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Abstract

Let G/G’ be finitely generated and let G =B, x4, = B, X A, = ... = B;x A; = ... with each
B; isomorphic to a fixed group B which obeys the maximal condition for normal subgroups.
Then the A; represent only finitely many isomorphism classes. We give an example with B
infinite cyclic, G/G’ free abelian of infinite (countable) rank and such that G is decomposed
as above with no two A; isomorphic.

1980 Mathematics subject classification (Amer. Math. Soc.): 20 F 06, 20 E 22, 20 E 15.

1. Introduction

If A and B satisfy 4 xJ ~ BxJ, J infinite cyclic, then 4 and B have the same
finite homomorphic images (Hirshon (1977)). It is easy to choose A % B, A finitely
generated and 4 xJ = BxJ (see Hirshon (1969), Baumslag (1977)). These obser-
vations lead to a straightforward way of constructing two finitely generated non-
isomorphic groups with the same finite homomorphic images. In certain cases A4
and B can be made to have other prescribed conditions (for example, A and B can
be finitely generated torsion-free nilpotent (Hirshon (1977)).

P. Pickel (1974) has constructed an infinitude of isomorphism classes of finitely
generated metabelian groups all of which have the same finite homomorphic
images. It seems natural to wonder if the ideas above can lead to results like Pickel’s.
In particular, we ask: When can a group G have infinitely many decompositions

§)) G={wpxd;=<{wpxdy=...={woxA;=...
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with each (w;)» = J and no two 4, isomorphic? The main purpose of this paper is
to show that if G/G’ is finitely generated then in a sequence of decompositions (1)
of G, the A, must represent finitely many isomorphism classes. In particular, this
holds if G is finitely generated or if G obeys the maximal condition for normal
groups.

The above question (1) has, in many cases, a strong connection to the more
general question: When can a group G have infinitely many decompositions

(1)* G=DByxA =ByxAy=..=B;xA;=..

with each B; isomorphic to a fixed group B and no two A4; isomorphic? To see the
connection, we define a group B to be J replaceable if the isomorphism
Cx B~ Dx B always implies CxJ ~ D xJ. For example, a group which obeys
the maximal condition for normal subgroups is J replaceable (Hirshon (1977)).
Hence if B satisfies the maximal condition for normal subgroups and G/G’ is
finitely generated in (1)*, the A, represent finitely many isomorphism classes.
Some more general J replaceable groups are given in Hirshon (1978), (1979).
Finally, we give an example of a sequence (1) in which G/G’ is free abelian of
infinite (countable) rank and the A4, represent infinitely many isomorphism classes.

2. The main result

THEOREM. Let G =<{w;yx A, iz1, {w;> =J. Let G/G’ be finitely generated.
Then the A; represent finitely many isomorphism classes.

PrOOF. We proceed indirectly and suppose that the A, represent an infinite
number of distinct isomorphism classes. Without loss of generality, we may
suppose thatif i<, then 4; ¢ A;. Let 4, ,1<j<o be an infinite sequence of distinct
A’s and let L be their intersection. One can verify that G/L is a torsion-free abelian
group. Hence G/L is a finitely generated free abelian group of rank r where r is at
most the rank of the torsion-free part of G/G’. We choose the A, so that r is as
small as possible. Let B; = A4; and u; = w;. Note that if K represents the inter-
section of any infinite number of distinct B’s, then K = L. For L<c K< G and G/K
is a free abelian homomorphic image of G/L. If L# K, the rank of G/K would be
less than r. If Z(B,)<L then all the B; are isomorphic to B,. For example, if
uy = u by, by € B; then b, is central and b, € B, so

{ugy x By = {up byl x By = {uf) x By = {uy) x By,

so that s=1 or s=—1 and B, ~ B,. Hence we may suppose that we can find
b, ¢L, byeZ(B,). For infinitely many i then b, ¢ B;. Hence we may assume that
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b, ¢ B; for all i (or else we merely change notation). Hence [(<u; ) x {b;)) Z(B))/Z(B;)
is isomorphic to J. Hence {u;> x <{b;> = {g;> x {b;> = J xJ where

by = Z(B) n(Kuyy x <by)). Also if b; = 42 b% then m;#0

orelse n; is 1 or —1 and b, € B;. Clearly (m;,n) = 1.
Note that r = 1 implies that all the B; are identical. Hence r>2 and B,/L is of
rank r—1 =gq. Let B, = {h;p<hy) ... <hgp L. Let by = h§ b2 ... h%, mod L. Hence

(2) bi = u{”‘hi““ hg’wz ees h;“c“ l’i’ 11: el.

Let d; be the greatest common divisor of the integer my, n; ¢y, n;cy, ...onpcp. I dy =1,
then a set of free generators for G/L may be chosen which contains b;L. This
would imply that {b;) is a direct factor of G and hence a direct factor of B;. But
then by Lemma 1 of Hirshon (1977) B; = B,. Hence d;# 1, i> 1. Since (m;,n) =1,
d; is a divisor of each of the c;. It follows that we may choose a largest possible
divisor d of the ¢;, d> 1, such that we may write for infinitely many i, that b; has
a dth root, mod L. That is for some v,€ G

3) b;=v¢, modL.

Again for ease of notation we may assume that (3) holds for all i (or simply pass
to a subsequence and change notation). Let B; = {¢;;) {¢z) ... {¢;» L. Consider
the group G; generated by uf,c,...,c% and L. G; is of index d” in G. Since
G/L has only finitely many subgroups of a given index, infinitely many of the G;
are identical. The argument that follows will depend on the fact that infinitely many
of the G; are identical but not on the nature of the indices i, with G;, = G, = ....
Hence to avoid an awkward notation let us suppose that we have

Go=G =Gg=Gg=...=Gy,=....
Since by; € Gy; = G,, we may write
@ by; = ugtscfoncgsr ... cg%, modL.

Let f; be the greatest common divisor of the integers ¢;, €, €js, ..., €;4. By com-
paring (2) and (4) with i = 2j we see df; is a divisor of the integers ¢;, ¢y, ..., ¢,
If f;#1 for infinitely many j, we can find a prime p diving infinitely many f; and
(4) may then be written as

by; = ()%, modL, for some #;€G,

for infinitely many j. Since dp is a divisor of ¢y, ¢y, ...,c, this contradicts the
maximality of d. Without loss of generality we assume then that f; = 1 for all j.
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Now let B; be the subgroup of B generated by L and c},c%,...,c4, so that
G; = {uf)> x B;. Note that f; = 1 implies that {b,;> is a direct factor of G, and
hence of B,;. Hence from Lemma 1 of Hirshon (1977) we may deduce that B, ~ B,;
for all j. In fact if Z = Z(G,) one can verify that we can find an isomorphism 6,;
of B; onto B,; with b~16,;b€Z, be B, and such that 8,; fixes L pointwise. Hence
for each j we may express the generators ¢g,, 1<i<gq in terms of the generators
¢g; i» 1 <i<g (mod ZL). Note that modulo the subgroup ZL the matrix of exponents
connecting these generators is unimodular. After regrouping terms, we end up
with for each j

d —
C9s = U5 Zyly,

where u;;, u,, ..., ;4 are free generators of By;, mod L, and z;;€Z and [;;€ L. Now
consider g-tuplets S = (s;, 5y, ..., 5,) where s;€Z. If R = (ry,ry, ...,rp) define R= §
if r; = 5, mod Z2L, for all i. Since G/L is finitely generated, the above equivalence
relation determines finitely many equivalence classes. Let R; = (21235 ... 2p), i> 1.
Choose fixed integer p, m, p<m and with Rp ~ R,,. Hence for 1<f<q, we have
Zpt = Zyp 23l 2;€Z, €L, Hence (up}uy, z7Y)% = Il 17 Since G/L is torsion
free we have uy}u,, 77 = ;e L. Now it is easy to check that the map
Uy —> umf(if)_l’ 1<f<q, l—— 1, lelL,

induces an isomorphism of B,, onto By, contrary to the assumption that no two
B’s are isomorphic.

We have actually shown somewhat more than the assertion of the theorem. Note
that if we have a decomposition (1) with the A; representing infinitely many iso-
morphism classes then our arguments show that G/L is not finitely generated. But
if Qo=G, Q,=A4,n4;,0n...04,, n>1, then either O, = Q,;,, or Q,/0;., =~ J.
Also G/Q,, is a finitely generated free abelian group of rank at most n. Moreover,
for infinitely many i, Q;/Q;,, = J or else ultimately Q; = Q;,,. This would imply
that L = Q,, for some m contradicting the fact that G/L is not finitely generated.
We may state then the

COROLLARY. If in (1) the A, represent infinitely many isomorphism classes, G has
a descending sequence of normal groups Ly,L,, L, ....L,, ... with G/L,, free abelian
of rank n.

PROOF. Let L, = Q, = A,. Suppose L, has been defined with L,, = Q, for some
in. Let i, ., be the smallest integer i,,,>7, such that Q;  is a proper subgroup
of Q. Take L,y = Q; . .
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3. An example

The idea of the following example may be briefly outlined as follows. We choose
an infinite sequence of groups A4, i = 1,2, ..., with no two 4; isomorphic and such
that A;xJ = B;xJ, A;# B;, Let G be the (restricted) Cartesian product
G=A4;xA;x A3%.... Then

IxG=(IxA)x(xAp) 2 (IxB)x(xA)=JIxG,,
i ki

where
Gi = BiX(XAk).
ki
We will show that we can choose the 4, so that if s#¢ then G, 5% G,
To construct the A4,, let py, ps, s, ... be a sequence of distinct primes with p;=3,

mod 8. Let

A;=Lepdy; e rdye; =dE, dPi= 1)
and let

B; = {eyfi; et fies =11, fFi=1).
Then

A;xJ = B;xJ and A;# B,

(see Baumslag (1974)).

Using the A;, B; as above, we assert that no two of the G; are isomorphic. For
say, for example, that G; ~ G, and 8 is an isomorphism of G, onto G,. Clearly we
must have d, 0 =f%, (u,p) =1, p=p,. Let us write ¢; 0 = e} fja where a is in
Ay X Agx .... But then from c¢;1d; ¢, = d? we obtain eg"fte} = f2» Hence h#0
and by a change in generators if necessary we may assume /4>0. But the last
equality implies f3* = 2, Hence 4*=2, mod p. Hence 2**~1=1, mod p. But then
if r is the order of 2, mod p, this says that r is a divisor of 22—1 so that r is odd.
But since 227 1= 1, mod p, r is also a divisor of p—1 and hence of (p—1)/2. Hence
2w-1/2=1 modp. However, 2%»-1/2= —1, modp (Hardy and Wright (1960),
Theorems 83 and 95) a contradiction.
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