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Multiplicity one theorems over positive
characteristic

Dor Mezer

Abstract. In Aizenbud et al. (2010, Annals of Mathematics 172, 1407-1434), a multiplicity one
theorem is proved for general linear groups, orthogonal groups, and unitary groups (GL, O, and
U) over p-adic local fields. That is to say that when we have a pair of such groups G,SGy41, any
restriction of an irreducible smooth representation of G4 to G, is multiplicity-free. This property
is already known for GL over a local field of positive characteristic, and in this paper, we also give
a proof for O, U, and SO over local fields of positive odd characteristic. These theorems are shown
in Gan, Gross, and Prasad (2012, Sur les Conjectures de Gross et Prasad. I, Société Mathématique
de France) to imply the uniqueness of Bessel models, and in Chen and Sun (2015, International
Mathematics Research Notice 2015, 5849-5873) to imply the uniqueness of Rankin-Selberg models.
We also prove simultaneously the uniqueness of Fourier-Jacobi models, following the outlines of
the proof in Sun (2012, American Journal of Mathematics 134, 1655-1678).

By the Gelfand-Kazhdan criterion, the multiplicity one property for a pair H < G follows from
the statement that any distribution on G invariant to conjugations by H is also invariant to some
anti-involution of G preserving H. This statement for GL, O, and U over p-adic local fields is proved
in Aizenbud et al. (2010, Annals of Mathematics 172, 1407-1434). An adaptation of the proof for GL
that works over of local fields of positive odd characteristic is given in Mezer (2020, Mathematische
Zeitschrift 297, 1383-1396). In this paper, we give similar adaptations of the proofs of the theorems
on orthogonal and unitary groups, as well as similar theorems for special orthogonal groups and for
symplectic groups. Our methods are a synergy of the methods used over characteristic 0 (Aizenbud
et al. [2010, Annals of Mathematics 172, 1407-1434]; Sun [2012, American Journal of Mathematics
134, 1655-1678]; and Waldspurger [2012, Astérisque 346, 313-318]) and of those used in Mezer (2020,
Mathematische Zeitschrift 297, 1383-1396).

1 Introduction

Let IF be a local field of positive characteristic different from 2. Let K be either equal
to IF or an extension of it of degree 2. Let V be a vector space of dimension n over
K. Let W := V @ Kv,,4; be an (n + 1)-dimensional vector space containing it. Assume
that we have a nondegenerate Hermitian (symmetric in the case K = F) form on W,
with respect to which V is orthogonal to v,.,;. Note that this implies, in particular, that
(Vis1> Vas1) # 0. We will denote G to be either the group O or SO in the case K = F or
U in the case K # F. Consider the group G(V') as a subgroup of G(W).
The following theorem is among the main theorems proved in this paper.
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Multiplicity one theorems over positive characteristic 1019

Theorem 1.1 Let m and p be irreducible smooth representations of G(W) and G(V),
respectively. Then

dim Homgy) (7, p) < 1.

Let us define an anti-involution ¢ of G( W) for all three families of classical groups:

In the case of O, define o : g~ g .

In the case of SO, choose T € G(V) of order 2 with det T = (-1)l"2']: One may
choose such an element by taking a basis of V with respect to which the symmetric
form is diagonal, and in this basis, take a diagonal matrix of +1 with the appropriate
parity of -1 entries. Define 6 : g~ Tg™'T.

In the case of U, choose a basis of W for which the Hermitian product of all pairs
lies in IF (for example, by choosing a basis that diagonalizes the Hermitian form). Then
we have an involution T : v — ¥ (writing v as a vector in this basis). Define an anti-
involution of G(W) by o : g+~ Tg™'T.

Consider the action of G(V) on G(W) by conjugation. The following theorem
implies Theorem 1.1 using the Gelfand-Kazhdan criterion.

Theorem 1.2 Any G(V)-invariant distribution on G(W) is also invariant under o.

The proof of this implication in zero characteristic is given in [12, Appendix B], [3,
Section 1], and [14], and the same proofs apply verbatim in arbitrary odd characteristic.

We also prove another theorem which we shall now describe, given in [12] for
characteristic 0. One may also look there for more extensive explanations about the
basic notations and definitions used. This theorem will be related to the uniqueness of
Fourier-Jacobi models, and will regard all the previous families of classical groups, as
well as Sp.

Let A be a finite-dimensional commutative involutive algebra over IF, and let V be
a finitely generated A-module. Let € = 1, and let 7 be the involution of A. Assume
that V is equipped with a nondegenerate e-Hermitian form, i.e., a nondegenerate F-
bilinear map (-,-) : V x V — A satisfying A-linearity in the first argument, and (v, u) =
&(u,v)T. Denote by S the group of all A-module automorphisms of V which preserve
this form. It is a finite product of general linear groups, unitary groups, orthogonal
groups, and symplectic groups. Denote by A*""° the subset of A of elements a
satisfying a® = —ea. Let H be the Heisenberg group defined as { (v, t)|v € V, t € A%}
with multiplication

(v, t)(v',t') = (V+v',t+ o4 {v,v') 3 (V',v)).

2 2

We have a natural action of S on H. Denote by J := H x S the semidirect product of H
and S with respect to this action. We prove in this paper the following theorem.

Theorem 1.3 Let i and p be irreducible smooth representations of ] and S, respectively.
Then

dim Homg (7, p) < 1.

Again, we shall use the method of Gelfand and Kazhdan. Choose an F-linear
involution ¢ of V such that (ou, ov) = (v, u). To see that it is always possible, write
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G as a product of unitary, orthogonal, symplectic, and general linear groups with the
corresponding orthogonal decomposition of V over F. In each of these cases, we are
able to construct such an involution, and we can take the product of these involutions
as 0. The involution ¢ extends to an anti-involution of H by (v, t) = (-ov, t), which
together with the anti-involution g + g™ of S gives an anti-involution of  (which
we shall also call o). Let S act on J by conjugation. The following theorem implies
Theorem 1.3 using the Gelfand-Kazhdan criterion.

Theorem 1.4  Any S-invariant distribution on ] is also invariant under o.

The implication is proved in [12, Appendix B] in zero characteristic, and the same
proof applies verbatim in arbitrary odd characteristic.
Sections 3-8 are dedicated to the simultaneous proof of Theorems 1.2 and 1.4.

Remark 1.5 One could ask whether an analog of Theorem 1.1 holds for the subgroup
SU of Hermitian operators with determinant 1. However, the answer turns out to be
negative even for the most simple case of dim V' = 1. In this case, SU(V') = {1}, while
SU(W) is noncommutative, showing that the two groups do not satisfy a multiplicity
one property.

Remark 1.6 The assumption of F having positive characteristic is not used anywhere
in this paper, and is given mainly to distinguish the work in this paper from the already
existing proofs of the discussed theorems when the characteristic of I is 0.

1.1 Corollaries of the main theorems

There are corollaries of Theorems 1.1 and 1.3 which were shown over characteristic 0,
and the proofs of implication still apply over positive characteristic. We list them here
with references.

An analog of the following theorem appears in [12] as Theorem B, and its implica-
tion from the analog of Theorem 1.3 is shown in Appendix A of the same.

Theorem 1.7 Let G denote one of the groups GL(n), U(n), and Sp(2n) (note that
U(n) is dependent on the choice of a Hermitian form), regarded as a subgroup of
Sp(2n) as usual. Let G be the double cover of G induced by the metaplectic cover
Sp(2n) of Sp(2n). Denote by w, the smooth oscillator representation of Sp(2n)
corresponding to a nontrivial character v of F. Then, for any irreducible smooth
representation 1 of G, and for any genuine irreducible smooth representation ' of G,
one has that

dim Homg (7' ® w, ® 7,C) <1.
An analog of the following theorem appears in [7], along with its implication from
the analog of the above theorem (see [7] for the definitions and notation used).

Theorem 1.8 (Uniqueness of Rankin-Selberg models) For all irreducible smooth
representations w of GL(n) and ¢ of GL(r), and for all generic characters y of the rth
Rankin-Selberg subgroup R, of GL(n), one has that

dimHompg, (7 ® 0, x) <L

Analogs of the following two theorems appear in [8, Chapters 12-16], along with
their implications from the analogs of Theorems 1.1 and 1.3 and the multiplicity
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one property for GL(n + 1), GL(n), which is proved for positive characteristic in [9,
Theorem 1.2] and in [1].

Theorem 1.9 (Uniqueness of Bessel models) Let V be a linear space with a symmetric
or Hermitian (including the case K = IF x F) form. Denote the respective orthogonal or
unitary group G(V'). Let W be a subspace of odd codimension on which the form is
nondegenerate and so that W+ is split. Let H be the Bessel group corresponding to W,
considered as a subgroup of G(V') x G(W), and let v be a generic character of H. Then,
for any irreducible smooth representations w of G(V') and nt’ of G(W), one has

dim Homg(r® 7', v) < 1.

Theorem 1.10 (Uniqueness of Fourier-Jacobi models) Let V be a linear space with
a skew-symmetric or skew-Hermitian (including the case K = x F) form. Denote
the respective symplectic or unitary group G(V'). Let W be a subspace of even codi-
mension on which the form is nondegenerate and so that W+ is split. Let H be
the Fourier-Jacobi group corresponding to W, considered as a subgroup of G(V') x
G(W). Let H be its appropriate double cover, and let v be the representation of
H constructed in [8, Chapter 12] (depending on some choices of characters). Take
either 7 to be an irreducible smooth representations of G(V') (an appropriate double
cover of G(V)) and n' to be such a representation of G(W), or the other way
around, i.e., 7 to be an irreducible smooth representation of G(V') and n' to be such
a representation of an appropriate 5( W). Then one has

dimHomg(n® 7', v) <1.

1.2 Comparison with previous works

In [9], the proof of a multiplicity one theorem for GL, in characteristic 0 is extended to
include also positive odd characteristic. The premise of this paper is to use these meth-
ods to extend the proof of additional multiplicity one theorems from characteristic 0
to positive odd characteristic. The proofs for characteristic 0 on which we base this
paper are given in [3, 12, 14]. Let us give an overview of the methods and steps of this
paper, explaining which ones are taken from [3, 12, 14], which ones were introduced
in [9], and which ones are new to this paper.

In Section 3, we give reformulations of the problems in a way identical to the ones
given in [3, 12, 14].

In Section 4, we use a certain analog of the Harish-Chandra descent method for
positive characteristic, that gives weaker results than in the zero characteristic case.
The entirety of this method as used in [3, 12, 14] fails over positive characteristic fields,
due to nonseparable extensions, and in fact, this is the crucial point in which these
proofs fail for a positive characteristic.

In Section 5, we pass from the group to its Lie algebra using Cayley transform.
The difference from the analogous linearization in [3, 12, 14] is that, in these papers,
linearization is done after using the method of Harish-Chandra descent to restrict the
possible support to the unipotent cone, whereas we only have a weaker restriction on
the support.
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In Section 6, we adapt the main new ideas of [9] to the unitary, orthogonal, and
symplectic settings, introducing a new family p of automorphisms playing the same
role as p in [9].

Section 7 uses the method of stratification to reduce the problem to a problem on
a single orbit. The contents of this section are completely analogous to what is done in
[3, 12, 14], only without the restriction of nilpotency, which is not truly needed, as was
the case in [9].

In Section 8, we solve the previous problem on a single orbit by repeating the
arguments and ideas used in [3, 12, 14], sometimes giving slight generalizations of
them.

The archimedean version of Theorems 1.1 and 1.4 can be found in [13]. Special cases
of Theorems 1.1 and 1.2 can be found in [4].

2 Preliminaries and notation

Most of this section is borrowed from the preliminaries sections of [2, 3], and also of
[9] (which was also mostly borrowed from the previous two).

Let us now introduce a uniform notation for all the groups O, SO, U, and Sp. Note
that the case G = Sp was not included in Theorems 1.1 and 1.2, but it will be relevant
for Theorems 1.3 and 1.4. Let F be a local field of characteristic different from 2. Let
K be a field which is either equal to IF or a quadratic field extension of it. Let A — A
be either the nontrivial automorphism of K/F or the identity automorphism if K = F.
Let V be a K-linear space of dimension n. Assume that we have on V a nondegenerate
sesquilinear form B which is either symmetric, Hermitian, or symplectic (in the
Hermitian case K # IF and in the other cases K = F). Denote by G = G(V) one of
the groups O(V),SO(V), U(V), or Sp(V). Denote by g = g( V) the Lie algebra of G,
which is either o(V),u( V'), orsp(V), i.e., linear transformations A satisfying A* = —A
with respect to the symmetric, Hermitian, or symplectic form. In the O, SO, U cases,
assume that we have W 2 V of dimension # + 1 with an extension of (-, -} to a form on
W of the same type. In these cases, we have also G(W), and we may consider G as a
subgroup of it.

Let G denote the subgroup of Autp(V) x {1} consisting of all (T, &) such that
(Tu, Tv) = (u,v) if § =1 and (Tu, Tv) = (v,u) if § = -1. In the case that G = SO,
we also require that det T = 81"3'). This group contains G as a subgroup of index
2. Denote by y: G — +1 the character (T, ) ~ 8. We have natural actions of G on
G(W),G, g,V (by conjugation on all but V, on which we let G act in the usual way).
This action extends to an action of G by (T,8).A:= TA°T™! on G(W) and G, by
(T,8).A:=8TAT " on g,and by (T,8).v := §Tv on V.

Notation 2.1 Let A : G - K[x] be the characteristic polynomial map. We shall also
consider it as a map from G x V, by first projecting onto G.

We shall use the standard terminology of I-spaces introduced in [6, Section 1]. We
denote by 8(Z) the space of Schwartz functions on an I-space Z, and by 8*(Z) the
space of distributions on Z equipped with the weak topology.

Notation 2.2 (Fourier transform) Let W be a finite-dimensional vector space over F
with a nondegenerate bilinear form B on W. We denote by I : §* (W) — 8*(W) the
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Fourier transform defined using B and the self-dual Haar measure on W. If W is clear
from the context, we sometimes omit it from the notation and denote I = Fy.

Remark 2.3 1Inthe Hermitian case, we take for Fourier transform the [F-bilinear form
given by taking the trace of the Hermitian form.

Theorem 2.4 (Localization principle; see [5, Section 1.4]) Let q: Z — T be a contin-
uous map of I-spaces. We can consider 8*(Z) as an 8(T)-module. Denote Z; := q~*(t).
For any M which is a closed 8(T)-submodule of $*(Z),

M = @(M n S*(Zt))
teT
Informally, it means that, in order to prove a certain property of distributions on
Z, it is enough to prove that distributions on every fiber Z; have this property.

Corollary 2.5 Let q: Z — T be a continuous map of I-spaces. Let an I-group H act
on Z preserving the fibers of q. Let y be a character of H. Suppose that, for any t € T,
8*(q71(t))™# = 0. Then 8*(Z)H# = 0.

Corollary 2.6 Let H; c~ﬁ,- be I-groups acting on l-spaces Z;, for i =1,..., k. Suppose
that $*(Z;)Hi = 8*(Z;)Hi for all i. Then 8* (1 Z;)11Hi = 8*([1 Z;)1H:,

Theorem 2.7 (Frobenius descent [5, Section 1.5]) Let H be a unimodular I-group
acting on two I-spaces E and Z, with the action on Z being transitive. Suppose that we
have an H-equivariant map ¢ : E — Z. Let x € Z be a point with a unimodular stabilizer
in H. Denote by F the fiber of x with respect to ¢. Then, for any character u of H, the
following holds:

(i) There exists a canonical isomorphism Fr : $* (E)H# — 8* (F)St@bu(x)p,
(ii) For any distribution & € 8*(E)™#, Supp(Fr(&)) = Supp(&) N F.
(iii) Frobenius descent commutes with Fourier transform.

To formulate (iii) explicitly, let W be a finite-dimensional linear space over F with
anondegenerate bilinear form B, and suppose that H acts on W linearly preserving B.
Then, for any £ € 8*(Z x W)H# we have Fp(Fr(£)) = Fr(Fp(£)), where Fr is taken
with respect to the projection Z x W — Z.

Remark 2.8 Let Z be an [-space, and let Q c Z be a closed subset. We may identify
8*(Q) with the space of all distributions on Z supported on Q. In particular, we can
restrict a distribution & to any open subset of the support of &.

Definition 2.9 An element A € gl(V) is said to be regular if its minimal polynomial
is equal to its characteristic polynomial. In case that this polynomial f of A is a power
of an irreducible polynomial, we call A a minimal regular element.

Theorem 2.10 (Rational canonical form) Any element A € gl(V') can be represented
as a direct sum of minimal regular elements. Moreover, the isomorphism classes of these
elements are uniquely determined by the conjugacy class of A inside GL(V') and vice
versa.

This form is called the rational canonical form of A.
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Definition 2.11 ~ For any polynomial f given by f(x) = Y7, a;x’, define
fr(x) = (=)'’
i=0

F1(x) - z

Remark2.12 Forany A € g (resp. A € G(V)),wehave f(A)* = f*(A) (resp. f(A)T =
AT f(A)).

Lemma 2.13 Let Acg (AeG). Let (f;),. be the different irreducible factors in the
characteristic polynomial of A. Let (V;),.; be the generalized eigenspace associated with
each. Take i, j € I, not necessarily different. If f + +f; (resp. f[ + f;), then V; L V.

Proof We give the proof in the A € g case (the A € G case is analogous). Take u €
Vi, v € V;. Then, for k large enough,

0= (fi(4) u,v) = (u, f7 (4)"v).

Thus, V; L f7(A)¥V;, but if f # +f;, then they are coprime to each other, and so
fH (A v =V, n

Definition 2.14 (1) An operator A € g will be called a simple split operator (or
block) if the following conditions hold:
« There is a possibly nonorthogonal decomposition V = V' & V'*.
« V' and V'* are isotropic, and the sesquilinear form B induces the natural
pairing between them.
« The action of A on V' @ V'* decomposes as A’ & A”.
o (A'u,v)=(u,—A"v)foranyue V' ,v e V'*,
o A’ (and so also A”) is a minimal regular operator (see Definition 2.9).
o The irreducible factor f of the minimal polynomial of A’ is not equal to f*.
(2) An operator A € g will be called a simple nonsplit operator (or block) if:
o Itis a minimal regular operator.
« Its characteristic polynomial is not equal to x? with d even if g = 0, and it is not
equal to x? with d odd if g = sp.
(3) An operator A € o will be called a simple even nilpotent operator (or block) if the
following conditions hold:
« Its minimal polynomial is x? for some even d.
« V has a basis of the form e, Ae, ..., A% e, f, Af,..., A% f.
o Forall i, j we have (A’e, Ale) = (A'f, Al f) = 0.
(-1, ifi+j=d-1,
0, otherwise.
(4) An operator A € sp will be called a simple odd nilpotent operator (or block) if the
following conditions hold:
« Its minimal polynomial is x? for some odd d.
o Vhasabasis of the form ¢, Ae, ..., A% e, f, Af,..., A% f.
o Forall i, j we have (A'e, Ale) = (A’ f, A/ f) = 0.

« Forall i, j we have (A’e, A/ f) =
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(-1, ifi+j=d-1,

« Forall i, j we have (Aie,Ajf) = ]
0, otherwise.

The following useful proposition will be proved in Appendix A.

Proposition 2.15 Each A € u decomposes as an orthogonal sum of simple split blocks
and simple nonsplit blocks. Each A € o decomposes as an orthogonal sum of simple split
blocks, simple nonsplit blocks, and simple even nilpotent blocks. Each A € sp decomposes
as an orthogonal sum of simple split blocks, simple nonsplit blocks, and simple odd
nilpotent blocks.

Remark 2.16 'The contents of Proposition 2.15 are contained in known papers and
books such as [11, 15]. However, for clarity and completeness, we formulated only the
propositions we need and give short proofs of them in Appendix A.

Proposition 2.17 [9, Appendix A] Let V be a linear space of finite dimension n over a
field K, Aegl(V),veV,and ¢ € V*. The following are equivalent.

1) Vk >0, pAFy = 0.

(2) ForallA €K, ch(A+ Av ® ¢) = ch(A).

(3) There exists A € F* such that ch(A + Av ® ¢) = ch(A).

(4) a%ch(A +Av® ¢)|a=0 = 0.

Let V be a vector space over a local field F of characteristic different from 2. Let
GL(V) act on gl(V) x V x V* by conjugation, and the natural actions on V,V*.
Consider also the transposition involution, which involves a choice of an isomorphism
t:V - V* and sends (A,v, ¢) to A’, ¢',v'. As immediate corollaries of [9, Theorem
3.1] (and of the proof that it implies Theorem 1.1 of the same paper), we have the
following theorems.

Theorem 2.18 Any GL(V)-invariant distribution on GL(V') x V x V* is also invari-
ant to transposition.

Theorem 2.19 Any GL(V)-invariant distribution on gl(V') x V x V* is also invariant

to transposition.

3 Reformulations of the problem
Let V, G, G, y be as in Section 2. Both Theorems 1.2 and 1.4 follow from the following
theorem.
Theorem 3.1 Any (G, x)-equivariant distribution on G x V is 0.

Proof that Theorem 3.1 implies Theorem 1.2 This proof is the same as the
proof of [3, Proposition 5.1]. Use the notations given in the introduction (e.g.,
V,W,G(V),G(V)). We actually prove that Theorem 3.1 for W implies Theorem 1.2
for V. The idea is to consider the set

Y = {W € W|<W,W) = (Vn+l> Vn+1>}’

and use Frobenius descent (Theorem 2.7) on the projection G(W) x Y — Y. The
group G(W) acts on Y with centralizer G(V). The fiber of the projection is G(W).
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So we get a bijection between (G(V), y)-equivariant distributions on G(W) and
(G(W), x)-equivariant distributions on G(W) x Y. The latter of which has no
nonzero elements by the assumption on W. Thus, any (G(V), x)-equivariant distri-
bution on G(W) is 0, which immediately implies Theorem 1.2. |

Proof that Theorem 3.1 implies Theorem 1.4 The group S in the formulation of
Theorem 1.4 decomposes as a product of groups of types O, SO, U, Sp, with ¢ a
product of appropriate anti-involutions. By Corollary 2.5 of the localization principle,
it follows that Theorem 3.1 implies an analogous claim for S, which can be seen to
easily imply Theorem 1.4. ]

The proof of the theorem is by induction on dim V, proving simultaneously the
following theorem.

Theorem 3.2 Any (G, x)-equivariant distribution on g x V is 0.
For n = 0, Theorems 3.1 and 3.2 are trivial.

Remark 3.3 In [14], the needed induction basis was #n = 1, n = 2, as the proof given
there used the triviality of the center of G (up to +1). However, we do not use this fact
and so the trivial case n = 0 suffices for us as a basis for the induction.

Theorem 3.2 (along with Theorem 3.1) is proved in the end of Section 7.

4 Harish-Chandra descent

In this section, we use the technique of Harish-Chandra descent to restrict the support
of an equivariant distribution as discussed in Theorems 3.1 and 3.2. For the course of
this section assume that Theorems 3.1 and 3.2 hold for all smaller dimensions, over all
finite field extensions of K.

Let (A,v) be a point in the support of a (G, y)-equivariant distribution either
on G x V (the group case) or on gx V (the Lie-algebra case). Let g(X) be the
characteristic polynomial of A. Consider also the characteristic polynomial map A :
GxV - K[x] (or A: g x V - K[x] in the Lie algebra case). Note that g | g in the
group case, and g = +g* in the Lie algebra case (recall Definition 2.11 of g" and g*).

Theorem 4.1 Unless we are in the group case and G = SO, the polynomial g cannot be
factorized into two coprime factors g\, g satisfying g | gl and g» | g} (resp. g1 = +g;
and g, = +g; in the Lie algebra case). In the case G = SO, it is still true that it is
impossible for g to be divisible by both x — 1 and x + 1.

Proof We give the proof for the group case and for the Lie algebra case simultane-
ously. By the localization principle (Corollary 2.5), it is enough to show that there
is no (G, y)-equivariant distribution & on any of the fibers of A which is above a
polynomial not satisfying the condition we gave on g. Let F be such a fiber lying above a
polynomial g(x) = g1(x)g2(x) with g, g» coprime and of positive degree, satisfying
g lgland g | g} (g1 =+g and g, = +g; in the Lie algebra case). If we are in the
group case and G = SO, we further assume that g;(x) = (x — 1)¥ for some k > 0. Let
dy, d, be the degrees of g, g>. Given A with characteristic polynomial g(x), one may
consider V;, V3, its generalized eigenspaces associated with g;(x), g2(x), respectively.
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By Lemma 2.13, Vj, V; are perpendicular to each other. Consider
A:{V],VZC V|V: VieV,, Vi L V,, dimV; Zd,‘}

to be the space of decompositions of V as an orthogonal sum V; @ V, to subspaces
of dimensions dj, d,. There is a natural G-equivariant map p : F — A. Consider the
stratification on A given by G-orbits. Note that these are the same as G-orbits. To show
that this is indeed a stratification, we must show that there are finitely many G-orbits.
Recall that there are finitely many isomorphism classes of sesquilinear forms of the
same type as B (symmetric, Hermitian, or symplectic) on a K-vector space of a given
dimension. If two elements in A share the isomorphism classes of the restrictions of
B to W}, V,, then these isomorphisms can be extended orthogonally to an element of
G (in the case G = SO, it will only be an element of O. However, it is enough to prove
that there are finitely many O orbits). This implies that the two elements we had in A
are in the same G-orbit (O-orbit if G = SO). It follows that there are indeed finitely
many G-orbits, and so partition into orbits is a stratification.

Let S be the union of strata intersecting p(supp(&)), and let Q be a stratum of the
largest dimension in it (we assume by contradiction that & # 0, i.e., S is nonempty). It
is open in S, and so we may restrict & to p~!(Q). Since QCS, this restriction is not the
zero distribution.

For the following, assume that we are not in the groups case where G = SO.
The action of G on Q is transitive by definition, and the stabilizer of a point in
Q (call it H) is a subgroup of index 2 of G(V;) x G(V3), which is a unimodular
group (thus, it is also unimodular). H also contains G(V;) x G(V,) as a subgroup
of index 2. Using Frobenius descent (Theorem 2.7) on &, we get an (H, y)-equivariant
distribution on the fiber, which is a closed subspace of (G(V}) x V1) x (G(V;) x V,).
In particular, this distribution is G(V;) x G(V,)-invariant. Hence, this distribution
is G(V;) x G(V3)-invariant by the induction hypothesis and Corollary 2.6 to the
Localization Principle. In particular, it is also H-invariant; thus, it is 0, in contradiction
to our assumption.

In the case G = SO, we have a similar situation. The action of SO(V) on Q is
transitive, and the stabilizer of a point in Q, which we will call H, is a unimodular
subgroup of index 4 inside O(V;) x O(V3). This group H contains SO(V;) x SO(V,)
as a subgroup of index 4, on which the character y is trivial. Since the determinant of
an operator acting on V; with characteristic polynomial g;(x) = (x — 1) and on V;
with characteristic polynomial g, (x) is I, we get that g, (0) = (=1)4™ 2, If dim V;, was
odd, it would imply that g} = —g, and in particular g,(1) = 0. By assumption, this is
not the case, and so we have that dim V, must be even. It follows that

( ) d]m Vl+1 ( ) dlm V2+1 _ ( 1) dlm V1+1J+dlm Vy ( 1) dlm V+l
Take elements (g, ~1) € SO(V;)\SO(V;) and (g3, 1) € SO(V3)\SO(V3). From the
above, it follows that y := (g ® g2,~1) is an element of (SO(V;) x SO(V3)) N H,
on which y gives —1. The fiber of p above (V;, V2) is SO(V;) x SO(V3), because
any element in it acts with characteristic polynomial (x —1)* on V;, and thus
has determinant 1 when restricted to it. It follows that the restriction to V, also
has determinant 1. As before, we get that any (H, y)-equivariant distribution on
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SO(V;) x SO(V3) is invariant to SO(V;) x SO(V,) (using the localization princi-
ple and the induction hypothesis). In particular, it is y-invariant, and thus it is 0,
since y(y) = -1. Using Frobenius descent, we get that this implies & = 0, giving a
contradiction. ]

We give the following theorem only in the Lie algebra case as this is what will be
used. However, it also holds in the group case, with the same proof.

Theorem 4.2 Assume that we are in the Lie algebra case. The polynomial g must be a
power of an irreducible polynomial.

Proof Again, we use the localization principle. Let F be the fiber above a polynomial
of the form g(x) = g1(x)g2(x) with g, = +g{", and the two are coprime to each other.
(By Theorem 4.1, it is enough to consider this case.) Given A with characteristic
polynomial g(x), one may consider V;, V,, its generalized eigenspaces associated with
g1(x), £2(x), respectively. By Lemma 2.13, V;, V; are both isotropic. Consider

dimV}

A:{‘/],V2CV|V:‘/1@V2, B|Vl:0, B|V2:0, dlmVI:dlszz

There is a natural G-equivariant map p:F— A.

To see that G acts transitively on A, take (V1, V2), (V/, V) € A. Choose arbitrary
bases Ej, Ej of V4, V{. We may take E; to be the basis of V, dual to E; with respect
to the pairing between V;, V, induced by B. Similarly, we may take E5. The linear
transformation which sends E; to E; and E, to E} preserves B, and thus it is an element
of G. So the actions of both G and G on A are transitive, and the stabilizer inside G of
a point in A is isomorphic to GL(V;), which is a unimodular group. Using Frobenius
descent (Theorem 2.7) on &, we geta (GL(V;), x)-equivariant distribution on the fiber,
which is isomorphic to

gl(V) x Vi x Vy 2 gl(Vy) x Vp x V"
By Theorem 2.19, this distribution must be equal to 0, and so is the original one. m

We formulate the next theorem only for the Lie algebra case, and g = sp, although
again it is also true for all the other cases.

Theorem 4.3  Consider the Lie algebra case of g = sp. In this case, the irreducible factor
of g is either linear or inseparable.

Proof Again, we use the localization principle. Let F be the fiber above a polynomial
g(x) = f(x)® with f irreducible, separable, of degree d > 1, and satisfying f* # +f.
Given A with characteristic polynomial g(x), we may consider its additive Jordan
decomposition into semisimple and unipotent parts, A; and A, (that is in virtue
of the characteristic polynomial being separable). Let F; be the space of possible
Ay’s, that is the space of semisimple elements of g with characteristic polynomial
g(x). We have a G-equivariant map 6 : F — F,. By [11], F; is a disjoint union of
finitely many G-orbits, all of the same dimension. By [10, Chapter 4, Proposition
1.2], for each point A € Fj, there is an element in G\G which centralizes it (see the
details of this implication in Lemma 8.5). Thus, G-orbits in F, are G-invariant. So
it is enough to show that, for any orbit OCF;, any (G, y)-equivariant distribution
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on 67(9) is 0. By Frobenius descent, this is equivalent to showing that, for some
A € 9, any (Gy, x)-equivariant distribution on 8(A) is 0 (G4 being the stabilizer of
AinG).

In order to prove this, let us describe the stabilizer of a point A in F;. Let m :=
F[T]/f(T). We define an F-linear involution of m by o : h(T) —» h*(T) = h(-T)
(that is the same as saying T — —T'). Let m, be the fixed subfield of this involution.
It is a subfield of m of index 2. Fix a nonzero F-linear functional ¢: m — [ which
satisfies that /(oh) = £(h) for all h € F. Any other F-linear functional can be written
as h — {(Ah) for some unique A € m. Being semisimple, f(A) must be equal 0. Thus,
V can be given the structure of a linear space over m, by hv := h(A)v. Givenv,v' € V,
the map h — (h(A)v,v’) is an F-linear functional m — F, and so can be written as
(h(A)v,v") = £(S(v,v")h) for some S(v,v") € m. One may check that S(v,v") is m-
sesquilinear (with respect to o) considering V as a linear space over m by h-v :=
h(A)v. The form Sis also nondegenerate, and satisfies S(v/,v) = —6S(v,v').Fixa e m
such that 0a = —-a (e.g, a=T e F[T]/f(T)). Then it follows from the above that
aS(-,-) is a nondegenerate Hermitian form on V,, (with respect to the involution
0), where V,,, is V as a linear space over m. To say that a linear automorphism of
V commutes with A is to say that it is m linear, and for such an automorphism to say
that it is in G(V') is to say that it preserves aS. Thus, we have that the centralizer of
A in G(V) can be described as U(V,,). Moreover, the stabilizer of A in G(V') can be
described as U(V,,). Moreover, the centralizer of A inside g(v) can be described as
w(Vp). _

Recall that we need to show that any (U(V,,), y)-equivariant distribution on
671(A) is 0. The space 07'(A) is identified with 1, (V;,) x Vi, u,,(Vy,) being the
space of nilpotent elements in u(V,, ). This in turn is a closed subspace of u(V,,) x V.
Thus, our claim follows from the fact that any (U(V,,), X)-equivariant distribution
on u(V,,) is 0, which follows from our induction hypothesis of Theorem 3.1, as
dimV,, < n. [ ]

5 Separation of 1, -1 as eigenvalues, and passage to the Lie algebra

In this section, we pass from the group case to the Lie algebra case, showing that
Theorem 3.2 implies Theorem 3.1.

Definition 5.1 Let Gy be the open subset of G consisting of elements of which 11is
not an eigenvalue. Similarly, define G(_;y to be the open subset of elements of which
~lis not an eigenvalue. Define also & := G\(Gy) U G(_y)), i.e., elements of which both
1, -1 are eigenvalues.

The following proposition is an immediate corollary of Theorem 4.1.

Proposition 5.2 To prove Theorem 3.1, it is enough to show that any (G, y)-equivariant
distribution on G,y x V is 0.

Definition 5.3 (Cayley transform) Define C; : G(;)(V) - g by C1(A) = 4. Simi-
larly, define C_; : G(_1)(V) — gby C_1(A) = =4

I+A"
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This definition makes sense since, for A € G(;y(V),

(1+A)*_I+A*_1+A-1_A+I_ I+A
I-A) I-Ac I-A1 A-1 I-A
and similarly for C_;.

Definition 5.4 Let gy be the subspace of g not having +1 as eigenvalues.

Proposition 5.5 The maps C, are G-homeomorphisms from G (1) (V) (respectively)
to go, unless we are in the case G = SO, considering Cy, and dim V is even. In this case,
SO(l) V)=@.

Proof First, exclude the case G = SO. We will give the proof for C;. The proof for C_;
is similar. First, notice that indeed C;(A) does not have +1as eigenvalues. If it did have,
then (I + A)v = +(I — A)v, which leads to either v = 0 or Av = 0, and A is invertible.
Second, we construct an inverse, B + 2=I: One can see that the inverse map is indeed

B+I
into G(l), as

(B—I)*_B*—I_ —B—I_B+I_(B—I)‘1
B+I) B*+1 -B+I B-I1 \B+I

and also 2-1 cannot have 1 as an eigenvalue, as then (B —I)v = (B + I)v, and hence

v = 0. To see that we indeed constructed an inverse map,

I+37 B+I+B-1 2B
I-3L Byl (B-I) 2I

>

m—I:I+A—(I—A):%:A
AL I+A+I-A 20

There are similar arguments for C_; showing it is a G-isomorphism to go.
For the case G = SO, it simply holds that SO(_;y = O(_1), SO(;y = O(;) whendim V/
is even, and SO(;) = @ when dim V' is odd. [

Proposition 5.6  To prove Theorem 3.1, it suffices to show that any (G, x)-equivariant
distribution on go x V is 0.

Proof Use C,;. u
Proposition 5.7 Theorem 3.1 follows from Theorem 3.2.

Proof Take £ to be a (G, y)-equivariant distribution on g x V. Assume by contra-
diction that it is not 0, and let (Ao, vo) be a point in its support. Let t = det((Ao —
I)(Ap +1I)) #0. One can choose f € $(K) s.t. f(¢) #0, f(0) = 0. Note that gg is an
open subset of g, and g(A) := f(det((A-1)(A+1))) is a locally constant function,
compactly supported inside go. Thus, we can extend g-& to a (G, X)-equivariant
distribution on g x V with (A, Vo) in its support. In particular, this distribution is
not 0, which creates a contradiction to our assumption. [ ]
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6 An important lemma and automorphisms

Lemma 6.1 Any (G, y)-equivariant distribution on g x V is supported on g x T, where
[:={veV|v,v)=0}

Proof We do not consider in the following the case g = sp, as in this case I' = V and
there is nothing to prove. This proof is the same as the proof of 3, Proposition 5.2].
The idea is to consider the map g x V — K given by (A, v) = (v,v), and apply the
localization principle (Corollary 2.5) to it to restrict to a fiber. Then apply Frobenius
descent (Theorem 2.7) on the projection on the second coordinate, to reach a point
where it is enough to show that any (G(V"), x)-equivariant distribution on g( V") is
0, for some subspace V'V of codimension 1. We have a decomposition g = g(V') &
V' @ E, with E being either a zero- or one-dimensional vector space over F with trivial
G(V')-action, and so we can use the induction hypothesis to finish. ]

Denote by ¢, the linear transformation u — (u, v)v.
The following definition will be relevant for the cases of u and sp.

Definition 6.2 For any ) € K, requiring 1 = -1 if g = u, we define an automorphism
of g by vi(A,v) := (A+ A¢,,v). This is an automorphism of g as a space with a G
action.

The following definition will be relevant only for case of o.
Definition 6.3 For any A € F, define an automorphism of g x V by
pr(A,v) == (A+AA¢, + A, A, v).
This is an automorphism of g x V as a space with a G action.

Fix a fiber F of A:gx V — KJ[x] at a polynomial f. Recall that we must have
f*(x) =(-1)"f(x). Choose a polynomial g € K[x] coprime to f that also satisfies
g% (x) = g(x)mod f(x). Then we can define the following definition.

Definition 6.4 Define an automorphism of F by p(A,v) = (A, g(A)v).

To show that it is invertible, notice that there is an “inverse” polynomial g™
such that gg™" = Imod f. It also satisfies (g7*)*(x) = g7*(x)mod f(x), as for some
polynomial 4,

1=((g7'g+af))"(x) = (g )" (x)g"(x) +a" (x)f"(x)
= (g7 (x)g" (%) + (-1)"a" (x) f ().
The last being equal to (g~')*(x)g(x) modulo f(x). This implies that we have p-1

which is inverse to pg. To show that p, commutes with the action of G, the only

nontrivial part is to show that it commutes with the action of an element x € G\G.
Consider x as an element of Endy( V') satisfying (xu, xw) = (w,u) for any u,w € V.
In particular, x satisfies axu = xau for any a € K, u € V. To show commutation, we
need to show that —xg(A)v = g(-xAx™")(-xv). This is true as

g(—xAxN)(~xv) = —xg* (A)x ' (xv) = ~xg* (A)v = ~xg(A)v.

https://doi.org/10.4153/50008414X2200027X Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X2200027X

1032 D. Mezer

For the last equation, we used the condition imposed on g, and the fact that
£(a)=o0. .

Thus, we get that p, is a G-automorphism of F.

In the case g = sp, we give the following lemma by using the automorphisms v, to
amplify the restriction of Theorem 4.3.

Lemma 6.5 Assume that g = sp. Then any (G, x)-equivariant distribution on g x V
is supported on g x I}, where I} := {v € V|{(Av,v) = 0}.

Proof Given A € End(V), write the characteristic polynomial of A as
x" + e (A)x" T+ (A) x4

with the convention that ¢o(A) = 1. Let (A, v) be a point in the support of a (G, y)-
equivariant distribution on g x V. From Theorem 4.3, we deduce that we have ¢;(A) =
naand c3(A) = (;)ocz for some « € I (if the characteristic polynomial is a power of a
linear polynomial this is clear, and if it is a power of an inseparable polynomial, then
we indeed have ¢;(A) = c,(A) = 0). Note that using this condition, ¢;(A) determines
uniquely ¢,(A). Now, we may translate by v, and then apply the above condi-
tion to get c;(A+A¢,) =nf,c2(A+A¢,) = (;’)/32 However, by [9, Theorem A.2],
we have

a(A+A¢,) =ca(A) = (v,v)
and
(A+A¢,) = c2(A) — a1 (A){v,v) — (Av,v).

Since (v, v) = 0, this is saying that ¢; (A + A¢, ) = c1(A), and hence = « and so also
c2(A+Ady) = c2(A), and from the second equation ¢ (A + A, ) = c2(A) — (Av, v).
Thus, (Av,v) = 0. ]

Definition 6.6 For any A € g, denote
Ry:={veV|Vk>0,(A*v,v) = 0}.
Denote also
R={(Av)egx V|veRy}.
Proposition 6.7 Any (G, x)-equivariant distribution on g x V is supported on R.

Proof By the localization principle (Corollary 2.5), it is enough to show that any
(G, x)-equivariant distribution on a fiber F of A at a polynomial f is supported on
RN F (note that R is G-invariant). Let & be such a distribution, and let (A,v) be a
point in supp(&). Let us start with the case of u.

Choose w € K* with @ = —w. Let ¢ € F[x] and consider g, (x) = g(x*) and g5(x) =
wxg(x?). They satisfy g1(—x) = g1(x), 2(~x) = g2(x). Choose g such that g, will be
coprime to f. We can apply p,, to & and extend back to g x V to get that by Lemma
6.1, (@1(A)v, g1(A)v) = 0. We know this for a Zariski dense subset of polynomials
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g € F[x], and so for all g € F[x]. The same goes for g». So, in particular,

(A% + Dy, (A% + T)v) — (A%, A2%9) — (v, )
2

(A%y,v) = =0

-1
(AZk“v,v) :w’l(wAZk”v,v) = wT(((wAZkJrl + v, (wAZkJrl +1)v)

— (A, WA ) — (v,v)) = 0.

Note that indeed it follows from A* =-A that (A%*v,v) = (v, A?*v) and that
(WA Yy, v) = (v, wAZKH1y),

Now, for the case of o, we still have g, and the same proof as before shows that
(A% v, v) = 0. However, it is always true that

(A2k+1V,V> _ <‘V,—A2k+l1/) _ —<A2k+11/,‘l/),

and hence (A%**1y,v) = 0.

For the case of sp, we use the same technique but to the condition imposed from
Lemma 6.5. This way we get that for a Zariski dense subset of F[x] (and thus for all
g € Fx]) that (Ag(A?)v, g(A?)v) = 0. From this, we are able to get

(A%F* Ly p) =~ ((A(A%F + D)y, (A%% + T)v)

L
2
—(A- A%y, A%y) — (Av,v)) = 0.
Moreover, it is always true that
(A%ky v) = (v, A%Ry) = —(A%Fy,v),
and hence (A%*v,v) = 0. ]

Lemma 6.8 Given (A,v) € R, we have:
(i) For any A € K for which vy is defined, A(vy(A,v)) = A(A,v).
(i) Forany A €, A(uy(A,v)) = A(A,v).
Proof For A(v,(A,v)),this follows directly from Proposition 2.17. For A(u, (A, v)),
this also follows from Proposition 2.17, but with an iterative use.

Since (A*Av,v) = 0 for all k > 0, A(A) = A(A + A¢,). To prove that we also have
A(A+Ag¢,) = A(A+ A, + ¢,A), we must check that ((A + A, ) v, A*v) = 0 for all
k > 0. Now, for any k > 0, we have ¢, A¥v = (AFv,v)v = 0, s0

((A+Ap,) kv, Av) = (AFv, A*v) = (AF 1y, v) = 0.
7 Stratification

For any g € K[x] which is a power of an irreducible polynomial, let Y, be the subspace
of g consisting of elements with characteristic polynomial g. By the localization
principle (Corollary 2.5), the previous reformulations, and Theorem 4.2, it is enough
to prove that any (G, y)-equivariant distribution on A™'(g) = Y, x V is 0, for any g as
above. Let us fix g and prove this claim for it.

We proceed similarly to [3, 9]. The strategy will be to stratify Y, and restrict stratum
by stratum the possible support for a (G, X)-equivariant distribution (note that Yy is
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a union of finitely many G orbits). For the unitary case, choose @ € K s.t. @ = —w (in
the symplectic case denote w = 1). For A € I, denote by #, either v, or yy, depending
on which case we are in.

Notation 71 Denote by P;(g) the union of all G-orbits of Y, of dimension at most i,
and let R;(g) := Rn (Pi(g) x V). Moreover, for any open G-orbit O of P;(g), set

0:=(0xV)n 1 (Ri(g)).
AeF

Note that P;(g) are Zariski closed inside Y,, Pc(g) = Y, for k big enough, and
P_1(g )=2.

We denote by Fy the Fourier transform on V with respect to the nondegenerate F-
bilinear form (u,v) + trg g (%, v)). It will also be used to denote the partial Fourier
transform on V when applied to X x V for some space X. In the casesof g = oand g =
u, Fy commutes with the action of G. In the case of g = sp, it is not true. Instead, the
action on G after applying Fy is compatible with the action of G on V by (g, 8).v = gv
(recall that the usual action of G on V is by (g, 8).v := 8gv). Since ~1 € Sp, we still have
that Fourier transform maps 8* (X x V)7 into itself for any XCsp, any subgroup H
of Sp containing -1, and any 7 € {1, y}.

Claim 7.2 Let g € K[x] be a polynomial which is a power of an irreducible poly-
nomial f satisfying f = +f*. Let O be an open G-orbit of P;(g). Suppose that £ is a
(G, x)-equivariant distribution on O x V such that

supp(£)cO

and

supp(Fv (£))cO.
Then & = 0.

This claim will be proved in the next section.

Let us now show how it implies the main theorems. Recall that Theorem 3.2, which
states that any (G, x)-equivariant distribution on g x V is 0, implies Theorems 1.2 and
1.4. This is by virtue of Theorem 5.7 and what is shown in Section 3.

Proof of Theorem 3.2 We prove the following claim by downward induction—any
(G, x)-equivariant distribution on A™'(g) is supported inside R;(g). This claim for i
big enough follows from Proposition 6.7, and the claim for i = -1 implies Theorem 3.2
by the localization principle (Corollary 2.5) and Proposition 4.2, as already explained
in the top of this section. For the induction step, take such a distribution . As
P;(g)\Pi_1(g) is a disjoint union of open orbits, it is enough to show that the
restriction of £ to any O x V, where O is an open orbit of P;(g), is zero. Let { = &|oxv
be such a restriction. By the induction hypothesis applied to #, (§), we know that
supp(¢)<O and similarly supp(Fy ())cO. Hence, by Claim 7.2, { = 0. [
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8 Handling a single stratum—proof of Claim 7.2
8.1 Nice operators
This subsection closely follows [3, Section 6] and [9, Section 4.3], but we give it here
for completeness.
Notation 8.1 For A € gl(V), set, in the cases g = u, sp,
Qa={veVlg, e[ g(V)]}.
In the case g = o0, set
Qa:={veV]Ap, + ¢, Ac[A g(V)]}].
Here, [B, C] := BC — CB is the Lie bracket, and [A, g(V)] = {[A,B]|Be g(V)}.
Proposition 8.2 If (A,v) € O, thenv € Q.

Proof Considera point (A,v) € O. The Zariski tangent space to O at A is [A, g(V)].
Denote by A, the operator A + Aw¢, in the unitary case, A + A¢, in the symplectic
case, or A+ A(A¢, + ¢,A) in the orthogonal case. Since A, is contained in O for
A small enough (as #, keeps A inside P;(g), in which O is open), we get that ¢, €
[A,g(V)] (or Ag, + ¢, A € [A, g(V)] in the orthogonal case). ]

Theorem 8.3  Unless we are in the case g = 0 and the characteristic polynomial of A is
equal to x", we have Qs CR 4. In this case, we still have (A¥v,v) = 0 for any v € Q4 and
k>1

Proof For the unitary and symplectic cases: Assume that ¢, = [A, B], for some B €
G. Then

(A%v,v) = trAkg, = tr[A, A¥B] = 0.
For the orthogonal case: Assume that A¢, + ¢, A = [A, B], for some B € G. Then

tr(A*1¢, + A¥¢,A) trA¥(AB - BA) tr[A, A¥'B
trA¥Ag, = trAk g, A = r( ¢2+ ¢ ): r (2 ): r[ : ]

=0.

Now, trA¥A¢, = (A¥*1y,v), so we know for any k > 1 that (A¥v,v) = 0. If the char-
acteristic polynomial g (which is a power of an irreducible polynomial) is not a
power of x, then there is a polynomial #(A) s.t. Ah(A) = Id. This implies that (v, v) =
(Ah(A)v,v) =0,and so v € Ry. ]

Notation 8.4 Let A€ g. We denote by Cy4 the stabilizer of A in G and by Cy the
stabilizer of A in G.

Lemma 8.5 Forany Acg, 6A + Ca.

Proof We give here the proof for all cases except G = SO. The proof for G = SO
is given in Appendix B. By [10, Chapter 4, Proposition 1.2], There exists an F-linear
map T : V — V which satisfies TAT ™! = A, such that, for any u, v € V, we have that
(Tu, Tv) = (v, u) (this condition implies that sAu = Au). Consider s = (T, -1) as an

element of G. Then s.A = ~TAT ' = A. Thus, s € C(A)\Ca. ]
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Thus, the G-orbit of A is equal to its G-orbit. It is known that C is unimodular, and
hence Cy4 is also unimodular. Claim 7.2 follows now from Frobenius descent (Theorem
2.7), Proposition 8.2, and the following proposition.

Proposition 8.6 Let Acg. Let ne8* (V). Suppose that both n and Fy(n) are
supported in Q. Then 1 € 8*(V)Ca.

Definition 8.7 Call an element A € g “nice” if the previous proposition holds for A.
Namely, A is “nice” if any distribution 7 € 8§* (V)4 such that both # and F(#) are
supported in Q, is also C4-invariant.

Lemma 8.8 Let Ay € g(Vy) and A, € g(V,) be nice. Then A ® A, eg(Vi@d V,) is
nice.

Proof See the proof of [3, Lemma 6.3]. [}
8.2 A “simple” operator is nice

Using the classification of Proposition 2.15, we need to check that simple nonsplit,
simple even nilpotent, and simple odd nilpotent blocks are nice (recall that we
assumed the characteristic polynomial of our original operator to be a power of an
irreducible polynomial, and thus we need not check simple split operators). Let A be
a block of one of these types. Let s = (T, -1) be an element of C, with x(s) =-1. We
have A =s.A = —~TAT ™, and so TA = —AT. We need to prove the following claim for
each of the possible block types.

Claim 8.9 Let £ be a C4-invariant distribution on V, such that both & and F(&) are
supported on Q4. Then ¢ is also s-invariant.

We shall prove this claim in the following subsections. This claim implies
Claim 7.2.

8.2.1 Simple nonsplit blocks

Assume that A is a simple nonsplit block with minimal polynomial f¢, f irreducible,
and f* = +f. If we are in the case g = 0, assume also that f(x) # x. We know by Propo-
sition 8.3 that Q4CR4. Consider the self-dual increasing filtration V'’ = ker f(A)'.
One can easily see that R4 = V94721 The fact that F(&) is supported on V142 means
that & is invariant to shifts by (V14/21)* = vI4/2] Now, consider two cases:

(1) disodd. Then v14/2] ¢ vl Choosing a vector v € V[d/z]\V[d/ZJ, we get that £
is the same as & shifted by v, and that it is supported on V14721 n (v + V14/2]) = g,
and thus ¢ = 0.

(2) d is even. Then V14/2] = yId/2] = yd/2 Thys, & is the extension by 0 of &|yas2,
which is a shift invariant distribution on V4/2. Thus, it is a multiple of the
Lebesgue measure on V%/2, So it is left to check that if the Lebesgue measure
{ on V42 is C4 invariant it is also s-invariant. For this, first check that V4/2 is
T-invariant (and so s invariant):

TV = TF(A)Y?V = f(TAT™)PTV = f(-A)Y?V = f(A)41PV = v,
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So s multiplies { by a constant ¢, which is positive, because s preserves the
positivity of the Lebesgue measure. Since s* € C4, we have by assumption s> = (.
So unless { = 0, ¢* = 1, hence by positivity ¢ = 1, and we are done.

8.2.2 Simple nonsplit nilpotent blocks in the orthogonal case

Note that a simple nonsplit nilpotent block is such that V has a basis of the form
e, Ae, ..., A% e, the minimal polynomial of A is equal to x?, and for some nonzero
constant c € IF,

(-1)de, i+j=d-1,
0, otherwise.

(Ale,Ale) :{

Note that this implies that d must be odd. Let A be such a block. Denote
Vi :=Span(e, ..., Al/2¢),
v, ::Span(A(d‘l)/ze)’
V3 :=AD2y — gpan(AW@D2, Adle),

Then, by Theorem 8.3, Q4CV, @ V3. So & is supported on V, & V3, and is invariant to
shifts by (V; @ V3)* = V5. So it is of the form §; ® R ® dvs, where dv; is the Lebesgue
measure on V3, 0; is the Dirac measure at 0 on V;, and R is some distribution on V5.
Since it is enough to prove our claim for any valid choice of s = (T, -1) € C,, we may
simply take T(A’e) = (—1)(@*)/2* Afe Then sacts on V by Ale — (=1)(@~D/2%i gle,
The spaces V1, V2, V3 are s invariant, and s acts on V;, by identity. It is also clear that
dvs, 0 are s-invariant. Thus, £ is s invariant, and we are done.

8.2.3 Simple even nilpotent blocks
Let A € 0 be a simple even nilpotent block. Denote
E := Span(e, Ae, ..., A% e)
and
F := Span(f, Af,..., A9 f).
Denote also
E, := Span(e, Ae, ..., A%*7e), E, := Span(A¥/%e, A e, ., A% e)
and
Fy:=Span(f, Af,..., AY*7 ), E, i= Span(A“/2 f, AY2H L AT ).

Let P: V —» V be defined by PA’e = A'f,PA'f = A’e. So PA = AP. For any two
vectors u, w € V, define the linear operator ¢, ,,v := (v, w)u. For any X € End(V),
denote by X|p the linear operator from E to itself which sends v € E to ug,
where Xv = ug + up and we have ug € E,up € F. Let v € Q4. By definition, we have
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A¢yy + ¢y A=A, B] for some B € g. We have
(P(A¢yy + ¢vvA))|p =(P[A, B])|g = (PAB - PBA)|5 = (APB - PBA)[g
=[Ale, (PB)]e].

The last equation following from the fact that A preserves E and F. From this, it follows
that, for any k > 0,

tr((P(Agy,y + v,y A)A)[e) =tr([AlE, (PB)[£](Al£)¥)
=tr([Alg, (PB)|g(Alg)*]) = 0.
However,
tr((PA¢v,vAk)|E) =tr((AP¢v,vAk)|E) = tr(A|E(P¢v,vAk)|E)
=tr((Pgy,yA)[£AlE) = tr((Py,y A)|E).

So this expression is equal to half of the left-hand side of the previous equation,
and so

tr((P¢,., AF™)|g) = 0.
However,
tr((Py,v A" ™)E) = tr(dpy,—ayessy|E) = tr(Bpyy, - ayen, ) (Pve, (~A) ),

where v = vg + vg, vg € E, v € F. Thus, for any k > 1, we have (A*Pvg, vg) = 0. Sim-
ilarly, (A¥Pvg, vg) = 0. This implies v € E, @ F,. Thus, if £ is a distribution as in the
statement of Claim 8.9, it must be supported on E, & F, and invariant to translations
by (E; @ F,)* = E; @ F,. Thus, it is equal to a multiple of the Lebesgue measure on
E, ® F,. As it is enough to prove the claim for any specific choice of s = (T, -1) € Ca,
we can choose T to be

Ales (-1)'Afe, A’ f v (-1)"A'f.
For this choice, s acts by A'e — (=1)""1A’e, A'f — (-1)'A’f, and so fixes & as

desired.

8.2.4 Simple odd nilpotent blocks

Let A € sp be a simple odd nilpotent block. Denote

E := Span(e, Ae, . .. ,Adﬁle)
and

F :=Span(f, Af,..., A f).
Denote also

E; :=Span(e, Ae,...,A 7 ¢),

E, ::Span(A% e),

E; :=Span(A% e,..., A% e),
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and

Fy :=Span(f, Af, ... ,A%f),

F, ::Span(A%f),

F; ::Span(A%f, LAY,
The following is done similarly to the previous case, of simple even nilpotent blocks.
Let P: V —» V be defined by PA’e = A'f,PA'f = A’e. So PA = AP. For any two
vectors u, w € V, define the linear operator ¢, v := (v, w)u. For any X € End(V),
denote by X|g the linear operator from E to itself which sends v € E to ug, where Xv =
ug + up and we have ug € E, ugp € F. Let v € Q4. By definition, we have ¢, , = [A, B]
for some B € g. We have

(P¢y,v)le =(P[A, B])|e = (PAB — PBA)|r = (APB - PBA)|E
=[Alg, (PB)|£].

From this, it follows that, for any k > 0,

tr((PgyA*)|p) =tr([Alg, (PB)|£](Alr)*)
=tr([Alg, (PB)|e(Alg)¥]) = 0.

However,
tr((PgyA*)|) = tr(py,—aykvle) = (PvF, (-A)*vE),

where v = vg + v, vg € E,vp € F. Thus, for any k >0, we have (A¥Pvg,vg) = 0.
Similarly, (A*Pvg,vg) =0. This implies v € E3 @ F5. Thus, if & is an equivariant
distribution as in the statement of Claim 8.9, it must be supported on E; & F; and
invariant to translations by (E; @ F3)* = E, ® E3 @ F, ® F;. This clearly implies that

&=0.

A Conjugacy classes and “simple” elements in the orthogonal and
unitary groups

Our goal in this appendix is to prove Proposition 2.15. We will focus on the classifica-
tion of G-conjugacy classes inside g, although most of the work, if not all of it, applies
also for conjugacy classes in G(V). The classification will be in three parts. The first
is, using Lemma 2.13, to separate the different nonrelated eigenvalues, the second is to
separate the different sizes of rational (or Jordan) blocks, and the third is to separate
blocks of the same size one from the other.

A.1 Separating nonrelated eigenvalues

Recall Definition 2.11.
Lemma 2.13 has the following corollary, using also Theorem 2.10.

Corollary A.1 Any A € g splits to a direct orthogonal sum of block of two types:
(A) simple split blocks;
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(B) blocks of which the characteristic polynomial is f¢, and fis irreducible and satisfies
f*==f.

Now, we continue with the classification of blocks of Type (B).
A.2 Classifying blocks of Type (B)

Let A € g(V) be a block of Type (B), with minimal polynomial f¢, f irreducible and
satisfying f = +f*.

Definition A.2 An operator X € g(W) (for some W) which is of Type (X) will be
called homogeneous if, for any 0 < j < d, we have f(X)/V =ker f(X)97/. That is
equivalent to saying that the rational canonical form of X consists of blocks all of the
same size.

We dedicate this subsection to proving the following proposition.

Proposition A.3 'V can be decomposed as an orthogonal sum V = @, U;, and
accordingly A = @%_, A, such that each A; is homogeneous.

Consider the decreasing filtration f(A)’ 'V of V, and the increasing filtration V; =
ker f(A)'. We have f(A)'V € V;_;,and V;* = f(A)'V. Let m be the minimal integer
sothat V,, € f(A)V.Forany 0 <i<m - 1 we have f(A)' V,, = Vs

LemmaA.4 Forany0<i<d, V}=f(A)'V.
Proof Obviously, f(A)' VSV, However,
dim f(A)'V = dim V — dimKer(f(A)") = dim V — dim V; = dim V}*.
Thus, we have V! = f(A)'V. |

Lemma A.5 The form B on V induces a nondegenerate pairing of
fCA) Vi f(A) 1 Vipiy with f(A)™ V[ f(A)" V.

Proof Let v Ef(A)'Vm = Vi, and assume that v L f(A)" 71V, = V.
Then ve Vi, NV, i=f(A)"'VnV,_;=f(A)"V,,. The other direction is

i+1
symmetric. u

Proof of Proposition A.3 One can naturally give V,,/f(A) V41 the structure of
a vector space over the field L :=K[A]/f(A). Choose ey,...,ex € V,, which are
the lifts of a basis of V,;/f(A) Vi1 over L, and let U,, := Span(A’e;)CV,,. We
claim that, for any relation of the form h;(A)e; + -+ + hx(A)ex + f(A)"v = 0, with
veV, all the polynomials h; are divisible by f(A)™"("™") To see this, assume
otherwise, and rewrite this relation as f(A)‘(f(A) v+ £ h;(A)e;) = 0, where
at least one of the polynomials ;(A) is not divisible by f(A). Since £ < m, we have
Yk hi(A)ei € Vi+ f(A)V = f(A)V, and thus ¥ 1;(A)e; is a nontrivial relation
in V,,/f(A) V41 over L, which is a contradiction. From this claim, it follows that
the map f(A) U, /f(A)*' U, — f(A) Vi /f(A) Vs is an isomorphism. Thus,
the form B on V induces a nondegenerate pairing of f(A)'U,,/f(A)"*' U1 with
F(A)™ U,/ f(A)™ " U,py1. In particular, its restriction to Uy, is nondegenerate.
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So Uy, splits as an A-invariant orthogonal direct summand of V. The restriction of A
to Uy, is a homogeneous block because

f(A)Y Up = f(A) Vi 0 Uy = Vi j 0 Uy = ker f(Aly,, )"

Because of the choice of m, dim U,, > 0. Furthermore, on V' := U,,, the minimal m’
st. V. @ f(A) V' is bigger than m. So, by induction, we are done. ]

A.3 Decomposing homogeneous blocks to simple nonsplit blocks

Lemma A.6 Given a nonzero symmetric, Hermitian, or skew-Hermitian form on a
vector space V, there is a non-isotropic vector.

Proof Assume that (v,v) = 0 holds for any V. Then
0=(u+v,u+v)—(u,u)—(v,v) ={(u,v) + (v, u).
Thus, the form is skew-symmetric, which contradicts our assumptions. [ ]

Corollary A.7 Any homogeneous operator decomposes as the direct orthogonal sum
of simple nonsplit blocks, unless it is in the o case and its minimal polynomial is x* for
some even d, or it is in the sp case and its minimal polynomial is x* for some odd d. In
these cases, it decomposes as the direct sum of simple even nilpotent blocks (resp. simple
odd nilpotent blocks).

Proof Assume that we are neither in the symplectic case nor in the even nilpotent
orthogonal case which was excluded. Define a nondegenerate sesquilinear form on
U:=V/f(A)V by (u,v)y := (f(A)? u,v)y. If we are in the unitary case, then it is
either Hermitian or skew-Hermitian, depending on whether (f471)* = f471 (f4-1is
of even degree), or (f471)* = —f471 (f%Vis of odd degree). If we are in the orthogonal
case, (f?71)* = f971, and so this bilinear form is symmetric. So there is a nonisotopic
vector in U, which means that there is a vector v € V such that {f(A)? v, v) = A £ 0.
Let Vo = Span(v, Av, A%v,...). It is an A-invariant space, to which the restriction of
the form B is nondegenerate. It is also generated by one vector (v). By induction, we
are done.

In the symplectic case which is not the case excluded, we have a similar proof.
Again, define a bilinear form on U := V/f(A)V. If the minimal polynomial is x¢
for d even, define as before (u,v)y := (A 'u,v), and it will be a symmetric form.
Otherwise, A is invertible and we set (u,v)y = (Af(A)? 'u,v). Again this bilin-
ear form is symmetric. The rest of the proof follows the same, with noticing that
(Af(A)4 v, v) # 0 implies that Vo n Vi = 0 for V; = Span(v, Av, A%v,...).

In the orthogonal case, if the minimal polynomial is x? for d even (resp.
the symplectic case and d odd), the bilinear form (u,v)y := (A% 'u,v) on U is
skew-symmetric. Take uy,u; € U s.t. (g, up)y = 1. Lift them to v, v, € V, and Take
Vo = Span(vy, Avy, Avy, ... ) @ Span (v, Avy, A%v,,...) (note that this sum is indeed
direct). Vj is A-invariant, and V5" n V; = 0. Now, we are left to show that V; is a simple
even nilpotent block (resp. simple odd nilpotent block). The first step is to show that
we can alter the lifts of uy, u; to v;, v, (from Vy/AV; to Vp) such that (Alvy,v;) = 0
for all j. (We will show it for v, but it is exactly the same for v,.) For odd (resp.
even) j, this holds automatically. We assume for the following that v, is any lift of
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u, (the important property is that (A%"'v;,v,) = 1). If m is the minimal integer such
that (A%"™v;,v;) # 0, we can add a multiple of A™ v, to v; to fix that, as

(AT (v + AA™ y), v+ AA™ M,)
(AT v )+ 2MA g, v) = AH(ATT 2y, 0,)

(AT, v) -2,
<Ad_i(V1 + AA™ 1)), v+ AAT ) = (Ad_thVl) =0
for any i < m, and
(AN (Vi + AA™ ;) v,) = (AT v, vp) = 1

Notice that m must be even and m >2. So, by applying this consecutively, we
may change the lift of v; (and similarly v,) in the desired way (notice that indeed
we changed it only by vectors in AV,). Now, all that is left is to again change
v1, v so that (AFv;,v,) = 0 for any k < d - 1. For this, simply choose a vector 7,
which is orthogonal to vy, Avy, A%vy,..., A% 2y, v,, A, ..., A% 1y, and such that
(A%}, v,) = 1. Note that the vector v, — #, is perpendicular to the subspace V, :=
Span(v,, Avs, ..., A% 1y,), and so v, — ¥, € V;+ = V;. This implies that, for all k >
0, (AF9,,7%,) = 0. Moreover, v, — ¥, is perpendicular to A“7'V;, and so v, -, €
AV,. Thus, we can replace v, with ,, and all of the needed conditions will be
satisfied. [

The above immediately implies Proposition 2.15.

B On the centralizers in SO

In this appendix, we prove Theorem 8.5 for the case of G = SO(V'). We need to show
that there exists an element T € O(V) such that TAT ™' = —A and det T = (-1)1"3"],
Assume the decomposition of Proposition 2.15. It is enough to prove Theorem 8.5
for each of the blocks, as then taking the direct sum of the elements T; found gives
an element T € O(V) with TAT ™' = —A. If all of the dimensions of the blocks #;
are even, then det(@ T;) = [Tdet T; = (1) /2 = (-1)"/2. Otherwise, there is an
odd block, and by replacing T; by —T; if needed, we can control the sign of the
determinant to be as we wish. Now, we need to check each of the simple block

types.
B.1 Simple split blocks

We have V = V' @ V'*, with the natural symmetric bilinear form coming from the
!/

0 -A
(over any field and of any dimension) is conjugate to its transpose, there is an iso-

morphism B: V'* — V' such that BA”*B™! = A’. Taking T = [(39)_1 Ig] eO(V),

pairing. A = It ] By the well-known theorem claiming that any square matrix
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we get

o o B|[aA4 o ][o B 0 -BA”|[ 0o B*
TAT :[(B*)l 0][0 —A’*HBl 0]:[(3*)1A’ 0 HBI 0]

_|-BA™"B! 0 A o,
- 0 (B*)—IAIBX— - 0 Al* - .

Furthermore, det T = (-1)dm V" = (—1)dimV/2,
B.2 Simple nonsplit blocks

We have V = Span(e, Ae, A%e, ... ) forsome e € V. Define T: V — Vby T(g(A)e) =
g(—A)e. Tt is well defined since g is well defined modulo f(A)%, and f(-A) = £f(A).
T is an element of O( V), as

(g(=A)e,h(-A)e) = (e, g(A)h(-A)e) = (h(-A)g(A)e, e) = (g(A)e, h(A)e).

Clearly, TAT ' = —A. Moreover, det T = (-1)1"/2], which is what we wanted in the
nonnilpotent case (where # is even), and in the nilpotent case (where n is odd), we

may replace T by — T if needed, in order to achieve the desired sign of the determinant
of T.

B.3 Simple even nilpotent blocks

We can choose T(A’e) = (-1)'A’e and T(A'f) = (-1)""'A’f. It clearly satisfies
TAT™' = —A and T € O(V). It only remains to note that det T = (-1)4™ V/2, which
is exactly what we wanted.
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