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ENTIRE MEAN PERIODIC FUNCTIONS 

P. G. LAIRD 

I n t r o d u c t i o n . Let H denote the set of all entire functions of a single 
complex variable equipped with the topology of convergence uniform on all 
compact subsets of C, the set of complex numbers. Then an entire function / 
is mean periodic if the subspace spanned by / and its complex translates is not 
dense in H. I t was shown by Schwartz [13, p. 922] in 1947, to whom this 
definition is due, t ha t any such function is the limit in H of a certain sequence 
of exponential polynomials. Here, by an exponential polynomial is meant a 
finite linear combination of terms unea : z —> zneaz where n is any non-negative 
integer and a is any complex number. 

In Section 2, a new transform is introduced tha t enables another proof of 
this property to be given. This transform has properties resembling those of 
the transform introduced by Kahane [5; 6] in 1952 and used by him to give a 
simple proof of the main property of continuous mean periodic functions of a 
single real variable. Our transform utilizes a convolution product of entire 
functions t ha t is described, along with other preliminaries, in Section 1. 

Fur ther properties of this convolution product and of entire mean periodic 
functions are given in Section 3. As well, results concerning special cases of 
systems of convolution equations considered by Malgrange [11] are alluded to. 
These new properties resemble those of continuous mean periodic functions of 
a single real variable discussed elsewhere by the author (Laird, [7; 10]). 

Section 4 is concerned briefly with properties of mean periodic functions of 
several complex variables tha t differ from results given in the first three 
sections. 

Acknowledgement. This research began while I was a doctoral s tudent a t the 
University of Calgary under the supervision of Dr. K. W. Chang and was 
continued a t the University of Alberta. 

I am indebted to Professor J. P. Kahane for suggesting some modifications 
to an earlier version of this manuscript . These have given rise to the present 
proofs of Theorems 7 and 8 along with a recognition of the results due to 
Professor B. Malgrange. 

1. Pre l iminar ie s . Throughout this article, we shall assume, following 
Schwartz [13], certain facts although some change in notat ion is made. Let H' 
denote the dual space of the complex Fréchet space H. Any element of H' 
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may be identified with at least one measure of compact support in the plane. 
If L and M are two non-zero elements of H', it is possible to define their 
convolution L * M that is a unique non-zero element of H''. Moreover, H' 
with the operations of addition and convolution is an integral domain with 
identity Ô where <$(/ ) = /(0) for all / € H. 

The Fourier-Laplace transform of an element L £ H' is defined as L(z) = 
L{e-.z). This transform is an isomorphism between i?'( + , *) and the integral 
domain comprising the set of entire functions of exponential type taken with 
the operations of addition and pointwise multiplication. 

If/ is any entire function, we s e t / v : £ —>/( — £) and Tzf : £ —»/(z — £) for 
any complex number z. Also, let J ^ denote the closed subspace of H spanned 
by / and its complex translates. Then / is mean periodic in H if Wf ^ H. 
Schwartz [13] showed that his definition is equivalent to each of the following: 

A. there exists a non-zero element of L of Hf for which L *f(z) = L(Tzf
y) = 

0 for all complex z, 
B. / is the limit in H of a sequence of exponential polynomials belonging to 

a proper closed translation invariant subspace of H, 
C. there is a sequence {an} of complex numbers, not all zero, with 

00 

limsupv/|<2„| < oo and X) anDnf(z)/nl = 0 for all complex z, 

and 
D. the closed subspace spanned b y / and its derivatives is distinct from H. 
We may note that condition Ccorresponds with L * / = 0,X (z) = Y^=vanZn/n\ 

and results by use of the Laplace-Borel transform of L(z). The only lengthy 
proof of any of these statements is that of the necessity of condition B. Before 
giving a new proof of this, we consider the convolution product of two entire 
functions. Throughout, the term 'locally uniform convergence' will mean con
vergence uniform on all compact subsets of C. 

THEOREM 1. Let f, g be two entire functions. Then 

f®g:z-+ I f(z - f)g(f)df 
J o 

is an entire function. Moreover, 
(a) if {/«} » \gn) &re sequences of entire functions that converge, locally uniformly, 

to f, g, then 

fn®gn-^>f®g locally uniformly as n —» oo , 

and 
(b) the equation w — w 0 g = / always has a unique entire function as a 

solution. 

Proof. It is clear that / 0 g is a function of z since for a fixed value of z, 
f(z — £)g(£) is an entire function of J. T h a t / ® g is an entire function follows 
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from the fact that any entire function is the locally uniform limit of a sequence 
of polynomials. With um : z —» zm, 

U ; ml ® n\ " (m + n + 1)! 

and so \fn 0 gn) is a sequence of polynomials when {fn}, {gn\ are sequences of 
polynomials. Moreover, if/n—>/, gn-*g locally uniformly, an application of 
elementary estimates to 

f ® g - f n ® g n = ( f - f n ) ® g + f n ® ( g - gn) 

on any compact subset of C shows that/w 0 gn —->/ 0 g locally uniformly on C 
as w —•> oo. Hence/ 0 g is an entire function. As well, statement (a) is estab
lished. 

For part (b), let g®1 = g be entire and g®(n+l) = g®" 0 g for » = 1, 2, 3, 
If r is any positive number and if c = sup {|g(z)| : s ^ r], then 

|g®(n+1)(z)| ^ c\cz\"/n\ ^ c(cr)n/nl for |z| ^ r. 

Thus, wn = / + / ® g + . . . / ® g®w is a Cauchy sequence in H whose limit 
w satisfies w — w ® g = / . If /& is the difference between any two entire 
solutions to this equation, then h = h ® g. So h = (h 0 g) 0 g = h 0 g®71 

for n = 1, 2, 3 Hence ft = 0. 

Remark. The above properties are analogous to the well known properties of 
continuous functions defined on a half line (see, for example, Erdélyi [4]). 
Also, if Dnf denotes the w-th derivative of/ and if/, g are entire, then 

(2) Dn(f 0 g) = /(0)D"-ig + Z>/(0) • Dn-*g + ... Dn-y(0) • g + (D»f) ® g. 

2. A transform. Throughout this section, / will denote an entire mean 
periodic function and L will denote a non-zero element of Hf satisfying L * / = 
0. 

Definition. The transform off is 

w f N M _ Hf ® ez)
W 

^ ( / ) ( s ) - £(z) ' 
We may compare this definition with the transform J(F) introduced by 

Kahane [5; 6] for a continuous mean periodic function F of a single real 
variable. If /z is a non-zero measure with a compact real support such that 
ix * F = 0, and if F~(t) = ^(/) for negative t and is otherwise zero, then 

J(F)(z) = fé-t"b*ir{t))dt/fé-u,
l 'd/x(t). 

As it can be shown that fe-u'(n * F~){t)dt = -fi(F <g> e i 2)v , J(F)(z) cor
responds to —K{F){iz). As well, we may note that Delsarte [1; 2] used the 

https://doi.org/10.4153/CJM-1975-088-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1975-088-6


808 P. G. LAIRD 

expression n(F ® e2)v to obtain the coefficients ck of a continuous mean 
periodic function F whose formal expansion is ^cke

akt. For such a function, 
it can also be shown that ck is equal to the residue of the pole of the transform 
K(F)(z) at s = ak. 

It is necessary to show that K(f ) is independent of the choice of non-zero L 
satisfying L * / = 0. This is an immediate consequence of the following lemma 
for HL, M e H' and if L *f = 0, M *f = 0, then 

L(z) • M(f ® e2)v = M(z) • L(f ® ez)
v. 

LEMMA 2. Let g be any entire function and let L, M be any elements of H'. Then 
(3) {L*M){g®el)

y = L{z) • M{g ® e2)
y + L((M * g) ®ez)

v, and 
(4) (L * M)(g ® e2)

v = M(z) • L(g ® e2)v + M((L * g) ® ez)
v. 

Proof. We have 

(L* M){g ® e y = L%[Mn\g ® e,(-i-r,))] = L{G($,z) where 

= e-^M(g ®ey + \ V'«-*M,{s(* - v)}d* 
J 0 

= e"*M(g ® ez)
W + ( (M*g) 0 0 V t t ) . 

Thus, (3) is established. Formulae (4) follows from (3) and the fact that * is 
commutative. 

From the next lemma, we see that the transform K(f) is a meromorphic 
function that is the quotient of two entire functions of exponential type. 

LEMMA 3. Let g be any entire function and let M be any element of Hr. Then 
h{z) = M(g ® ez)

v is an entire function of exponential type. 

Proof. By use of the linearity and continuity of M and <g>, one can show that 
h is complex-differentiable at each point of the complex plane. So h is an entire 
function. Since M may be extended to a measure having a compact support in 
the plane, there exists positive constants c} T such that 

\M(w)\ ^ c. sup {^(77)| : \*n\ ^ T) for all w G H. 

Let a = sup {|g(z)| : \z\ g T). Then if \-q\ S T, 

\(g ® ez)(ri)\ g aTexp (2 |^ | ) so \h(z)\ ^ caT exp (27>|) 

for all complex z. 

THEOREM 4. A necessary and sufficient condition that unea G Wf is that 
K(f ) (z) has a P°^e at z — a of order exceeding n. 

Proof. Suppose that K(f )(z) has a pole at z = a of order exceeding n, and, 
that L is any element of Hf satisfying L * Wf = {0}. Then L * / = 0, L(z) 
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has a zero at z = a of order exceeding n and, from 

n 

(5) L * unea = X nCkD
kL(a) • ww_^a, 

fc=0 

£ * w/ a = 0. Hence unea £ Wf. 
Conversely, suppose that L * / = 0 and ^nea G T^/. From (5), DkL(a) = 0 

for & = 0, 1, . . . n. \i L(f ® ea)
v is non-zero, the proof is complete; if not, 

define M by M(g) = — L(g® e_a) for each g Ç i î . By the linearity and con
tinuity of L and ®, M Ç i ï ' . As well, M(z) = L(z)/(z - a) and so I = 
M*(£><5 — aô). So J9(M * / ) = aM * / showing that M *f = cea. Since c = 
I f */(0) = L(f ® ea)

v = 0, M *f = 0. 
If M(f ® ea)

v is non-zero, the proof is completed at this stage. Otherwise, 
the order of the zero of M(f ® ez)

y is one less than that of L(f ® ez)
v at 

z = a. Continuation of this process yields after a finite number of steps the 
existence of an N (E H' with N *f = 0 and N(f ® ea)

y ?± 0. Hence, when 
unea G Wf, K(f )(z) has a pole of order exceeding n at z = a. 

As a consequence of the above theorem, the following definition is consistent 
with the definition of Schwartz [13] of the spectrum of an entire mean periodic 
function. 

Definition. The spectral set, Sf, of an entire mean periodic function f is the set of 
poles of K(f ) (z). The spectrum, Af, is the set of pairs (ak, pk) where ak G Sf and 
pk is the order of the pole of K(f ) (z) at z = ak. 

THEOREM 5. If K{f ) is entire, then f = 0. 

Proof. As usual, let L be a non-zero element of H' with L *f = 0. Since K(f ) 
is the quotient of two entire functions of exponential type, K{f ) is also of 
exponential type when it is entire (see, for example, Kahane [6, p. 135]). 
Then K(f)(z) = M(z) for some M G H' and so L(f ® ez)

y = N{z) where 
N = L * M. Letting h = L * ( / ® ez), 

Dh = L* D(f ® ez) = L * ( / + zf ® ez) = zh. 

Thus h = h(0)ez and as fe(0) = N(z), L * ( / ® ez) = N * e2. By the linearity 
and continuity of L, N, *, ®, it follows that L * (f ® unez) = N * unez for 
n — 1,2, . . . . So L * ( / ® g) = iV * g where g is any polynomial and so also 
when g is any entire function. 

From L * ( / ® g) = L * M * g, we obtain L * (f®n ® g) = L * M®n * g 
and then L(/^ r e ® ez)

v = £(z) (w(z))n for n = 1, 2, . . . where w(z) = # ( 2 ) = 
# ( / )(z). Asf®n -> 0 locally uniformly, £(2) • (w(z))w -> 0 as w -> 00 showing 
that if £(z) ^ 0, \w(z)\ < 1. Since the zeros of £ are isolated, \w(z)\ ^ 1 for 
all complex z. So, by Louiville's Theorem, w(z) is a constant, say c. 

Thus w(z) = M(z) = cS(z) and then L * (f ® g - eg) = 0 for all g Ç iJ. 
If c 5̂  0, and w is any entire function then by Theorem 1, g may be chosen so 
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that / ® g — eg = w. Hence L * w = 0 for all entire functions w showing 
L = 0. As this is a contradiction, c = 0 and then L * ( / ® g) = 0 for all 

If we now suppose t h a t / ^ 0, then/(0) ^ 0 or there is a positive integer n 
for which Dnf(0) ^ 0 but £*/(0) = 0 for k = 0, 1, . . . , n - 1. In either case, 
L * U ® g) = 0 yields after differentiation n + 1 times 

L * [0»/(O)g + (Dn+y ) ® g] = 0 

for all g G H. Again, by Theorem 1, it follows that L * w = 0 where w; is any 
entire function and so L = 0. As this is a contradiction, we see / = 0 when 
K(f ) is entire. 

COROLLARY. Ze/ Z, * / = 0 where f ^ 0 awd L is a non-zero element of Hr. 
Then there exists a non-zero N Ç H' such that L * (f ® g) = iV * g and iV(z) = 
L(f ® ez)

y for allgt H. 

THEOREM 6. An entire mean periodic function, f, is the limit of a sequence of 
exponential polynomials \fn) C Wf. 

Proof. Let W denote the closed translation invariant subspace spanned by 
the exponential polynomials belonging to Wf. To show that / £ W, it suffices 
to show that if M is any non-zero element of H' with M * W = {0}, then 
M*f = 0. 

Choose and fix a non-zero element L of H' for which L *f — 0. Put & = 
M *f so that L * & = 0. By use of Lemma 2, 

L(h ® e2)v = (L * M ) ( / ® e2)v - £(*) • M ( / ® e2)v 

= M(s) • L(f ® e2)v - £(*) • M ( / ® e2)v 

and so 

K(h)(z) = M(s). # ( / ) ( * ) - M(f®ez)
v. 

Since M * W = {0}, we see by Theorem 4 that ifir(z) • K(f )(z) is entire. 
Thus K(h)(z) is entire so by Theorem 5, A = 0. Hence / G W. 

3. New propert ies . With addition and the convolution product defined in 
§ 1, it is apparent that H is a commutative ring and an algebra over C. More
over H has no non-zero divisors of zero. To see this, let / , g Ç H, f ® g = 0 
and g 5* 0.Then,/(0)g + (£>/ ) ® g = D(f ® g) = 0 and as g = 0 if/(0) ^ 0 
by Theorem 1, one has/(0) = 0. Inductively, Dnf(0) = 0 for n = 0,1, 2,. . . and 
since / is entire, / = 0. 

That H can be shown to have no non-zero divisors of zero in a manner that 
avoids the use of Titchmarch's convolution Theorem [14] was known to Rubel 
[12] who also recognized that this ring would form the basis of an operational 
calculus, similar to that of Mikusinki's convolution quotients of continuous 
functions on a half line (see, for example, Erdélyi [4]). 
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We now show that H has a single descending chain of ideals, where an ideal 
/ of if is a subspace of H that contains f ® g whenever / £ I and g Ç H. 
A similar property holds for a ring of exponential polynomials (Laird, [9]). 
Here, the degree of an entire function/ is zero if /(0) 9e 0 and » if Dkf(0) = 0 
for k = 0, ., . . . » - 1 with Dnf(0) j* 0. (If/ = 0, t hen / has infinite degree.) 

THEOREM 7. (a) Let f, g be entire functions and g ^ 0. Then a necessary and 
sufficient condition for the integral equation w ® g = f to have an entire function 
as a solution is that the degree of f exceeds the degree of g. 

(b) Let I be any non-trivial ideal of H. Then I = Xn where Xn = {g £ H: 
degree g ^ n) for some positive integer n. 

Proof. The necessity of condition (a) is due to the fact that if w and g are 
entire functions and g ^ 0 then the degree oi w ® g exceeds the degree of g. 

Conversely, let g have degree m and suppose that the degree of/ exceeds m. 
If m = 0, then g(0) ^ 0, /(0) = 0 and by Theorem 1, there exists an entire 
function w satisfying g(0)w + w ® Dg = Df. On integration of this equation, 
we obtain 

g(0)w ® e + w ® (e ® Dg) = e ® Df = f - f(Q)e = f or 
w ® g = / where e : z —•> 1. 

If m is positive, let a — Dmg(0) so a ^ 0. Then, by Theorem 1, an entire 
function w can be found with 

aw + w ® Dm+1g = Dm+1f. 

On repeated integration, with 

Dkf(0) = 0 = Dkg(0) for k = 0, 1 . . . m - 1 and Dmf(0) = 0, 

we obtain w ® g = / . 
For (b), let / be any non-trivial ideal of H. Also let m be the smallest degree 

of all functions in I so / C Xm. Choose and fix g to be an element of I with 
degree m. Then g{z) = Y,%mgjZj/j\ and gm ^ 0. 

Let h be any element of Xm with ^(z) = Y,!=mhjZj/j\. Then fe — hmg/gm has 
degree exceeding m so that it is equal to w ® g for some w 6 H by (a). Thus fe 
belongs to the ideal / showing that Xm C L Hence Xm = / . 

If I contains an element/ with/(0) ^ 0, then m = 0 and I ~ H. Otherwise 
I = Xm for some positive integer m. 

The next theorem concerns the transform T(f ) of an entire function / 
defined by 

oo oo 

TUm = E f£m when /(«) = E ffi'W 

THEOREM 8. Let f be an entire mean periodic function. Then 

K(f)(z) = T(f)(l/z). 
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Proof. Choose a non-zero element L of H' satisfying L *f = 0. Let 

A oo oo 

L{z) = £ anz
n/n\ so that L*f(z) = £ anD

nf(z)/n\ 
n=0 n=0 

With L * Z?»/ = 0 a n d / = Z^o/„z7«! , 

CO 

(6) E < W W * ! = 0 form = 0,1 ,2 , . . . . 
n=0 

Now 

L(f®ez? = L * ( / ® « , ) ( 0 ) 

= 0 + £ a i i : / / ~ ; _ 1 ) / « ! (using (2)) 

OO OP 

= X) 2* X) fn-k-ldn/nl 
lc=0 n=k 

Also 
A OO OO 

r(/)(i/2)L(2) = £ z^- 1 £ ^ / » ! 
i = 0 71=0 

oo oo 

= Z(/ ® e2)
v + 2 : s""-1 £ an/n+m/«! 

n=0 n=0 

from (6). The result then follows from the definition of K{f ). 

This also shows that K(f )(z) is none other than Borel's form of the Laplace 
transform of/. 

The transform T has other properties. It is clear that it is a linear map and 
from (1), T(um ® un) = T{um) • T(un). Hence T{f ® g) = T(f) • T(g) for 
a l l / , g £ iif and so T is an isomorphism between H( + , ®) and a subalgebra 
of the ring of formal power series in one indeterminate. 

For the remainder of this section, MH will denote the set of all entire mean 
periodic functions. 

THEOREM 9. MH is a subalgebra of H and 
(a) the transform K is a monomorphism from M H into the field of meromorphic 

functions, and 
(b) iff € MH and if h is any exponential polynomial, then f h G MH. 

Proof. Let/ , g Ç MiJand let L, M be non-zero elements of H' with L *f = 0, 
M * g = 0. Also let a, b G C. As Z, * M ^ 0 and L * Af * (a/ + 6g) = 0, 
af + bg £ MH. From the Corollary to Theorem 5, L * ( / <g> g) = N * g for 
some N £ H' whence L * i t f * ( / ® g ) = 0 . Hence ik/7? is a subalgebra of i7. 
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That K is a homomorphism from MH to the field of meromorphic functions 
can be shown by two applications of Lemma 2 that give 

(L * M)((af + bg) ® ez)
v = aM(z) • L(f ® ez) + bL(z) • M(g ® ez)

y 

and 

(L * M){U ® g) ® ^ ) V = i ( / ® ^ ) V ' Af(g ® ^ ) V . 

Alternatively, this property of K is a consequence of the preceding theorem 
and remarks. 

For part (b), since MH is a subspace of H, it suffices to show that uneaf € 
MH when / G ikfiJ. In turn, this reduces to showing that uf and eaf £ Mi l . 

Let L\ and Z,a be elements of H' defined by Li(w) = L(uw) and La(w) = 
L(eaw) for each w £ H. Then 

L *«/(*) = L((s - u)Tzf)
y = sL */(*) - U */(*), 

so 

L * L * uf = —L * Li * / = 0, 

and 

(L« **«/)(*) = L(eaTz(eaf)
w) = eazL */(2) = 0. 

As Z, * L and La are non-zero, w/ and ea/ G Mif. 

COROLLARY. If & is any exponential polynomial, then K(h)(z) is a rational 
function of z. 

Proof. The proof is a consequence of K(ea)(z) = 1/(2 — a) and ea®
(n+1) = 

^ a / w ! . 

Remark. It would appear, following the remarks of Schwartz [13, p. 927], 
that the pointwise product of two entire mean periodic functions need not be 
mean periodic. A specific example is given by the two mean periodic functions 
exp (exp iaz), exp (exp i$z) where a, /? are real and incommensurable. The 
product of these functions is 

h(z) = y^ J2 —— exp (iamz + ifinz) m, n = 0, 1, 2, . . . . 
mini 

As {am + fin : m,n = 0, 1, 2, . . .J is a set of real numbers with infinite density, 
h is not mean periodic. 

THEOREM 10. Let f, g be entire mean periodic functions. Then 
(a) if g T6 0 and if w is an entire function satisfying w ® g = / , then w is 

mean periodic, and 
(b) the solution to w — w 0 g = / is mean periodic. 

Also, if J is any non-trivial ideal of MH, then J — Yn where Yn = {/ £ MH: 
degree of / ^ n) for some positive integer n. 
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Proof. Let L, M be non-zero elements of H' with L * / = 0, M * g = 0. 
If w G if and if g ^ 0, by the Corollary to Theorem 5, there exists a non-zero 
element N of i ï ' for which M * (w ® g) = N * w. Hence L * N * w = 0 and 
as L * iV J* 0, WJ is mean periodic. 

The equation w — w ® g = /always has an entire solution and is equivalent 
to w ® (e — g ® e) — f ® e. From Theorem l,e — g ® e 7e 0. Also e — g ® e 
and e ® f are mean periodic and so w is mean periodic. 

A necessary and sufficient condition for w ® g = / to have an entire solu
tion has already been given in Theorem 7. This, along with the details of the 
remainder of Theorem 7 holding for MH in place of H shows that the ring 
MH(-\-, ®) has a single descending chain of ideals. 

The final results of this section are concerned with systems of equations. 
Here, reference to a mean periodic vector will mean a vector whose components 
are entire mean periodic functions. 

THEOREM 11 For the system of equations 

wf (z) — Aw(z) + / ( z ) with w(a) = b, 

where A is a constant n X n matrix and f is a n-vector whose components are 
entire functions, a necessary and sufficient condition that w be mean periodic is 
that f is mean periodic. 

THEOREM 12. Let A (z) be an n X n matrix whose elements are entire functions 
with a complex period c. Let f be an n-vector whose j-th component is of the form 
gjhj where each gj is an exponential polynomial and hj is an entire function with 
complex period djm If each dj is a real, positive and rational multiple of c, then all 
entire solutions to the system of equations 

wf(z) = A(z)w{z) +f(z) 

are mean periodic in H. 

THEOREM 13. Let f be a mean periodic vector and G = {gjk} be ann X n matrix 
whose elements are entire mean periodic functions. Then the system of equations 

n 
wi - Z) gy* ®u>k= fj U = 1, 2, . . . n) 

k=l 

has a unique mean periodic solution. 

THEOREM 14. Consider the system of equations 

m 

£ [Ajiv'(z - at) + Bfv(z - bj)} = /(*) 
7=0 

where 
(i) for j = 0, 1, . . . m, Aj, Bj are n X n matrices of complex numbers with 

AQ = I, the unit matrix, 
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(ii) ao = 0, ai, a2, . . . am are non-zero complex numbers lying in a sector 
{z = reie : |0 + a| < w/2} for some fixed a and bo, bh . . . bm are any complex 
numbers, and, 

(iii) the components of the n-vector f are entire functions. 
Then (a) the homogeneous equation has at least one non-zero entire mean 

periodic solution, 
(b) iff is mean periodic, then all solutions that are entire are also mean periodic, 

and, 
(c) if any entire solution w is mean periodic, then f is mean periodic. 

The proofs of the above four theorems are given in a thesis of the author or 
are akin to the proofs of similar theorems for continuous mean periodic func
tions of a single real variable (Laird [8, Chapter 5] or [7; 10]). They are 
therefore omitted. However, it may be noted that the major conclusion of 
Theorem 14, part (b), is a special case of Proposition 8 given by Malgrange 
[11, p. 318]. 

4. Several variables. It is natural to enquire as to how many of the previous 
results are valid for entire mean periodic functions of several variables. These 
functions have been considered by Ehrenpreis [3] although our tentative obser
vations hold also for the indefinitely differentiable functions of several real 
variables discussed by Malgrange [11]. 

We let E denote the space of entire functions of n complex variables and 
equipped with the topology of convergence uniform on all compact subsets of 
Euclidean complex w-space. Then / £ E is mean periodic if the subspace 
spanned b y / and its translates is not dense in E; this being equivalent to the 
existence of a non-zero element S of the dual space of E satisfying a convolution 
equation S *f = 0. Since this dual space is an integral domain, the set of all 
such mean periodic functions is a subspace of E. 

When/, g are any entire functions of n complex variables, their convolution 
may be defined as 

o */ o v o 

where z = (zi, z2, . . . zn) and £ = (£i, £2, • . . £m). The method of proof used in 
Theorem 1 may be adapted to show that / ® g is entire. 

It is well known that a linear partial differential equation with constant 
co-efficients may have solutions that are not exponential polynomials (i.e., 
finite linear combinations of terms 25i5l22

?2 . . . zn
Qn exp (a,\Z\ + a2z2 + • • • a A ) ) -

However, it is possible to give a simple characterization of an exponential 
polynomial of n variables by 

LEMMA 15. Let g £ E. Then g is an exponential polynomial if, and only if, 
there exists n non-zero linear partial differential operators Pu P2 , . . . Pni where 
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each Pi has constant coefficients and only involves the partial derivatives with 
respect to zt and Pig = 0 for i — 1, 2, . . . . n. 

Proof. If g G E and Pig = 0, then g is a finite sum of terms A (z2, z3,... zn)ziq X 
exp (azi) where q is any non-negative integer and a is any complex number. 
With Pig = 0, P2A = 0 and so each A is a finite sum of terms B (z3, s4, • • • s J ^ X 
exp (002). Continuing in this manner, we find that with Ptg = 0 for i = 1, 2, 
. . . w, so g is an exponential polynomial. 

The converse portion of the proof is obvious. 

Using this characterization, we have 

THEOREM 16. Letf, g, h £ E where f is mean periodic and g, h are exponential 
polynomials. Thenf ® g is mean periodic and g ® his an exponential polynomial. 

Proof. Let Ptg = 0 for i = 1, 2, . . . n where each Pt is as in Lemma 15. 
Then, with D\ — d/dzi, 

Di(f ®g)(z)= I ' ... I "fi*!, a . . . 6,)£(0, z2 - £2> . . . zn - in) 
•J 0 J 0 

X<*fc...d&,+/®Z>ig(s), 

2>i*(/ ® g)(«) = f . . . P" E iV/(*i, «.,... £.) 
i 7 0 «̂  0 j=0 

X Df-^gQ, z 2 - ^ . . . z n - £n)d£2 . . . d$n + / ® ZVg(s) 

and as P\ is a linear operator in Di with constant coefficients, 

0 J 0 3,1 

X ZVg(0, 2̂ - ?2, • • • ^ ~ Zn)dh . . . dfn + 0 

where yl^z are constants. Next, 

D2Pl(f ® g)(s) = P \ . . P" £ AjlD1
jf(z1, zt, *,,... £,) 

^ 0 «^ 0 

X D / g ( O , O , 0 S - b , . . . z » - y * . . . 4 + I ••• ! 
•^ 0 «-' 0 

X E AuDtiizu | 2 l . . . S„)£>2£>i g(0, a2 - fc, . . . «» - U # * . . . <*&. 

whence, by use of Pig = 0, 

i V M / ® g)(*) = ] • • • / Z BsrivD1
,D/f{zl, z2, U... kn) 

«/ 0 «^ o 

X ZVzV'g(0, 0, « , - £ , , . . . * . - {,)#* • • • <*£, 

where B)j>u> are constants. Continuing in this manner and using Ptg = 0 
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for i = 1, 2, . . . », we finally obtain 

P.... PtPiif ® g)(z) = £ ChH.. tPfDf ... Djjiz) 

where Cjlj2..,jn are constants. Rephrasing this relation, we have 

(Pw . . . P2P1)ô * (f®g) = T*f 

where (Pw . . . P2Pi)ô and P are elements of the dual space of E. If/ is mean 
periodic with 5 * / = 0 where 5 is a non-zero element of the dual space of E, 
so also is T1 = S * (Pn . . . P2Pi)ô. With T1 * ( / 0 g) = 5 * P * / = 0, we see 
t h a t / ® g is mean periodic. 

Now let h be another exponential polynomial with n non-zero linear partial 
differential operators, Qu each with constant coefficients only involving partial 
derivatives with respect to zt and satisfying QJi = 0 for i = 1, 2, . . . , ». 
From (7), replacing/ by h, we find 

0 «J 0 ; , I 

X lVg(0, 22 - f2, . . . »» - £n)d«2 . . . din 

so that QiPi(h ® g) = 0. In a like manner, it may be verified that QtPi(h ® g) 
= 0 for i = 2, 3, . . . » as well as i = 1. As each QtPi is non-zero, Lemma 15 
entails that h (8) g is an exponential polynomial. 

We note that the proof of Theorem 9, part (b) could be extended to show 
that the pointwise product of an exponential polynomial with a mean periodic 
function in E is mean periodic. 

Since the remaining remarks are negative in nature, they shall be confined 
to entire functions of two complex variables, z, w. 

If /(s , w) = 2zez2 and g(z, w) = 2wew2, then/ , g are mean periodic in E as 
D2b * / = 0, Did * g = 0 where D\ = d/dz, D2 = d/dw. However, their point-
wise product, fg, is not mean periodic since the subspace spanned by fg and 
its partial derivatives includes the pointwise product of any polynomial with 
fg and so is dense in E. 

Hence/ ® g(z, w) = (ez2 — l)(ew2 — 1) is not mean periodic. A consequence 
of this is that the Corollary to Theorem 5 and the first part of Theorem 9 does 
not hold for functions of several variables. 

No transform appears to be yet available for mean periodic functions of 
several variables. If e(z, w) = 1 and if 5 = Did with 5 * e = 0, a modification 
of the transform introduced in § 2 to 

K{f )(z,w) = S(f 0 exp (z, w))w/S(z, w) with exp (z, w) (£, 77) = 

exp (z£ + wri) 
is inadequate, simply because, 

S(e 0 exp (2, w))v = (D^e2 - l)(ew - 1)),-„«-« = 0. 
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