A&, y5 Do i,
< CIL@,y; & Do) ac,
for all we H¥1,), I, = [0, ), satisfiying
(6.2) By@; &, D)vW fyea=0 (G=1o0r2)),

6.1

and for all ¥’ €2 and &, ||, = A. Here
Ma”,y;5 8 =[xl & 4+ -+ 4+ 26|  (see (2.8)) .

The proof will be obtained in several steps. Denote by .@j[fo] (G =
1 or 2) the set of all v = v(y) € H(R.) such that suppv is compact in
[0, o) and that

(6.3) B 10", &3 D)vye = 0 (7 =1 or 2, respectively) .

Lemma 6.1 will be proved as a consequence of the following two lemmas
6.2 and 6.3.

LEMMA 6.2. Assume that the conditions in Theorem 5.1 are satisfied.
Then there exist a constant C and a neighborhood 2’ of the origin in R*
such that

2
:4.; 1(€&l, + h(@”,y; O *Djv(¥) |3aay,)
< ClI L@, y5 & D)o [y

for all ve 9,[L,], ¥’ € 2’ and &< R*.

(6.4

Proof. As in the proof of Lemma 3.1, the substitution: &-— 2°¢,
x— 22 and D,— 2D, (2> 0) reduces the proof of (6.4) to the case
|&l, = 1. We shall use the coordinate transformation as in §3 and use
the same notations %, g, ---. In particular,

z=9x",y; &) y=0, f]=1: see (3.4).
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We bring the equation
La”,y;& D)) = f(y)  y=0: see (3.7
into the form

M(z,D)v, = Mz, &; z,D,)v,(2) = fi(2) 220, |&,=1: see (3.8

where v,(2) = (1 + k)" and fi(z) = (1 + k)" as in (8.9). Consider-
ing a pair (2,8 (&], = 1) as a parameter, we observe that

M(z,D,) = a,(z,%")D} + a,(z,x"”,8)D, + ay(z, %", &)
Rea,(z,27,8) =6 > 0: see (3.10) ,
a, € B(RY) j=1,2,3.

The boundary condition (5.6); (j = 1 or 2) will change into

(6-5)1 N;’Ul(O) = ’121(0) =0 ’

Nw(0) = (D, — A + h(2"”,0; £)7'by(x”, £)v,(0) = 0
(¢, =1.

Since the boundary systems {a,D? + 1,1} and {e,D: + 1, D,}, considered in
R.,, are stably variational (stablement variationnel) in the sense of
Shimakura (cf. [15]), the Garding inequality holds for {M(z,D,), N;}
(G=1or 2):

(6.5),

19.(2) ke, = C, Re (M(z, D,)v,(2), v,(2))

(6.6) R
=z G | ryy — C l|02(2) [Zacms, ve P, Ly .

Here the positive constants C,,C, and C, can be chosen independently of
(2, &) when (2”,8&) runs through a compact set. We shall prove the in-
equality (6.4) starting with (6.6). Let 've.%[lf(,] (=1 or 2), then we
have v,(z) ¢ H(R.), supp v, is compact in [0, co) and

A+ b,y =0 if ved[L]: see (6.5),,
N, + h)v, lomo = 1 + hy(x”,0; )N (x"¢, D,)v, lemo = 0
if v e@z[fo]: see (6.5), .
Thus we can substitute », in (6.6) by (1 + ~)v,(2) to prove
Re (M(z, D)1 + h)vy(2), 1 + h)v,(2))

6.7
€ 2 GA + k)v@ i@y, — Coll + h)vi(2) [Zacy,y -
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Continuing the similar argument as in the proof of the inequality (3.18),
we obtain

a + hl)vl(z)”IIl(R{,_)
6.8 = C{IQ + ROM(2, D)vi(D llzacmy,y, + 1A + BV ||racms,}
ve gLl (G=1,2).

Since a, D, = f, — (a,D,v, + a,v,), Rea, =6> 0, the L*norm of (1 -+ h,)Dv,
can be estimated by the right hand side of (6.8). Thus we have

2
69 LI+ mDRE )

= C’{”(l + h)M(z, Dz)’vl(z)”mm;) + 1+ hl)’vl(z)”m(leh)}
veg,IL) G=1or?2,

where the constant C’ can be taken independently of (z/,&) when it runs
through a compact set. Now going over to the variable y, as in the
proof of (8.18), and using Condition II. 2, we have the inequality (6.4).

LEMMA 6.3. Assume that p,> ¢" and that the boundary system
{Lox”,&;D,), B(x",&;D,)} satisfies the Conditions II. 1, I1. 2,, I1. 3and II. 4.
Consider the perturbed boundary system {Eo(x”, &; D), ﬁ'o(x", &;D,) + e(x)}
with parameter (x',&) and with c(®) given in (5.2),. Then for any x>0
and for any mneighborhood 2’ of the origin in R*, there exist positive
constants A and C such that

ﬂi‘.) 14¢l, + r&”,y; £ 2Dy s,
< CIL@", 93 & Do) fiacry

(6.10)

for oll ve H1), I, =[0,p), satisfying
(6.11)  [B,,(x",&,D,) + c@)](0) = [D, + by(a", 8 + e(@)]v(0) = 0
and for all ' €2 and §&,|¢|, = A.
Proof. Take ve FP(I,,) satisfying the boundary condition (6.11). Put
u(y) = v(y) exp [ic(x)y] .
Then we have u(y) € EIZ(I#) and

By @, & DY)u®) lyey = 0 .
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By Lemma 6.2, we have
2 A
(6.12) ,;Z‘(:; nqel, + R 2Dl zar,y < C | L(x”, Y5 & DyUllracr,y » [§l, = A

for some positive constants C’ and A’ independent of such u. From
(6.12) we easily obtain the following inequality:

; 1081, + 7" D80l

< C L&, y; & D)0,y + Coll(€l, + WV)sac, »
g, = A’

(6.13)

for some constants C, and C, which depend only on £2'(¢(x)). Since
h— o as |&|, — oo, there exist positive constants C and A such that

2310l + "Dl < C Lol 18, =4,

which proves the inequality (6.10). Q.E.D.

Proof of Lemma 6.1. A) First we consider the boundary system
{L,B,} = {L,1} under Conditions II. 1 and II. 2. By Lemma 6.2, we
have the following inequality for any x> 0:

2 A
(6.14) p;:) 1A+ R 2Dl rar,y < CllLfE", Y5 & DIV s,
ve H¥ (), v(0) =0, I, =[0,p) .
For v e H(I,), with v(0) = 0, we have

L(x',’!l;f, Dy)'v = Eo'l) + (L - Eo)’v
(6.15) = L + 3 (@.,(@) — 0., )" Dip
+ 2 @, (@)a7é  Div .
6>0
Thus in a similar manner to the proof of Lemma 2.4 we have the in-
equality (6.1) for the boundary system {L,1}.

B) We consider boundry system {L, B,} under Conditions II. 1, II.
2,, 1I. 3 and II. 4. Let p be a positive number determined later and let

veBd), B@,&D)v|,.,=0.
If we put
u(y) = v(y) exp [{(b(x', &) — by(x”, )yl .
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Then we have u(y) ¢ H%I,) and
[By(x",&,D,) + c(@)u®) |, =0 .

We can apply Lemma 6.3 to # to obtain

6.16) 218l + B *Ditlsay < CllLtla, @ €2, 18, 2 4
for some constants C and A. Since [,=1 — (L — L), we have
(6.17) 1 Zullsay < | Lol + 1L — Lotlzacr,y -

The first term in the right hand side of (6.17) is estimated by

const (lle‘”‘”"“”f’vllmaﬂ) + 1A', &YV |zar,y + A", )DyVl1acr,)

6.18
©18) d(@’,§) = b(x', &) — by(x”,§) .

By Condition II. 4, d(x/,&) = b(x/, &) — by(x”,&) is real valued. For any
e >0, if we choose the diameter of 2’ sufficiently small and apply the
inequality (2.10), we have

4@y €YV |zar,y + 115 E)Dy 0]l zac,

(6.19) 2
< ¢ 20l + b33 OF*Diplay -

To the second term in the right hand side of (6.17), we can apply the
the similar manner to the proof of Lemma 2.4. Consequently we can choose
¢ and ' sufficiently small and A sufficiently large so that

6.20) IE = Lol < & 23108 + BF*Diplac
Fed, 18,z 4.

Similarly we have
2 2
(6.21) ﬁ;}’ 10&l, + B> Djullzar,y = A — ¢ ;.) I0&l, + R 2D ||zar,y -

Summing up the results (6.16) ~ (6.21) we have the inequality of the
form

1 — 29 ; I0EL + 1D < CllEDllgacry »

where ¢ > 0 can be taken arbitrarily small if we choose g, A > 0 and £’
adequately. This completes the proof of Lemma 6.1.
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§7. Alternative method.

Let L(x,D) = >3 c2 @ (®)2’D* and let B,(«’,D,) = D, + b(z’,D,) +
e(@). We assume thé conditions II. 1, TI. 2, I 2, and II. 3. In this
section the symbol b(x/, &) can be complex-valued, since Conditions II. 2,
and II. 2, are assumed simultaneously. We shall say that the boundary
system {L(x, D), B,(#’D)} is hypoelliptic at the boundary if the conclusion
of Theorem 5.1 holds.

LEMMA 7.1. Under the conditions II. 1, II. 2,, I1. 2, and II. 3, we
have the same conclusion as in Lemma 6.1, that is, we have the in-
equality of the type (6.1).

As a consequences of Lemma 7.1 we have the following.

THEOREM 7.2. Assume that p, > ¢’. Under the same conditions as
in Lemma 7.1 the boundary system {L(x, D), B,(x’, D)} is hypoelliptic at the
boundary.

We shall first give the outline of the proof of Lemma 7.1 in several
steps.

A) By the inequality (6.6) and the condition II. 2, we have the
following inequality for some positive constants C and A:

1
@1  Re (L@, y; & DYv@), o) = C 2 10€l + B2 Divllae, »
1§, = A, ve DL, .
B) From the inequality (7.1) we derive the following inequality for
some positive constants C,A and p:

(7.2) Re (L@, ¥; & D)v®), V@) iso,y = C ZE) 10¢l, + B Div W) [Za,

for |&], = A, |«’| < ¢ and for v e 9, [L] which means that v ¢ H*(0, ) with
supp v C [0, ) and satisfies

(1.3) D, + b@, 8 + ¢(@)]w(0) = 0.

The inequality (7.2) might be viewed as an “coercive inequality” for
the boundary system {L(x, D), B,(2’, D)}.

C If ve@z,“[f], then we obviously have (|¢|, + h(z”,0; s))v(y)egz,y[f].
Substiting v in (7.2) with (¢|, + k(z”,0; £)v(y), we have
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(7.9) g‘; 10l + h(@”sy; O)4(8], + M”05 DWW lusam < C Il LV]zs0,

for [£],= A and ve QZ,F[I:].
D) We have the following trace formula:

(71.5)  ([g], + R(a”,0; ) |v(0)| = C g 0&l, + h", 95 P Div (W) [lzs,e

for v e H'(0, co) with compact support.
E) By the steps C) and D) the following inequality for some posi-
tive constants C,A and g is obtained:

(&], + m@”,0; ) |9(0)| £ C | LVl1s,p »

(7.6) g, = 4, vea,,IL].

F) For any ve 9, ,[L] there exists a function w e H%0, ) such that
such that w(0) = v(0), supp w C [0, ) and

an S Gel, + B,y - Dl
< C(§], + h(@”,0; )2 00|, || p,

where the constant C is independent of v e 92’”[&.
G) By (7.6).and (7.7) we have for another constant C

2 A
(7.8) 2108l + R@",y3 P *Diwlluson < CllLollug, »
€, = A, veg,,IL].

H) For ve@z,p[f], we take w defined in the step F). Then u =
v — w satisfies the Dirichlet condition: #(0) = 0. By Condition II. 2,
and by the conclusion of Lemma 6.1 for the boundary system {L,1},
we have the following inequality for some positive constants C, A and p:

(7.9) Nwll,, = 2511081, + (", &5 DY) llza,m = C | LA'M’”L?(O,/‘) ’
. &
&, = A .

From this we have
19l,p = 1%,y < CULDIs0,0 + | LWllz0,)
and
101k, < C'U LV ls0 + 1@1h,e) -
By (7.8) we have
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2 A
@10) &l + 2@ y; O Do = C7 1LV Nz »
1§, = A, ved,,IL].

This proves Lemma 7.1.
Next we shall prove the inequalities left unproved in the above steps.

Proof of (7.2). Set 92,,,[1:0] = {v|ve .@z[fo], supp v C [0, 1)} and write

Lyx",&D,) = a(0)D?, + a,(x”, 8D, + a,,",8) ,
L(z,&,D,) = a®)D} + a,(x, 8D, + a,(x,8) .

For ve 9,,IL,] (x> 0 being determined later), we have

Re (L@@, y; & D,)v(®), v(®))
= Re (L — Lyv,v) + Re (Lyw,v)
= Re {((ay(2', ¥) — a,(0)v'(), v'(¥))
+ (((@/o)ay@’, ¥) + a (@', y; &) — a2,y ; §)Dyv,v)
+ (a2, ¥ &) — a2, y5 ©))v(Y), v(¥)}
+ Re {(a,(0)v'(®), v'[®) + (a,(x”,y; E)D,v,v) + (a;(2”, Y ; &)v,v)}
— Retb(z”, £)a,(0) |2(0)F — Re ib(x”, &)(ay(x’, 0) — ay(0)) [v(0)

where we denote the inner product in L*0, ) by (-, -) and the norm in
L¥0,y) by ||-]- We denote the last expression by L[v,v]. Taking x>0
sufficiently small and using the inequalities (7.1),(7.5),(2.10) and (2.12),
we have for some positive constants C and A

(7.11) Liv,01 = C ; 1£], + (@Y £ DEv@) Eno,

for all v 692,,,[1:0] and |#’| < p. This inequality can be extended to all
ve H'(0,,) with suppv C [0,x]. On the other hand, (7.11) is valid for
all ue9,,[L] since 2,,[L1c H'(0,z) and suppz C [0,4). Now for
ue@zm[LA], we have

L{w,u] = Re (Lu,u) — Re i(a,(’, 0)(bo(x”, &) — b, &) — e(x)) [u(0)f .

Again taking p > 0 sufficiently small and by (7.5) we have the inequality
(7.2).

Proof of F). It is sufficient to prove the case where |&|, = 1.
Take a function v € C{[0,) such that v(») =1 0=y < p/2. We make
use of a transformation y — ¢ given by
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t = j A+ @’ s;8)ds  y=0.
0
For v ¢ HY0, o) set

w(@y) = ¥()v(0) .
Then we have w(0) = »(0) and

S + b,y O Dl
2
= Clv(0)F ﬁ;o A+ b,y )/ Dip )|
2
S CvO)FQ@A + hy(x”,0;8) ,ZJ, | DE () a0, 10
<07 + h(x”,0; 8)* [v(O)F, [ < p .
From these the inequality (7.7) can be derived.

§ 8. Examples.

ExaAMPLE 1. Consider the boundary value problem:

Lv = (D} + (@* + ¥y )D)ulx,y) y >0, —oo<z<oo,
(k’z = 1,23 “’) ’

(8.2) Bul,.o = (D, + b(@)2*D, + c(@)u|y.o =0,

@.D

where b(x) and c(x) are complex-valued smooth functions. If |Im b(x)| <1,
then the boundary system {L, B,} satisfies the conditions in Theorem 7.2.
If, in particular, b(x) is a real valued function, then {L, B,} satisfies the
conditions in Theorem 5.1. Hence {L, B,} is hypoelliptic at the boundary.

Proof. We can choose p = (4/2 + 1,1) and ¢ = (¢/2k,1). Then p,
=4/2+ 1> = 4¢/2k. Conditions II. 1, II. 2, and II. 3 are obviouly
verified. As for Condition II. 2,, the equalities (5.5), (5.6), now have the
forms:

- jy: +@ 1w =0 y>0,¢%0,
8.3) d
[l. a4 b(x)x'ce]v«» =0.
1 dy
It follows that

ib(@)x s [v(0)F + [: [V dy + I: @ + y)& @) dy = 0.
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In case |Im b(x)| < 1, we have

|m b@)z#¢][vO)F < [ 1@ dy + @ [ loaP dy
2
Hence we have v(y) = 0.
ExamMPLE 2. Consider the boundary value problem:

Lu = (D% + y*'D)ulx,y) = fx,y) y>0
(Z‘:O,l,z’"') )

(8.5) Bytlyoo = [Dy + b(x) | D, [¢*» 4 e(@)lut]yy =0,

8.4

where b(x) is a real valued smooth function and c(x) is a complex
valued smooth function. We can easily verify that {L,B,} satisfies the
conditions in Theorem 5.1.

Remark 1. In the Example 2, we have p= (4/2 + 1,1) and ¢ =
(0,1). For the operators of the type ¢=(0,--.,0,1,---,1), general
boundary value problems have been investigated in [16].

Remark 2. Let o= (Pu * s Prs Pk+1) be (Px, * P> 1) and ¢ = (0'1; )
0%y Oryr) e (0,---,0,1). For such a pair (p,0) we consider the Dirichlet
boundary value problem

8.5) L(x, Dyu(x) = f(x) inzxy=y>0
(8.6) w(x’,0) =0

Suppose that under the Condition II. 1 the Condition II. 2, were not
satisfied. Then we see, by using the same method as in [3; Theorem 1.1]
that the problem (8.5),(8.6) is not hypoelliptic in the upper half plane
including the boundary. This shows that the Condition II. 2, or II. 2,
is necessary to obtain the hypoellipticity.
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