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Abstract

In this paper, we prove the existence, uniqueness and multiplicity of positive solutions of a nonlinear
perturbed fourth-order problem related to the Q curvature.
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1. Introduction

In recent years, there has been an intensive study of the relationship between
conformally covariant operators and partial differential equations. See some recent
survey papers by Chang [8] and Chang and Yang [10]. Given a smooth four-
dimensional compact Riemannian manifold (M, g), let R, and Ric, be the scalar
curvature and the Ricci curvature of g, respectively, div, the divergence operator and
d the de Rham differential; then the Paneitz operator is defined in the following way:

Py = Aoy — divg(3R, — 2Ric,) dy;
see Paneitz [22]. For the case N > 5, the Paneitz operator P, is defined by

N-4
Py = A, — divg[ayR,g + byRic,] + Qs
Here s 5
1 N3 —4N? + 16N — 16 2
= AR, + z_ Ricl?
Q= Mt W — o e T (oo R
and
(N-2)?+4
ay=———"7""7-,
NTON-DHWN-2)
4
by = ———.
NTTN 2
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When N > 5, the operator P, has the following property: if g = u/W=9g is a
conformal metric of g, then for all ¢ € C*(M)

Py(pu) = ¢/ N=Dpo(y),

In particular,
N-4 -
Pylg) = —5— Qg VI,

Many interesting results on the Paneitz operator and related topics have been recently
studied by Branson [5], Branson et al. [6], Chang and Yang [10], Gursky [18], Ben
Ayed and El Mehdi [4], Chtioui and Rigane [11], Esposito and Robert [15], Sandeep
[24] and many others. In particular, when N > 5, Djadli et al. [12] studied the
coercivity of the Paneitz operator and the positivity of solutions. Moreover, Djadli
et al. [13] and Hebey and Robert [19] studied the blow-up analysis of the Q curvature
equation.

Let us now consider the question: given a smooth function Q on SN (N > 5), does
there exist a metric g conformal to the standard metric gy such that Q = Q,?

If we assume a conformal transformation of the form g = w¥®~%g,, the answer to
the above question is ‘yes’ if and only if we can solve for w in the equation

N_ 4 4 —4 .
{Pg0w= —— 00wV N in g, an

w>0 in SM.

The problem of finding Q such that (1.1) possesses a solution can be seen as
the generalization to the Paneitz operator of the so-called ‘Nirenberg problem’ Q;
namely: which functions on SV are the scalar curvature of a metric conformal to the
standard one? The Nirenberg problem has been studied by several authors; we mention
Ambrosetti ef al. [2], Chang and Yang [10], Chang et al. [9] and Kazdan and Warner
[20]. A detailed bibliography on the Nirenberg problem can be found in Ambrosetti
and Malchiodi [3].
It can be checked that the Paneitz operator on (SV, g¢) is given by

(N —4)N(N? - 4)
16 v

1
Pgow = A2yw — E(N2 — 2N — 4)Awvw + (1.2)

Consider the inverse of the stereographic projection
IM:RY — sV

given by

'_)( 2x |x|2—l)
1+ 62 x2+ 1)

The spherical metric go is given in terms of the stereographic coordinate system as

4 dx?

8= T ey
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Hence, by a direct computation,

Py, () = (1 +2|x|2 )(N+4)/2A2u for all u € C*(RY),
where
@) = uricoy IO
Then (1.2) reduces to
Au = Q(x)u™MY N inR* where O = QoL (1.3)

Let us consider the problem (1.1) by taking Q to be a perturbation of a constant
function. More precisely, we let Q = (1 + gh), where & is a smooth function on sV
and & > 0 is a small parameter. Using the stereographic projection from SV to RY, we
transform (1.3) (with f denoting the transformed function /) to the following problem:

A?u = (1 + ef(x)uN+H/N=9jn RN, (1.4)

u>0 in RV, :
But, in this paper, we consider the nonlinear perturbed problem

Ay = yN+HIN=D L o f(x)ud  in RV,

u>0 inRY, (1.5)

with f(# 0) € L°(RY) n L'(RY), & being a positive parameter and 1 < g <
(N +4)/(N —4). Note that when g = (N +4)/(N —4), then (1.5) reduces to (1.4).
When g = (N + 4)/(N — 4), it is enough to have f € L*(R").

Note that (1.5) is related to the entire space problem

A2U — U(N+4)/(N—4) in RN,
{U € D*(RN),

where D>*(RV) = {u € L*N/W-H(RN) : fRN |Aul? dx < +00}, and the solutions are given
by Lin [21] as

1 \W-92

Uppx) = CN(1+—|X|2) ,
Upelx) = A-(N-“)/zUl,o(x - f) (1.6)

and oUye N-4
(x—8).VU,) = —(AW‘ n TUM), (1.7)

where Cy = [N>(N? — 4)(N — 4)]¥*/8_ Here

2 2
u = Aul” dx.
el v, fR A
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Note that when 1 < g < (N +4)/(N —4), we have interaction with the critical
dimension as U i’j(r)l is integrable provided g > 4/(N — 4), that is, the cases N = 5,6,7
are the worst case scenario and that is the reason why we require f € L'(RY) 0 L*(RM).

Let us define a finite-dimensional functional ., where

1 . ﬂN_G
JA,9) = 7+l LN FOUL T () dx = P o (Ddx,  (1.8)

where 0 = (N —4)(g + 1))/2. Using the Holder inequality in (1.8) and choosing
N/(N-4)<s<2N/(N —4),

(g+1)/s

(s=1)/s
T < C f (/6D dx) ( fR Uj,f(x)dx)
< AN@ DO LU ol

Hence,
T(,8) =0 asd—0. (1.9)

As a result, we can extend J(1,&) on R X RY in an odd way as
JA,&) =-J(-2,&) for 1<0.

Without loss of generality, we consider JQ, &) = J A, €). Moreover, from (1.8) and
the fact that U  is bounded,

N-0
gae =" [ rer vt
< el fl.

Noting the fact that N — 6 is negative, we conclude the fact that J(1,&) — 0 as |1| — oo.
Furthermore, if 1 — A, > 0 and |£] — oo, by the dominated convergence theorem,

_ /1_9 +1 x_f
f (590

Hence,

lim J,&) = (1.10)

[A[+[g]—>00

Hence, from (1.9) and (1.10), there exists (4, &) with 4 > 0 such that J has a critical
point (a global maximum or a global minimum) at (4, £). Let

Jo(u) = f |Au|2dx—— |u|P+1dx . f FOOlule*! dx.
+1 RN

Hence, by Felli [16] as well as Lemma 2.2, there exists &y > 0 such that for all
g€ (0,&), J. € C2(D**(RM),R) admits a critical point u, € D*>*(R") near M and
hence u, is a solution of (1.5), where p + 1 = 2N /(N — 4) and

M={Uyz: (1,€) e RT x RV}
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is an (N + 1)-dimensional manifold of solutions. Note that the existence of a solution
is dependent on some sort of ‘nondegeneracy’ condition of the critical point of 7.
Let K ¢ R* x RN be a compact set and define

d(u, = inf |u-U , .
(u, M) (M)E,(ll A&l D22 @y

In this paper we discuss the existence, uniqueness and multiplicity of positive
solutions of (1.5) under the assumption that f € L'(RY) N C'(RY) n L=(RY).
Now we state the following theorems motivated by [23].

THeEOREM 1.1. Let (A,&) be a nondegenerate critical point of J. Then there exists
&o > 0 such that for all € € (0, &y), (1.5) admits a positive solution u,. Moreover,
e — Upellpeaeyy = O(e).

CorOLLARY 1.2. Let u, be a sequence of solutions of (1.5) such that
llug — Upellpeagyy = 0 as e — 0.
ThenVJ(1,€) =0.

Tueorem 1.3 (Uniqueness). Let (A,&) be a nondegenerate critical point of 9.
Furthermore, suppose |V f(x)| < C and there exists two sequences of solutions {ug;}
(i=1,2) of (1.5) such that

||I/£&,' - U/Lé:HDZ,Z(RN) -0 ase—0. (111)
Then there exists gy > 0 such that for all € € (0, &9), Uz = Ug 2.

Remark 1.4. Note that if ¢ = 1 and N > 8, positive solutions of (1.5) are nonunique
for £ sufficiently small. See Felli [16]. In fact, Esposito [14] proved existence of two
positive solutions of the Paneitz operator on SV (see (1.2))

_ NY(N-4)(N*-4)
B 16

and 1 < g <(N+4)/(N—4)when f changes signand g >4/(N —4)org <4/(N —4)
and fsN f = 0. Note that our uniqueness is different in this context.

Pu ¥V Yy + (ef + o))" u

Tureorem 1.5 (Multiplicity). Assume that there is a compact set K c R* x RN with
nonempty interior such that the critical points of J in K are finite and nondegenerate.
Furthermore, suppose |V f(x)| < C. Then there exists pg = po(K) > 0 and gy = £9(po) >
0 such that for all € € (0, gy), the number of solutions to the problem (1.5) with
d(u, Mg) < pg is the same as the number of nondegenerate critical points of .

CoroLLARY 1.6. Furthermore, the conclusions of Theorems 1.1-1.5 hold for the
equation
(—A)mu — (1 + Sf(x))u(N+2m)/(N_2'") in RN

whenever ||fllo + [IVfllo < C, N >2m and m € N. The construction of positive
solutions follows from Wei and Xu [25].
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Remark 1.7. Note that the conclusions of Theorems 1.1-1.5 are not only applicable to
the powers of Laplacians, but also applicable for the coercive Hardy equation —Au —
w/IxPu = (1 + ef (x)uN*2/N-2) with N >3 and p > 0. Here proving the results
becomes much easier as Ker{—A — (u/|x|*) = (N + 2)/(N = 2))u* N2} in DL2RY)
is one dimensional due to the scaling invariance of the operator.

2. Preliminaries

LemMma 2.1 (Nondegeneracy). The kernel of the linearized operator

N+4 _
L:Az— —N—4U/L§4/(N 4

in D*2RY) is N + 1 dimensional and

(9U,L§ BUM GUM 6U,1’§}

Ker(.[j):{ 0d T 8¢ T 0& T 06y

Proor. This follows from Djadli et al. [13]. O

Let H be a Hilbert space and J.(u) = Jyo(u) — eG(u) be a perturbed functional, where
Jo.GeC 2(H, R). Moreover, assume that J, satisfies:

(f1) Jp has a finite-dimensional manifold of critical points M; let ¢ = Jy(z) for all
ZeEM,;

(f2) forall z € M, J(z) is a Fredholm operator of index zero;

(f3) forallze M, T, M= Ker Jj(z). We denote J = G|um.

Lemma 2.2. Let Jy satisfy (fl)—(f3) and suppose there exists z € M which is a critical
point of J such that one of the following conditions holds:

(1) zis nondegenerate;
(2) zis a global maximum or global minimum;
(3) zisisolated and the local degree of VI at z is different from zero.

Then there exists gy > 0 such that for all € € (0, &), the functional J. has a critical
point u, such that u, — zas € — 0.

Proor. The proof of this lemma follows from Ambrosetti and Badiale [1]. Also, see
Ambrosetti et al. [2, page 122] and the book by Ambrosetti and Malchiodi [3]. Note
that Lemma 2.2 is a very general theorem; it is not restricted to Laplacian operators
only. Note that in Felli’s proof [16], condition (2) of the lemma holds. O

Lemma 2.3 (Caristi and Mitidieri [7]). Let Q be an open subset of RN (N > 5) and

ue leo’cz(Q) be a weak solution of

AN u=a(xu inQ,
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where a € Ly (Q) witha > N/4. Then, for any 0 <8 < +o0, there exist C >0and R >0

such that e
1 +
sup |ul < C[—Nf |u|/3+1]
B(y,)NQ " JBm.2/nQ

foranyy € RN and 0 < r <R.

Lemma 2.4. Let u; be a sequence of solutions of (1.5) with ||lu; — U, ¢llpr2gny — 0 as
g — 0 for some (1,&) € Rt xRN, Then the asymptotic behavior for derivatives of u,
at infinity is given by

IVPu,(x)l = O1)[x*VF 2.1

for 0 < |B] < 3 whenever |x| > 1.

Proor. First note that if u;, — U, ¢ in D*2(RN), then
f 2NN () dx - f U dx
RV RV 77
as & — 0. Moreover, as f € L*(RY) n L'(RY), by the Holder inequality,

\ f Fout (mdd < ¢,
RN

f Foul™ (%) dx—>f f(x)UjEl(x) dx.
RN RN i

Also, by elliptic regularity, u, — U, in Cﬁ,C(RN ). Hence, u, is locally uniformly

bounded. So, we need to study the decay of u, at infinity. Define the Kelvin transform
of u, as

A . 4-N X
ig(x) = |x| uS(W).

By the application of the Kelvin transform on (1.5),
Nf, = [0V + efColx il i, inRY\(0),

where 7 = N + 4 — g(N — 4) and f(x) = f(x/|x/). Let az(x) = a2/ V™ + e f(x)x 7o
But f(x)|x|" is bounded near 0. Hence, by Lemma 2.3, there exist R > 0 and C > 0
independent of £ > 0 such that

1 NNt (N—4)/2N
sup 12,0 < €| = f 8PV N dz <c.
Br(0) Bag

This implies that, for |x| > 1,
ue(x) = O(x*").
And, hence, by the Schauder estimates,
IVEu,| < Clx*=N¥l.

Note that in the above estimate C > 0 is independent of £ > 0. O
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Lemma 2.5. Let w, be a sequence of solutions of

2.2)

AW = c,()w + ef(x)d(x)w in RN
w e D>2(RY)

with ||wellpea@ny < C, where ug; (i = 1,2) are solutions of (1.5)

1
ce(x) = f [tu&](x) +(1 - t)u&z(x)]S/(N—ét) dt
0

and )
de(x) = fo (1141 () + (1 = D2 (017" di.
Then, for |x| > 1, we have a uniform estimate
IVOw(0)] = 0Dl ¥ 2.3)
for0<|Bl < 3.

Proor. By the standard regularity, w, is locally uniformly bounded. Let us consider
the Kelvin transform of w,

A o |y 4-N X
Ws(x) B |x| WS(W)’

Ba(x) = |x|“*Nu£(§), o) = |x|“*ng(é), x e RM\(0).

Furthermore, define
1
o = [ W1 + (1= Dl
0

1
d,(x) = f [tiis) + (1 = Ditg2]7" dt.
0

Then, by (2.2), W, satisfies
X

AV, = 8o + £lx T f |
|x|

)cigwg in RM\{0}. (2.4)
So, we are going to study boundedness of (2.4) near a neighborhood of the origin.
From Lemma 2.4, &, |x|""d, f(x/|x]?) is uniformly bounded near the origin. Hence, by
Lemma 2.3, there exist C, R > 0 such that

(N-4)/(2N)
[ o

N 1 N _
sup  |Wwel < C[—N f W)V V=4 7
BO.RNQ RY Jpyorna

Hence, W, is uniformly bounded near the origin and hence |w,(x)| < C|x/*"V when
|x] > 1. The decay of higher derivatives follows from the standard elliptic estimates. O
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Lemma 2.6 (Kazdan—Warner-type identities). Let u. be a solution of (1.5) such that
lug = Unellpra@yy = 0 as € = 0 for some (4,&) € R x RN.  Then, we have the
following two types of Pohozaev identities:

f f(x)ug(;bf=0, i=1,2 (2.5)
RN i

f Feoud [(x L Vu+ (N .
RN

Proor. In order to prove (2.5), we multiply (1.5) by du.(x)/0x;, i =1,2,...,N, and
integrate by parts on the ball Bg(0) to get

& A & &
f UMDV 4 f(x)ug)au _ f 0hus Ous f VA - 9 V.
Bg(0) 0x; aBx0) OV Ox; () 0x;
(2.7)

and

4)14 —0. 2.6)

By (2.1), we obtain

‘LBR(O)

Again, by a suitable integration by parts and using (2.1) and Lemma 2.4, we get, as
R — oo,

9 d (Ou 1
s 0 [ (2 ool
jI;R(O) ! aXi( us) ~[9131((0) (')v 15} 2Rx| u l o=0 R2(N-2)

Hence, from the last two relations,

0Au, (9u‘9
ov c’)x,

= O(R2(N 2)) as R — oo,

Igim {Right-hand side of (2.7)} = 0. (2.8)

We note that, again integrating by parts,

ou, 1 Ou,
f NN 4 e fxul) e _ _ f xu?N' NV do + & Fxul e |
Br(0) Oxi R Japyo Br(0) dx;
Using (2.1) and letting R — oo in the above equation,
. (N+4)/(N-4) O qOlts
lim (u, + ef(xX)ug =& f(X)ug . (2.9)
R— o Br(0) ax,» RN Gx,-

Therefore, we obtain, using (2.9) and (2.8),

f fx)ud " = lim {Left-hand side of (2.7)} =

which proves (2.5).
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For (2.6), we multiply (1.5) by (x — &) - Vu, + (N —4)/2)u. on either side and
integrate on the ball Bg(y) as before to obtain

fB Nt (-8 Vuo + (N2 )

2
[ eleasen ()

(2.10)

Integrating by parts,

Left-hand side of (2.10) = R f LN g
0Br(y)

)

vo [ fou-6 uo+ (N
Br(y)

Again integrating by parts suitably,

1
Right-hand side of (2.10) = f (|x - §|[—|Au£|2 +
9Br() 2

0 ( Oug
- Ausa(r ar )) do.

Ooug 0
—(Au,
or ar( u)]

Using the decay estimate (2.1),

| ' N-4
lim {Left-hand side of (2.10)) = fR . f()c)uaq((JC — &) Vs + ( 2 )”)

and
I%im {Right-hand side of (2.10)} = 0.

Hence, (2.6) follows. O

RemMark 2.7. Note that when ¢ = (N +4)/(N —4) one can derive the Kazdan and
Warner [20] kind of identities using the concept of an integral equation in D*?(RV);

() = f (1+ £ () F(x V1 V=9() dy, @.11)
RN

where F(x,y) = 1/(4 = N)oy|x — y|¥~* is the fundamental solution of A> and oy is the
area of the unit sphere in R"Y. The main idea is the fact that

A*u=f inRY

can be written as u = u; + up, where u; € D**(RV);i= 1,2, u;(x) = fRN F(x,y)g(y)dy
and A%u, = 0. But this implies u, = 0. As a result, we end up getting (2.11).
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Proor oF CoroLLary 1.2. By the Schauder estimates, u, — U,¢ in C| OC(RN ), and by
Lemma 2.6 and the dominated convergence theorem we can pass to the limit in (2.5)
and (2.6). Using (1.7),

ff() Y A8 i=1,2,....,N (2.12)

and
ff( )Ujg M =0. (2.13)
Hence, we obtain V.J(4, &) = 0. O

Lemma 2.8. If (Ao, &) is a critical point of , then

>’
8/12

== (o, é0) =00 f £ Aof()(z) ”"f(’(z)d
- [ Ul o= Tt ) a

-1 U 4
—Ng | fQU @G = 0. VUi0) —5 — (@ dz.
RN

Furthermore,

62«7 _ q /lo-fo
FioE o =~ f fQUL, @ )—( g @))dz

U
—q f FQUIL G a”ﬂ“’&] (z)a—Z’&J(z) dz.

Moreover, for 1 <i, j <N,

*Pg 0 (0Ux
Gese o6 = f US4 @5 | (91, @)dz

ou
—a [ roui o5 e S

where z =& + Ax.

Proor. As U, satisfies (1.6) and (1.7),

]
0T r.é) = f (x, Vf(Ax + OHUTH (x) dx
1 1 Jan
¢ N0 e f fQx+ UL (x) dx,
q + 1 RN
g, AV Af(Ax+&) 41
FTALLL mf o o Wdx
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Also, note that § = (N — 4)(qg + 1)/2. Integrating by parts,

/1“—7(/1 &= /lN -0 f f(/1x+§)Uq+l(x) dx

- N/lN‘é’ f(/lx +EUY ((x, VU o(x)) dx
LN /lN 0 f fQx+ UL (x)dx

- 1/1N 9f fQx+ UL (x)dx

— NaV? » fQx+&UT (x, VU o(x)) dx

and

0 ou
6—&(1 &) == fR S+ DU (02 dx

Since (Ao, &) is a critical point of J, we must have (0 /d)(dy, &) = 0 and
(09 10&)(A9, &) = 0. Hence, letting z = & + Ax,
*T
6/12

—5 (0. &0) = 6 f f@ M0<z) ‘°"f°<)d

- N f Ui fo(z) - &,V aﬁf°(z)>dz

6U/lo,§o
- Ng f FOUY L (e = &, Vi) — 22 2) d.

Furthermore,

62 0560
DT, 0) = f f(z)UlOgo(@—,( Vot @)dz

OAIE: o

) aU s60
-q f FRUL L@ a”;’f( @@ dz

Moreover, for 1 <i,j< N,

62 /lo o
a&afj(/lo,fo) f J169) }O&)(z)—( e (z))dz
_ q-1 /lo,é:o 6U/10,§0
q f QUL (')zj 5O @ o

3. Proof of the main theorems

Proor oF THEOREM 1.1. Let (4,&) be a nondegenerate critical point of . Then
VI (A,&) =0 and det(V2T (A, €)) # 0. Hence, V> (A, &) is an invertible matrix of
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order N + 1. Our aim is to obtain a solution of (1.5) which is of the form u, = U, ¢ + ¢.
Note that

Je(u) = Jo(u) — ngl LN f(x)|u|q+1 dx,

1 1
Jo(u) = = Auf? dx — —— r+l g
o(w) 2fR~| uldx p+1fR~ i *

and Ker(L) is N + 1-dimensional; see Lemma 2.1. Moreover, it is easy to check that
Jy satisfies (f1)—(f3). Hence, by Lemma 2.2, (1) holds and we obtain a solution of (1.5)
for sufficiently small & > 0.

where

Proor orF THEOREM 1.3. If possible, let there exist a sequence &, — 0 and two
distinct functions u; s, = Uy, Uz, = Uz, Which solve (1.5) with € = g, and |ju;, —
Uﬂ,§||D2'2(RN) —0asn—o oo fori= 1, 2. Set Wn =Ulp — Up. Then ||Wn||Dz,2(RN) — 0 as
n — oo. Hence, by Lemma 2.4, ||W, @) < C.

Define wy, = W,,/|[Wnll.~&~). Then there exists x, € RY such that [w,(x,)| > % Then
w,, satisfies

1
A*w, = cp(X)Wy + ef(X)dy (X)W, with c,(x) = f [tuy, + (1 = Duag , 1N dt
0

and

1
dn(x):f [tul,n+(1—t)u2,n]‘?‘1dt.
0

Using Schauder estimates, we obtain w, — w in Cﬁ) . (RM), where w satisfies the entire
problem
N +4 _ .
Aw = mUi/;N Y inRV.

By the nondegeneracy result in Lemma 2.1,

for some c; €R, j=1,...,N. We claim that c; =0 for all j=0,1,...,N. By the
identity (2.5),

6 in
ff(x)u,.ﬂqa“' -0, j=1,2,....N. 3.1)
RN )Cj

We derive from (3.1) and (2.1)

9
f 9f =0, i=1,2andj=1,2,...,N.
R

el
N c’)x,

Therefore,

f(a—fu],,q+1—6—fu2,,q+1 =0 forj=1,2,...,N
RN 6xj ’ i
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and, using the fundamental theorem of integral calculus,

f f[tu1n+(1—t)ugn]th)w,,dx—o for j=1,2,...,N.  (3.2)
RN aXJ

Letting € — 0 in (3.2),

e & Uy
U,{ =+ Ci ~1=0, j:1,2,...,N.
\L;v £ [ 01 ; ax,-

That is, integrating by parts again,

0
f—U'w)=0, j=1,2,...,N.
RN (9Xj

This implies that

0
f foul 2 5 f U5 =0 (3.3)

Furthermore, we obtain by mtegratmg on Br(y)

f (x—&) - V(fult"y =R ful =N | foultt fori=1,2.
Br(y)

OBr(y) ’ Br(y)

This implies that as R — +co
fN(x—g) V(fulth = —NfN feoultt fori=1,2.
And, as a result, ) )
f (= .Vf iy + @+ 1) fR SO =€), Vugyul, = =N fR fOoul

Hence, by the Pohozaev identity (2.6), we have for i = 1,2

0 [(N=4)(g+1)-2N N
[ -a.vsen! - [( DR oy

f(x)uj’;%

where y = (N —4)(q + 1) — 2N/2. This 1mphes that

[ o vromty - [ oot =y [ sooud! -u

and, by the application of the mean value theorem,

1
f (-, V£ f (11 + (1 = O )" oy
RN 0

1
:7’f f(x)(f (lul,n+(1—l)u1,n)th)wn.
RN 0
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And, letting n — oo,

| -avsenuian=y [ rooutm=o (34

because of (2.5) and (2.6) and passing to the limit as &€ — 0. Again, integrating by parts
(3.4),

fRN FOULINw +{(x =€), VW) + ¢ LN f(X)UZ,QIW((x —&),VU,e) =0. (3.5)
From (3.3), (3.5), Corollary 1.2 and Lemma 2.8, VJ(4,¢) = 0 and
V2T (A, €)(co.cts. .. en)T =0

with V27 (A, £) an invertible matrix, which implies co =c¢; = ¢+ =cy = 0. Also,
note that there will be some cancelation in Lemma 2.8 due to (2.12) and (2.13). This
proves that w = 0 in RY and hence w,, — 0in CfOC(RN ). Hence, we must have |x,| — oo.
As usual, we define the Kelvin transform of the functions u; ,(x) and w,(x) as

N _ X . N _ X
Bin(x) = [l Nui,n(W), i=1,2, W) = xf* NW”(W)’ x € RM\{0).

Furthermore, define

1
N ~ ~ —4
(0 = [t (1= 0,1
0

1
d,(x) = f [t + (1 = Dy, 19 dt.
0

Clearly, we have [W,(x,/|x,*)| > % for all large n. It is easily seen that W, satisfies
the following equation:

A2, = ey + & f(%) NN g
X

By the decay estimate, we obtain |W,(x)| < 1 for all n and all x € B;(0)\{0}. Since

w, — 0in C{‘O . (RM\{0}), by the dominated convergence theorem, we obtain w,, — 0 in

LP(B,(0)) for all p > 1. Using the assumption f € L*(RY) N L'(RY) and the estimate
(2.3),

A X 15
a0, (5 ot )
|x|
are bounded sequences in L*(B;(0)). Using L? theory on W, [17, Corollary 2.23,

page 451,
”Wn”L""(B%(O)) < ClWallr 0y — O.

. ( Xn )
Wyl ——=
a2

This gives a contradiction, since

1
2_
2

Wallz=, 0y =
2

for all large n. This proves the theorem.
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Proor oF TuEorREM 1.5. By the assumptions, the nondegenerate critical points of
are contained in the interior of a ball K = Bg(0) c R* x R" for some R > 0. Let (1;,&;)
be the nondegenerate critical points of J (i =1,2,...,s) contained in K. Then, by
Theorem 1.1 and Corollary 1.2, there exists &y > 0 such that for any & € (0, &), the
problem (1.5) has at least s solutions u,; and s points (4;,&;) such that u,; — Uy, s, — 0
in O>2(RM). For any y > 0, define

S, = {u solves (1.5) for & € (0, w)}\{ug,i}o<s<p,1<i<s-

Let
0, = inf d(u, Mg).

ueS,

We now claim that
6o = liminf 4, > 0.
u—0

If possible, let 8y = O; then there exist sequences {u,} C S, and {(4,,&,)} C K such
that ||, — Uy, ¢, llpe2@yy — 0 as n— oo, Let (4,,&,) — (4,€). Then (4,€) € K and
VI (4,¢) = 0 and hence {u,} is a sequence of solutions bifurcating from (4, £). But, by
the uniqueness theorem (Theorem 1.3) and {u,,} C S,,, we obtain a contradiction. This
proves the claim.

As a result, we can choose po > 0 small such that 6, > 6y/2 for all u < yo. By
Theorem 1.1, there exist some C > 0 and &’ > 0 such that

dugi, Mg) <Ce, i=1,...,5, €€(0,&).

Choosing pg = 6y/2 and &; = min{6y/2C, uy, €'}, we obtain the required result.
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