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Enlarged Inclusion of Subdifferentials

Lionel Thibault and Dariusz Zagrodny

Abstract. This paper studies the integration of inclusion of subdifferentials. Under various verifiable
conditions, we obtain that if two proper lower semicontinuous functions f and g have the subdifferen-
tial of f included in the y-enlargement of the subdifferential of g, then the difference of those functions
is y-Lipschitz over their effective domain.

1 Introduction

The famous Rockafellar integration result (see [13, 14]) concerning the subdifferen-
tials of convex functions states that the inclusion

(1.1) Of(x) C Og(x) forall x € E,

entails that the functions f and g are equal up to an additive constant whenever Eis a
Banach space and the functions f and g from E to RU {+o0} are proper, convex, and
lower semicontinuous. This result has been also established in [1, 3, 4, 15], for some
classes of locally Lipschitz functions such as the directionally regular, semismooth,
and separately regular real-valued functions. Poliquin [11] provided the first strong
extension of (1.1) for nonconvex and non locally Lipschitz extended real valued func-
tions. He showed that the integration result of (1.1) still holds whenever E is finite
dimensional and the functions f and g are primal lower nice, a notion that he intro-
duced in [12]. Note that those functions found several applications in the theory of
second order epi-derivatives and proto-differentiability of nonsmooth functions.

Later, we extended in [19] the Poliquin theorem recalled above to the class of
convexly subdifferentially similar functions defined over a Banach space. We also
showed that this class includes the primal lower nice functions relative to infinite
dimensional Hilbert spaces and also the differences of convex functions. The key
point in that extension is the following statement of our Theorem 2.1 in [19]: If for
some y > 0 and for two lower semicontinuous functions f, g from an open convex
set X of a Banach space E into R U {+00} one has

(1.2) Of(x) C dg(x) +~4B forall x € X,
then for all u € X and v € X N dom g one has

(1.3) gu) —gv) = yllu —v|| < f(u) — f(v) < gu) —gv) +y|lu—v|
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whenever the function g is convex on X. Since that paper, two articles have been de-
voted to the inclusion (1.2). Geoffroy, Jules and Lassonde [6] studied the inclusion
(1.2) for some classes of subdifferentials, the function g being still convex. Very re-
cently, Ngai, Luc and Théra [10] showed that the result above concerning (1.2) still
holds whenever g is approximate convex. We also refer the reader to the paper [8] by
Ivanov and Zlateva where the integration of subdifferentials of semi-convex functions
is studied.

The purpose of this paper is to introduce a general class of extended real val-
ued (not necessarily convex) functions g for which the conclusion (1.3) above is pre-
served. After recalling some preliminaries, we define the functions of that class in sec-
tion 3 with the name of subdifferentially and directionally stable functions. We show
a stability result for the sum of two functions and we prove that convex functions,
directionally regular functions and approximate convex functions are all subdiffer-
entially and directionally stable functions. Then, we establish in the last section that
the inclusion (1.2) entails the inequalities (1.3) whenever g is subdifferentially and
directionally stable. So, on the one hand, we provide a unified proof of several results
concerning (1.2) and on the other hand, we bring to light, by the stability result for
the sum and by Corollary 3.1, new classes for which (1.2) implies (1.3). The study of
(1.2) with functions in the line of primal lower nice functions and differences of con-
vex functions requires in addition a much longer development. It will then appear in
a forthcoming paper.

2 Preliminaries

Throughout this paper, E will be a real Banach space. For a function f from E into
R U {+00}, it is usual to denote by dom f the effective domain of f, i.e., dom f =
{x €E: f(x) < +o0}.

We will consider in this paper a general presubdifferential operator. Recall that a
presubdifferential operator 9 associates with each function f from E into RU {+00}
and with each point x € E a subset 9 f(x) of the topological dual space E* such that
the following properties hold:

(1) Of (x) = @ ifx ¢ dom f;

(2) 0f(x) = Og(x) whenever f and g coincide on a neighborhood of x;

(3) 0f(x) is equal to the subdifferential in the sense of convex analysis whenever f is
convex;

(4) 0 € Of(x) whenever x is a local minimum point of f;

(5) for f lower semicontinuous near x and g convex and continuous on a neighbor-

hood of x
0(g+ f)(x) C 0g(x) +limsup df(y).

yoyx
Here limsup denotes the weak-star sequential limit superior and y —; x means
y — xand f(y) — f(x). The effective domain of the set-valued mapping Of is the
setdomdf = {x € E: 0f(x) # @}.
All usual subdifferentials or presubdifferentials (see [19]) over appropriate Banach
spaces are subdifferentials in the sense above.
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When f: § — RU {+o0} is just defined on a subset of E and x € S, we define
0f(x) as the presubdifferential at x of the function extending f to all of E and equal
to +o0 at all points outside of S.

One of the virtues enjoyed by a presubdifferential operator is the following mean
value theorem by Zagrodny [20] (see also [5]). In [20] the theorem has been stated
with the Clarke subdifferential. However, it is not difficult to see (as it is made clear
in [18]) that the theorem still holds for any presubdifferential satisfying the natural
properties above. We use for a # b in E the notation [a,b[ := {(1 —t)a+tb:t €

(0, 1[}.

Theorem 2.1 Let f: E — R U {+o0} be a lower semicontinuous function and let
a,b € dom f with a # b. Then there exist x, — ¢ € [a,b[, x;; € 0f(x,) such that:
(@) f(b) — f(a) < limy oo (x5, b — a);

(B) {r=of (f(B) = F(@)) < limy oo (5, b — x,);

(© [Ib—al[(f(c) = f(a)) < |lc — all(f(b) — f(a)).

Two important presubdifferentials will be considered in this paper: the Fréchet
and the Clarke subdifferentials. Let x € dom f. The Fréchet subdifferential & f(x)
of f at x is the set of all x* € E* for which for any € > 0 there exists some § > 0 such
that forall y € x + 0B

(2.1) (x*,y —x) < f(y) — f(x) +elly —x]|.
Here B denotes the closed unit ball around the origin. All properties (1)—(5) hold for
0" f whenever the Banach space X is an Asplund space (see e.g., [9]).

Supposing that f is lower semicontinuous, the Clarke subdifferential 9 f(x) is

equal to the set of all x* € E* such that forallh € E

(e, by < fl(sh)

where
(2.2) fT(x;h) = suplimsup inf t~'[f(y+tv) — f(»)]
>0 y—px vEhtnB
t10

(see [2] for properties (1)—(5) ). Observe that the obvious monotonicity property
with respect to 7 allows us to see that f'(x; h) is also equal to the expression above
with lim,) | in place of sup, _ .

When f is Lipschitz near x, then (see [2]) the expression of f1(x;h) takes the
following simpler form

(2.3) flsh) = lilngpt‘l[f(y +th) — f(y)].
£10
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3 Subdifferentially and Directionally Stable Functions

In this section we introduce a general class of functions for which the y-enlargement
of inclusion of subdifferentials entails that the difference of the functions is y-Lip-
schitz over their effective domain. Then we study several examples of such functions.
The enlarged subdifferential inclusion result above will be established in section 4 via
the mean value theorem recalled in the preliminaries.

Recall that the usual directional derivative g’(x; h) of a function g : E — RU{+00}
ata point x € dom g in the direction h is given by the limit

g'(xh) = lim ™ glx + th) —g(x)]
t
when the latter exists in R U {—o0, +00}.

Definition 3.1 Let X be a nonempty open convex subset of E and ¢g: E — R U
{+00} be a function that is lower semicontinuous on X with X N dom g # @&. We
say that the function g is 9-subdifferentially and directionally stable (sds for short) on
X provided that for all v € X Ndom dg and u € X N dom g with u # v the following
properties hold:

(i) the restriction to [0, 1] of the function ¢ +— g(v + t(u — v)) is finite and contin-
uous;

(ii) foranyt € [0, 1] the directional derivative g’(v + t(u — v); u — v) exists and is
less than +o0;

(iii) for each fixed y € [v, u[ and for each real number € > 0, there exists some
ro € 10, 1[ such that for any w = y + r(u — y) with r € ]0, ry] and for every
sequence (x,, x;) € dg withx, — xo € [y, w|

(3.1) liminf(x}, w — x,) < g'(y;w — x0) + €l|w — xo]|.

n—oo

Remark 3.1 (a) One may replace lim infin (3.1) by lim sup.
Indeed choose a subsequence (with an infinite subset K C N) such that

lim sup(x}, w — x,) = %1612<x;:, W — Xi).

n—oo

So, by (3.1) one has

lim {x, w — ) < ' (ysw = x0) +él|w = xo]

which finishes the verification.
(b) If g is -sds on X, then it is obviously 9’-sds on X for any subdifferential 9’
satisfying 9'¢g C Og.

We first observe the preservation of the sds property under the sum of a finite
number of functions.
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Proposition 3.1  Let X be a nonnempty open convex subset of E and let g1,¢,: E —
R U {+00} be lower semicontinuous and sds over X with X N dom g; N dom g, # &.
Assume that for any x € X

(3.2) A& +)(x) C 0gi(x) + O ().
Then the function g + g is sds over X.

Proof Putting g := g + g one obviously has dom g = dom g; N'dom g, and hence
XNdomg # @. Fixanyv € XN domdg and u € X N domg. By assumptions
v € XNdomOg and u € X Ndomg; for i = 1,2. Consequently, conditions (i)
and (ii) of Definition 3.1 easily are seen to hold for the function g because they hold
by assumption for g; and g. Fix now any y € [v,u[ and any real number ¢ > 0.
Choose some ry by the assumption of condition (iii) for g; and ¢ with €/2 in place
of € and with the limit superior according to Remark 3.1. Take any r € ]0, ry] and put
w:= y +r(u — y). Consider also any sequence (x,,x;) € dg with x, — xo € [}/, w[.
By (3.1), fori = 1, 2, there exist x;, € 0gi(x,) withx}, = xJ , +x5 ,. Due to the choice
of ry we have fori = 1,2 '

*

(3.3) lim sup(x

ins
n—oo

w—x,) < g'(ysw—x0) + ;HW — Xo]|-
Since by (ii) and the definition of the directional derivative one has
g ysw—x) = gl(ysw—x0) + & (y;w — xo),
additioning the two inequalities (3.3) yields after small rearrangement
linnliorolﬂx;, w—2x,) < g'(ysw—x0) +l|lw—xoll,
i.e., condition (iii) for g. [ |

Remark 3.2  Similar preservations also hold with similar proofs under several sorts
of compositions (precomposition or postcomposition) with smooth functions.

We proceed now to illustrate the class of sds functions with several concrete ex-
amples. Let us start by establishing that any convex function is sds.

Proposition 3.2 Let X be a nonempty open convex subset of E. Then any function
g: E— RU {400} that is convex, proper, and lower semicontinuous on X is sds over X.

Proof It is well-known that, for u,v € X N dom g, the convexity of g ensures that
(i) in Definition 3.1 holds and that, for ¢ € [0, 1[, the directional derivative g’(v +
t(u — v);u — v) exists and, for s € 10,1 — ¢],

gw+tlu—viu—v) < sfl[g(v +(s+)(u—v) —glv+t(u—v)] < +oo.
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So, it remains to show (iii) in Definition 3.1. Fix v,u and y as in the statement of
Definition 3.1 and fix also v* € dg(v). The function ¢: R — R U {+o0} with

+00 ifs € ]1,+o00],
0(s) =4 gv) +s(v',u—v) ifs€]—00,0[,
gv+s(u—v)) ifs € [0,1]

is convex and finite on ] —oo, 1[ and hence it is locally Lipschitz on | —oo, 1[ (see [2]).
The right derivative ¢’ of ¢ is then finite on ]—oo, 1[ and it is also upper semicon-
tinuous on ]—o0, 1[ because

©'(s) = ;gg/\’l [p(s+A) — p(s)]

and hence the restriction of the function s — ¢’(v + s(u — v); u — v) is finite and
upper semicontinuous on [0, 1[. Fix any real number £ > 0 and choose s, satisfying
y =v+so(u—v). As g'(y;u — v) is finite, there exists some A € ]0, 1 — 5[ such that
forall s € ]sg, 0 + Al

(3.4) lu—v| g w+su—viu—v)<|lu—v|'g(yu—v)+e.

Putry := (1 —sp) "'\ € ]0, 1[ and for any fixed r € ]0, ry] consider w and (x,,, x}) as
in the statement of Definition 3.1. Then, by convexity of g one has

(o, w — x,) < g(w) — g(xn)
which entails by the lower semicontinuity and the convexity of g
(3.5) lim inf(x;, w — x,) < g(w) —g(xo) < g'(Wsw — xp).
But (3.4), with s := so+r(1—59) € ]so, 50 + A], entails that (because w = v+s(u—v))
lw — xol| =18’ (wsw — x0) < ||lw — x| g (3w — x0) + ¢,

that is,
g wsw—x0) < g’ (3w — x0) +€||w — x0]|

This inequality and (3.5) complete the proof. ]

The next example concerns locally Lipschitz functions that are regular in the sense
of Clarke (see [2]). Recall that a locally Lipschitz function g from an open subset X
of E into R is Clarke directionally regular at a point x € X provided for all 1 € E the
expression gT (x; h) coincides with the Dini lower directional derivative,

(3.6) d~g(x; h) = lim i}{lftil [g(x +1v) — g(x)].
t10

It is well-known that this amounts (thanks to the Lipschitz property) to the exis-
tence of the usual directional derivative g’(x; k) and to the equality

g (s h) = g'(x; h).
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Proposition 3.3  Let X be a nonempty open convex subset of E and g: X — R be a
locally Lipschitz function. Suppose that 0g is included in the Clarke subdifferential of g.
Then g is 0-sds over X provided it is Clarke directionally regular on X, and the converse
also holds whenever dom 0g = X.

Proof Suppose that g is Clarke directionally regular. Obviously, (i) and (ii) in Defi-
nition 3.1 hold. Let v, u, and y := v + so(u — v) with 0 < 55 < 1 as in the statement
of Definition 3.1 and let £ > 0. As the function x — ¢! (x; u — v) is finite and upper
semicontinuous (by (2.3)) on X, we may choose some A € ]0,1 — so[ such that for
all s € Jso, 50 + A

(3.7) lu—v| gt v+su—viu—v)<|u—v|"¢ (y;u—v)+e.

Putting ry := (1 — s59) "' X in ]0, 1[, and for any fixed r € ]0, ry] considering w and

(x4, %) as in the statement of Definition 3.1, one obtains by the upper semicontinuity

of g1(-; -) (because of the Lipschitz property of g)
(3.8) lirlrgglf<x;, w—x,) < linrgiorolng(xn; w—x,) < gl (xosw — x0).
Choosing 6 € [0, r[ such that x) = y + §(u — y), we also have for s := sy + 6(1 — s5¢)
xo =v+s(u—v) alongwith sp <s<sp+A,
and hence taking (3.7) into account we get
u—v||'g (ot —v) < |Ju—v|| "gT(ysu—v) +e,
which is equivalent to

g s w —x0) < gl (3w — x0) +&l|w — 0l

because ||u — v|| 7' (u — v) = ||[w — xo|| "} (w — xo). The property (iii) in Definition
3.1 then follows from this last inequality, from (3.8), and from the Clarke directional
regularity of g.

Let us now prove the converse. Fix v € X and a nonzero vector & € E and take
any £ > 0. Observe first by (ii) in Definition 3.1 that g’(v; h) exists. Choose by (2.3)
a sequence (z,) in X with z, — v and a sequence t, | 0 with ¢, < 1 such that

¢ (sh) = lim ¢, '[g(z, + t,h) — g(z,)].

The mean value theorem gives x,, x ~ Uy € [24,24 +t,h] and x7 . € Og(x, ) such

that
t 1 g(z, + tah) — g(z,)] < klim (X s> 1)

It is not difficult to find a sequence of integers (k,) satisfying x,, x, — v along with

klim (s o, h) < (x;kn, hy +t,,.
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Putting x, := Xk, and x7; := x;, ; , applying (iii) in Definition 3.1 with u = v+ph € X
and p € ]0,1[ and with y = v € dom 0g¢ one obtains some r € ]0, 1{ such that for
w = v+ r(u — v), one has (because (||x}||), is bounded)

g (v h) <liminf(x}, h) = (rp) "' lim inf(x’, w — x,) < g’(v; h) + €]|h].

As this holds for any £ > 0, it follows that ¢! (v; i) < g’(v; h), which means that g is
Clarke directionally regular at v. The proof is then complete. ]

The third example is the class of approximate convex functions recently intro-
duced by Ngai-Luc-Thera [10]. They thoroughly studied that class and proved in
particular that our Theorem 2.1 in [19] still holds provided one replaces our convex-
ity assumption for the function g by the assumption of approximate convexity. We
proceed to showing that approximate convex functions belong to the class of Defini-
tion 3.1. So, the result recalled above will be included in Theorem 4.1.

Recall that a function g: E — R U {+oo} is approximate convex at a point ¥ €
dom g provided for each p > 0 there exists a real number § > 0 such that for all
x',y' €x+dBand ) € ]0,1]

(3.9) g+ (1= N)y") < Aglx") + (1= Ng(y') + pA1 = N)[lx" = y'||.
As in the convex case, we observe the following monotone-like properties. Let x €
X+10B, h € Eandt > 0 with t||h| < 6/2. Take any s € ]0,¢[ and any r > 0 with
r||h]| < 0/2. Then writing
x=s(r+s) Wx—rh)+r(r+s) " (x+sh)
and applying (3.9) with A\ = s(r + s) ™! we obtain
(r+5)g(x) < sg(x — rh) +rg(x + sh) + prs||h||
and hence for x € dom g
(310)  —r[glx — rh) — g(0)] < s~ [glx +sh) — g(x)] + p||A.
In the same way, with A\ = s/¢, x + th in place of x’, and x in place of y’, we obtain
gl + Ath) < Ag(x+ th) + (1 — A\)g(x) + ptA(1 — N)||

and hence, taking the inequality 1 — A < 1 into account, we deduce
(3.11) sTHgle+ sh) — g(x)] < 7' [g(x + th) — g(x)] + pl[h].

Observe that any strictly differentiable function is easily seen to be approximate

convex and that the class is obviously stable with respect to sum and maximum of
finite families.
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Consider now the case of approximate convex functions over the real line. Let I be
an interval in R and g: I — R U {+00} be lower semicontinuous and approximate
convex at each point in I. As for convex functions, the restriction of g to [r,s] is
continuous for any interval [r,s] C dom g with r < s. Let us prove, for example, that
g is continuous on the right at r. Fix § > 0 given by (3.9) for X = r and p = 1. For
t € ]r,o[ where o := min (s, r + J) one has

(t—r)(oc—1)
(0 —r1)?

and hence limsup,|, g(t) < g(r). As g is lower semicontinuous, we obtain that g is
continuous on the right at r. Similar arguments show that g is continuous on the left
at s and continuous at each point in |7, s[. (More generally, it can be proved that g is
locally Lipschitz on |r, s[, see [10]).

We begin now by showing in Proposition 3.4 some properties that will be needed
next. They can also be found in [10] where an e-approximation in some sense by
a convex function g, is used to derive the properties (see [10, Theorems 3.4 and
3.6]). For the convenience of the reader, we give direct proofs. For the description
of subdiferentials of other convex-like or paraconvex functions, we refer the reader
to [7, 16].

t—r o—t
< _
g(r) < o rg(a) + p— rg(r) + lo— 7]

Proposition 3.4 Letg: E — RU {+oc0} be approximate convex at x € dom g.

(a) Then g'(x; ) exists and is a positively homogeneous convex function.
(b) Further, if g is lower semicontinuous at x, then

°g(x) = 0"g(x) = {x* € E*: (x*,h) < g'(x;h), Vh € E}.

Proof (a)Let h be a vector in E and let p be any positive number. Choose § > 0
given by (3.9) and fix 0 > 0 with o||h|| < 6/2. Fixalso 0 < s < t < o. It follows
from (3.11) that we have

sTHglxe +sh) — g(0)] < 171 [glx + th) — g(x)] + p|| .
Fixing ¢ and taking s | 0, it gives

limsups™![g(x + sh) — g(x)] <t '[g(x+th) — g(x)] + p|h|
s]0

and this entails that

lim sup s ' [g(x + sh) — g(x)] < liml(i)nft*l[g(x +th) — g(x)] + p||h]|
s]0 4

As this last inequality holds for all p > 0, we obtain that g’(x; h) exists in R U
{—00,+00} .

The positive homogeneity being obvious, it remains to prove the convexity of
g'(x -). Fix any (h,a) and (h’,3) in E x R and satisfying ¢g’(x;h) < « and
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g'(xh') < . Choose some v > 0 satisfying 2+(||h|| + ||h’|]) < ¢ and such that
forall0 <t <7,

(2t) 'g(x+2th) —g(x)] < a and (2t)"'[glx+2th’) — g(x)] < f3.

For every t € 10,7, it follows, from (3.9) with y’ = x + 2th’ and with x + 2th in
place of x’, that one has

gx+th+th') < —g(x+2th) + %g(xﬂ- 2th’) + %tth — 1,

N —

and this is equivalent to

7 [glx + th+th') — g(x)] < (26) "' [g(x + 2th) — g(x)]
+20) gCx+ 206) — g)] + 3ol — W
and that entails
g+ th o) — g < at G+ 3 pllh— ]|
Therefore, we obtain
sh+h)<a+f+ %p”h — W

and hence
gh+h) <a+p.

This completes the proof of assertion (a).

(b)Fix x* € 0°¢(x) and fix any p > 0. Take § > 0 given by (3.9) and choose
o > 0with 40 < . Fix any vector h with ||h|| < 0. Forn € |0,6/4[, b’ € E with
|Ih" — k|| < n,t €10,1[, and for

ly = xlg = [ly — x|l +]g(y) — g(x)| < /3
we have by (3.11), with ¢ in place of s and 1 in place of ¢,
t' gy +th') —g(n)] < gy +h') —g(y) + p|lH|
< gy +h")—g(y)+ pln+||h]]).
Hence

. . —1 no_
B, Bl B+ = 20)]

t10

< p(n+||h])) +limsup inf [g(y+h') —g(y)]
ygx W ERHIB

= p(n+|[h]|) — g(x) +limsup inf g(y+h’).
y—ex h’ €h+nB
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Observe that the last term of the last member above is a non increasing function of
over the open interval |0, +co[. The inequality (x*, h) < g'(x; h) thus entails

(3.12) (x*,h) < p||h|| — g(x) + limlimsup inf g(y+h').
nlo h'!€h+nB

y—eX
For any real number

< supinf su inf g(y+Hh)
b n>%A>oly7XE</\h'eh+mPsg Y ’

there exists some 7 € |0, §/4] such that

5 < inf sup inf g(y+h’) < sup inf g(y+h’),
A>0 ‘y_x|g<>\h’6h+n]|3€ ‘y—x|g<nh/€h+”/B

which yields the existence of some y, with |y, — x| < 7 and for which
B < inf g(y,+ K < gy +h+(x—yy) =gkx+h).
h' €htyB

Taking (3.12) into account we get
(", 1) < gle+ h) = g(x) + pl[h]

and hence
x* € g(x).

So, 9°g(x) C 9Fg(x) and the equality follows because the converse inclusion always
holds (as it is easily seen).

It remains to prove that any x* satisfying (x*, h) < g’(x; h) forall h € E belongs to
9g(x) (because the converse property obviously holds). Fix such an x* and choose
for any p > 0 a real number § > 0 such that (3.9) holds for ¥ = x. Forany y €
x + %518% we have according to (3.11) with t = 1 and s | 0 and according to the first
assertion of the proposition,

(", y—x) < gy —x) <gly) —gx) +plly — x|

and this ensures x* € 97¢(x). The proof is then complete. ]

The following properties of approximate convex functions need to be observed
and they will be used in the next proposition. Let g: E — RU {+00} be approximate
convex at X € dom g and let for p > 0 a positive number § for which (3.9) holds.
Consider x € (x + %6]83) N dom g and suppose that g is approximate convex at the
point x too. Then, as it is easily seen in the proof above, (3.11) and the first assertion
of Proposition 3.4 imply for t > 0 with ¢| k|| < 6/2

(3.13) g (xh) <t 'g(x +th) — g(x)] + pl|h|.

Further, if x belongs in fact to % + 1B, then for all y € % + ;0B and x* € 9°g(x) the
description of 9°g(x) in Proposition 3.4 in terms of g’ (x; - ) and the inequality (3.13)
with t = 1 yield

(3.14) (x*,y —x) < gly) — glx) + plly — x|
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Proposition 3.5  Let X be a nonempty open convex subset of Eand g: X — RU {o0}
be a lower semicontinuous function that is approximate convex at any point in dom g,
with dom g being convex. Then g is O-sds over X provided 0g(x) C 0°¢(x) forallx € X.

Proof The analysis just in front of Proposition 3.4 says that Definition 3.1(i) holds.
Further, (ii) of the same definition follows from Proposition 3.4 and from (3.13). Let
us prove (iii). Let v and u as in the statement of Definition 3.1 and let £ > 0. Fix any
y € [v,u[. Choose 0 > 0 such that (3.9) holds over y + 6B with { in place of p. For
any t > 0 with t||u — v|| < 6/2 we obtain from (3.13),

€
(3.15) g'(y+tu—vsu—v) <t 'gly+2t(u—v)) —gy +t(u—v))]+ ZH”_V”~
Now observe on the one hand that ¢’(y; u — v) < 400 because by (3.13)
€
g'(ysu—v) <17 gly +t(u—v) =g+ Lllu—vl|

and y + t(u — v) € dom g for t small enough. On the other hand, if y # v we have
g'(y;u — v) > —oc because by (3.10)

gy) —gw) <@g (ysu—v)+ ZHM I

for some real number v > 0, and if y = v we still have ¢’(y;u — v) > —oo taking
the nonemptiness of dg(v) into account. So, ¢’(y;u — v) is finite. Further, using
Proposition 3.4 it is easy to see that the equality

(3.16) ltilrgt”[g(y +2t(u—v) —gly +t(u—v)] =g (y;u—v)

holds. It then follows from (3.15) and (3.16) that there exists some rq € ]0, 1] with
rollu — v|| < /4 such that for all ¢ € ]0, ry]

(3.17) g(y+tu—viu—v) Sg'(y;u—V)Jr%IIM—VH-

For any fixed r € ]0, 1], put w := y +r(u — y) and consider any sequence (x,, x};) €
0g with (x,) converging to some x, € [y, W[. Then (3.14) says that we have for n
large enough

« g
(x5, w — x,) < g(w) — glx,) + ZHW — Xu|

and hence using the lower semicontinuity of g
liminf(x;, w — x,) < g(w) — g(xo) + ZHW — xo]|-

Taking (3.10) into account, the latter yields

(3.18) liminf(x}, w — x,) < g'(w;w — x) + %Hw — xo|-

n—oo
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Asw=y+r(u—y)=y+s(u—v)forsomes e ]0,r], (3.17) gives
gwsu—v)<g'(ysu—v)+ gHu — |

and this inequality may be written in the form

(3.19) g (wsw —xp) Sg/(y;W—xo)Jr%HW—on-

According to (3.18) and (3.19), we conclude

liminf(x}, w — x,) < &' (3w — x0) + £|lw — xo|. u
n—oo

The three examples of functions g above given by Propositions 3.2, 3.3, and 3.5
were already known, with separate different proofs, to satisfy the integration property
(1.1). Actually, the class of sds functions is much larger as the following corollary says.

Corollary 3.1 Let X be a nonempty open convex subset of Eand g;: X — RU{o0}
be a lower semicontinuous function which is approximate convex with dom g; being
convex. Let ¢,: X — R be locally Lipschitz and Clarke directionally regular on X.
Assume that 0 is the Clarke subdifferential. Then g; + g, is sds over X.

Proof We know by Theorem 2.9.8 in [2] that assumption (3.2) is satisfied. Thus the
corollary is a direct consequence of Propositions 3.1, 3.3, and 3.5. ]

There are Clarke directionally regular functions which are not approximate con-
vex. To see this, consider the example of Spingarn [17, p. 83] of any even function

f: [—%, %] — R such that

(i) f(0)=0and f(%) = % - % for all integers n > 2;
(if) for each integer n > 2, the usual derivative V f exists and is continuous and

decreasing on the open interval ] ﬁ, % [ ;
(iii) f/(-5%) =1,and f/ (1) = 0 for all integers n > 2, where f/ and f’ denote the
right and left derivatives respectively.

For such a function f, one has |x| — x* < f(x) < [x|forallx € |—1, 1 and hence

f'(0;v) = |v] forallv € R. So & £(0) = [—1,1] and the Lipschitz function f is
Clarke directionally regular on | —1, 1[. Observing that f'(1;—-1) = —f/(1) =0
we may choose for each n some t, € |0, 1 [ such that

1_ 1 1y) _ gl
(3.20) f(n t”t((n1 _ni)) f(n) > —le.
nin n+l
As for
) — &)
n - l _ L )
n n+1
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we have lim,,_, o g, = —1; we see that lim,,_, (g, + %(1 —t,)) = —% and hence for
every integer n sufficiently large

1 1
~1 > g, + E(1 —t,).

Combining the latter inequality and (3.20), we get

f(%_t"(%_nil)) -

%tn(l—tn)(l - L) +(1—tn)f(%) +tnf( : )

n n+l n+1

which contradicts the approximate convexity of f at 0 (the number p in (3.9) cannot
be smaller than 1/2). So the Lipschitz function f is Clarke directionally regular but
not approximate convex at 0.

It is also obvious for a function f as above that if g is approximate convex but not
locally Lipschitz, then the function f + g may be neither locally Lipschitz nor ap-
proximate convex. This means that the class of functions which can be written in the
form g + & of the above corollary is actually larger than the ones of Propositions 3.3
and 3.5.

In the next section we will establish the extended integration property related
to (1.2) for sds functions. So we may point out that the fact that such a property
holds for functions g; + g as provided by Corollary 3.1 is new. Indeed, even in
Hilbert space such functions may be non primal lower nice in the sense of Poliquin.

There are also sds functions g which cannot be written in the form g, + & as in
Corollary 3.1. Indeed, as it can be checked, the function g defined on R? by

vy —2vx ifo<x<y
g(x, ) {OO

otherwise

is sds but it is not in the class of functions of Corollary 3.1.

4 ~-Inclusion of Subdifferentials

This section is devoted to showing how some techniques developed in our paper [19]
can be adapted to the study of enlarged inclusion of subdifferentials of functions in
the class of sds functions introduced in the previous section. The famous Rockafel-
lar integration result (see [13, 14]) states that the inclusion Jf(x) C 0g(x) for every
x € Eand for f and g convex and lower semicontinuous ensures that the functions
f and g are equal up to an additive constant. Theorem 2.1 in [19] extends the Rock-
afellar result in the sense that the convexity assumption is required only for g and the
inclusion above is replaced by the inclusion 0 f (x) C 9g(x)+~B for somey > 0, and
it proves that the difference of the functions f and g is y-Lipschitz over their effective
domains which must be identical. Here we generalize this result establishing that it
still holds if we replace the convexity assumption of g by just its sds property. In so
doing, we provide via Proposition 3.1 and Corollary 3.1 some new concrete functions
for which the integration property holds.
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Theorem 4.1  Let X be an open convex subset of E and 0y and 0,, two presubdifferen-
tial operators. Let y be a real non negative number. Let ¢: E — R U {+o0} be a lower

semicontinuous function that is 0,-sds on X and let f: E — R U {+00} be a lower
semicontinuous function with X N dom f # @.

(@) If
(4.1) 0 f(x) Chgx)+4B forallx € X,

then X Ndom f = X Ndom g and for allu € X and v € X N dom g the following
inequalities hold

gu) —gv) —yllu —v|| < f(u) — f(v) < g(u) — gv) +7|[u—|.

(b) Further, the converse also holds provided 0 f(x) C 0°f(x) and 0, g(x) D 0°g(x)
forallx € X.

Proof (a) Note first that Theorem 2.1 ensures that X N dom 0, f # @. Fixv €
XNdomo, f and u € X. Thanks to assumption (4.1) we have v € dom 0,¢ and
hence g(v) € R. We are going to prove

(4.2) fu) — fv) < gu) — gv) +|ju—v|.
The inequality obviously holds for u = v or for g(u) = +o0. So, suppose u € dom g
along with u # v and fix any real number € > 0.

Consider any v/ € [v,u[ N dom f with v/ # u. Choose any r € ]0, 1] satisfying
property (iii) in Definition 3.1 with y = v/ and with /2 in place of € and such that,
by definition of g’(v'; u — v') and by property (ii) of Definition 3.1, for all t € ]0, r]

g0 su—v) <t g +t(u—v")) —g(v)] + %Hu —v'.
So, forw:=v' + r(u — v') we get
(4.3) gw—v") <glw) —g(v') + %IIW—V'II-
We proceed now to show that the following inequality holds

(44) flw) = f(') < glw) = g() + (v +e)llw — V']

Fix any integer k € N and put fi(x) = f(x) if x # w, fi(x) = f(w) if f(w) € R, and
fi(x) = k otherwise. The function is lower semicontinuous and hence the mean value
theorem (Theorem 2.1) says there are xy € [v’, w[, Xp — %o, and x}, € O fi(x,) =
0 f(x,) such that

(4.5) lw =7 felw) = FO0) < flw = x| 7" Tim (x5, w — ).
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By assumption (4.1), we have x} = z; + ¢} with 2 € 0,¢(x,) and ||e}|| < 7, and
hence

(4.6) liminf(x;, w — x,) < liminf(z}, w — x,) + v||w — x0]|-

n—

Further, the choice of r above and (3.1) give

liminf(z;, w — x,) < g'(v;w —x) + %Hw— Xol|-

As ||w—xo|| " (w —x0) = ||lw—v'|| " (w—v"), using (4.3), (4.5) and (4.6) we obtain
v = v/ 7 ) = FO) < llw = v/~ (gw) = ') + Sllw = v + 5+
which entails
fiw) — f(v') < gw) —g(v) + (y +&)|[w —v'||.

So, (4.4) is true because the last inequality holds for all k € N.
Now, as in [19] we put

o=sup{t €]0,1]: f(v+t(u—v))—f(v) < gv+t(u—v))—g(W)+(v+e)|[t(u—v)[ }
and y := v+ o(u — v). By (4.4) with v in place of v/, the set defining o is nonempty.
So, the continuity of the restriction of g to the segment [u, v] (see (i) in Definition
3.1) and the lower semicontinuity of f ensure that the supremum above is attained.
Further, according to Definition 3.1(i) one has g(y) < +oo and hence f(y) < +oc.
We claim y = u. Otherwise y € [v,u[ and ¢ € [r,1[. Choose for this element y
some p € )0, 1] satisfying Definition 3.1(iii) with £/2 in place of £ and such that, by
definition of g’(y; - ) and by Definition 3.1(ii), for all £ € ]0, p]

_ €
gsu—y) <t gy +tu—y) =g+ Sllu =yl
Forw := y + p(u — y) we get
p €
glsw—y) <gw) =gy +lw—yl.
Using (4.4) with y in place of v/, we obtain

(4.7) fw) = f(y) < glw) —g(y) + (v +&)|lw — y||.

As the supremum defining o is attained, we also have

fy) = fv) <gly) —g) + (y+o)|ly — v
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Adding that inequality and (4.7) yields
flw) = f(v) <gw) —gv) + (v +&)||lw —v|.
This contradicts the definition of o and hence y = u, which entails that (4.2) holds.
Now we prove X Ndom f = X N dom g. Take any v € X N dom f and choose by

Theorem 2.1 a sequence (v,) in X N dom &, f with v, — v and f(v,) — f(v). For
every u € X N dom g we have by (4.2)

f) — fvy) < g(u) — gvy) + 7l — vl

and hence X N dom g C X N dom f. The inequality above also ensures by the lower
semicontinuity of g

(4.8) f) = fv) < glu) — gv) +v[lu—v||
and this obviously implies v € X N dom g. Therefore
XNdomf=XNdomg

and (4.8) holds true for all u,v € XN dom g = X N dom f.
Further, taking # and v in X N dom g and interchanging u and v in (4.8) we obtain

gu) —gv) —[lu—v|| < f(u) — f(v)

and this also holds for any u € X and v € X Ndomg = X N dom f. So, we have
proved

49)  glw) = g) = 7llu—v[ < f(u) = f(v) < gu) = g) +7[lu—v|
forallu € Xandv € XNdomg.

(b)Let us prove now the converse. Fix any x € XNdom 0, f and any h € E and
observe that (4.9) entails y — x if and only if y —, x. Choose r > 0 such that

(x+7rB)+]0,7[ (h+1B) C X,

and fixany e € 0, r[. Thenforany y € (x+eB)Ndom f,v € h+eBandr € ]0,¢[,
we derive from (4.9)

Ty +v) — f] <t gy +1v) — g(n)] + 91|
and hence for any n € 0, ¢[

limsup inf ¢ '[f(y+tv)—f(y)] <limsup inf ¢t '[g(y+tv)—g(¥)]+7] h|+e.
y—x vEhtnB y—gx  vEhNB

t]0 t10
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We deduce from that inequality and (2.2)
flsh) < g (s h) + |kl +ve.
As this holds for all £ € ]0, r[, we obtain
[ h) < 8" )+ ]lR|

which obviously yields, by the Moreau—Rockafellar subdifferential formula in convex
analysis applied at the origin to the sum g'(x; - ) + ]| - ||,

O f(x) C 0°%(x) ++B.
The proofis then complete because of the assumptions
O f(x) COf(x) and 9Og(x) C 0, g(x)
concerning the subdifferential 0. ]

Of course, the equality 0°¢(x) = 0,¢(x) (and hence the required inclusion in (b)
of the theorem) holds whenever 9, is the Clarke subdifferential. It also holds for
any presubdifferential provided g is convex. Another important example where that
equality is still true is given by the inclusions 0fg C 9, C 9°g and the property of
approximate convexity of ¢ according to Proposition 3.4. When g is locally Lipschitz,
the property (see (3.6))

{x* € B : (x",h) <d g(x;h),Vh € E} C 0, g(x) C Og(x)

also obviously entails the equality 0°g(x) = 0, g(x) whenever g is Clarke regular.
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