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THE HARDY SPACE #* ON MANIFOLDS
AND SUBMANIFOLDS

ROBERT S. STRICHARTZ

1. Introduction. It is well-known that the space L!(R") of integrable
functions on Euclidean space fails to be preserved by singular integral opera-
tors. As a result the rather large L? theory of partial differential equations also
fails for p = 1. Since L! is such a natural space, many substitute spaces have
been considered. One of the most interesting of these is the space we will
denote by H'(R") of integrable functions whose Riesz transforms are integ-
rable. Recall the Riesz transforms R, ..., R, are defined via the Fourier
transform by

Rf)*(®) = %f@.

These are the n-dimensional analogues of the Hilbert transform (if # = 1 then
R is the Hilbert transform).

Now Stein [6] has shown that H!(R") is preserved by all sufficiently smooth
singular integral operators. In this paper we use that result to extend the basic
L? results used in the theory of elliptic boundary value problems to the class
H'. We will show that H'(R") is locally preserved by pseudo-differential
operators of order zero. This enables us to give an invariant definition of
H'(M) where M is any compact C* manifold without boundary: H!(M) is
the space of all f € L1(M) such that Tf € L*(M) for every pseudo-differential
operator T of order zero. We may also define Sobolev spaces H,'(M) of
distributions having a derivatives in H(M).

Next we characterize the restrictions of functions in H,!(M) to open sub-
manifolds and lower dimensional submanifolds. After simple reductions of
these problems to the Euclidean case our main results are as follows:

(1) A function f(x, t) € LY(R*! X (0,0)) is the restriction of an H'(R")
function if and only if the odd reflection

F(x, t) = {f(x, t) ift>0
—flx, —¢t) ift<O0
is in H*(R").
(2) A function in H,'(R") with « = 1 has a well-defined restriction to any
hyperplane. Furthermore if @ > 1 the exact class of such restrictions is the
Besov space A(@ — 1; 1, 1). The case « = 1 remains open.
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We will use freely without reference material found in Stein [6]. Most of our
arguments are elementary, but they are based on two deep theorems of Stein
and Fefferman (Theorems A and B below).

It is a great pleasure to acknowledge the assistance of my wife in proving
Lemma 2.

2. The definition of H!'(M). We consider H'(R") as a Banach space with
norm

17 1las = 1171l + 3, 1IRA 11
We use the following result contained in Stein [6, p. 232]:
TuEOREM A. Let m(¢) € L™ (R") be C™t1 away from the origin and satisfy
1) |[e]1=1(3/08)m (§)| < M for |a] < n + 1.

Then the multiplier transformation T "(£) = m (&) (¢) is bounded on H'(R™)
with norm dominated by a multiple of M.

It is a simple matter to obtain from this an analogous local result for pseudo-
differential operators of order zero.

THEOREM 1. Let p(x, £) € C°(R* X R*) have compact support in the x-
variable and satisfy

(2) 1(0/08)*(3/0x)Pp (x, £)| = Map(L + [E)71 for |a| = n + 1, |8] < .

Then the operator

Tf(x) = f e p(x, )] (§)d

1s bounded from H*(R") to L'(R") with a norm depending only on the M.z and
the support of p(x, £).

Proof. We will show in fact that

fsgp feiz'gﬁ(y, 0)f (&)ds

Indeed by Sobolev’s inequality

fe”'ip(y, af ©)dt| < ¢ ]énf fe”'f(a/ay)"p(y, O)f £)de|dy.

On the other hand by Theorem A we have

dx = c|| f ||a-

sup
Yy

dx

[ \ [ e=a/39p00, 90028

< csup sup 1£1'1(8/08)%(8/9y)°p (v, O] || f ||an.
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Integrating with respect to ¥y we obtain

fsup
Y

[ e, i1t as

<c f > sup suplsl'“'(a/a@ (0/09)°p (3, £)|d|| f ||

1BI=n  lelsnt1

The integrand vanishes for y outside the support of p(y, £) and is bounded
because of (2), so the integral is finite.

At this point it is convenient to handle the problem of localizing H! func-
tions. Note that multiplying by a function in C%¢, (R") will not preserve the
class H! because all functions in H! must have total integral zero. The next
lemma says in effect that this is the only difficulty.

LemMa 1. Let f(x) € LY(R*) have compact support and toial integral zero. If
the Riesz transforms R;f(x) are integrable on a neighbourhood of the support of f,
then f € H'(R").

Proof. We must show that R;f(x) is integrable over the set of x whose dis-
tance to the support of f exceeds e. Using the formula

Rf(x) = cP.V. f o)y

we see that R,f is bounded on this set. For large values of x we use the fact
that [ f(y)dy = 0 to write

Rif(x) = cf<|;];—yljil{+1 - ]xl"“)f(y)dy

and apply the mean value theorem to estimate

IRj@)] < el bl 176y

which is integrable.

We are now in a position to define H' (M) for a compact C” manifold with-
out boundary M. We fix a smooth measure dx on M equivalent to Lebesgue
measure in every coordinate system. Let {¢;} be a C” partition of unity
subordinate to a covering by coordinate neighbourhoods and let ¢; be a C®
function supported in a coordinate neighbourhood satisfying ¥.0; = ¢, We
define H*(M) to be the subspace of L1(M) of functions f for which ¢;R;(¢;:f)
is integrable for all 7, j. Here the Riesz transform R; is taken with respect to
the local coordinate system. The norm on H!(M) is

1] +2:_.: ; [[¥eR;(eef)] 1.
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This definition appears to depend on the choice of the partition of unity and
the local coordinates, but we shall see that in fact it does not.

Let us recall briefly the definition of pseudo-differential operators [3]. An
operator T: C*(M) — C*(M) is called a pseudo-differential operator of order »
if ¢, (¢.f) is given in local coordinates by

f e %p(x, £) (o) (£)de

where
p(x,£) € CC(R* X R")
satisfies
(3) [(9/0£)*(8/3x)Pp (x, £)| £ Map(l + |£])7el

for all @ and B, and (1 — ¥;)T (. f) is given by

| K wroiay
where K € C*°(M X M).

TrHEOREM 1. If T s a pseudo-differential operator of order zero, then T is a
bounded operator on H*(M).

Proof. Since f — ¢;R;(¢,f) is also a pseudo-differential operator of order
zero, and these form an algebra under composition, it suffices to show

NTf [ls = el f [ Now
Tf =§1': Vil (ef) +§,:‘ (1 — )T (eif),

so it suffices to estimate each term separately. We have easily

A = ¥)T(@f M = cll f I
so it remains to estimate ¥, 7 (¢;f).

Now ¢.f in local coordinates need not be in H?, but this is easily remedied.
We consider ¢;f + g where g is chosen to make the total integral zero in local
coordinates, and g € C%com with support on the set where ¢; = 1. Easy
estimates show y,;R,g € L!, so by the hypotheses and Lemma 1 we have
o:f + g € H'(R") in local coordinates (it is clear we may also choose g so that

g+l s ¢ (714 35 vk ell))
Applying Theorem 1 we obtain
T (oof + D1 = clleif + gl

But ||¢;Tg||1 can be easily estimated in terms of g and its derivatives, so we have
zeplh s (7 1+ 3 1R
=
as desired.
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CoOROLLARY. A function f belongs to H' (M) if and only if f € L' (M) and
Tf € LY(M) for every pseudo-differential operator T of order zero.

Proof. If f € H' (M) then Tf € L*(M) by Theorem 1’. For the converse we
have only to observe that f — ¢;R;(¢:f) is a pseudo-differential operator of
order zero.

We may now define the space H,'(M) for any real a to be the image of
H'(M) under any invertible elliptic pseudo-differential operator of order —a.
Equivalently, f € H,'(M) if and only if Tf € L1 (M) for every pseudo-
differential operator 7 of order a.

3. Restrictions and extensions. Let us denote points in R"* by (x, )
with x € R*!and ¢ € RL Let g(x) be a real-valued function on R*! which is
uniformly Lipschitz, |g(x) — g(y)| < A|x — y|. Let @ C R” be the set of
points where ¢t > g(x). We define H1(Q) to be the set of restrictions to  of
functions in H!(R"). We give H*(Q) the natural norm

[| fllzr = inf{||F||lg: : F € HY(R") and F|Q = f}.
Suitably interpreted, the above definitions make sense for #» = 1 where
Q = {¢t:¢> g} and g is a constant.
THEOREM 2. Let E : L1(Q) — L1(R") be the odd reflection
flx, 1), if t > g(x)
Ef(x,t) = :
60 = {5 g — 0, 1% e

(since the boundary t = g(x) has measure zero we need not define Ef there). Then
f € HY(Q) +f and only if Ef € H'(R"), and ||Ef ||m;2 = ¢(A)]| f|a-

To prove the theorem we make use of Fefferman’s characterization of the
dual space of H!'(R") [2]. We denote by BMO (R") the space of functions of
bounded mean oscillation on R” defined as follows: an element of BMO (R") is
an equivalence class of locally integrable functions, modulo constant functions,
satisfying

o
4 —— x) —aegldx M
for some constant a, and every cube Q € R”. The norm is the least such M.
It is clear that the optimal value for a4 is the mean value of f on the cube Q.

TrEOREM B [2]. The dual space of H'(R*) is BMO(R") under the usual
pairing and with an equivalent norm.

The restriction problem for BMO is easier to deal with than for H'. Let us
first observe that (4) holds for a larger class of sets. In fact we have

(5) Z(l—DSfD | f(x) — apldx < DM
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for some constant ap for every set D with the property that there exists a
cube Q D D such that m(Q) =< bm (D). Indeed we need only set ap, = aq and
observe

1 1 m(Q)
W.fp [ f(x) — aqldx = m—@ij [f(x) — aqldx = mD) M-

We call such sets D b-quasicubes. We may then define BMO,(2) to be the set
of equivalence classes of locally integrable functions on @ for which (5) holds
for every b-quasicube contained in Q.

LEMMA 2. There exists a constant depending only on n and A such that the
following three conditions are equivalent (with norm equivalence):
(i) f € BMO,(Q) for some b = c;
(i) there exists F € BMO(R") such that F|Q = f;
(ii1) E'f € BMO(R"), where E’ is the even reflection

, Y flx, 1), if £ > glx)
By, ) = {f(x, %) — 1), it < g).

Proof. Clearly (iii) = (ii) = (i) so it suffices to show (i) = (iii). The gist
of the argument is that because g satisfies a Lipschitz condition the reflection
of a cube is a b-quasicube.

Let Q be any cube lying outside @, and let D = { (x, t) : (x, 2g(x) — ) € Q}.
We have m (D) = m(Q), D C @ and

1 ) o )
@) ) ) — aldsdt = s | 765,0) — alasa

so to establish (4) for Q it suffices to show that D is a b-quasicube. Now suppose
Qis the cube {(x,?) : |x; — y;] £ rand |t — 5| £ 7}. Then m(Q) = (2r)". Let
(x,2g(x) —t) € D. Then |x; — v,/ £7 and [2g(x) — ¢t — (2g(y) — s)| <
r 4+ 2|g(x) — g(y)| < 7 + 24 /nr so D is contained in the cube with diameter
2r(1 + 2+/74) and centre (y,2g(y) —s). Thus D is a b-quasicube if
b= (1+2vnA).

Finally we must verify (4) for cubes Q meeting the boundary of Q. In this
case we show by similar reasoning that the set D which is the union of Q M Q
with the reflection of Q M —Q is a b-quasicube for sufficiently large b. We then
have

1 . 9
m(Q) fQ [E'f(x, ) — ap|dxdt < W‘I‘D | flx, t) — apldxdt < 2bM.

Proof of Theorem 2. Let f € H'(2) and let F € H'(R") with F|Q = f and
[|Fllar £ 2|| f||m. First we claim that F may be approximated in H!(R")
norm by bounded functions of compact support. For if not there would exist
a non-constant function # € BMO (R") such that fh () F(x)dx = 0 for every
F ¢ H*(R") which is bounded with compact support. But Lemma 1 together

https://doi.org/10.4153/CJM-1972-091-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-091-5

HARDY SPACE H'! 921

with simple estimates shows that any bounded function with compact support
and total integral zero is in H*(R"). Thus we may choose F(x) to show that %
is constant, a contradiction.

Let ||Fy — F|lar < k7' with F; bounded with compact support. Let
fr = F3|Q. Then Ef, — Ef in L1, so it suffices to show Ef; is Cauchy in H!(R")
norm, and ||Efy||m = || Fil|ar-

Now observe that Lf; is bounded with compact support and total integral
zero, so Ef, € H'(R™). Thus

[|1Efi||m < sup { J‘kEfk Al smo = 1} .

Now we write & = hy + ks where by = E’(h|Q). In view of Lemma 2 we have
[|h1]]emo = ¢||k||amo hence also ||ks||smo = (¢ + 1)[|k||emo. But since Ay is

even and Ef; is odd we have fhl(x, B)Efy (x, t)dxdt = 0. Thus

f REf, = szEfk = fh2F"

since 2 vanishes off Q. Thus ||Efs]|m = ¢|| Fx||a: and similarly
NE(fx — f)llar & cl|Fi — Fil|m.

Remark. If m =1 and @ = {¢t > 0}, the condition that Ef € H'(R?) is
equivalent to f € L1(0, o) and

P.V. f Tl 0t € 110, ).

=
For # > 1 there does not appear to be any simpler way to formulate the

condition.

It is now a routine matter to generalize Theorem 2. If G is any open subset
of M we may define H'(G) to be the space of restrictions to G of functions in
H(M).

COROLLARY 1. If the boundary of G is a compact Lipschitz manifold then there
exists a bounded linear extension map E : HY(G) — HY(M) so that f € HY(G)
if and only if Ef € H'(M).

We omit the proof and refer the reader to [6, Chapter 6] for similar argu-
ments.

It is also possible to characterize restrictions to G of functions in H,!' ().
For simplicity we consider only the case a = k, a positive integer. Here we
may define H;'(G) to be the space of f € H'(G) for which Df € H'(G) for
every differential operator D of order = k.

COROLLARY 2. There exists ¢ bounded linear extension operator

Ep: HA(G) — H(M).
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Proof. By a partition of unity argument we may reduce the problem to
finding E; : H; (Q) — H 1 (R"), where H,!1(Q) is the space of f € H1(Q) for
which Dof € H'(Q) for all @ with |a| < k. We first extend f and D*f to elements
of H*(R"™) by odd reflection, and then apply the construction of Calder6on [1]
for obtaining an extension operator from L (Q) — L,?(R"). We may apply
Calderén’s proof almost verbatim, using Theorem A for the preservation of
H'(R") by singular integrals.

Next we consider the problem of restrictions to hypersurfaces. Let us
define H,'(R") to be the image of H'(R") under the Bessel potential G,
defined by (G.f)"(¢) = (1 + |3§|2)—°‘/2f”($). Since G, is an invertible elliptic
pseudo-differential operator of order —e this is consistent with our previous
definition of H,'(M), and it is not hard to see that H,'(M) is modelled on
H,'(R*) in the same way that H'(M) is modelled on H'(R").

There are many ways of defining the Besov spaces A(a; p, ¢) (R*). The
following definition is due to Peetre [4]: let o, 7 be C® functions on [0, o)
withe = lon (1, 2) and supported on (3}, 4),and 7 = 1o0n [0, 4) and supported
on [0, 8). Then A(a; p, ¢) (R*) is the space of tempered distributions on R* for
which the following norm is finite:

t “ 1/¢q
1f: AMas 2, @l = 1F G UEDFENL + <f0 17 o D) [l T @)1 d—})

(if ¢ = oo, replace the integral by sup). It is clear from other equivalent
definitions (see [6]) that A(a; p, q) is locally invariant under diffeomorphisms
and multiplication by C%n functions, so we may define A(x; p, ¢) (M) for a
compact C” manifold without boundary M in the usual manner.

THEOREM 3. If @ = 1, the restriction map Rf(x,t) = f(x,0) is well defined

from H,'(R") to L*(R*Y). Furthermore, if o > 1 then
R: HY(R*) > Ala — 1;1, 1) (R*1)

and there exists an extension map & : Ale — 1;1, 1) (R*1) — H,L(R") such
that REf = f.

Proof. If f € H,'(R*) for @ = 1 then df/d¢ € L*(R*) by Theorem A and

fl f(x, 0)]dx = J;m fR _1(01/00) (v, 1) |ducdt,
so R : H,*(R") — L1(R"*1), Now the boundedness of

R:HJMR") Al —1;1,1)(R*1) for a>1

is essentially proved in Stein [7]. In fact, Stein proves the boundedness of
R:LPR®) mAla — 1/p;p,p)(R™Y) if @ > 1/p and 1 < p < 0 where
L2 (R") is the image of L?(R") under G,. But the same proof works for p = 1
(the restrictions 0 < @ < land 1/p < « < 1 on p. 579 of [7] may be replaced
by0<a<2and 1/p <a <14 1/p).
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We define the extension map by means of the Fourier transform:

. B 5 A — (D)l Fe)
(6) (EN* &) = er(ENFE©a(ln]) + c2 T+ 1)

where 8 > a + 2 + % and ¢y, ¢s are chosen so that

™ I~ @nre win = 7o,

Now (7) means REf = f. To show & : A(a — 1;1,1)(R*1) — H,1(R?)
we handle each term of (6) separately. The first term is trivial because it has
compact support away from the origin. For the second term we use the
identity

(1= (f® = [ 1= (6o 2.

The problem is then to show that the following three expressions are Fourier
transforms of L! functions:

e @ slE]) ds
(8) ‘I; (Iflz + 772)(/9‘0!)/2 s

el ()" lg)) ds
(10) Y el )o” (sl ds

o (g7 + )T s

Let us consider for example (10) (the others are similar). We have

" o (& + )7 s

oo 1 f—a
< f_m | 54-[ J£* "o (s]2]) mdn]

. (Iglz + 172)(B—a+1)/26

1

X 1 F Gl 1s- L an
Since

Llfde— 11,

J o E e sl s

it suffices to show that

B—a
an I oo (7 mmd )

is bounded independent of s. But the change of variable ¢ — st, 7 — 7/s and
the dilation ¢ — £¢/s (dilation on the Fourier transform side does not change

P
1
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the L' norm) shows that (11) is independent of s, so we may set s = 1. Next
we make the change of variable 7 — |£|7 to obtain

(12) J‘:O I itl€ln

_ |
]cg{?a: ! [ f fsla(lgl) (1 +176 )(B—u+1)——d77 ” ldt.
To estimate (12) we will use the well-known version of Sobolev’s inequality,

(13) [|F (g(S))llléc Z N@/0e2 @]

Now
nkeirﬂ
IR dn
is the kth derivative of the one-dimensional Bessel potential of order 8 — « + 1.
Thus we have

—AT

k irn
= ce

~ (1+ )zata—r)‘dn

provided 8 —a + 1 — & > 1 (see [1]). Thus

1t1£ln
f (3/08)" <[£]a(|£[) aF7 )(B-—a+1)/2> dnl <co(JE) @ + lt])'”e““““

for |y| = » + 1, so by (13)

lllflﬂ
H ( IE]O'(|£I) (1 + )(3_a+2)/9> d‘r,

which shows (12) is bounded.

< c(l + ]t[)”'e‘“’z,

COROLLARY. Let N & M be a compact C° submanifold of codimension one.
Let 0/9t denote any transversal derivative to N. Let Ty : C*(M) — C”(N)**1 be
defined by Twf = (f|N, (8/0t)f |N, ... (8/3)f |N). Then

k

Ty HS M) — [] Al@—1—34;1,1) foralla >k + 1,

=0

and there exists an extension map

&y ﬁ Al — 1 —j;1,1) = H (M)

=0
such that Ty &y is the identity.
We omit the routine proof of the above corollary, which is similar to one in
Seeley [5].
Using the results of this section we can generalize to H! most of the results
on elliptic boundary value problems valid for L7, 1 < p < c0. We state one
typical example from Seeley [5]:

TueorREM 4. Let My C M be an open C® submanifold with compact C”
boundary T, and let A be a uniformly elliptic differential operator on M of order m.
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Let u be any C” function on Mo which satisfies Au = 0 and which is the restriction
to My of a distribution on M. Then u € H,'(M,) if and only if the Cauchy data
of u belongs to 7= Alw — 1 — j; 1, 1)(T), for any non-negative integer a.

Remark. Comparing this with the results of [8], we see that for a solution of
Au = 0on My, u € H'(M,) if and only if u € L*(M,).
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