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ANALYSIS OF THE AFFINE TRANSFORMATIONS
OF THE TIME-FREQUENCY PLANE

FiLippo DE MARI AND KRZYSZTOF NOWAK

We consider two aspects of the action of the extended metaplectic representation
of the group G of affine, measure and orientation preserving maps of the time-
frequency plane on L? functions on the line. On the one hand, we list, up to
equivalence, all possible reproducing formulas that arise by restricting the rep-
resentation to connected Lie subgroups of G. On the other hand, we describe,
in terms of Weyl calculus, the commutative von Neumann algebras generated by
restriction to one-parameter subgroups.

1. INTRODUCTION AND PRELIMINARIES

The time-frequency plane consists of pairs of points (z,£), z, £ € R, where ¢
denotes time and £ frequency. Its main purpose is to provide time-frequency represen-
tations of signals (one wants to identify essential frequencies at every moment of time).
The basic objects related to it are the extended metaplectic representation, the Wigner
distribution and the Weyl calculus of pseudodifferential operators. In this paper we
examine reproducing formulas coming from restrictions of the extended metataplectic
representation and commutative von Neumann algebras generated by the values of the
extended metaplectic representation on one-parameter subgroups.

We begin by recalling basic operations on functions: time shifts, frequency shifts,
Fourier transform, dilations and multiplications by purely imaginary gaussians, and
by interpreting them as transformations of the time-frequency plane. Later we define
the extended metapletic representation, Wigner distributions, Weyl pseudodifferential
operators, and we present their basic properties. At the end of the section we discuss
our results.

Let f € L?(R). The operations f — f(- —q), f > e2™*Pf are the time shift by ¢
and the frequency shift by p. It is intuitively clear that on the level of time-frequency
representations they correspond to the transformations (z,£) — (z + ¢,£), and (z,£) —
(z,€ + p). Denote by F the Fourier transform Ff(§) = [7 f(z)e~?"*¢ dz and by g
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the Gaussian, normalised in such a way that Fg = g and ||g|| 2(g) = 1. The function ¢
is concentrated in a small neighbourhood of 0 and so is its Fourier transform. For this
reason g may serve as a basic time-frequency block concentrated at the point (0,0),
and the function g, ,(z) = €2"P%g(z — ¢) may serve the same purpose for the point
(g,p). An easy computation shows that F~1g,, = €>™Pg_, .. This means that the
inverse Fourier transform corresponds to the transformation {(gq,p) — (~p, ¢), that is, to
rotation by 7/2. Similar arguments show that the time-frequency plane transformations
corresponding to f — t~Y2f(./t), and f — e"ir‘zf(-) are (¢,p) — (tg,t7'p), and
(¢,p) = (¢,p+T7q).

The above transformations of the time-frequency plane generate the group of mea-
sure and orientation preserving affine maps. This group may be described as the semidi-
rect product R? x SL(2,R), where the group operation is given by the formula

([m]2) ()= (Gl e [o] a)

The action of the element ([Z] ,A) on [Z} is defined by

[q z z q
(o)) (][] + )

We have defined basic operations on functions and we have assigned to them cor-
responding transformations of the time-frequency plane. This process may be reversed:
we may assign to time-frequency plane transformations corresponding operations on
functions. This reversed assignment may be extended from the five generators to the
whole group R?x SL(2,R) just by requiring that compositions of affine maps correspond
to products of operators. What comes out is a projective unitary representation w of
R? x SL(2,R) on L?(R), called the extended metaplectic representation (see (6, 9]).
Summarising, the extended metaplectic representation assigns to every affine measure
and orientation preserving map of the time-frequency plane a naturally corresponding
unitary operator.

The Wigner distribution is a commonly used tool for representing functions on the
time-frequency plane. For f € L?(R) the Wigner distribution W; is defined as
oo —_——

1) Wi@ &) = [ e s+ p/2) TG /D) dp

—0o0

It was introduced in physics as a substitute for the nonexistent joint probability distri-
bution of position and momentum. We recall its basic properties.

https://doi.org/10.1017/50004972700019274 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019274

(3] Affine transformations 197

Marginal properties
(12) | wiwods=1F1@f [ wiwode= @),
-0 -00
The Heisenberg inequality
I 2 2 1172
(1.9 [ =P +ie-sPywyis  dzae > 1Nz,
—oco v —00

Orthogonality relations

(1.4) <Wf1,g1anz,gz) = (f1, f2)(91, 92),

where by Wy, we denote the bilinear form generated by the Wigner distribution (re-
place the factor f(z - p/2) by g(z - p/2) in (1.1)),
Faithfulness

if Wy = W, then f = cg for some complex ¢, |¢| =1,

Invariance with respect to the extended metaplectic representation
(1.5) Wo,t =Wjior™!, for 7 € R? x SL(2,R).

The value Wy(z,§) is often interpreted as the intensity of the frequency & at the
moment .

The Weyl calculus of pseudodifferential operators is another commonly used time-
frequency tool. For o € §'(R?) the formula

(1.6) ore) = [ ” / " (2, )W oz, €) da de

defines an operator from the Schwartz class S(R) into the space of tempered distribu-
tions S'(R). If f,g € S(R), then Wy, € S(R?), and the integral in (1.6) expresses
the duality between tempered distributions and Schwartz class functions. The operator
o is called the Weyl pseudodifferential operator with symbol o. The Weyl operator
oY with a bounded symbol o is interpreted in electrical engineering as the localisation
operator which restricts the time-frequency content of a signal to the support of the
symbol o .

The invariance of the Wigner distribution with respect to the extended metaplectic
representation (1.6) has its counterpart in terms of Weyl calculus, namely

(1.7) wro¥wyt = (gor7 )Y
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The meaning of formulas (1.5) and (1.7) may be expressed as follows:

e the action of w, on f corresponds to a change of variables by 77! in the
time-frequency representation Wy of f;
e conjugating the pseudodifferential operator o* with w, corresponds to

-1

changing variables by 7~ on the symbol level.

Both formulas (1.5) and (1.7) nicely fit with the interpretations mentioned before, and
indicate once again that the action of the extended metaplectic representation w, may
be interpreted as the transformation of the time-frequency plane given by 7. For details
we refer the reader to (6, 7, 9, 10].

The analysis related to the time-frequency plane splits naturally into three levels:

e the level of time-frequency plane-—representing functions on the time-
frequency plane as Wy;
the operator level—studying the operators w.., o%;
the group level—formal calculus on the group R? x SL(2,R).

We stress that the group R? xSL(2, R) exhausts the list of all affine transformations
which map Wigner distributions to Wigner distributions. Thus it is the full set of all
possible affine maps of the time-frequency plane into itself. This is the reason why the
group R? x SL(2,R) and the extended metaplectic representation, which reflects the
actions of the group elements on functions, define a natural context for investigating
time-frequency phenomena.

The first problem we address is: List all possible reproducing formulas which arise
in the context of the extended metaplectic representation. We restrict our attention to
group related reproducing formulas, that is to formulas of the form

f= /H (f,nd)ond dh,

where H is a connected Lie subgroup of R? x SL(2,R), and f,¢ € L%(R). We list
all the connected Lie subgroups of R? x SL(2,R), we check which of them lead to
reproducing formulas and we formulate explicit admissibility conditions for ¢ in each
case. Finally, we show that the conjugacy relation properly classifies subgroups from
the point of view of reproducing formulas. Our results are contained in Section 2 in
Theorems 2.1, 2.2.

Reproducing formulas have a long history in the theory of function spaces and
have a well established role in applications (see (2, 5]). We mention that the Calderén
reproducing formula is essential in Littlewood-Paley theory [8], while the reproducing
formula based on the Schrédinger representation is fundamental in the theory of mod-
ulation spaces [4, 5]. Both formulas appear in our list. OQur contribution may also be
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considered as a continuation, on the group theoretic level, of the engineering program
initiated in [1].

Next we show a heuristic argument, which explains why uniform coverings of the
time-frequency plane are closely related to reproducing formulas. Let ¢, be a family
of square integrable functions indexed by a parameter h € H, H a set. Let u be a
measure on H and let us assume that

(1.8 / Wy, (z,€)du(h) = 1 for all z,€.
H
Then for f,g € L*(R) we have
(1.9) [ (50 0m, 01 dush) = [ W Wo) duth)
H H
= <Wf,9’/HW¢hd/‘(h)>
- /_°° /_°° Wi o(z,€) dzdé = (£, g).

In the above argument we used the orthogonality relations (1.4) and the analogue of
(1.2) for Wy 4. Clearly the chain of equalities (1.9) leads to the identity

f= /H (f, én)on du(h),

that is, to a reproducing formula. Condition (1.8) expresses the fact that the time-
frequency plane is uniformly covered by ¢, . Although the above argument is nice and
simple, it is not formally correct. The change of order of integration in the second step
of (1.9) is not allowed and the argument itself may yield false admissibility conditions.
In our proofs we adapt a different approach, based on Plancherel’s formula.

The second problem we address is: Find descriptions, in terms of Weyl calculus, of
the commutative von Neumann algebras generated by restriction of the extended meta-
plectic representation to one-parameter subgroups of R? x SL(2,R). A restriction of
the extended metaplectic representation to a one-parameter subgroup has a nice de-
scription. Let g; be a one-parameter subgroup of R? x SL(2,R). There is precisely one
element P of the algebra Q of real polynomials of z, £ of degree at most 2, modulo

constants, for which
(110) wyg — e21rith.

Formula (1.10) follows from the fact that the Lie algebra of R? x SL(2,R) and the
algebra O equipped with the Poisson bracket are isomorphic [6].
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At the beginning of Section 3 we observe that by conjugating with the extended
metaplectic representation one may reduce any PY to one of the following: P}, P},
f P,}”, P}, where

Pe(z,€) = 2 + €%
Pp(z,€) = z¢;
(1.11) Py(z,£) = €%
Py(z,6) =€~ z?;
Py(z,€) = €.

The polynomials Py, J € T = {e, h,d,p,!} correspond to nonconjugate one dimen-
sional subgroups of R? x SL(2,R).

In view of (1.10) the von Neumann algebras generated by wg,, where g, is a one-
parameter subgroup of R? x SL(2,R), may be described as

Ap = {M(P") : M is a bounded function},

where P is the polynomial corresponding to g;. By conjugating with the extended
metaplectic representation, one may reduce the general Ap to one of the Ap,. For
each J € 7 one may construct a spectral measure diagonalising P}’ .

We prove that for a bounded operator o™ the following conditions are equivalent:
o' is an element of Ap, the symbol ¢ is constant on the level lines of P, 0¥ commutes
with e2™P” ¢ € R. In the case when the level lines of P are not connected we need
an extra assumption on %, namely that o¥ is a D-class operator with respect to
the decomposition of L?(R) induced by the polynomial P. This result is contained in
Theorem 3.1.

The operators belonging to Ap may be represented both in terms of multipliers
as M(P%) and in terms of Weyl symbols as ¢*. Theorem 3.2 contains formulas which
allow one to express symbols in terms of multipliers. The algebras Ap,, Ap, and Ap,
are standard: Ap, is the algebra generated by the Hermite operator, Ap, is the algebra
of bounded convolution operators, and Ap, is a subalgebra of Ap,. The whole picture of
operator algebras Ap expressed in terms of affine transformations of the time-frequency
plane and the multiplier-symbol correspondence for Ap,, Ap,, however, seem to be
new.

The operators M (P*) have a nice interpretation. For M = (o) they are inter-
preted as localisation operators restricting time-frequency content of functions to the
domain a < P(z,£) < b.
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2. REPRODUCING FORMULAS

Let H be a locally compact group, dh its left Haar measure, and w a strongly
continuous unitary representation of H on a Hilbert space H. A vector ¢ € H is called
w-admissible if for all f € H the reproducing formula

(2.1) f= /H (frond)ond dh

holds. The integral is understood in the weak sense. It is easy to observe that a vector
¢ € H is w-admissible if and only if for all f € H

(2.2) I711? = /H I, wnd)| dh.

As we mentioned in the introduction, our target is to investigate and classify those
reproducing formulas that come from restrictions of the extended metaplectic represen-
tation to connected Lie subgroups of the semidirect product G = R? x SL(2,R).

A subgroup H of G is called reproducing if the set of w;x-admissible vectors is
nonempty. The admissible vectors are called H-admissible in this case. Observe that if
two subgroups Hy, H, are conjugate, that is, Hy = g~'H,g for some g € G, then H,,
H, are either both reproducing or both nonreproducing. Moreover ¢ is H; admissible
if and only if wg¢ is Hy admissible. To see this it is enough to change variables in the
integral

fz‘/1{1<fawh1¢)whl¢dhl>

substituting hy; = g~ lhag.
We list now, up to conjugacy, all connected Lie subgroups of G. To this end, let

s~ 0 10 cos8@ —siné
d,,—[o s],s>0, "‘[t 1],telR, k(,_[sine o ],eem.

LEMMA 2.1. [3] Any connected Lie subgroup of G is conjugate to one of the
following non-conjugate subgroups. For each group we indicate the dimension, a
parametrisation of the elements, with parameters q,p,t,0 € R and s > 0, and the
corresponding Haar measure:

(3) «
()4) =
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(1.iv) <[g] ,ke), %;
(1.v) ([é]’“)’ dt;
(1)), 4

oo ([7].4). e
t

. 0 dtdsdf
(31) ([0] 5ltd31/2k9>7 27(32 ;

.. 0 dpdtds
(3.ii) [p] ’ltdsl/2); —z
(3.iii) ([Z],h), dg dp dt;
(3.iv) (HE

q dgdpdf

(3 V) ([p] ,ke)a o )
q dgdpdtds
(4.1) [p] :ltdsl/Z)y Y

. q dqdpdtdsdd
(51) ([p] altdsl/2k9)a _—W—

THEOREM 2.1. The only connected reproducing Lie subgroups of G are (2.i),
(2.ii), (2.iii), (2.v), (3.v) and their conjugates. The corresponding admissibility condi-
tions are:

(2.1) gl =1

https://doi.org/10.1017/50004972700019274 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019274

[9] Affine transformations 203

ei) [ @l - [Tlecal G =3 [ o@isa & =o

:L-Z
(2.ii)
hat d d
[ 1@ Z = [Clot-oa £ =1
2v) olis =1
(3) 6l = 1.

PRrOOF: We first show the positive results and then the negative ones.

PosITIVE RESULTS. Cases (2.1), (2.iii) are standard and we do not include their proofs.
CasE (2.i). Since

Wied 449 ¢(z) = ewitzzsl/4¢(sl/zx)’

and for F € L*(R)

oo, roo ) 2 ©|F F(-z)|?
(2.3) / ‘ / F(z)e™it=" d:z:‘ dt = / |F(z) + F(-z)| dz,
—o0'J —o0 0 z
we obtain
(2.4)

[ ltrens)an
Hg.ip)

oo poo co _ ) 2
=/ / '/ f(x)sl/éd’(sl/zx)e—'rrtt::2
[ —-o00'J —o0
00 poo 2 2
=/ / {lf(z)lzsl/zl‘f’(sl/zm)l +|f(—x)|251/2|¢(—sl/2x)|
o Jo
- - dz ds
o172 (172 _ol/2
+ 2 Re f(z)f(—x)s ¢(s x)¢( s :z:)} iy
for ¢ € L?*(R) and f bounded, with support contained in {z € R : r < |z| < R},
0 <r < R <oo. Case (2.ii) follows easily from (2.4).
CASE (2.v). Since

ds

dt;

“([4]+)° = eripTemite=0’ o(z — 1),

for ¢, f € L?(R) we have

[ wtwmafan= [ [T|[7 s@ipte - tertetemre aaf apa
Hz.4) —00 J—00'J —00

= [ [ @l otz - ol 'dmde = 11152 ol
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CASE (3.v). Observe that

w([q] ,ka) $(z) = P wi,¢( - q).

4

By case (2.i) we obtain
2 1 [ ., 2 2 2
i |{f,wn)|"dh = 2 ) NANZ2 lwko @2 = NFNIZ2 118l 2 -
(3.v)

NEGATIVE RESULTS: In each remaining case we show that formula (2.2) fails, hence
(2.1) fails as well. One dimensional results are relatively straightforward, so we include
only the proof of case (1.iv).

o]
CASE (l.iv). Let ¢ = Y  Amem be the expansion of ¢ in terms of the Hermite

m=0

system defined in (3.1). Since

(2.5) wkg =Y €™ Anem

(see for example [6]), for f € L%(R) we obtain

o

2

dé

2 — 1 o Ky —im@
|(f,wn)| dh = 5‘7;/0 ;’Ym/\me
=Z|’Ym|2|’\m|2’
m

where v, = (f,em). By (2.6), no ¢ € L%(R) satisfies condition (2.2).
CasE (2.iv). Since

(1.iv)

“([2]) #(z) = P74 (z),

P

by Plancherel
(2.7) () Pan= [ [ [7@)*|6)] dpdt.
‘/H(z.iu) /—°° /"°°

The last integral in (2.7) either diverges or vanishes.

(=]

Case (3.i). Let ¢ = > Amem be the expansion of ¢ in terms of the Hermite
m=0

system. Clearly

L2
(2.8) w‘tdsl/zked’(x) — gmitz 51/4wk9¢(31/2$)-
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An application of (2.5), Parseval’s formula, (2.3) and (2.8) leads to

[ o) oo d
(2.9) /H(s.i)l(f,ww)fdh:2;|,\m|2{/0 |f(x)|2dx/o |6m(s)|2_s_§
+ /Ooolf(—z)|2d:c/0°°|em(—s) 2ds

52

+ [T r@Ta)ds [ en(slen(-9) S,

for f bounded with support contained in {z € R : 7 < |z] < R}, 0<r<R<oo.
Observe that (2.9) implies Ag,, =0, for m =0,1,2,.... Indeed,

°° d
/0 |ezm(s)|2;; = o0,

because e, (0) # 0. Formula (2.9) implies also that

(210) Z I)\2m+1|2 /oo 62m+1(8)€2m+1(—3) i‘i =0.

Since the functions es,, 41 are odd, it follows from (2.10) that Aypmyy = 0, for m =
0,1,2,.... This finishes the proof of case (3.i).

The remaining cases (3.ii), (3.iii), (3.iv), (4.i), (5.1) are straightforward conse-
quences of Plancherel’s theorem. We omit their proofs. 0

Now we classify the reproducing subgroups of G taking the reproducing formulas
themselves as criteria for classification. We show that two subgroups generate repro-
ducing formulas differing by an affine transformation of the time-frequency plane if and
only if they are conjugate.

Let H;, Hs be two connected Lie subgroups of G. We say that H, is equivalent
to H; if there is a group isomorphism ® : H; — H, such that for every H;-admissible
¢ there is ¥ € L? such that for all f € L?

(2.11) (f,wnd)wnd = (f, wan)Y)wan)P-

This condition simply means that after a change of variables given by ® the coefficients
in the reproducing formulas are the same. It is easy to see that if H; is equivalent
to Hy then ¥ = ¢ modulo a phase factor, H, = H, and ® = id. Indeed, if H, is
equivalent to H; then by putting A = e in (2.11) we see that 1) = ¢ modulo a phase
factor. It follows that for all admissible ¢ one has wp$ = wg(r)¢ modulo a phase factor
and this implies ®(h) = h.
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Let g € G. We say that H, is g-equivalent to H; if there is a group isomorphism
® : H, — H, such that for every H,-admissible ¢ there is 9 € L? such that for all
felL?

(frwnd)wnd = (W f,wen)P)wg-1wan)P.

The above condition means that after transforming the time-frequency plane by g the
reproducing formulas become equivalent. A similar argument as before shows that if
H, is g-equivalent to H,, then ¥ = wy¢ modulo a phase factor and ®(h) = ghg~*.
By combining this with the previous discussion about conjugate subgroups, we obtain

THEOREM 2.2. Let H,, H; be connected Lie subgroups of G and let g € G.
The subgroup H, is g-equivalent to Hy ifand only if Hy = g~ H,g.

COMMENTS.

(i) It follows easily from our proof that the group SL(2,R) (case (3.i) in our
notation) provides reproducing formulas on L?(R,) and L?(R_).

(i) The class of distinct subgroups which are conjugate to a given subgroup
H of G may be described in terms of the normaliser N(H) of H in G,
since it is in bijective correspondence with the quotient G/N(H). On
the other hand, we know that conjugacy corresponds to equivalence with
respect to reproducing formulas. The form of N(H) for the subgroups H
of R? x SL(2,R) listed in Theorem (2.1) (which form a complete set of
representatives under conjugacy) are given in {3].

3. COMMUTATIVE OPERATOR ALGEBRAS Ap

Let Q denote the algebra of real polynomials of z, £ of degree at most 2. For
P € @, let P* denote the Weyl pseudodifferential operator defined by the symbol
P. The operator P¥ maps the Schwartz class S(R) continuously into itself and it
extends to a continuous operator on the space of tempered distributions S(R). As we
have indicated in the introduction, we want to represent, in terms of Weyl calculus, the
commutative von Neumann algebras Ap = {M (P¥): M bounded} and describe the
correspondence between multiplier and symbol representations. Recall that by G we
denote the group R? x SL(2,R) and that for 7 € G

w,PYw; = (Po T_l)w

The general strategy, in order to achieve the desired descriptions, will be to use the
above formula and reduce the problem to the case of the five main algebras correspond-
ing to the polynomials defined in (1.11). The following proposition shows that for any
P € Q one may choose an appropriate change of coordinates 7 € G and bring P to
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one of the five forms P;, J € T = {e, h,d,p,!}. On the level of operators this means
that by conjugating with the extended metaplectic representation one may reduce any
P"¥ to one of the PY.
PROPOSITION 3.1. Forany P € Q thereare r € G, J € T and M\,c € R
such that
P(z,€) = AP; (7Y (z,£)) + .

PROOF: The proof follows by an easy computation and we omit it. 0

It is easy to check that the explicit forms of the operators P} are:

PY = X%+ D?,

P';H=XD+DX’
2

;’=D2’

w 2

Py =D - X*,

PY =D,

where X f(z) = zf(z), Df(z) = (1/2mi) f'(z).
Next we introduce the following systems of functions:

: m m
(3.1) em(z) = (72!1)/:7 <2—;1—1/—5) e"’zi—m(e_z”z2), m=0,1,...,
(3.2) Ix(z) = ™% A e R,
(3.3) ha(z) = (Az) "1/ 2emilog Mogz ) 5 ¢
(3.4) pa(z) = ez""(’\:'*(’s/s)), A€eR

Clearly, all systems are defined on R except (3.3) which is defined on the positive
half line. System (3.1) gives an orthonormal basis of LZ(R), called the Hermite basis.
It is well known that it diagonalises the Hermite operator P}, and that

1/2
m+1/2

w
Plen =
1r

m-
System (3.2) is also standard. It diagonalises P,
Pl = Ay,
induces the spectral measure E;

E(A)f = /A (f,I)IxdA, ACR,
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and defines a selfadjoint extension T; of P, namely

T, =/°° AdE;()).

—o0

The symbol calculus for P} is defined as follows: for M € L*°(R)
M(T) = /M(/\) dEi(A) = Cwm,

where C)ps is the operator of convolution with the inverse Fourier transform of M.

Systems (3.3), (3.4) play similar roles for Py, Py’ as (3.2) for P, as illustrated below.

PROPOSITION 3.2.
Py’hy = log Ahy, PYpa = Apa.

PROOF: The proof follows easily by direct differentiation. g
PROPOSITION 3.3. The formulas

Faf(N) = /O T e m@ s, Fof(N) = / " f@p@) da,

define unitary maps Fy : L*(R}) — L¥*(R.), Fp : L%(R) — L?(R) which satisfy the
relations
WiFn=FWa,  Fp=FW,,

where Wy, : L*(R,) — L?*(R) is defined by Wy f(w) = f(e¥)e®/?, and W, : L3 (R) —

L2(R) is defined by W,f(z) = f(z)e~2"(=/3) :
ProoOF: The proof follows directly from Plancherel’s theorem. 1]
PROPOSITION 3.4. (i) The formulas

En(A)f = /A (f ha)hadA, ACR,,  Ep(B)g= /B (9,pA)padA, B C R,

define spectral measures on L?(R,) and L?(R), respectively. After conjugating with
W, and Wy, the spectral measures Ey, and E, reduce to Ey,

WhER(A)W ! = E(log A), and W,E,(B)W, ' = E\(B).

(ii) The operators

~ o oo
Th =/ log AdEn()), T, =/ AdE,())
0

— 00
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with domains

D(Th) = {f € L*(R,) : /Ow (log A)2|(f, ha)|"dA < oo},

* 2
D(T,) = {g € LY(R) : / A|(g,pa)|"dA < oo}
are selfadjoint extensions of P, Py ; for f € C(Ry), g € C(R)
Tnf=PPf,  Tyg=PFYg.

(i) Let M € L*°(R). After conjugating with Wy and Wy, respectively, the
operators

oo o0
M(Th) = / M(log A)dEn(\),  M(T,) = / M) dE,())
0 -00
reduce to standard convolution operators, namely
WM (T )Wt = Cu,  WoM(T)W; " = Cr.

PRrOOF: The proof follows easily from Propositions 3.2, 3.3 and standard properties
of spectral measures. 0

In the above proposition we have defined T, and T,, the selfadjoint extensions
of Pﬁ‘fcg° and P;”. We extend the operator T~’h to Th, from the half line, to the
whole line, by symmetry. By T., T;, T4 we denote the selfadjoint extensions of P¥,
PY, P} defined in terms of the corresponding spectral measures. The unitary groups
Ug = e™tTe | UP = ?™tTh U} = 2Tt ¢ = e?™*Td are very well known. They are:
the Hermite group

Utef — Sin—1/2 t /oo e—ml(cott)(‘2+y2)+27rs’(~y/sin t)f(y) dy,
-00
the dilation group
Ubf =et?f ('),
the translation group
Uif = f(-+1),

and the group of convolutions with imaginary gaussians
Uif = Frem ' F.

Finally, the group UP = €?**Tr has the form Uff = = 2mi(t 42 (- +1).

As in the case of the extended metaplectic representation we identify unitary op-
erators which differ by multiplicative constants. ‘

The standard fact that the operators commuting with translations are convolution

operators, has its counterparts for U = e?"*Th and UP.
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PROPOSITION 3.5.
(i) A bounded operator T defined on L*(R,) commutes with U, for all t €
R, if and only if there is a function M € L°(R) such that T = M(ﬁ) ,
(i) A bounded operator T defined on L*(R) commutes with U?, for all
t € R, if and only if there is a function M € L*°(R) such that T = M(T}).
PRrROOF: The proof follows by an adaptation of the standard argument. 0

Let now UF and g denote the unitary group and the one-parameter subgroup of
G corresponding to the polynomial P € Q, respectively, and let o € §'(R?). We want
to describe the geometric conditions on the symbol ¢ that reflect the commutativity
property UFo®*UF, = o%.

PROPOSITION 3.6. Let 0 € S'(R?) and let f,g € S(R). Then

(UFo“UE, f,9) = ((0095)" f.9).

ProoF: This is a special case of (1.7). 0

Let us look again at the five basic polynomials. Recall that, as we know from
(1.10), the unitary groups U/, J € T, are the restrictions of the extended metaplectic
representation to the one-parameter subgroups g/ . The explicit forms of g/ are:

e[z] _ [cost —sint] [z]
9¢ [£]  |sint cost | €]’
wnfz] _[e* 0 [z]
lel " 1o e‘] ¢l
al2] _[1 —t][=

“lel T Lo 1] [5]
J] [ z-t ]
9t _E_ - _£—£2+(.’L'—t)2 ’
(=] _ 'z—t]

g‘[s. | ¢ |

The orbits of g/ parametrise the connected components of the level lines of Pj.
By Proposition 3.1, this fact holds in general and we are led to the following definition.
Let P € Q and let ¢ € S'(R?). We say that the distribution o is constant on the
level lines of P if:
(i) in the case of connected level lines of P (e,p,l and conjugate cases):
oo gf does not depend on ¢,
(ii) in the case of non-connected level lines of P (h,d and conjugate cases):
oogl does not depend on t and oo7 iseven, 7 is an affine transformation
bringing P to the form P or Py.
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We stress that in case (ii) the level lines have two components, and the orbits
parametrise only one component. This is why one needs an extra symmetry condition.
Next we define decompositions of L?(R) and D-class operators corresponding to
P € Q. Since both these notions reflect the structure of level lines of P, we present
them together. We do it first for Py, J € 7, and then, by conjugation, for all P € Q.
There are two types of level lines of Pp: the connected line z¢ = 0, and the
non-connected lines z€ = ¢, ¢ # 0. The set R?\ {(z,£) : z€ = 0} has four components:

I={(z,€): 2,6 >0}, II = {(z,6):2 <0, ¢ >0},
I = {(z,€) : 2,6 <0}, IV={(z,):2>0,¢<0}.
The direct sum
L*R) =H; ® Hir @ Hir ® Hrv,
where
Hr={f€L*Ry): Fuf(A) =0 for A > 1},
Hiv = {f € L*(Ry): Faf(A) =0for A < 1},
Hir={f(-):feHw}, Hur={f(-):feM},

corresponds to the decomposition R? \ {(:L‘,{) i 0} =JTUIIVIITUIV, and
is called the decomposition of L2(R) induced by P, (for an intuitive explanation of
this correspondence see the comments following this section). We say that a bounded
operator T acting on L2(R) is D-class with respect to the decomposition induced by
P, if Hg is an invariant subspace of T for K = I,II,II1,IV and

Ty, = V—ITI'HIV’ Ty, = V_ITI'HIVV’

where V f(z) = f(-=z).
The polynomial P, also has connected and non-connected level lines. After remov-
ing the connected level line we get the two components:

I={(z,6):£>0}, II ={(z,6): £ <0}.
This decomposition induces the direct sum
L*(R) = D1 ® D,
where

Dy ={f € L*{R): Ff(A) =0, A> 0},
Dy = {f € L*(R): Ff(A\) =0, A <0}.
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A bounded operator T is called D-class with respect to the decomposition induced by
P, if Dy, Dy; are its invariant spaces and

Tip,, = V_ITI’DI v.

The polynomials P,, P,, P, have only connected level lines and they induce the
trivial decomposition, just L2(R).

Finally, let P € Q be arbitrary and let 7 € G be an affine transformation which
brings P to one of the forms Py, J€T.

If J = h we define the decomposition of L2(R) induced by P as

wHI ®@w,Hyy ®w, Hrrr ® w-Hyy,

and a bounded operator T is called D-class if w;'Tw, is D-class with respect to P,.
If J = d the decomposition is defined as

w,;Dr & w,Dyy,

and a bounded operator is called D-class if w;!Tw, is D-class with respect to Py.
In the other cases the decomposition is trivial and the D-class condition is void.
We are now in a position to give a characterisation of the commutative von Neu-
mann algebras we are interested in. For J € T the algebras Ap, are formally defined
by
Ap, = {M(T;): M € L*(R)}.

For general P € Q take 7 € G which conjugates P to one of the P; and put
.Ap = w.,.Apr;.

THEOREM 3.1. Let P € Q andlet T be a bounded operator on L?(R). Assume
that T is D-class with respect to the decomposition of L?(R) induced by P and let
o € S'(R?) be such that T = o . The following conditions are equivalent:

(i) TeAp,
(i) T commutes with UF,
(iiil) o is constant on the level lines of P.

PROOF: The proof follows by reduction to the five basic cases. The cases e, [, d
are known. The proof of the cases h, p follows from Propositions 3.5, 3.6 and the fact
that operators with even kernels have even Wey! symbols. 0

Our next target is to give a description of the multiplier-symbol correspondence.
We do it by means of the Wigner distribution. This correspondence is well-known in
the cases e, [, d, as we now recall.
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The Wigner distribution We,, is:

Wern(,€) = 2(=1)" L (47]2[2) 27121,

where z = (z,£) and L = i ((m!)/((m—k)!(k!)Z))(—z)k is the j*" Laguerre
k=0

polynomial. As for £y, W;, € §'(R?) and for F € S(R?)

oo

Wi, (F) = / F(z,A)dz.

-0

For a bounded, measurable M we denote by o;(M) the tempered distribution
corresponding to M(T,), that is, the distribution for which o¥(M) = M(T;). The
symbols which correspond to the multiplier M have the form:

(3.5) oe(M)(F) =Y M(m)W,,,(F)

=3 M(m)(-1)"2r /w Fo(5)LO) (dms)e=2"" ds,
m 0
where F,.(s) = 1/(2nw) 02"F(seit) dt,

(3.6)  o(M)(F) = /_ °° M(\)W,, (F)dA = /— - M) /_ °° F(z, A) dz dX.

In the first cases the symbol is given by the expansion in terms of Laguerre functions.
In the second and the third cases the symbols are constant on the horizontal lines £ = A
and take the values M(A), M(A?) on them.

Our final target is to complete the list of multiplier-symbol correspondences in the
remaining cases. We start by computing Wigner distributions in the cases h and p.

PROPOSITION 3.7. Let hi(z) = hy(z) for £ >0, 0 for z <0, and hj(z) =
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h¥(—z). For F € S(R?) we have

(3.8) Wy (F) = / / e+ (F, )

(e + eV e - ey) —2wi(log A} (y—2) 4., dy,

(39) W, (P)= / / e@+/2( 5, )

x (" T e ey) e~ 2millog Mw=2) gy gy,

2
(3.10)

WP,\ (F) = [oo /:: ez"i((z3/3)—(y3/3))(72F)

p% (:_c%’ z - y) e~ 2 W=2) 4o dy,

where F, denotes the Fourier transform with respect to the second variable.

PROOF: This follows easily from the definition of the Wigner distribution on
S'(R). 0
In the final formulation of our result we shall need the following map H'.

ProrPos1iTION 3.8. The map

1 .

transforms S(R) into S(R). Its adjoint H', defined by the equation H'M(F) =
M(HF), where M € S§'(R) and F € S(R), maps S'(R) into S'(R). If M is a
polynomially bounded function then

'M(F) = /_22 (1 - (;)2>—1/2M(log i—;%)ﬂz) dz.

For P € @ thesymbol Tp denotes the selfadjoint extension of P¥ defined in terms
of the spectral measure corresponding to P.

THEOREM 3.2. Let P € Q and let 7 € G be an affine transformation bringing
P to the form Py, that is,

P=MAPjor l4¢ M\ceR, JeT.

Given a bounded function M, let op(M) be the tempered distribution for which
op(M)¥ = M(Tp). One may express op(M) in terms of M as follows:

(3.11) op(M) =0;(Mxc) o7, where My (z) = M(Az + c).
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For F-€ S(R?) and J € {e,l,d}, o,(M)(F) is given by formulas (3.5), (3.6) and (3.7),
respectively, while for J € {h,p}:

on(M)(F) = /0 * M(og N (W, (F) + W, (F)) dA
(3.12) = lim_lim FH'FM, (/ow F, (t, t)% + fom F, (—t, _Z) %f) ,

where Fp(z,€) = (1 - h(z/r))(1 — (/7)) F(z,€), h€ CP(R), 0<h <1, h=1 on
some neighbourhood of 0, My(z) = M(T)X(—n,n)(z) and

(3.13) o (M)(F) = /_ " MW, (F) dA

= F-le=2mid 12 ps (/w

F(u,- +u?) du) .
—o0
PROOF: Since P = APjor~!+¢, we get Tp = w,(ATy + cl)w;!. It follows that

(3.14) op(M)* = M(Tp) = w, M(T + cl)wz!
= w My o(Tr)w; = (0s(Myc) o 77 1)¥.

Clearly (3.14) proves (3.11).

Let f,g € S(R). The orthogonality relations for the Wigner distribution and the
spectral representation of T} imply

(3.15) /0 ~ M(l0g N Wiy W) + W2 (W) dA

-/ ” M(log N ((f, Bt Y(hE9) + (F, ) (A 9)) d

Formula (3.15) proves the first equality in (3.12). In order to prove the second equality
in (3.12), put

= Y
L.(z,y) = /2 (F,F,) (e ;e €5 — e”)

and for any positive integer n let My(t) = M(t)x(—nn)(t). Since M,(t) = M(t)
pointwise and M,, € L(R), by applying (3.8) and dominated convergence twice we
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obtain the following equalities

o0 o Y R
_ . z+y
/0 M(log AW, +(F)dA = lim /_oo Ma(®) /_oo /-oo )

z v
x(]—'zF)(e +e

{o o] o0 oo
- [ [ [

x e~ 2mitV=2) dg dy d.

,e¥ — e”) e~ 2mity=2) 4y dy dt
(3.16)

Observe that for any L € S(R?)

oo o0 oo . )
(3.17) / / / L(z, y)e~mtv=2) gz dy e2™ gt
—0Q V=00 v —00

=/ L<u— g,u+ g—) du = ¢ (£),

—00

so that, on applying the Fourier transform to both sides of (3.17), the expression inside
the double limit in (3.16) becomes

[0}

[ moFn 0= [ Em) e, @

—0o0
+00

(3.18) = FM, ( F,F, (t cosh 7, ~2¢sinh 5) dt)

0
°° : dt
—an(A szr(t,—2ttanh§)cosh—(/2)>

Now, since = — f0+°° FoF,(t,tx)dt is a Schwartz function, by applying Proposition
(3.8) to (3.18) we obtain

/_: Ma()(Fy,) () dt = H'FM, (/Ooo RR ()4 )

oo .
= FH'FM, (/0 F(t, Z) %) .

Clearly, combining this with (3.15) and (3.16) the second equality in (3.12) follows,
whereby one uses (3.9) in place of (3.8) to treat Wh;(F).

The proof of the first equality in (3.13) goes similarly as in the case of (3.12). As
for the proof of the second equality in (3.13), an application of (3.10) and (3.17) gives
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the following expression for the integral [°° M (A)W,, (F)dA:

oo oo o
/ M(\) / / e2ri((a*13)-(v*13) £, ( z ;r Y o- y> e~ MNY=2) gz dy d)
—00 —oo0 J/ —o0

— M (/m ez"‘((“‘('/z))3/3)"((“+('/2))3/3)]-'ZF(u,—-)du>

— 0o

= e—2mi(312) £ pr (/ e—21riu2-]:2F(u’~.)du>

—0o0

[e o]

F(u,-+u2)du) . 0

CoMMENTS. (i) The letters e, h, d, p, ! stand for elliptic, hyperbolic, degenerate,
parabolic, linear and refer to the geometric loci associated to the corresponding poly-
nomials. The orbits of the one-parameter subgroups g; and the level lines of P, are,
respectively: circles centred at the origin, hyperbolas, horizontal lines, parabolas and
again horizontal lines.

(ii) The derivatives of phase functions are called istantaneous frequencies. They in-
dicate what the frequency is at a given time. The graphs of the istantaneous frequencies
of the systems hy, ey, pn are hyperbolas, horizontal lines and parabolas.

(iii) In the hyperbolic case the graphs of the istantaneous frequencies corresponding
to Hx fill out the whole quadrant K. Thus the quadrant K corresponds to Hg. In
the degenerate case the domains corresponding to Dj, D;; are the upper and lower
half planes.

(iv) All of the distributions op(M) involve geometric ingredients, that is integrals
over the level lines of P.

(v) Let f € C.(R) be fixed. For P € Q, ¢ € L%(R) define the operator

Tpoh(z) = f(z)(h, U7 9).

The operator T'p ¢Tp,¢ is simply an average of one dimensional projections on the vector
wepd. One can show (see [11]), that for all 0 < p < 00
t

ITp.el% 2 Y | Xnins+1)(TR)E|2 2
n

SP denotes the p-Schatten class. The operator xjn n+1)(TP) is interpreted as a restric-
tion to the region n < P(z,£) < n+ 1 of the time-frequency plane.
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