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Univalently Induced, Closed Range,
Composition Operators on the
Bloch-type Spaces

Nina Zorboska

Abstract. While there is a large variety of univalently induced closed range composition operators on

the Bloch space, we show that the only univalently induced, closed range, composition operators on

the Bloch-type spaces Bα with α 6= 1 are the ones induced by a disc automorphism.

Let D denote the unit disc in the complex plane, and let H(D) be the space of all

functions analytic on D. For a non-constant analytic function φ that maps the unit

disc into itself, the composition operator Cφ on the Banach space X ⊆ H(D) is defined

by Cφ f = f ◦ φ for f in X. We say that φ is the inducing function for Cφ.

The operator theoretic properties of Cφ depend on the function theoretic prop-

erties of the inducing function and on the properties of the functions in the space

X. Thus, the study of composition operators provides connections between operator

theory and complex analysis and leads to a deeper understanding of both. In this pa-

per we will be interested in the closed range composition operators on the so-called

Bloch-type spaces. For general results and references on composition operators act-

ing on various other spaces of analytic functions see, for example, [6, 17].

For α > 0, the α-Bloch spaces Bα (also referred to as Bloch-type spaces) are spaces

of functions f in H(D) such that

‖ f ‖Bα = sup
z∈D

| f ′(z)|
(

1 − |z|2
)α

<∞.

Each Bα is a Banach space with a norm given by

‖| f |‖Bα = | f (0)| + ‖ f ‖Bα .

The family of Bloch-type spaces includes the classical Bloch space B = B1. The

spaces Bα with 0 < α < 1 are analytic Lipschitz spaces Lip1−α. Thus, for 0 < α < 1,

Bα ⊂ A(D) ⊂ H∞, where A(D) is the disc algebra. In general, for 0 < α < β we

have that Bα ⊂ Bβ . Note also that the Bloch space B contains H∞ and is included in

all of the Bergman spaces L
p
a , p ≥ 1, while for large α, such as α ≥ 2, Bα includes

the Bergman space L2
a. For more details on these general facts about the Bloch-type

spaces and for further results and references see [20, 21].
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The boundedness and compactness of composition operators acting on Bloch-

type spaces has been established in a series of papers [10, 11, 13, 16, 18]. The classi-

fication depends on the behaviour of a determining function, defined as follows: for

α > 0, and φ an analytic self map of D, let

τφ,α(z) =
(1 − |z|2)α|φ ′(z)|

(1 − |φ(z)|2)α
.

When α = 1, we write τφ instead of τφ,1.

Theorem 1 ([8, 11, 13]) For α > 0 and φ an analytic selfmap of D, the composition

operator Cφ is a bounded operator on Bα if and only if supz∈D
τφ,α(z) < ∞, and Cφ is

a compact operator on Bα if and only if lim|φ(z)|→1 τφ,α(z) = 0.

The spaces Bα include the identity function, and so a necessary condition for Cφ

to be bounded on Bα is that φ belongs to Bα. Thus, for example, if 0 < α < 1,

every analytic self-map of D that is in H∞ \ Bα induces an unbounded composition

operator on Bα.

When α = 1, we have from the Schwarz–Pick lemma, that

τφ(z) =
(1 − |z|2)|φ ′(z)|

1 − |φ(z)|2
≤ 1.

By Theorem 1 we get that every composition operator is bounded on B. Note also

that if ‖φ‖∞ < 1 and Cφ is bounded on Bα, then Cφ must be compact on Bα.

Our main interest is the closed range composition operators on Bα. In the case

when φ is a disc automorphism with φ(0) = a, we have that Cφ is bounded on Bα

since

τφ,α(z) ≤
( 1 + |a|

1 − |a|

) |1−α|

.

It is also an invertible operator, with inverse Cφ−1 and thus, trivially, Cφ has a closed

range.

Since every non-constant φ is an open map, the composition operator Cφ is always

one-to-one. By a basic operator theory result, a one-to-one operator has a closed

range if and only if it is bounded below. Thus, Cφ has a closed range if and only if it

is bounded below, namely if and only if there exists M > 0 such that

‖Cφ f ‖Bα ≥ M‖ f ‖Bα , ∀ f ∈ Bα.

In particular, every isometric Cφ has a closed range. The isometric composition op-

erators on Bα have been studied in a number of papers (such as [4, 5, 12, 19, 23]).

Since they provide examples of closed range composition operators, we give a theo-

rem that states (a version of) the results on the classification of isometric composition

operators on the Bloch-type spaces.
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Theorem 2 ([5, 23]) Let φ be an analytic selfmap of D.

(i) The composition operator Cφ is an isometry on the Bloch space B if and only if

φ(0) = 0 and either φ is a rotation, or for every a in D there exists a sequence {zn}
in D such that |zn| → 1, φ(zn) = a and τφ(zn) → 1.

(ii) If 0 < α , α 6= 1, then the composition operator Cφ is an isometry on Bα if and

only if φ is a rotation.

On the other hand, recall that the only (closed) subspaces of the range of a com-

pact operator are the finite dimensional ones. A composition operator Cφ cannot

have a finite rank (because φ is an open map), and so a compact composition opera-

tor can never have a closed range.

Closed range composition operators on the Bloch-type spaces have been studied

in [2, 3, 7, 8, 24]. To state the results obtained, we need the following definitions.

Let ρ(z,w) = |ψz(w)| denote the pseudo-hyperbolic distance on D, where ψz is a

disc automorphism of D defined by

ψz(w) =
z − w

1 − z̄w
.

We say that G ⊆ D is an r-net for D for some r ∈ (0, 1) if for all z ∈ D, ∃w ∈ G such

that ρ(z,w) < r.

For α > 0, c > 0 and φ a selfmap of D, let Ωc,α = {z ∈ D : τφ,α(z) ≥ c}, and let

Gc,α = φ(Ωc,α).

We will use some of the results obtained in the papers cited above, which we state

in the following theorem.

Theorem 3 ([3, 24]) Let φ be a selfmap of D and let α > 0.

(i) For α ≥ 1, Cφ has a closed range on Bα if and only if there exist c > 0, 0 < r < 1

such that Gc,α is an r-net for D.

(ii) For 0 < α < 1, if Cφ has a closed range on Bα, then there exist c > 0, 0 < r < 1

such that Gc,α is an r-net for D.

The geometric aspects of the theorem are particularly interesting in the case when

φ is univalent and α = 1, since, as a consequence of the Koebe one-quarter theorem,

we have that

τφ(z) ≈
dist(φ(z), ∂φ(D))

1 − |φ(z)|
.

Thus, we get that if, for example, φ is the Riemann mapping from D onto the slit

disc D\[0, 1], then Cφ has a closed range on B. Or if φ is the Riemann mapping onto

the simply connected region in D created by taking away an infinite number of slits

and pseudo-hyperbolic discs connected to the slits, one gets either a closed range or a

non-closed range composition operator Cφ by controlling the size and the placement

of the pseudo-hyperbolic discs. For more details on these examples, see [8].

On the other hand, it was shown in [2] that the univalent map φ from D onto the

slit disc induces a composition operator Cφ that does not have a closed range on any

Bα with α > 1. Since, moreover, the only isometric composition operators on these

spaces are induced by rotations, a natural question arises. Could it be that the only

https://doi.org/10.4153/CMB-2011-065-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-2011-065-4


444 N. Zorboska

univalently induced, closed range, composition operators on Bα with α > 1 are the

trivial ones, namely, those that are induced by a disc automorphism? As we shall see,

the answer is yes, both in this case and in the case when α < 1. A similar situation

arises on some of the weighted Dirichlet spaces and on the Bergman and Hardy space,

where the only univalently induced composition operators are the invertible ones, as

shown in [1, 9].

An important part in the proof of our result is the angular derivative behaviour of

the inducing function. Recall that if φmaps the unit disc into itself, we say that φ has

an angular derivative at ξ ∈ ∂D if there is a ζ ∈ ∂D such that limr→1 φ(rξ) = ζ
and limr→1 φ

′(rξ) = η. In this case we say that η = φ ′(ξ) is the angular derivative of

φ at ξ.

Note that the existence of the radial limits in the definition of the angular deriva-

tive is equivalent to the existence of the corresponding nontangential, or angular lim-

its. By the Julia–Caratheodory theorem, their existence is also equivalent to the exis-

tence of (a finite) lim infz→ξ
1−|φ(z)|

1−|z| with the limit furthermore equal to |φ ′(ξ)|. For

more details see [6, 17].

It is known that if Cφ is bounded on Bα with 0 < α < 1, then φ has to have an

angular derivative at every point that is mapped onto the unit circle (see, for example,

[6]). This restriction on φ is not necessary for the boundedness of Cφ on Bα when

1 < α. But, as we shall see in the proof below, if Cφ also has a closed range on Bα,

then φ has to have an angular derivative over a significant part of the unit circle.

Theorem 4 Let α > 0, α 6= 1, and let φ be a univalent selfmap of D. Then Cφ has a

closed range on Bα if and only if φ is a disc automorphism.

Proof Recall that if φ is a disc automorphism, then Cφ is an invertible operator, and

so it has a closed range.

The other direction of the proof is given in two parts, separating the cases α < 1

and α > 1.

Case 0 < α < 1:

Let φ be univalent, and let Cφ have a closed range on Bα with 0 < α < 1. Let

E = {ξ ∈ ∂D : |φ(ξ)| = 1}. The set E is not empty, since otherwise ‖φ‖∞ < 1,

and Cφ is compact, which is not possible since Cφ has a closed range. As mentioned

above, when Cφ is bounded on Bα with 0 < α < 1, then φ is continuous on the

closed unit disc and has angular derivative at every point in E. But then φ also has

to be univalent on E, since if the points ξ1 and ξ2 from E are mapped into the same

point on ∂D, and φ is univalent on D, then φ cannot have an angular derivative at

both ξ1 and ξ2 (see, for example, [9, Lemma 3.3] or [17, p. 74]).

Next we show that φ(E) = ∂D.

Since Cφ has a closed range on Bα, by Theorem 3, there exist c > 0 and 0 < r < 1

such that Gc,α is an r-net for D. We will show that ∂D ⊂ Gc,α, where the closure

of the set is its closure in C. Suppose that there exists ζ ∈ ∂D that is not in Gc,α.

Then ∃t > 0 such that Dt (ζ) = B(ζ, t) ∩ D is in the complement of Gc,α, where

B(ζ, t) is the open ball centered at ζ and with radius t . Let an = (1 − 1
n2 )

1
2 ζ , and let

rn = (1 − 1/n)1/2. Then, eventually, an is in Dt (ζ) and ρ(an,w) > rn for every w in
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Gc,α. Since rn → 1 as n → ∞, we get a contradiction to the fact that Gc,α is an r-net

for D. Hence, ∂D ⊂ Gc,α ⊂ φ(D) = φ(D) and so φ(E) = ∂D.

Thus, φ is a continuous bijection from the compact set E onto ∂D, and so φ is

a homeomorphism between E and ∂D. But then E must be a connected subset of

∂D, i.e., E is a closed arc [ξ1, ξ2]. Since φ((ξ1, ξ2)) = ∂D \ {φ(ξ1), φ(ξ2)} is also

connected, we have that φ(ξ1) = φ(ξ2), ξ1 = ξ2, and E = ∂D. So, φ is inner and

univalent, which implies that φ is a disc automorphism.

Case α > 1:

We need to show that if φ is univalent and Cφ has a closed range on Bα, α > 1,

then φ is a disc automorphism. In the case when α > 1, the functions in Bα are not

necessarily continuous on the unit circle. Since the inducing function φ is in H∞, it

has radial limits almost everywhere on the unit cirle. We denote the radial extension

function with the same symbol φ.

Note that in general, if φ has no angular derivative at any point on E = {ξ ∈ ∂D :

|φ(ξ)| = 1}, then Cφ must be compact on Bα, α > 1. This follows from the fact that

in that case lim sup|z|→1
1−|z|

1−|φ(z)| = 0, and since α − 1 > 0 and τφ(z) ≤ 1, we have

that

lim
|φ(z)|→1

τφ,α(z) = lim
|φ(z)|→1

( 1 − |z|2

1 − |φ(z)|2

)α−1

τφ(z) = 0.

Hence, if Cφ has a closed range on Bα, α > 1, then φ has an angular derivative at

some ξ ∈ E. As we will see below, even more is true, i.e., φ is continuous and has an

(uniformly bounded) angular derivative on a subset of ∂D that is mapped onto ∂D.

This, together with the univalence of φ, will be enough to imply that φ has to be a

disc automorphism.

By Theorem 3, there exist c > 0 and 0 < r < 1 such that Gc,α is an r-net for D.

Let Ec = E ∩Ωc,α, where E = {ξ ∈ ∂D : |φ(ξ)| = 1}. We will show first that Ec 6= ∅

and then that φ is continuous on Ec. (Note that, as before, E 6= ∅, since Cφ is not

compact.)

If Ωc,α is contained in D, then φ(Ωc,α) is a compact subset of D and so Gc,α is a

compact subset of D. But that cannot happen, similarly as in the proof of the case

α < 1, since Gc,α is an r-net of D. Thus Ωc,α ∩ ∂D 6= ∅. Next we show that

Ωc,α ∩ ∂D = Ωc,α ∩ E = Ec.

Let ξ ∈ Ωc,α ∩ ∂D. Then ∃{zn} in Ωc,α such that zn → ξ and

c ≤ τφ,α(zn) =
( 1 − |zn|

2

1 − |φ(zn)|2

)α−1

τφ(zn) ≤
( 1 − |zn|

2

1 − |φ(zn)|2

)α−1

.

Recall that, by the Julia–Caratheodory theorem, φ has an angular derivative at ξ, since

we have that

lim inf
z→ξ

1 − |φ(z)|

1 − |z|
≤

( 1

c

)
1

α−1

.

Thus, φ has an angular (radial) limit ζ of modulus 1 at ξ, i.e., ξ ∈ E, and we have

that Ec = Ωc,α ∩ ∂D 6= ∅ . Note that the above also shows that for all ξ ∈ Ec the
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angular derivative at ξ not only exists, but is also uniformly bounded, since |φ ′(ξ)| ≤

(1/c)
1

α−1 .

To prove that φ is continuous on Ec, we use Julia’s Theorem (see [CM] for more

details), which states that whenever φ has an angular derivative at ξ,

|φ(ξ) − φ(z)|2

|ξ − z|2
≤ |φ ′(ξ)|

1 − |φ(z)|2

1 − |z|2
, ∀z ∈ D.

From the uniform boundedness of the angular derivatives on Ec, we get that for every

ξ ∈ Ec and every z ∈ Ωc,α,

|φ(ξ) − φ(z)| ≤

(

1

c

)
1

α−1

|ξ − z|.

But the points in Ec are boundary points of Ωc,α, and so the extension of φ to Ec is

continuous.

Since Gc,α is an r-net, ∂D must be contained in Gc,α. If {zn} is a sequence of points

in Ωc,α such that φ(zn) → ζ ∈ ∂D, then {zn} (or a subsequence) converges to a point

ξ ∈ ∂D with φ(ξ) = ζ , and so

∂D ⊂ φ(Ωc,α) ∩ ∂D ⊂ φ(Ωc,α ∩ ∂D) = φ(Ec).

Thus, as before, since φ is univalent on D, φ must be univalent on Ec and so φ is a

homeomorphism between Ec and ∂D, i.e., Ec = ∂D. Hence φ is inner and univalent,

and so φ is a disc automorphism.

There are many non-univalently induced, closed range, composition operators

on the Bloch-type spaces. For example, when α = 1 and φ is not a rotation,

the isometric composition operators from Theorem 2(i) are induced by functions

with infinite multiplicities. The following proposition provides a large class of non-

univalent functions inducing closed range composition operators on all of the Bloch-

type spaces. For example, such are the functions φ(z) = zn, n ≥ 2, or more generally,

all of the finite Blaschke products. A result similar to the one below also holds in

the case of the Bergman, Hardy, and some small weighted Dirichlet spaces (for more

details see [1, 9, 22]).

Proposition 5 Let Cφ be bounded on Bα. If there exist c > 0 and 0 < r0 < 1 such

that Gc,α contains the annulus A = {z : r0 < |z| < 1}, then Cφ has a closed range

on Bα.

Proof The case α ≥ 1 follows from Theorem 3(i), since Gc,α is an r-net for any

r > r0.

Let 0 < α < 1, and let Gc,α contain the annulus A = {z : r0 < |z| < 1}. Suppose

also that there exists a sequence of functions { fn} with ‖ fn‖Bα = 1 and such that

‖Cφ( fn)‖Bα → 0. Since supz∈D
(1 − |z|2)α| f ′

n (z)| = 1, there exists a sequence {an} in

D such that for all n,

(1 − |an|
2)α| f ′

n (an)| ≥
1

2
.
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Let ε = c
2
, and let N be such that for all n > N, we have ‖Cφ( fn)‖Bα < ε. Then

sup
w∈Gc,α

(

1 − |w|2
)α

| f ′
n (w)| ≤

1

c
sup

z∈Ωc,α

τφ,α(z)
(

1 − |φ(z)|2
)α

| f ′
n (φ(z))|

≤
1

c
sup
z∈D

(

1 − |z|2
)α

| f ′
n (φ(z))||φ ′(z)| <

1

c
ε =

1

2
,

and so each an with n > N belongs to the complement of Gc,α. Thus |an| ≤ r0 < 1

and an → a with |a| ≤ r0.

On the other hand, since ‖ fn‖Bα = 1, a normal families argument implies that

there exists a subsequence { fnm
} that converges uniformly on D to some function

f ∈ Bα. But then { f ′
nm
} converges to f ′ uniformly on compact subsets of D, and

since supw∈Gc,α
(1 − |w|2)α| f ′

n (w)| → 0 and Gc,α contains an infinite compact subset

of D, we get that f ′ ≡ 0. This contradicts the fact that | f ′(a)|(1 − |a|2)α ≥ 1
2
, so Cφ

must be bounded below, i.e., Cφ has a closed range.

The closed range composition operators acting on Bα with 0 < α < 1 have not yet

been fully characterized. Recall that in this case the Bloch-type spaces are subalgebras

of A(D). It has been shown that a composition operator Cφ has a closed range on

A(D), or on H∞, if and only if ∂D ⊂ φ(D) (see [14, 15]). On the other hand, if Cφ

has a closed range on Bα, by Theorem 3(ii), there exist c > 0, 0 < r < 1 such that

Gc,α is an r-net for D. When Gc,α is an r-net , we have that ∂D ⊂ Gc,α ⊂ φ(D), which

is a natural alteration of the characterization in the A(D) and H∞ case. Thus, we

propose the following conjecture.

Conjecture Let 0 < α < 1, and let Cφ be bounded on Bα. Then Cφ has a closed range

on Bα if and only if there exists c > 0 such that ∂D ⊂ Gc,α.

References

[1] J. R. Akeroyd and P. G. Ghatage, Closed range composition operators on A2. Illinois J. Math.
52(2008), no. 2, 533–549.

[2] H. Chen, Boundedness from below of composition operators on the Bloch spaces. Sci. China Ser. A
46(2003), no. 6, 838–846. http://dx.doi.org/10.1360/02ys0212

[3] H. Chen and P. Gauthier, Boundedness from below of composition operators on α- Bloch spaces.
Canad. Math. Bull. 51(2008), no. 2, 195–204. http://dx.doi.org/10.4153/CMB-2008-021-2

[4] J. M. Cohen and F. Colonna, Preimages of one-point sets of Bloch and normal functions. Mediterr. J.
Math. 3(2006), no. 3–4, 513–532. http://dx.doi.org/10.1007/s00009-006-0094-6

[5] F. Colonna, Characterization of the isometric composition operators on the Bloch space. Bull. Austral.
Math. Soc. 72(2005), no. 2, 283–290. http://dx.doi.org/10.1017/S0004972700035073

[6] C. Cowen and B. D. MacCluer, Composition operators on spaces of analytic functions. Studies in
Advanced Mathematics, CRC Press, Boca Raton, FL, 1995.

[7] P. Ghatage, J. Yan, and D. Zheng , Composition operators with closed range on the Bloch space. Proc.
Amer. Math Soc. 129(2001), no. 7, 2039–2044. http://dx.doi.org/10.1090/S0002-9939-00-05771-3

[8] P. Ghatage, D. Zheng, and N. Zorboska, Sampling sets and closed range composition operators on the
Bloch space. Proc. Amer. Math. Soc. 133(2005), no. 5, 1371–1377.
http://dx.doi.org/10.1090/S0002-9939-04-07646-4

[9] M. Jovovic and B. MacCluer, Composition operators on Dirichlet spaces. Acta Sci. Math. (Szeged)
63(1997), no. 1–2, 229–247.

[10] K. M. Madigan, Composition operators on analytic Lipschitz spaces. Proc. Amer. Math. Soc.
119(1993), no. 2, 465–473.

https://doi.org/10.4153/CMB-2011-065-4 Published online by Cambridge University Press

http://dx.doi.org/10.1360/02ys0212
http://dx.doi.org/10.4153/CMB-2008-021-2
http://dx.doi.org/10.1007/s00009-006-0094-6
http://dx.doi.org/10.1017/S0004972700035073
http://dx.doi.org/10.1090/S0002-9939-00-05771-3
http://dx.doi.org/10.1090/S0002-9939-04-07646-4
https://doi.org/10.4153/CMB-2011-065-4


448 N. Zorboska

[11] K. M. Madigan and A. Matheson, Compact composition operators on the Bloch space. Trans. Amer.
Math. Soc. 347(1995), no. 7, 2679–2687. http://dx.doi.org/10.2307/2154848
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