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Abstract. A number of theorems are established about positive definite functions
and representations of certain topological semigroups. In particular we establish theorems
which show that measurable positive definite functions and measurable representations
can each be decomposed into the sum of two parts one of which is continuous and the
other of which is "small".

1. Introduction. In this paper we aim to prove some theorems about positive
definite functions, and about the closely related concept of representations, on locally
compact topological semigroups; we shall also answer problems raised in [8] and [9] by
improving previous theorems on these topics. Theorems about these concepts must, of
necessity, apply to the special case of a topological group, and therefore will normally be
a "generalization" of a known result for locally compact groups. The theorems we shall
establish are true for groups, as a result of the existence of the group algebra, and so our
results will often only apply to semigroups in which there is an analogue of the group
algebra. Such semigroups are the so-called foundation semigroups; these semigroups form
a large family but do not include all commonly met semigroups; the family includes all
topological groups and all discrete semigroups, and is closed under products and
subsemigroups and (under some restrictions) quotients.

Throughout this paper, we shall be concerned with a semigroup S with a weight
function w, and with functions and representations that are w-bounded. The original
research which led to this paper was an attempt to prove the two main theorems of
Section 4, which concern the representations of positive definite functions and representa-
tions, respectively, as the sum of two of them, one being continuous and the other being
"small", (4.6 and 4.9). In Section 3 we introduce a lemma of Stone-Weierstrass type that
is an essential tool for the results of Section 4, and is also used in Section 6. Firstly,
Theorem 4.2 provides a "Bochner theorem" for w-bounded, positive definite functions.
We also establish Theorems 5.2 and 6.2 which establish necessary and sufficient conditions
for the semi-simplicity of the algebra M(S, w) and for the *-semi-simplicity of M(S, w) if
S has an involution, respectively.

2. Definitions and notations.

2.1. Throughout this paper, except in Section 3, 5 will denote a locally compact,
Hausdorff topological semigroup. We shall assume that there is a weight function w on S.
By this we mean that w.S—»R+ with the properties that w is Borel measurable and that
both w and w"1 are locally bounded (i.e. bounded on compact subsets of S) and that
w{xy)^w{x)w{y) for x,y e S. Further, if S has an involution * we shall assume that
w(x*) = w(x) for x e S. We denote by M(S, w) the set of complex, regular, signed
measures fx (not necessarily bounded), of the form (x = /JL} - fi2 + '(Ms ~ M4)> where fi, is
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a positive regular measure on S with w E L\S, LI,-) for i = 1,2,3,4. Note that the elements
of M(S, w) are not measures in certain strict senses, in that /x(B), for a Borel set B, need
not have meaning, but on the other hand fi(B) does have meaning in the case when B is
relatively compact. We leave it to the reader to check that nothing in this paper is affected

4

by this sort of problem. We can define, for/ e H L\Syfij),

If ix s M(S, w) we can define a bounded regular Borel measure w. ti on 5 by the
equation

j J (f<=Ch(S)),
44

since fw is certainly in f] L\S, /u.,-). The map /J.I-*W. /A is clearly a linear bijection of

M(S, w) onto M(S). So we can define ||/x ||w = || w. ti || for /x e M(5, w), to make M(5, w)
into a Banach lattice (the norm of w. /x is the total variation norm). Finally, we make
M(S, w) into a Banach algebra by defining a convolution product by the rule

(li*v){f)=\\f(xy)dp{x)dv(y) (ji,v s M(S, w), f e Cm(S)). (1)

A simple adaptation of the proof of the Riesz representation theorem shows that
H * v is well-defined. By part (iii) of Theorem 4.6 of [8] we can conclude that (1) is still
valid for any w-bounded, Borel measurable function/on S. (We say that/is w-bounded if
there is k E U such that |/(*)| *s kw(x) for all x in 5.)

Recall (see, for example, [1] or [4]) that Ma(S) (or L(S)) denotes the set of all
measures ti in M(S) for which the mappings x ^x * |/x| and x i-» |/x| * x from S to M(S)
are weakly continuous. As in [8], we can define Ma(S, w) (or L(S,w)) as the set of
measures /x in M(S, w) for which w. /x is in Ma{S). Then Ma(S, w) is a closed, two-sided
L-ideal of M(S, w). We call S a foundation semigroup if U{supp (/x):/u, e Ma(S)} is dense
in 5.

2.2. We assume that the reader is familiar with the notions of representations of
•-algebras and of *-semi-simplicity of Banach *-algebras. Most of the following definitions
are to be found in [2], [8] or [9]. If S is a topological semigroup with continuous involution
*, a ^-representation V of S by bounded operators on a Hilbert space H is a
homomorphism x i-> Vx of 5 into B(H) such that Vx. = V* for all x e S. The representa-
tion V is cyclic if there is a cyclic vector £ E H; i.e. an element £ E / / such that the span of
{V,f :x E 5} is dense in H\ it is w-bounded if there is a real number k such that
||V,|| *£:kw{x) for all x e 5; and it is weakly continuous resp. Bore/ measurable, resp,
fi-measurable if the function xi-^Vt^, 17) is continuous (resp. Borel measurable, resp,
/x-measurable) for all £,17 E H. Observe that V is w-bounded if and only if the function
x>-+(Vxf;, 17) is w-bounded for all £,17 E H, and that the ^representation V is w-bounded
if and only if || Vx|| =£ w(x) for all x e 5. Finally, i?(5, w) denotes the set of all w-bounded
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continuous ^representations of the topological semigroup S with involution, by bounded
operators on Hilbert space.

If M is a vector space of measures on S then a function / is said to be M-negligible if
|/n| ({x e S:f(x) 5*0}) = 0 for all /n e M. The representation V is said to be M-negligible if
{x:(Vxg, 77)^0} is M-negligible for all £,77 e H.

2.3. If S is a semigroup with involution, then a complex-valued function ip on S is
positive-definite if

n n

y y cc-0(xx*)^o

for all choices {xux2, • • • ,xn) from S and {cuc2,- • • ,cn} from C. We denote by FH, the set
of all w-bounded and continuous semicharacters of 5 (i.e. homomorphisms from 5 to C
which are not identically zero). If S has an involution then f* is the set of continuous
•-semicharacters (i.e. semicharacters which are *-homomorphisms). Clearly if x e FM, then
\x(x)\ =£ w(x)(x e 5). We shall denote F, by 5.

We recall from [9, Theorem 2.10] that there is a one-one correspondence between
rM, and Ma(S, w)' that is defined as follows.

For x e ?w, define a complex homomorphism h on Ma(S, w) by

Further, ^ is determined from h by the rule

for any /A e A/fl(S, w) with h(fi) ¥=0.
This correspondence is a homeomorphism if A/o(5, w) has the Gelfand topology and

FM, the compact open topology; in particular Tw is locally compact.

3. A lemma of Stone-Weierstrass type. The Stone-Weierstrass theorem tells us
that if A' is a compact Hausdorff space then certain conditions on a subalgebra A of C(X)
ensure that A is dense in C(X). It follows that if 11 e M(X) then such an A is
automatically dense in LP(X, |/i|) for p 3*1. Unfortunately, the theorem requires that ,4
contains the function 1, and this may not be true in the applications to be used below. For
that reason we require the following results.

Let X be a locally compact, Hausdorff topological space. Let Ch(X) denote the set of
bounded and continuous complex-valued functions on X and C*§(X) the set of real
functions in Cb(X). We give these spaces the supremum norm.

LEMMA 3.1. Let fi e M(X) (the bounded regular Borel measures on X) (with /x T^O),

and let p £= 1. Let A be a self-conjugate subalgebra of Cb(X) such that
(i) for each x e X there is f e A with f(x) ¥= 0,

and
(ii) for x, y E X with x^y there is f e A with f(x)

Then A is dense in LP(X, \fi\).
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Proof. We can assume that /i > 0. Let / e Cf(X). We shall show that for any e > 0
there is q e A with

\f(x)-g(x)\"dfi(x)<e.
X

The rest of the proof is then as in the proof of (31.4) of [7] (pp. 211-212, last paragraph).
Take 8 e (0,1), to be determined later. Choose K c X compact with ix(X\K)<8. The
restriction of A to K is a subalgebra of C(K). By the Stone-Weierstrass theorem (for
example one can use the version given in [11, p. 166, Theorem A]) A is dense in C(K),
and so we can find g e. A with

Let M = max{||/||, ||g||}, and let h be the continuous real-valued function on the interval
[-M- 1, A/ + 1] defined by

[t for - |
h(t) = \ 11/11+ 1 for

l - l l / l l - l for - M - l = £ f < - | | / | | - l .

By the Weierstrass approximation theorem, we can find a polynomial r such that
\r(t) - h(t)\ < 8 for all t e [-M - 1, M + 1]. Put q(x) = r(g(x)) for x e A'; then q e A.

Now if x e K, then

\q(x)-f(x)\ =£ \r(g(x))-g(x)\ + \g(x) - f(x)\ <28,

since \g(x)\ < \f(x)\ + 8< \\f\\ + 1. Also, if x e X\K then

\q(x) -f(x)\ ^ \q(x)\ + \f(x)\ S \h(g(x))\ + 8 + \\f\\

^ 2 | | / | | + l + 5.
Hence

f \q(x)-f(xydn(x)= f \q(x)-f(x)\"dti(x)+ \ \q(x) -f(x)\"

«(25)"| |Mll+«(2 11/11 + 1 + 5)".

If we choose 8 small enough, we get the required result.

COROLLARY 3.2. If A is as in Lemma 3.1 and /A e M(X) is such that tx(f) = 0, for all f
in A, then (JL = 0.

Proof. Suppose that /A 5^0. Apply Lemma 3.1 with p = 1. If / e C0(X) g / , ' ( * ,
and e > 0 there is ft e A with J s |/(x) - h(x)\ d \fi\ (x) < e. Therefore Jx \f(x)\ d |/i| (x) < e
and so /J. = 0.

4. Decomposition of exponentially bounded representations and positive definite
functions. The first result of this section answers question (b) of [9]. Theorems 4.6 and
4.9 provide our decomposition theorems. Examples 4.7 and 4.8 provide counter-examples
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to show that the decompositions are not trivial and that the introduction of foundation
semigroups is necessary.

LEMMA 4.1. Let S be any commutative topological semigroup with involution * with a
weight function w such that F* is a locally compact semigroup in the compact-open
topology (for example, S could be a foundation semigroup with identity). If X e A/(F*) and
if / r : X(x) dHx) = 0, for all x e S, then A = 0.

Proof. Let A denote the subspace of Ch(T*,) generated by the set {x:x e S}, where
x(x) ~ X(x) f° r X e r*. Then A satisfies the conditions of Corollary 3.2, and
I f(X) dk(x) = 0 for all f s A. Therefore A = 0.

For the rest of this section 5 will be a commutative foundation semigroup with
identity e, involution *, and weight function w. For /x E Ma(S, w) define (L s Ch(T*) by

We can immediately combine Lemma 4.1 with Theorem 2.12 of [9] to answer
question (b) of [9].

THEOREM 4.2. (The Bochner theorem for exponentially bounded, continuous, posi-
tive definite functions on foundation semigroups). Let S and w be as above. A function
tp:S—>C is w-bounded, continuous and positive definite if and only if there is a unique
positive measure Av E M(T*) such that

<p(x)= \

Let P(S, w) denote the set of all vv-bounded and continuous positive-definite
functions on S. Using Theorem 4.2, for each A e M(T*,) we define A e P(S, w) by

H-
We then have the following corollary to Theorem 4.2. For the purposes of this result, let
us define the vague topology on M(F*) as the weak topology induced by C(T*) and the
constant functions on F*,. (This is a slightly different definition to that used by some
authors.)

COROLLARY 4.3. Let S and w be as above, with w =s 1. Then the map A •—* A of M+(T*,)
onto P(S,w) is a homeomorphism and isomorphism if M+(T*,) has the vague topology
(defined as above) and P(S, w) has the topology of uniform convergence on compact
subsets of S.

Proof. By Theorem 4.2, the map A>-»A is a bijection. Let (Aa) be a net in M+(T*.)
and let A E M+(F*). Suppose that AQ->A in P(S,w). By Theorem 2.4 of [10], this is
equivalent to the two statements that

j (2)
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for all n e M0(S, w), and

(3)

Now (3) says that Aa(F*)-» A(F*), that is (since the measures are positive) ||Aa|
So we can suppose that the net (Aa) is bounded.

Also, by Fubini's theorem, (2) says that

that is

for all /A e A/O(S, w).
Now {/I :fi E Ma(S, w))} is a closed, separating and self-conjugate subalgebra of

C0(F*) that vanishes identically at no point of F*, and so is uniformly dense in C0(S, w),
by the Stone-Weierstrass theorem. Hence conditions (2) and (3) imply that

f
•T;

for all / e C0(F£), and so Att -* A in the vague topology. The converse is also clear from
the above argument.

Finally it is clear that (/A * A) = /IA for /A, A in M(F*).

We can now give the first of two results which enable us to construct
•-representations.

PROPOSITION 4.4. Let S and w be as above. Let A be a positive measure in M(T*). For
each x e S and f e L2(TZ, A) define U$(f) = if, where x(x) = x(x) for X e T*. Then U*
defines a w-bounded, continuous, cyclic ^-representation of S on L2(F*, A).

Proof. The case A = 0 is trivial, and so assume that A > 0. All that is non-trivial is to
show that t/A is continuous and cyclic. We fix x0 e 5, and take e > 0. Choose a non-zero g
in L2(F*, A). Let G be a relatively compact neighbourhood of x0 in S, and choose K such
that w(x) =£ K for x e G. Now find a compact subset F of F* such that

( . 2
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Then H = \x e S:\x(x) -x(xo)\ <^ ^ f° r all ^ e F [ is a neighbourhood of x0 in S. If
1 2||g||- J

x tG C\H then

= \ \X(x) - x(xo)\
2 \g(x)\2 dk{x) + f \x(x) ~ X(*o)\2 \g(x)\2

< r i iTP f ^(X)\2 d\(X) + 4/C2 f \g(X)\2 d\(X)
2 \\g II JF Jn.\F

e e
< - + - = £ .

2 2

Therefore £/A is (strongly) continuous.
Now, by Lemma 3.1 the linear span of {x:x e 5} is den.se in L2(F*, A), so that the

function 1 is a cyclic vector for Ux.

PROPOSITION 4.5. Let S and w be as above. Let A be a positive measure in M(F*). For
each /i E MaiS, w) and each f E L2(r*, A) define VM(/) = (Lf Then the mapping /x i-» VM is
a cyclic ^representation of the Banach *-algebra MaiS,w) by bounded operators on
L\Yi,\).

Proof. The involution on Ma(5, w) is given by the formula

f f{x) dfi*ix) = I fix*) dfi(x) if E CooiS), n E MaiS, w)).
•>s ->s

For this involution (/A*)A = / i , for each fx in MaiS, w). It is easy to check that fx >-* VM is a
bounded *-representation of Ma(5, w). As in the previous proof, we show that 1 is a cyclic
vector for the representation. Let A denote the liner span in C0(f*) of {jx :/x e Afo(5, w)}.
Then A separates the points of T*, is self-conjugate and vanishes identically at no point of
F*. Hence A is dense in L2(r*, A) (for example, by Lemma 3.1). The result now follows.

We now state our decomposition theorem for w-bounded positive definite functions.

THEOREM 4.6. Let S and w be as above. Let <p be ^-measurable for all fx s MaiS, w)
and a w-bounded positive definite function on S. Then there are unique w-bounded positive
definite functions <p\ and <p2 on S such that <p = ip^ + <pi, where <pi is continuous and <pj
vanishes /x almost everywhere, for all ix in MaiS, w).

Proof. For each s s S define <ps:S—*C by (psit) = <pis*t) it E 5). Let Ho denote the
linear subspace of Cs (the space of all complex functions on 5) generated by {<ps.s s S}.
We make Ho a pre-Hilbert space by defining

(<Ps, <P,) = <p(s*0 is,teS).

Theorem 4.1.14 of [3] shows that the mapping V:5-»5(/ / o ) , given by Vsi<pt) = <P« for
s, t e S, is a w-bounded, cyclic, ^representation of S by bounded operators on Ho. Indeed
|| VJ ^ w(s), for all s e 5. It is also clear that V is weakly Affl(5, w)-measurable.

Let H denote the completion of Ho. Then V can be extended uniquely to a
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H'-bounded weakly Ma(S, vv)-measurable cyclic *-representation of S by bounded opera-
tors on H, with tp as the cyclic vector. For simplicity, we also denote this extension by V.

By Theorem 5.2 of [8], the formula

, T,) = f (Vx£, r,) dtL{x) (£,r, e H, M e Ma(S, w)),
•Is

(4)

defines a bounded representation T of Ma(S, w) by bounded operators on H. Furthermore
K(T^) = 7>,»M for x e S, fi e Ma(S, w). For fixed (x e Ma(S, w) and £,TJ e H we claim that
the function

from 5 to C is continuous. For let (xQ) be a net which converges to x in S. Then

«| | JFo*M-Jf*M lUlfll I1171| — 0

by Proposition 4.7 of [8]. Let M, denote the closure of the linear span of {TM£:/i e
Ma(S, w), £ e H] in W. Then the function x H-» (V,.f, TJ) is continuous for every ^ e Mi and
every r\ & H. Now this implies that V,.(A/,)c M, for all x e S, and so M, is an invariant
subspace for V. Let M2 be the orthogonal complement of M, in //. Since V is a
•-representation, M2 is also an invariant subspace for V. Now if /x E Ma(S, w), (j e H,
7\ e M2, then T^ e M{ so that <7^f, TJ> = 0. In particular, (7"Mr],rj) = 0 for all /x E
Ma(5, w), 7] E M2. So by (4) and Lemma 4.8 of [8], (Vxr), rj) = 0, fx almost-everywhere for
every fx e Ma(S,w). Choose ^ E H such that (p(x) = (VA.̂ , £) (A- E 5). (In other words £ is
the image of <p = <pe under the embedding of Ho in H.) Write f = ^i + | ; with £, E M, and
^: E M2. Then

so that <p(x) = <p,(jr) + <p2(.v), where <p,(x) = {Vx£u ^,) and <P2(A:) = (l/v^2, ^2), for A- E 5. It is
now clear that <p\ and «p2 satisfy the desired conditions. The uniqueness of q>} and <p2

follows from Lemma 4.8 of [8].

EXAMPLE 4.7. In this example, w will be the function 1. Consider the non-foundation
topological semigroup 5 = ([0,1], min). By Proposition 4.4.18 of [3], since every positive
definite function on S is non-negative and increasing, and since Ma(S, w) = {0}, the
decomposition theorem above does not have meaning for S, in that many representations
<p = <pi + <p2 will have <p2 small in any meaningful sense.

EXAMPLE 4.8. Again we take w to be the function 1. Let 5 be the foundation
topological semigroup 5 = ([0, »), +). The function <p defined on 5 by

0 if JC > 0,
1 i f x - 0 ,

is an Ma(S, w) measurable w-bounded positive definite function on 5. Clearly <p is not
continuous, and so the decomposition <p = <p, + <p2 of Theorem 4.6 has <p2 ¥> 0. The general
form of the decomposition of an arbitrary positive definite function <p on this semigroup is
described in [3, Proposition 4.2, p. 113].
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It might appear to the reader that this example is rather degenerate in that the
support of <p2 is only one point. We are not aware of any examples which are significantly
different from this one. However, one can use the simple trick of taking the product of
any locally compact abelian group G with this semigroup, and then <p2 will be the function
given by

\0 if y > 0,

ip(x) if >- = 0,

for (x,y) e G X S, where p is a (continuous) positive definite function on G. We have
been unable to decide whether there is a positive definite function on a foundation
semigroup which is discontinuous at a dense set of points.

We now obtain a result parallel to Theorem 4.6 for representations.

THEOREM 4.9. Let S and w be as above. Let V be a cyclic, w-bounded and Ma(S, w)
measurable ^-representation of S by bounded operators on the Hilbert space H. Then we
can write V as the direct sum V © V" of two such representations V and V", where V is
weakly continuous and is equivalent to some £/A for A E M(T*,) (as in Proposition 4.4) and
V" is Ma(S,w)-negligible. Moreover, if V is such that for every non-zero £ in H the set
{x E 5 : (Vxg, £) ^ 0} is not Ma(S, w)-negligible then V" = 0, and so V is weakly continuous.

Proof. Let £ be a cyclic vector for V. Then the function y:S—»C defined by
(p(x) = (Vxf;, £) is a w-bounded, Ma(S, w)-measurable and positive definite function on S.
Write (p = <P\ + <p2 as in Theorem 4.6. As in the proof of Theorem 4.6, we can write
H = M\®M2 and find f, E iWh ^ e M2 so that M, and M2 are complementary invariant
subspaces and (Vxg, £) = (V^, , tjx) + (Vxg2, £2), where (Vxt;u ^ ) = <P\(x), (VTf2, £2) = <p2(x)
for x e S. By Theorem 4.2, there is a positive measure A E M(V*,) such that (Vx^u £2) =
Jr. X(x)d\(x) for x E S. Let V and V" denote the restrictions of V to M, and M2

respectively. Now we can write (V^^, gx) = (t/Al, 1) for x E S.
By Proposition 4.4, t/A is a cyclic representation with cyclic vector 1 and V has cyclic

vector £,, and so by Proposition 2.4 of [2], V is equivalent to t/A. That V" is
Ma(S, w)-negligible is now clear, and then the final part of the statement of the theorem is
also clear since £2 must be zero.

5. The semisimplicity of the algebra M(S, w). In this section we give a complete
answer to question (a) of [9] by proving the following result.

THEOREM 5.1. Let S be a commutative foundation topological semigroup with identity.
Let w be a weight function on S. Consider the following conditions.

(i) The commutative Banach algebra M(S, w) is semisimple.
(ii) The commutative Banach algebra Ma(S, w) is semisimple.
(iii) Tw separates the points of S.
(iv) § separates the points of S.
(v) The commutative Banach algebra M(S) is semisimple.

The first three conditions are equivalent and so are the last two, and the first three
imply the last two.

Before proceeding to a proof of Theorem 5.1 we should make some remarks. The
question posed in [9] was meant to ask whether conditions (i), (ii) and (iii) of Theorem
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5.1 are equivalent, which is what is answered. It is simple to see that (iii) and (iv) are not
equivalent. For example, let S be the additive semigroup of non-negative real numbers in
its usual topology and let the weight function be w(t) = e~'\ Then clearly 5 separates the
points of 5, but Tw is empty.

Proof. Using Theorem 4.2 of [9] we see that all we need to show is that (iii)
implies (i).

First suppose that 5 has a zero element 0. Then w(0) = w(x. 0) =£ w(x)w(0) so that
w(x) s* 1 for each x e S. So in this case the constant function 1 is an element of IV
However, it is shown in Theorem 4.2 of [9] that (iii) does imply (i) whenever there is
X e Yw which is non-zero throughout 5. So (iii) does imply (i) in this case.

Now suppose that 5 does not have a zero-element. If rM, separates the points of 5,
and if z e S is such that %(z) = 0 for all X e F*, t n e n X(zx) = 0 = x(z) f°r aN A: s 5, so that
z is a zero element for S. Hence, for any y s S w e can find X e ?w with x(y) ̂  0.

Let X e rM,, and put / = {x e 5 :x(x) - 0}- Then we can write

) = M(I,w)®M(S\I,w)

as a direct sum of an ideal and a subalgebra of M(S, w), and so if fi e M(S, w) we have
ix = (i\i + ix\S\j. Clearly, the w-bounded and continuous semicharacters of S\I separate
the points of the semigroup S\I, and x is non-zero throughout S\I. Hence by what we
have quoted above from Theorem 4.2 of [9], we see that M(S\I, w) is semisimple.

Now let ix s M(S, w). If /x\S\/ ̂  0, then we can find a complex homomorphism h0 on
M(S\I, w) with ho(/x) # 0. Define a complex homomorphism h on M(S, w) by

*(v) = Mv|sv/) (veM(S,w)).

Clearly h (fi) 5*0.
Now, given fx e M(S, w) with fx ¥* 0, choose x e supp(p,), and X e^w with x(x) ^ 0.

Then /LA|5X/T^0, where / is as above. Hence we can find a complex homomorphism h of
M(S, w) with h(fx) ¥*0 and so M(S, w) is semisimple.

6. The *-semisimplicity of the algebra M(S, w). In this section we show that a
conjecture made by the second author in [8] is true for the case w s£ 1. We first recall that
if V and V are representations of a semigroup by bounded operators on the Hilbert
spaces / /and / / ' respectively, then the tensor product V®V of Vand V on H®H', the
tensor product of H and // ' , is defined by the identity

{V®V')X = VX®V'X, for each x e 5.
Therefore

f o r x s S , f, Tje/f, f, T j ' e / / ' .

LEMMA 6.1. Le/ S be a topological semigroup with involution * (not necessarily
commutative). Let w be a weight function on S with w(x*) = w(x) ̂  1 for x e S. If R(S, w)
separates the points of S, then the Banach *-algebra M(S, w) is *-semisimple.

Proof. For each V e R(S, w), let Hv denote the Hilbert space associated with V. For
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every V,V s R(S, w), we have ||Vx® V'x\\ =s \\VX\\ \\V'X\\ for x G S by Theorem D.15 of [7].
Since w « 1 it follows that V<g>V e R(S,w). Let A denote the linear span of the set of
functions of the form x>-*(Vxtj,{;) with V&R(S,w) and f e Hv. Then A is a self-
conjugate subalgebra of Cb(S). Since R(S, w) separates the points of S, the algebra A
separates the points of S. We claim that for every x s S there is / e A with f(x) ^0. For
suppose that z e S is such that Vz = 0 for every w-bounded ^representation V of 5. Then
Vw = Vzx = Vz = 0 and so xz = zx = z for every x e 5. This implies that z is a zero element
for S. However, as in the proof of Theorem 5.1, w 5* 1, and so the identity semicharacter
X m 1 defines an element of R(S, w)—a contradiction. Hence there is V with Vz ¥^ 0, and
s o / e / 1 with f(z) 5^0.

Let v be a non-zero element of M(S, w). Then /i = w. v is in M(S), and clearly
\n\ = w. |v|. We claim that A is dense in L'(5, |v|). Now, by Corollary 3.2, y4 is dense in
L\S, \fi\). The Banach space dual of L'(5, |v|) is L*(S, |v|) (equivalence classes of
bounded functions) in the usual way. Let <p e L°*(S,\v\) and suppose that

ff <p(x)f(x)d\v\(x) =
s

for all f e A. Let / 0 £ / l be fixed. Then

f cp(x)f(x)fo(x)d\V\(x) = 0.
•>s

for all/ e A; that is

s w(x)

for all f e A. However, <p/o/w is a function bounded on S. Therefore

<p(x)fo(x)

—— = 0 (n a.e.),
w(x)

and so |/x| ({x E S:<p(x)^0}n{^ e 5 : / 0 ( JC)^0}) = 0 for all f0eA. But the open sets
{x B S:fo(x)¥:0}, as fo varies over R(S,w), cover 5, by what we have shown above.
Therefore \fi\{x e S:<p(x) 5̂ 0} = 0, and so <p = 0, fi a.e. However |/A| and |v| have the
same null sets and so clearly A is dense in L'(5, |v|) since the only continuous linear
functional on L\S, \v\) that vanishes on A is zero.

To show that M(S, w) is semisimple, let v G M(S, W) be such that every bounded
•-representation T of A/(5, w) has Tv = 0. Then, by Theorem 5.2 of [8],

/ ;

for all w-bounded Borel measurable "^-representations V of 5. Therefore

= 0

https://doi.org/10.1017/S0017089500031311 Published online by Cambridge University Press

https://doi.org/10.1017/S0017089500031311


110 J. W. BAKER AND M. LASHKARIZADEH-BAMI

for all f eA, and so, since A is dense in L'(5,|v|), for all / s V(S,\v\). In particular,
choose /of modulus 1 such that |v| = / . v. Then / e L'(5, |v|), and so

I
so that v = 0. Therefore M(S, w) is semisimple.

Combining this result with Theorem 5.4 of [8] we obtain the following result.

THEOREM 6.2. Let S be a foundation topological semigroup with involution * (not
necessarily commutative). Let w be a weight function on S with w(x) = w(x*) =£ 1 for x e S.
Suppose that S contains no zero element. The following conditions are equivalent.

(i) The Banach *-algebra M(S, w) is *-semisimple.
(ii) The Banach *-algebra Ma(S, w) is ^-semisimple.

(iii) R(S, w) separates the points of S.

REMARK. In contrast to the situation for commutative semigroups, the hypothesis
that w is bounded seems to be essential to our method of proof. Let A be as in the proof
of Lemma 6.1. In general A is not an algebra; all we know is that if / i s in the linear span
of all functions of the form (V,. £, £) with VER(S,1), £ e Hv, and geA then
f.gs R(S,w), which only tells us that A is an algebra if w =£ 1. From this fact it. is
possible to prove that if R(S) separates the points of S and there is / e R(S, w) such that
/ ( j f )>0 for all x e S then M(S, w) is semisimple without any conditions on w, but the
argument does not seem to lead to a proof that (iii) implies (i) in Theorem 6.2. In the
commutative case we were able to avoid this problem by using the trick in the proof of
Theorem 4.2 of [9] which makes it possible to construct elements of S from elements of
Tw. We have not found any similar trick for the non-commutative case. However it
appears to the authors that semigroups and algebras with weights satisfying w(x)«1 are
probably of more interest that those for which w(x) 5= 1.
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