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THE L-THEORY OF TWISTED QUADRATIC 
EXTENSIONS 

ANDREW RANICKI 

Introduction. For surgery on codimension 1 submanifolds with non-
trivial normal bundle the theory of Wall [13, Section 12C] has obstruction 
groups LN*(TT' —> 77), with IT a group and 77' a subgroup of index 2, such 
that there is defined an exact sequence involving the ordinary L-groups of 
rings with involution 

. . . -> LNn(ir' - > * ) - > L„(ZM ) -> LW + 1 ( Z M -» Zfr f ) 

with the superscript w signifying a different involution on Z[7r]. Geometry 
was used in [13] to identify 

LNn(w'->ir) = Ln(T\<n'\a,uX 

with (a, u) an antistructure on Z[7r'] in the sense of Wall [14]. The main 
result of this paper is a purely algebraic version of this identification, for 
any twisted quadratic extension of a ring with antistructure. 

The geometric applications of the ZJV-theory generalize to the non-
simply-connected case the work of Browder and Livesay [1] and Lopez de 
Medrano [9] on free involutions on simply-connected manifolds. Ranicki 
[12, Section 7.6] contains a general account of these applications. The 
LvV-groups have been used by Cappell and Shaneson [2], [3], Hambleton 
[4], Harsiladze [6], [7] and Hambleton, Taylor and Williams [5] for 
computations of the L-groups of finite groups, and for the detection of the 
closed manifold surgery obstructions. 

On the purely algebraic side ZJV-theory is related to the work of Lewis 
[8] and Warshauer [15] on the L-theory of quadratic extensions of fields, as 
detailed in [5, Section 1]. Indeed, this paper was originally intended to 
serve as Appendix 4 to reference [H-T-W] of [5]. Accordingly, it uses the 
same terminology, with right modules and antistructures as first defined 
by Wall [14], rather than left modules and antistructures as in [11], [12]. 

The quadratic L-groups L*(#, a, u) of a ring R with antistructure (a, u) 
are defined in Section 1 using (a, w)-quadratic Poincaré complexes over R, 
in the style of Ranicki [11]. 
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346 ANDREW RANICKI 

The brief Section 2 deals with scaling isomorphisms in the L-groups. 
Given a ring R, a unit a e R and an automorphism p:R —> R such that 

p(a) = a and 

p2(x) = axa~x ^ R (x e R) 

let S = R^\fa\ be the p-twisted quadratic extension of ft, the quotient 
of the p-twisted polynomial extension Rn[t] (tx = p(*)0 by the ideal 
( r — a). In Section 3 it is shown that an antistructure (a, u) on S which 
restricts to an antistructure (a0, u) on R determines two distinct 
morphisms of rings with antistructure 

z:(ft, a0, u) —» (S, a, w), /:(/£, a0, u) —» (5, a, w), 

in both cases defined by the inclusion of rings R—>S. There are defined 
induction and transfer maps /*,, / in the L-groups and relative L-groups 
L*(/,), L*(/ ) to fit into exact sequences 

i\ 
. . .-^Ln(Rya^u)-^Lfl(Sya,u)^Ln(h)-^ Ln_x{R,a{Yu)-^ . . . 

. t 

. . .-*Ln(Sa, u)-*Ln(R, a0, w)-^» L„(/)--> L„_,(ft, a(), w)->. . . , 

and similarly with /' in place of i. 
In Section 4 the algebraic gluing operation of Ranicki [12] is used to 

define natural isomorphisms of relative L-groups 

IVL^T,) -> £„ + ,(/,) 

r ! :L„ (z ! ) ^L , ? + 1(7
!), 

as required for the applications described in [5]. 

1. The L-theory of a ring with antistructure. Let R be a ring with anti-
structure (a, w), that is an associative ring with 1 together with a function 
a: ft —» /? and a unit w e f t such that 

«(a + />) = a(tf) 4- a(b), a(ab) = a(b)a(a), a(\) = 1 

a(u) = u , a (a) = uau (a, b e ft). 

Given (right) ft-modules M, Af let Hom^ (M, N) be the abelian group of 
ft-module morphisms/:M —» A". 

The a-dual of an ft-module M is the ft-module 

Ma = Hom^ (M, ft), 

with ft acting by 

Ma X R-* Ma\ (/, û ) H ( j ( ^ a(a)f(x) ). 

For f.g. projective M the .ft-module morphism 
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TWISTED QUADRATIC EXTENSIONS 347 

LU:M -» ( M T ; ^ H ( / H a ( / (x ) )«) 

is an isomorphism. 
The a-dual of an /^-module morphism / e Hom^ (M, TV) is the 

i?-module morphism 

Given a f.g. projective i^-module chain complex 

C: . . . -> C„+ l 4 . C„ 4 <:„_, -> . . . (n e Z, J2 = 0) 

define a Z[Z2]-module chain complex Hom^ (C*, C) by 

d i H o m ^ (C*, C)„ 

= 2 Hom^ (Cp, Cq) -> H o m ^ (C*, C)w_,; 

4>h^ d<f> + (-)q<t>da 

with r e Z2 acting by the (a, w)-duality involution 

T^Hom* a (C*. C)„ -> H o m ^ (C*, C)„; 

Define the (a, u)-quadratic Q-groups of C to be the abelian groups 

Q„(C, a, u) = H„(W®Z[Z2] HomR,a (C*, C) ) (« e Z) 

with W the standard free Z[Z2]-module resolution of Z 

1 - T 1 -f T \ - T 
W: . . . -> Z[Z2] •Z[Z 2 ] • Z[Z2] • Z[Z2]. 

An element ^ e Qn(C, a, w) is represented by a collection of chains 

a G H o m ^ (C*, C)„_> iï 0} 

such that 

<% + ( - f t / + (-)"-J-'(^+1 + (-)*+1%.+1) = o 
: C ^ _ , _ , - » C r ( r e Z . ^ 0 ) . 

An n-dimensional (a, u)-quadratic Poincaré complex (C, ip) over /? is an 
^-dimensional f.g. projective /^-module chain complex 

d d 
C : . . . - > 0 - > C I I - > C l f _ I - ^ C / f _ 2 - > . . . 

d 
-> C, -> C0 -» 0 -> . . . ( w ^ O ) 

together with an element \j/ e ô (C, «, u) such that (as in [11] ) 
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348 ANDREW RANICKI 

(1 + TUW0 G Hn(UomRa(C*,C)) 

determines .R-module isomorphisms 

(1 + Tuyp0:H*(C)=lHnUC), 

where the homology and cohomology ^-modules of C are defined by 

Hr(C) = ker(J:Cr -* Cr_,)/im(d:Cr+x -» Cr) 

Hr(C) = ker(da:C? -> C^+ 1) / im(^:C r
a_, -» C?). 

For example, a O-dimensional (a, w)-quadratic Poincaré complex over R 
(C, \p e Q0(C, a, w) ) is the same as a non-singular (a, w)-quadratic form 
(M, /̂) over # in the sense of Wall [14], that is a f.g. projective /^-module 
M = CQ together with an element 

* G 0O(C, a, H) 

= coker(l - T^Hom^ (M, Ma) -> Hom^ (M, M a) ) 

such that (1 + r j ^ / G Hom# (M, M a) is an isomorphism, where 

7;:Hom^ (M, Ma) -> Hom^ (M, M a) ; 

* H * (<#>\:x h^ (y H-> a(«JO)(*) )w) 

is the (a, w)-duality involution on Hom# (M, M a) . 
Given a chain map of i?-module chain complexes 

f:C-*D 

let C(f) denote the algebraic mapping cone of / , the .R-module chain 
complex with 

, (dD ( - ) B - 'A 

:C(/)„ = D„ ® C„_, -* C(/)„_, = />„_, © C„_2. 

The relative homology .R-modules / / * ( / ) = H*(C(f) ) fit into the exact 
sequence 

. . . -> Hn+X{D) -> //„ + , ( / ) -> tfn(C)^ //„(/)) - > . . . . 

A chain map of f.g. projective /^-module chain complexes/: C —> Z) induces 
a Z[Z2]-module chain map 

H o m ^ (f\fYUomRa ( C , C) -> Hom^ f l (Z>*, Z>); <?> M » / * / " , 

so that there are induced ()-g r o uP morphisms 

f%:Qn(Q a, w) -> Qn(D\ a, «) (w G Z). 

Define the relative (a, u)-quadratic Q-groupsoff 
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&, + ,( / , a, u) = H„ + ](W®Z[Z2] C(HomR(X ( / * , / ) ) ) (n e Z) 

to fit into the exact sequence 

- > e „ ( C , a , i i ) 4 e n ( A a , « ) - » . . . . 

An element (&/<, i//) G Q„+\(f, a, M) is represented by a collection of 
chains 

{ W v , *,) G Hom,,„ (£>*, Z> )„+,_, 0 H o m ^ (C*, C )„_> i= 0} 

such that 

dtys + (-ysw + (-)"-s(«^+. 
+ (-)s+,W,+1)+ (-)%/" = o 

<%„ + {-)%da + (-)"-*-\*s+i + ( - ) 4 + 1 T ^ , + 1 ) = o 

:C%r_s_x^Cr ( r e Z . s ^ O ) . 

An (« + \)-dimensional (a, u)-quadratic Poincare pair (f, (8t//, ;//) ) over # 
consists of a chain map/ :C —» D from an «-dimensional jR-module chain 
complex C to an (n + l)-dimensional i?-module chain complex D together 
with an element 

(&/,,*) e ÔII + , ( / , « , « ) 

such that 

(1 + r „ ) ( % , ^ 0 ) e //„ + 1 ( H o m ^ ( / * , / ) ) 

determines .R-module isomorphisms 

(1 + Tum(),t0):H*(D)^Hn+]„t(f). 

The boundary of (/, (ô^, i//) ) is the «-dimensional (a, w)-quadratic Poincaré 
complex over R(C, ̂  e Qn(C, a, u)). 

A cobordism of «-dimensional (a, w)-quadratic Poincaré complexes over 
R(C, \p), (C , *//) is an (« -f l)-dimensional (a, w)-quadratic Poincaré pair 
over R 

((f):cec^AWie -;//)) 
with boundary (C, \p) © (C, — i//')-

A homotopy equivalence of «-dimensional (a, t/)-quadratic Poincaré 
complexes over R 

f:(C, M =5 (C, i//) 
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350 ANDREW RANICKI 

is a chain equivalence / : C —» C such that 

f%m = •¥ e &,«?, «. «)• 
Cobordism is an equivalence relation on the set of «-dimensional 

(a, w)-quadratic Poincaré complexes over R, such that homotopy equiva
lent complexes are cobordant. The cobordism classes define an abelian 
group, the n-dimensional (a, u)-quadratic L-group of R Ln(R, a, u) (n = 0), 
with addition and inverses by 

(C, V + (C , V) = (C®C,4,® V), 

- ( C , *) = (C, - * ) e L„(/î, a, «). 

Given an /^-module chain complex C define the suspension SC to be the 
/^-module chain complex with 

dsc = dc:SCr = C r_! -> SC r_, = C r_2 (r G Z). 

If C is a f.g. projective /^-module chain complex there is defined an iso
morphism of Z[Z2]-module chain complexes 

S:S2HomRa (C*, C) ^ Hom^ a (SC*, SC); 

f^(-Vf ( / e Horn, (C;, C^)) 

with 7 G Z2 acting by Lw on Hom^ a (C*, C) and by T_u on Hom^ a 

(SC*, SC), so that there are induced isomorphisms in the g-groups 

S'Q*(C, a, u) ^> Q*+1(SC, a, —u). 

The skew-suspension maps in the L-groups 

S:L„(/Î, o, u) -> L„ + 2(#, a, - n ) ; (C, i//) h^ (SC, Si//) (n ^ 0) 

are isomorphisms, by Proposition 4.3 of [11]. In particular, it follows that 
the (a, w)-quadratic L-groups are 4-periodic 

Ln(R, a, u) = Lw+4(/*, a, w) (* ^ 0). 

Furthermore, working as in Section 5 of [11] it is possible to identify 

{ L2(JR, a, u) 
J / D \ ('(mod 2)) 

with the Witt group of non-singular 

(a, ( —Yw)-quadratic { . . over R. 
( formations 

2. Scaling. Scaling is a classical device for generating isomorphisms 
between categories of quadratic forms (cf. [14] ), and hence also of 
L-groups. 
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The scaling of the antistructure (a, u) on R by the unit v e R is the 
antistructure on R 

(a, u)v = (ft w) 

defined by 

(3:R —> R\ av-+ va(a)v~\ w = va(v~])u e /?. 

For any /^-module M there is defined a scaling isomorphism of the a-dual 
and jS-âuâl /^-modules 

If C is a f.g. projective /^-module chain complex there is defined a scaling 
isomorphism of Z[Z2]-module chain complexes 

a r :Hom^ a (C*, C) ^5 H o m ^ (C*, C); 4> H^ «J>V 

sending <f> <= Hom^ (C", Cq) to the composite 

*-s— ŝ s-
There are induced scaling isomorphisms of <2-groups 

and hence also of L-groups 

ov:Ln(R, a, u) ^ L„(R, j8, w); (C, *) h-> (C, f ). 

3. Twisted quadratic extensions. A structure (p, a) on a ring R is a pair 
consisting of a ring automorphism p:R -^ R and a unit a ^ R such that 

p 2 0 ) = ÛJCÛ-1 e / ? (x ^ R) 

and p(tf) = a ^ R. The (p, a)-twisted quadratic extension of R is the 
ring 

s = / y AA] = #pm/(r - a) 
with / an indeterminate over R such that 

/x = p(x)t (x e 7?). 

The extension of p to an automorphism of S is denoted by 

p:S -> 51; x + ^ K-> /(* + j^ / ) / " 1 (x, j> e # ) . 

Let now i^bea ring with antistructure (a(), w) and structure (p, a) such 
that a0 extends to an antiautomorphism of S 

*:Rp[Và] = S - > / y V a ] 
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with a(^fa).\fa e R c S and a2(\/a) = u^[auTx <E S. Thus (a, w) is an 
antistructure on 5, and the inclusion i:R —> S defines a morphism of rings 
with antistructure 

/:(#, a0, w) —» (5, a, w). 

Use scaling by the unit \fa e S and the Galois automorphism of S 
over /? 

y:S-+ S\ x + ytv-> x - yt (x, _y e # ) 

to define an antistructure on S 

(a, u) = (5, u) 

by 

(a, w) - (ya, w ) ^ = ( z H ytfya(z X V^) ~ ] * V^Y«( ( V^)~ V ) 

= (pya, - y/âa((y/â)~l)u). 

Then (a, w) restricts to another antistructure (5(), w) on #, with a 
morphism of rings with antistructure 

i:(R, 50, ïï) —•» (S, a, w). 

Given an 7^-module M denote the induced ^-module by 

i}M = M®RS. 

If M is a f.g. projective .R-module then iyM is a f.g. projective S-module, 
and there is defined a natural S-module isomorphism 

/,(Ma°) ^ ( / , M ) a ; / ® -x h-> (w 0_y H+ a(x)f(u)y) 

( / e Ma<\ w G M, x, _y e 5). 

If C is a f.g. projective i^-module chain complex then /,C is a f.g. projective 
S-module chain complex, and there is defined a Z[Z2]-module chain 
map 

/,:Hom^ (C*, C) —> HomV a (/'iC*, /jC); 

<J> H ^ (/,<J>:/® x H-> <f>(/) ® JC) 

(<f> G H o m , ( C ; , C ^ ) , / E C;, x e S) 

inducing g-group morphisms 

i\'-Q*(C, a0, w) —> Ô*(/'|C, «, w); ^ H-> /,^. 

The induced L-group morphisms 

h\L*(R, a0, w) —» L*(S, a, «); (C, i//) H-» (/'tC, /,i//) 

fit into an exact sequence 
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. . . -> Ln(R, a0, u) -> Ln(S, a, u) -> L„(/\, a, w) 

-> LM_,(/?, a(), M) -> . . . 

in which the relative L-groups Ln(i,, a, u) (n = 1) are defined as in 
Section 2 of [12] to be the cobordism groups of pairs 

((C, ^ ( / i / X ^ A (ty, /^)) ) 

consisting of an (/7 — l)-dimensional (a(), w)-quadratic Poincaré complex 
over /? 

(C, * e a , - i ( C a o , «)) 

and an «-dimensional (a, w)-quadratic Poincaré pair over 5 

(/:/,C->A W , / ^ ) e Gw( /«,«)) 
with boundary /,(C, t/>). 

Given an S-module TV denote by ÏN the /^-module with the same 
additive group and R acting by the restriction of the S-action to R c S. If 
TV is a f.g. projective S-module then ÏN is a f.g. projective /^-module, and 
there is defined a natural /^-module isomorphism 

r(Na) ^ (rAT)"0; / i-> (M »-» x) 

f ^ Na,u <= Nj{u) = x + vVtf e 5, x, y e #)• 

If D is a f.g. projective S-module chain complex then i D is a f.g. projective 
/^-module chain complex, and there is defined a Z[Z2]-module chain 
map 

/ ' : H o m ^ (D\ D) -> H o m ^ (i D\ i D); <f> h-> (/!<f>:/^ <«/) ) 

«> G Horn, (/>;, / ) , ) , / G (/'/), f<> = /!(Z)p ) 

inducing ^-groups morphisms 

/!:(?*(A a, w) -> (?*(/!A a0, w); ^ »-» /'V-

The induced L-group morphisms 

r:L*(S, a, n) -> L*(/*, a(), u)\ (A i//) h-> (r A /'^) 

fit into an exact sequence 

/ 
. . . -> /^ (S , a, u) -* Ln(R, a(), w) 

-> L/?(/'\ a, M) -> L /7_,(5, a, w) -^ . . . 

in which the relative L-groups Ln(i\ a, u) (n — 1) are defined as in Section 
2 of [12] to be the cobordism groups of pairs 

( (A <//), (f:ÏD ->C,(8i//, n/ /))) 
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consisting of an (n — l)-dimensional (a, w)-quadratic Poincaré complex 
over S 

(A^ e a r , (A« , u)) 
and an /7-dimensional (a0, w)-quadratic Poincaré pair over 7? 

with boundary / (Z), ip). 

If M is an /^-module and TV is an ^-module there are defined natural 
abelian group isomorphisms 

Hom^ (M, rN) ^ Hom5 (z,M, N)\fv-> (x ® j H->/(JC)J) 

Horn^ (/'TV, M) ^ Hom5 (TV, /,M); 

g ^ ( ^ h - > g ( ^ ) ® 1 + g( j>Va)®(V*)~ 1 ) (* e M,^ €=#,*€= S) 

which we shall use as identifications. 
Given a f.g. projective /^-module M let pM denote the f.g. projective 

/^-module with the same additive group and R acting by 

pM X R —» pM\ (x, r) h^ xp(r). 

The isomorphism of abelian groups 

p:Hom^ (M, Ma°) ^ Hom^ (pM, (pA/)a°); 

<f> H^ (p<>:x h-> ( j H> <X(AA)(<K-*)(V) )V^) ) 

is such that Tu(p<t>) = p(^/f>), so that it is an isomorphism of 
Z[Z2]-modules. Thus if C is a f.g. projective /^-module chain complex there 
is defined an isomorphism of Z[Z7]-module chain complexes 

P:HomR,a{) (c*^ O ^ Hom/?,«0 (P c * ' P c ) 

inducing ()-group isomorphisms 

p:(?*(C a0, u) ^ (?*(pC a0, w). 

Furthermore, there is defined an isomorphism of /^-module chain 
complexes 

VhC ^ C 8 pC\ x ® (r + s\fa) ^ (xr, xs) (x <= C, r, s ^ R), 

allowing the identifications 

Horn , , ( / , 0 \ /X) = H o m ^ ( C , i hC) 

= Hom, a o (C*, C) 0 H o m , a o ( C , PC) 

= H o m ^ ( C \ C) 0 H o m ^ ( C , C), 
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(?*(/? C, a, u) = (?*(C, a0, u) © g*(C, a0, - u ) . 

The identity / /,C = C © pC has the following geometric interpretation. 
Let X be a connected topological space with fundamental group 77, and 
let 77 c 77' be the inclusion of 77 as an index 2 subgroup in a group 77'. 
Then S = ZJV] is a (p, #)-quadratic extension of R = T\m\ with 
^/# e 77' — 77, and the chain complex of the universal cover X of A' is an 
^-module chain complex C = C(X). The composite 

^ - > ^ ( 7 7 , 1) - » t f « 1) 

classifies a covering Xf of X with group of covering translations 77', such 
that C(X') = i}C. As a 77-space X' = X U pX, and the chain level 
decomposition 

C(X') = C(X) © pC(X) 

is precisely i i,C = C © pC. 
Given a f.g. projective ^-module TV let yN denote the f.g. projective 

S-module with the same additive group and S acting by 

yN X S -+ yN; (x, s) h^ xy(s). 

The isomorphism of abelian groups 

y:Hom5 (AT, Na) ^ Hom s (yN, (yN)a); 

4> ^ (y<t>:x \-+ (y i-> y(4>(x)(y) ) ) 

is such that Tu(y§) = y(Tu<j>), so that it is an isomorphism of Z[Z2]-
modules. Thus if D is a f.g. projective S-module chain complex there is 
defined an isomorphism of Z[Z2]-module chain complexes 

y:Hom 5 a (D*, C) ~ Hom 5 a (yD*, yD) 

inducing £)-group isomorphisms 

y:Q*(D, a, u) ~ g*(yA a, u). 

Furthermore, there is defined a short exact sequence of S-module chain 
complexes 

0 -> yD -» /,/'/) ->£>-> 0 

with 

yZ) -> /,/!Z); JC H^ JC 0 1 - *(\/a)~~] 0 \fa 

UyD -> D; x Q s ^ xs (1 G /), 5 e S), 

giving rise to a short exact sequence of Z[Z2]-module chain complexes 
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0 -> Hom5iYa (£>*, D) ^> H o m ^ (/!£>*, i D) -> Hom s a (Z)*, £>) -> 0 

and a long exact sequence of g-groups 

. . . -> ÔW(A y«, i/) -^ ew( i !A «0> ") 

-> &,(/), «, w) -> & , - i ( A y«, «) -> . • • • 

If D = i}C for some f.g. projective i?-module chain complex C the long 
exact sequence of (2-g rouP s is naturally isomorphic to the direct sum of 
the exact sequence 

( ! ) 
. . . -> Qn(C, a0, u) • Ô„(C, a0, w) © (?„(C, a0, w) 

( 1 - 1 ) 0 
• Q„(C, a0, w) -> Ôw-i(C, a0, u)-> . . . 

and the exact sequence 

. . . -> 0„(C, «o, S) -> / /„(Hom,A ) ( C , C) ) 

-* (?„(C a0, - M ) -> (?„-i(c:, «o, « ) - » • • • 

of Proposition 1.3 of [11], with S the suspension map. The exact 
sequence 

0 -* yD -» /,/'£> -» D -> 0 

has the following geometric interpretation. 
Let F be a connected topological space with fundamental group 

7T](Y) = 77-', and let TT C <n' be a subgroup of index 2 classifying a non-
trivial (D1, S°)-bundle £ over Y 

(Z)1 , .?0)->(£(£), S (£ ) ) -> F 

with TTjfS'd) ) = 77. As before, 5 = Z[7r'] is a (p, a )-quadratic extension of 
R = Z[TT]. The chain complex of the universal cover Y of Y is an ^-module 
chain complex D = C(Y). Let J be the (Z)\ S())-bundle over ? obtained 
from £ by pullback along the covering projection Y —» 7 

(Z>\ S° ) -> (£(?), S (? ) ) -> P. 

Then 

C(S(|) ) = /,/• A C(E(I) ) = D 

(up to chain equivalence) and 

C(£(?), S(?) ) = SyZ) 

by the chain level Thorn isomorphism. 
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4. The main result. As in Section 3 let (p, a) be a structure on a ring R, 
and let (a, u) be an antistructure on the (p, #)-twisted quadratic extension 
ring S = Rp[\/a] such that there are defined morphisms of rings with 
antistructure 

i:(R, a0, u) —» (S, a, u), i:(R, 2(), I/) —> (S, a, w). 

MAIN RESULT. The relative L-groups of /,, /,, / , / tfr£ related by natural 
isomorphisms 

T}:LnO0 -> ^,I+iO"!), 

The isomorphisms T,, T are defined using the following construc
tions. 

Given an «-dimensional (a0, ïï)-quadratic Poincaré complex over 
R(C, \p e (?W(C, <*()> ") ) there is defined an (n + l)-dimensional (a(), M)-
quadratic Poincaré pair over /? 

(g r:/
!/,C -» C, (0, i'-o^hi) G 0, I + 1(gc , «o- ") ) 

with 

g c = (1, 0):/!/\C = C 9 p C ^ C , 

and 

i'-o^W = (0, 0, (1 4- 7]> 0 ) 

G Qn(iiiC, a0, w) 

= GW(C «o, «) 0 GW(C, a(), H) 0 / / w ( H o m ^ ( C , C) ) 

the image of \p e Qn(C, a0, w) under the composite 

(?„(C, a0, w) -> Q„(hC, a, w) ^ Qn(hC, ya, M) -» (?„(/ ' iC a(), w)-

Given an «-dimensional (a, w)-quadratic Poincaré complex over 5 

( A * e Ô„(Aa,«)) 

there is defined an (« 4- l)-dimensional (a, 7/)-quadratic Poincaré pair 
over S 

{eD:uiD -> A (0, i,/^) e Qn + x(eD, a, w) ) 

with 

eD\hj'D -> Z); x 0 s H-> xs (x e D, 5 G 5), 

and 

(0, /,/V) e (?,I+I(é?D, a, ïï) 
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the image of \p G Qn(D, a, u) under the map 

Qn(D, a,u)-^ (?,I+i(eD, 5, w) 

appearing in the morphism of exact sequences 

2 a ^ 

- Ç M + 1(eD, a, M) » Qn(/;//), a, «)- ^ 8 ( A « , « ) • £„(?/> 5, ÏÏ) 

Use the constructions and the algebraic gluing operation of Section 1.7 
of [12] to define the abelian group morphisms T,, Y by 

T}\Ln(U, a, u) —> Ln + 1(/,, a, w); 

( (C * G 6 w - i (C 3o, 5) ), (MC -> A (&/,, W) G £ , ( / , 3, w) ) ) 

with 

C = C U ^ ' D = C (feW^ce/!z> 

Z>' = C( / ) , V = 0 U ^ V S ^ ' o r ^ , 

/0 eiC 0 \ , 

/' = L 0 e Her = /,c,e/,//,<:,_, ® i , ^ 
£>; = /,c,_, e/) r (r G z), 

and 

-.' . ,.' r::L,7(/'!, a, u) —> L,I+1(/!, a, w); 

with 

( ( A * G <?„-,(A a, «) ), ( / : i !0 -> C, (ty, / » e £ „ ( / «0, u))) 

i-> ( (£ ' , >// G £„(£>', à, w) ), (f'uD' -> C, (0, / V ) 

e £ , , ( / ' , «0, «) ) ) 
l 

^ = 0 U 0 v^a^ty , 

/ ' - f° ^ ° ):,'D;. = /'D, / ' / i / £>, ;l IV,. _ , 0 / ' ' iC, . 

-^c; = /!z>,_, e c , (r G z). 
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(The definition of T corrects the expression for the ill-defined isomor
phism 

L*(/ , <x, u) —» L* + X(i\ 5, u) 

given on pp. 704-705 of [12].) 
The maps 

r!:L5|c(/!, a, u) —» L* + 1(/|, a, w) 

are isomorphisms because there is defined a commutative diagram 

« ~ r, r, 
L*_20\, «, w) —> L*_,(/,, a, 2> —> L*(/,, a, w) 

V , / 
L#_2(/,, a, — M) ^ £*(/,, a, w) 

involving the scaling isomorphism aa for (§, 1/) = (a, —uf\ the 
skew-suspension isomorphism 5 and the automorphism 

t:L*(iu a, u) ^> L*(/,, a, w); 
( ( C f t (/:/,C-> A («*, z^))) 
h-> ( (PC, p^), ((/i/jpC -+yD\ x® s 

M > / ( X ® \ /ay(^)), (yfi*,/>*) ) ). 

The diagram actually commutes on the homotopy (rather than cobordism) 
level: given a representative 

x = ( ( C , f t ( / : i ,C->Z), (8*, / ,*))) 

of an element of L*_2(/!, «, Î/) let 

I » = ( (C , *')* (/ ':/, C" -> Z)', (0, /,;//) ) ) 

r,r,(x) = ( (c , >n< (/":/.c" -> zr, (0, /̂ ") ) ). 
Now 

c = c\ \% r'i}-c ~*c e i D ] 

-4(M£)M(dK>)-
D" = C(f') = c|//:c|^c) J-» C(eD)), 
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with 

/ ' / . ce iV / .c . e/'/,c, 

C\\g/D\\ = i'-Dr®i'-i,i!Dr_,@rDr, 

He 0 0^ 

i ®ï>\Cr 

\0 fi,g( 0 

c(&'iA = /!/,c,e/'/,/!/,c,. 
V 'V/ r 

,0 /•;// 0 

cl I "( 11 = i ,ce/ i 'V,- i ®ucr i 

-*C(eD)r = D,.©/,/'/),„, (r G Z). 

The chain maps 

" ' 1 :/'/)/'/.C" —» i'i,C ® i i,C 

K,'"\:ri,rD^fD®i'D 

are isomorphisms, so that up to chain equivalence 

c\\fA)=o,c((vDX\=o.c((y\\=o, 
\ieDJI W î S c 

C" = C(g r ) = SpC Z>" = C(eD) = SyZ). 

The quadratic structures follow suit, and 

r ,r ,U) = tSd"(x) 

up to homotopy equivalence. 
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Similarly, the maps 

r :L*(/ , a, u) —> L* + 1( / , a, w) 

are isomorphisms because there is defined a commutative diagram 

r! , r! 

involving the scaling isomorphism oa, the skew-suspension isomorphism S 
and the automorphism 

t\L*(i\ a, — w) ^ L*(z , a, —w); 

( (A * ) , (/:/!Z> -> C, (ty, /!i/0 ) ) 

h-> ( ( Y A # ) , (tfuyD -> PC; x H * / ( X ( V ^ 1 ) , (p«^ >W) ) )• 

As before, the diagram actually commutes on the homotopy level: given a 
representative 

x = ( (D, *), (/:/'/) -> C, (ty, /'*) ) ) 

of an element of L*_2(/', a, «) let 

T'(x) = ( (£>', f ), (/':/'/>' -> C, (0, ,ty) ) ) 

r!r!(x) = ( (£>", rx if"-iD" -» c , (o, /'*") ) ). 
Now 

D" = clrD
f\:i,i'D' -> D' 0 / ,C 

C" = C ( / ' ) = C 

with 

' / , / 0 0 

F = [ 0 ijij 0 
o o /,/• 

:C " r D | | = M'A- © i,/:».»:A-i © './ :A 
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G = ' ° 

'Se 

en 0 0' 

cl l " c | I = hCr@uiuc^x e/,c,.. 

0 uyeD 0 

e. 
:C| I "'" D = /,/!A. © i . / V A - i © /,/!D, 

>\gi'D//r 

->C(e„ ) r = Dr®UÏDr_i, 

f 0 0Ï 

:C((SD))-. = '!A-©''M'A-i©'! A 

->c( g c ) r = c,e»!i,Cr-i (*• e z>-
The chain maps 

\e'''D\.hîiaD-*uÎD®uïD 
V'Z.'D) ' • 

^ c | : i , i ! i , C - » / , C e « , C 
v'tfc. 

are isomorphisms, so that up to chain equivalence 

4&:)M(£))-M(d)-* 
D» = C(eD) = SyA C" = C(gc) = SpC 

The quadratic structures follow suit, as before, so that 

F ' r ! 0 ) = oatS(x) 

up to homotopy equivalence. 
The isomorphisms 

r,:L*(/,, 5, w) ^» !,* + ,(/,, a, w), 

r :/.*(/', ya, w) ^ L*(/ , ya, — w) 
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(using (ya, u) = (a, u) Va (ya, —u)) can be combined to define a 
commutative braid of exact sequences 

L„(S, 5, w) 

L„(S, ya, u) 

Ln(S, a, u) 
L„(R, a0, u) 

^ L„(i,, a, u) Ln(i\ ya, u) ^„-i( ' - . à, w) 

Ï) /. 

L„-2(R, 50, ÏÏ) 

L„(K, 50, - Ï Ï ) 

/.„ + ,(/,, a, w) /.„ + ,( / , ya, -w) /.„(/',, a, u) 

/.„+,(£, a, u) /.„_,(/?, 3o,ïï) Ln_,(5, à, M) 

Ln + 1(5, yà, -ÎÏ) /-„+,(/?, ^ - ï ï ) 
L „ _ , ( / ? , OQ, W) 

Ln-\(S, ya, w) 

(This is the Twisting Diagram (0.1) required by Hambleton, Taylor and 
Williams [5].) It follows that the chain complexes of abelian groups 

i z, 

Ln(S, ya,u)~* Ln(R, a0, u) -* Ln(S, a, u) 

rV~a 

*»Ln(R> «o> -u)-* Ln(S, a, -u) 

Ln + ](S, ya, -u) -> Ln+X{R, a0, -w) -> Lw + 1(5, a, - « ) 

/ a v 

/ + 1(#, a0, -u) LU+X{S, a, -w) 

have isomorphic homology groups. This homology isomorphism was first 
obtained by Harsiladze [6], [7] in the special case when S = R[Z2] is the 
untwisted quadratic extension of R and u = ± 1 e R. Indeed, it is 
possible to generalize the methods of [6], [7] to obtain the isomorphisms 
T,, T of relative L-groups, replacing the quadratic Poincaré complexes of 
Ranicki [11], [12] by the quadratic forms and formations of Ranicki 
[10]. 
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