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CONTINUOUS HAHN POLYNOMIALS
OF DIFFERENTIAL OPERATOR ARGUMENT AND
ANALYSIS ON RIEMANNIAN SYMMETRIC SPACES
OF CONSTANT CURVATURE

ERICH BADERTSCHER AND TOM H. KOORNWINDER

ABSTRACT.  For the three types of simply connected Riemannian spaces of con-
stant curvature it is shown that the associated spherical functions can be obtained from
the corresponding (zonal) spherical functions by application of a differential operator of
the form p(i d / dt), where p belongs to a system of orthogonal polynomials: Gegenbauer
polynomials, Hahn polynomials or continuous symmetric Hahn polynomials. We give
a group theoretic explanation of this phenomenon and relate the properties of the poly-
nomials p to the properties of the corresponding representation. The method is extended
to the case of intertwining functions.

1. Introduction. This paper deals with the remarkable phenomenon that associ-
ated spherical functions on Euclidean space and on the spaces of constant positive and
negative curvature can be obtained from the corresponding spherical functions by appli-
cation of a differential operator which can be written as p;(i d / dt), where the p; form
some explicit system of orthogonal polynomials.

The most simple situation of this phenomenon can be found on R?, where the Bessel
function Jy is a spherical function and the Bessel functions J; (k € Z,) are associated
spherical functions. The J; fulfill the following differential recurrence relation:

2Ji(t) = Jie1 (1) — T (D).

On the other hand the three term recurrence relation for the Chebyshev polynomials 7}
(k € Z,) of the first kind is given by

2xT(x) = Ty 1(X) + Tier1 (%).
By comparing the two formulas we obtain by induction on &
.d "
(11 T(—i5 )00 = #90)

(for k = 0, 1 the formula is directly verified).
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A much more sophisticated but non-explicit theorem of Helgason [13] points into the
same direction. Let G be a connected semisimple Lie group with finite center. Let K
be a maximal compact subgroup of G. Helgason [13, Theorem 4.1] proves that, in the
generic case, any joint eigenfunction of the G-invariant differential operators on G/K
which belongs to an irreducible K-type can be obtained from the corresponding spherical
function by application of some (on G) right-invariant differential operator.

In our relatively simple setting of Euclidean spaces, spheres and hyperboloids we
will obtain explicit analogues of (1.1) by group theoretic methods. The polynomials py
in terms of which the differential operator is expressed will be Gegenbauer polynonials,
Hahn polynomials and continuous symmetric Hahn polynomials, respectively. Closely
associated with this result are formulas giving the explicit classical Fourier transform of
the spherical function ¢ — ¢, (#) (already derived in Section 2). For the noncompact case
this formula looks quite remarkable.

Here are the contents of the paper. In Section 2 of the paper we introduce the various
special functions we shall need in the paper and we derive the just mentioned Fourier
transforms.

In Section 3 we give an analytic derivation of the generalization of formula (1.1) to
Bessel functions of arbitrary index o € C. This formula is obtained by specializing an
even more general formula for Bessel functions and Gegenbauer polynomials of a certain
partial differential operator.

In Section 4 we give the group theoretic interpretation of the curious formulas includ-
ing special functions and orthogonal polynomials of differential operators. The orthog-
onal polynomials p, associated by us to a spherical representation 7 are also strongly
connected with the intrinsic structure of the representation. In particular 7 is degenerate
if and only if the family p, is degenerate and 7 is unitarizable if and only if the family p;
is positive definite.

In Section 5 we show that the moment functionals describing the polynomials p; come
from weight functions on R that are nothing but the ordinary Fourier transforms of the
spherical functions corresponding to 7. Since we know these transforms explicitly, we
can now also identify the polynomials p; explicitly as Gegenbauer polynomials, as Hahn
polynomials, as continous Hahn polynomials respectively.

In Section 6 we show how the polynomials p; can be used to obtain the associated
spherical functions associated to m from the spherical function of 7. Since we know all
involved functions explicitly, this leads to our various generalizations of formula (1.3).

In Section 7 we use the fact, that our method is not restricted to spherical functions
associated to 7. It applies to arbitrary K-left-invariant generalized matrix elements of 7.
We illustrate the method by choosing two particular families of intertwining functions
on homogeneous spaces of G.

Many formulas of this paper have been announced in [18, Sections 2—4].
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2. Preliminaries on special functions. Here we introduce the various special func-
tions that will be encountered in the paper. We use the familiar ,F,; notation in the defi-
nitions.

Jacobi functions:
.1 Sy 1= oF (5o + B+ 1+i)), J(a+ B+ 1 —id);a+ 1; —sinh’ 1),

—1
¢f. for instance [17]. For Re ax > -—% the Jacobi function d)(;' ?) has the integral repre-
sentation

(a,—1) F(a+ 1) 4 . D=t . 2
2.2) Aa (= m /0 (cosh t + sinhz cos )"~ 2(sin )" * dp.
Formula (2.2) is a degenerate case of the integral representation [17, (5.28)] for Jacobi
functions, but can also be derived from an integral representation [6, 3.7(8)] for associ-

ated Legendre functions by substitution of

(,—3)

N () = 2°T(a + 1)(sinh t)"’P:C%')rM(cosh 1),
(cf. [6, 3.2(20)]). From formula (2.2) we can obtain explicitly the Fourier transform of
qﬁ(f"%); substitute cos i) = —tanhy in the integral on the right hand side in order to
transform it into a convolution:
INa+1)

(a—1) = —
2.3) o (t)—'l"(a+%)r(%)

i\—a—L .
/m (cosh(t — y))l’\ 3 (coshy)’“*““]f dy.
—00
ForIm\ < Rea+ 15, the function y — (cosh y)”"*“"‘% belongs to the class .$ of rapidly
decreasing C*°-functions on R with explicit Fourier transform given by
(2.4)

00 A L.
/ (coshy) ™ 72" dy =
—00

ziﬂa-% Les : 1 1 . . 1
mr(i(’“+’>‘+a+E))r(i(“lﬂ+l/\+a+5))

(cf. 16, 1.5(26)]). We can apply (2.4) to the convolution (2.3) in order to obtain the Fourier

transform of t —s ¢>&a'~%)(t) for ImA| < Rear + 3:

2270 + Dwe (1)
o+ HIGTEA+a+ HI(—id+a+3)’

/_ O:O 6D dr =
where w, ) (1) is given by
War (1) =T (3 +iX + a+ DIT(F(—ip+id+ a +3))
(2.5) X T(3(p—ix+ o+ H)T(3(—ip —ix+a+ ).
By Fourier inversion we have for [Im \| < Re a + 3:

22 + 1)
/2T (a + DTG + a + DI(—id + a + 1)

This formula will play an essential role in Section 5.

(a,—-;-) _ o0 —ipt
2.6) ¢ V)= | wartwe ™ dp.
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Jacobi polynomials:
k! I
Q2.7 RO = ———PP () = oFi (—kk+ a+ B+ Lo+ 1;3(1—x),

(o + 1)

where P;(a‘ﬂ ) is the usual Jacobi polynomial. For a, 3 > —1 these are orthogonal poly-
nomials on the interval (—1, 1) with respect to the weight function (1 — x)(1 +x)?. See
Szego [22, Chapter 4]. For a = (3, Szego (22, (4.9.19),(4.9.21),(4.7.6)] gives the explicit
Fourier series

k Iy .
(2.8) R¥(cos ) = Y- wirk, e~
j=0
with
ak . (ot D j(a+ 4)k!
2.9) Wt = =D @at )
Bessel functions:
(2.10) Ja@) =T+ 1)(32)7Je(2) = oFi(c + 1; =22 /4),

where J, is the usual Bessel function. There is an integral representation

I 1 |
(a+D) e (1 — )1 dx, Rea > —3,

@) Je = 5 e

of 125, 3.3(4)].

Continuous symmetric Hahn polynomials:

—k,k+2a+2b—1,a—ix 1)

B -a,b) ;= iF :
2.12) peria k) = i 2( e

These are orthogonal polynomials on R with respect to the weight function x +—
T(a+ix)[(b+ ix)[2 (a,b>0orb = a, Rea > 0). See Askey and Wilson [1], [2, p.48].
By (2.5) the monic orthogonal polynomials p; on R with respect to the weight function
W ([ImA] < a + %) are given in terms of continuous symmetric Hahn polynomials as

_ (=DFQap( + a+idy —2)
= 2).

L.
2(ao) Pi(5; *

+9+2,

DIR
-
DIR

B—

(2.13) () :

Note that py(u) is an even function of \.

Hahn polynomials:
—kk+3+7+1,—x
14 38,7, N) = 3F ;1], k=0,1,...,N.
@14 asom=an (TR
These are orthogonal polynomials on {0, 1,..., N} with respect to the weights

= (),
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¢f. Karlin and McGregor [15], Askey and Wilson [2, p.47]. By (2.8), (2.9) the monic
orthogonal polynomials p; on {—n,—n +2,...,n — 2,n} with respect to the weights
p — wiy" are given in terms of Hahn polynomials as

(=D*2a)(—n)

(2.15) pe(p) = 200

O(3(n—p)ya— 4 a—1.n).

3. The Euclidean case. Letd = 2,3,.... Let $¢~! be the unit sphere in the Eu-
clidean space R? with normalized surface measure do. For x,y € R? let x. y denote their
inner product and |x] the length of x. Then, for each homogeneous harmonic polynomial
Y of degree k on R? we have

Uk
Gk

where j, is the Bessel function in modified notation defined by (2.10). See for instance
Faraut [10, Corollary I1.8]. In particular, for kK = O this becomes

3.1 /S L EEV©) do(©) = iy DY, x e RS,

(3.2) /S L €T do© =y (5D, x € R
PROPOSITION 3.1.  Let Y be a homogeneous harmonic polynomial of degree k on R?.
Then
. . ) e d
(3.3) Y(—ta/axl,...,—ta/axd)j%d7|(|x|) ) i DY),  x e R
PROOF.  Apply the differential operator Y(—id/dxi, ..., —id/dx,) to both sides of
(3.2) and compare with (3.1). ]

The special case d = 3 of (3.3) goes back to Van der Pol [20] and Erdélyi [5], see also
[7, 11.5(32)]. We thank A. Strasburger for these references.
In particular, if we take

(34
Y(xi,...,%2) = Zcxk ¥, xeRY
Jj=0

where the ¢; are given by

13k
Hd—3),3(d—-3 2 2
ROy - Sh kY xeR,
=0

(i.e., Y is a zonal spherical harmonic), and if we use that

0% 0? ,
<§x—%+-~-+a—x§+ l)J%dl(lxD:O
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then we obtain from (3.3) that, for x € RY,
(3.4)
Ld-31d-3), . . L
Riz(d 3l 3)’(—za/ax,)j_;d_qu|)= (30)

(1(d-3),1(d~3))
(1d)k]5"‘*l+k(]x')lx|ksz 250 /XD
2

In (3.4) putx = (tcos b, tsinf,0,...,0). Then we obtain the case o = %d— 1 of the next
proposition.

PROPOSITION 3.2.  For arbitrary complex a # —1/2,—1,-3/2,... we have

3.5) )
a—1a-1 . 1 - . i a—Lta—1 .
R;( 2 2>(—I(COS 0(—% —+sin 9%))_/0((1) = mRﬁ( 2 2)(COS 9)tkja+k(t)
In particular, for 8 = 0,
-k
(a—%,a—1) . . _ l .
(3.6) R (—id]dnja0) = 5 l)kt"jmk(t).

PROOF. By rewriting [7, 7.8(12)], which is an integrated version of [25, 11.5(9)], we
obtain that, for Rea > — %,

ik

! (a—ta-ty ,
T (s 0k (1)
INa+1) it cos  cos
(3 7) — it cosf cos Y
T+ D) .["’

X ja_%(t sin 8 sin w)Ria_ %’ak%)(cos ¥)(sin )** dip

and, in particular for k = 0,

T(o+ 1)

G8) D) = o T

/(;” OIS (¢sin @ sin §)(sin 1) d.

Now application ofRza‘%'a*%)(—i(cos 60/0t—t'sin 98/89)) to (3.8) sends its left hand
side to the left hand side of (3.5) and its right hand side to the right hand side of (3.7).
Thus we get (3.5) first for Re o > —'5 and next, in general, by analytic continuation with
respect to a. L]

4. Orthogonal polynomials and the K-decomposition of a spherical representa-
tion. Let, for d > 2, G be one of the groups Oy(1,d), O(d + 1), I(R?), and let K be
the subgroup O(d). (For d > 3 we may also take G := SOy(1,d), SO(d + 1), Io(R%),
and K := SO(d).) Let M be the subgroup O(d — 1) of K. Both (G, K) and (K, M) are
Gelfand pairs and K /M can be identified with the unit sphere in RY. We will refer to
the three cases for G as the noncompact case, the compact case and the Euclidean case,
respectively. See for instance Faraut [9, §II] for generalities about these pairs (G, K).
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Let g and f be the Lie algebras of G and K, respectively. There is an involution of g
for which f is the 1-eigenspace. Let p be the (—1)-eigenspace. (In the Euclidean case,
p is just the Lie algebra of the translation group.) The group K acts on p via the adjoint
representation. If ¢ = f + p is the Lie algebra of G in the compact case then the Lie
algebras of G in the noncompact and Euclidean case can be identified with f +ip (as real
form of complexified g) and f + p (as semidirect product), respectively. In the compact
case, take an Ad(G)-invariant inner product on g such that G / K has sectional curvature
1 (this is uniquely determined). By the just-mentioned correspondences between the Lie
algebras, this inner product can be transferred to Ad(K)-invariant inner products on f
and p in the noncompact and Euclidean cases. In the noncompact case, the sectional
curvature of G /K resulting from the inner product on p will be equal to —1. Choose an
orthonormal basis X, ..., X, of p such that X; is M-fixed. Put a := RX;, A :=expa.

Let 7 be an irreducible K-finite K-unitary representation of G on a Hilbert space #
which is spherical, i.e., for which # has a normalized K-fixed vector ey (necessarily
unique up to a phase factor, since (G, K) is a Gelfand pair). Write (. , . ) for the inner
product on #. Let y be the moment functional which associates with any polynomial p
in one variable the number

“.1) p(p) == (m(pliX))eo, €o),
write
4.2) e = (n((@X1)*)eo. €0),  k € Z,

for the corresponding moments and write

(4.3) (P, @) = (m(p(iX1)q(iX1) )eo, €0 )

for the associated bilinear form. Let s be the biggest number in NU{oo} such that (. , .)
is non-degenerate on any space of polynomials of degree k < s (or, equivalently, such

.....

polynomial with respect to the moment functional y. (See Chihara [3, Chapter 1] for the
general theory of orthogonal polynomials with respect to a moment functional.) Let

ey = W(pk(ixl))e(), 0<k<s.

We now state the two main theorems of this section.

THEOREM 4.1. For 0 < k < s the vector ey is M-invariant, nonzero and a cyclic
vector for an irreducible K-module H* which is K-equivariant to the space of spherical
harmonics of degree k on K /M. Furthermore,

H= @ H*

0<k<s

Finally, for any k with s < k < oo the bilinear form (. , .) is degenerate on the space of
polynomials of degree < k.
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THEOREM 4.2.  The representation T is unitarizable iff the bilinear form (. , .), is
positive definite on the space of polynomials of degree < s, i.e., iff

3" pCattprg > 0fork <sand0 # (cy,..., ;) € Ch.

Pq<k

We will prove these results in a sequence of lemmas and propositions. Here the poly-
nomials py, the vectors e, the spaces #* and the numbers s will be defined first in a
way different from above, but later it will turn out that for each object the two definitions
agree. ,

We first study the action of the (complex) universal enveloping algebra U(g) on ep.
The natural filtration { Ui(g) }x=0.1 2... of U(g) induces a natural grading of H as follows.
Put

H = m( U(@))eo

and let H* be the orthogonal complement of #; _; in ;. Note that H = &, H* by
irreducibility of .

Let S(g) denote the symmetric algebra over the vector space g and let S(g) denote the
space of elements in S(g) which are homogeneous of degree k. Let H*(p) be the subspace
of S¥(p) for which the elements are harmonic polynomials on the linear dual p* of p. Let
o0:8(g) — U(g) denote the symmetrization mapping (cf. Helgason [14, Theorem 11.4.3],
where the mapping is denoted by A).

LEMMA 4.3.  Either the space H* is K-irreducible or H* = {0}. The mapping
Y — F(U(Y))e(): S(p) — H intertwines the representations Ad and 7t|x of K. We have

HF = w(a(Hk(p))>eo.

PROOE.  Since

k .
U@ = U 1(9)f +0(25'w)
(see Helgason [14, Lemma 11.4.7]), we have
@4.4) 2 n(o(S'®) )eo + Hor.

Next we know
SKp) = H'(p) + S 2(0)(XT + - - + X3)

(see e.g. Vilenkin [23, Chapter 9]) whence
4.5) o($5(n)) C o(H D)) + o (S 2(0))(XT +- - + X5) + Uy 1(Q)-
But

rom(o(1)eo = nlm (o)) k" eo = w(o(Ad(k)Y))eo, Y € S, k € K.
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Hence the mapping Y — ﬂ(a(Y))eo: S(p) — H intertwines the representations Ad and
|k of K. So, since Cey is the space of K-fixed elements in H, ep is an eigenvector of
m(X? + - - - + X3). Hence we obtain from (4.4) and (4.5) that

H, C w(a(Hk(p))>e() + Hy

and, by iteration,

k .
H, C Zﬂ(d(H‘(p)))eo.
i=0
Clearly the inverse inclusion is also valid, so
k [ AY
4.6) = Zﬂ(U(H’(p)))eo.
i=0

But the spaces H¥(p) are K-irreducible and pairwise K-inequivalent (see for instance [23,
Chapter 9)), so the statements of the lemma follow now from (4.6) and the Schur lemma.
| ]

Let k € Z, and let P, be the polynomial in n variables such that P, (X, ..., X,) is the
monic zonal (i.e. M-invariant) polynomial in H(p). Its coefficients can be obtained from
a Gegenbauer polynomial power series expansion: Let

1(d-3),4(d-3 _
RNy = e 4 a2+,

then

Pu(xt,..oxg) =4 v a2 20 ) e
Define
@.7) e = r(o(PuiXy,....iX0) )eo, K E L.

Then ¢, is an M-invariant vector in H*, unique up to a constant factor, and ¢, = 0 iff

3* = {0}.

LEMMA 4.4. For each k € Z, there is a monic polynomial py in one variable of
degree k such that

(4.8) ex = m(pe(iX))eo.

PROOF. By elementary properties of the symmetrization mapping we have
e = n(o (X0} + a2t X2 4+ XD ) Jeo
€ (X)) eo + U 2(Q)XT +- - -+ X7)eo + Uy _1(@)eo
C m(X0)*)eo + U1 (@)eo
= 7((iX1)")eo + kz; H'.

As e, — 7r((iX| )")e() is M-invariant, the result follows by complete induction with respect
to k. n
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PROPOSITION 4.5.  There is a unique s € N\U{oo} such that dim H* > 0 iffk <'s.
For this s the vectors e (k < s) are obtained by orthogonalization of the sequence e,
w(iX;)eo, 7r((iX1 )2)e0, ...and, ifk < s ork = s < 00, then the polynomials py are the
unique monic polynomials of degree k satisfying (4.8). Ifk = s < oo then ﬂ(ps(in ))eo =
0.

PROOF. Choose s € NU{oo} maximal such that the vectors 7r((iX 1 )")eo (k < s) are
linearly independent. Then, by (4.8), the vectors ¢, (k < s) are linearly independent as
well and the statements about orthogonalization and uniqueness of the p; are evident.
Our choice of s clearly has the property required in the Proposition if s = o0o. Next, if
s < oo then, by induction,

W((iX])k)eo S span{eo, v, w((iX;)"")eo} C H,_, for all k.
Hence, for g = kjak, € G (k1,k, € K, a € A):
m(g)eo = m(ky)m(a)eg € m(k))Hs—y C Hi_y,

whence, by irreducibility,
fo's) s—1
DH = H C H_ = DH".
k=0 k=0

This shows that #* = {0} ifk > s, while we already know that H* # {0} ifk <s. m
Let 7 be the conjugate contragredient representation to T, i.e. the representation of G
on H such that

(m(g)e.f) = (e, (g ")), ef€H, geqC.

Then 7 is also an irreducible K-finite K-unitary representation of G on H and 7 and 7
have the same restriction to K, so the spaces H* and the number s are the same for 7 and

.
Let the moment functional y, the moments y; and the associated bilinear form be
defined by (4.1), (4.2) and (4.3), respectively.

PROPOSITION 4.6.  The polynomials py (k < s), defined by (4.8), are the monic
orthogonal polynomials with respect to the moment functional p, i.e. u(pyp;) = 0 if
kil<sandk # 1

PROOFE. If j < s then
span{eo, ..., e;} = {M-invariant vectors in #} = span{e,..., #((iX,Y )eo}.
If j < k < sthen 0 = (e, ¢;) = (m(p(iX\))eo, ¢j). Hence
0 = (n(pe(iX1))eo, #((iX1Y)eo) = (m((X1Ypu(iX1))eo, €0) if j < k <s. .

REMARK 4.7. (a) Note that the moment functional and the polynomials p; are in-
dependent of the particular K-unitary structure chosen on ..
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(b) For the moment functional i—and thus for the polynomials j; associated with 7—
we have jiy = Tig, px = Pr. (Indeed, ji; = (eo, #((iX1)*)eo) = (m((iX))¥)eo, e0) = Tiz.)
(c) The moment functional u is symmetric, that is, poj,y = 0 forall j € Z,. (Indeed,
take k € K with Ad(k)X; = —X, and use (7((iXY)eo, e0) = (m(Adk)(iX,Y )eo. eo).)

The proof of Theorem 4.1 is completed with

PROPOSITION 4.8.  Let k € Z.,. Then the bilinear form (. , .),, is non-degenerate on
the space of polynomials of degree < k iff k <'s.

PROOF. If s < oo then, by Proposition 4.5,
(s @) = (m(q(iX0))7(ps(iX1)) €0, €0) = O

for all polynomials g. On the other hand, if k < s < oo and p is a polynomial of degree
< k such that (p, ¢), = 0 for all polynomials g of degree < k, then, by Proposition 4.5
and Remark 4.7(b),

m(p(iXy))eo = #(4(iX1))eo
for a certain polynomial g of degree < k, whence
0 = (r(qGX)p(iX1))eo, e) = (m(iX1)eo, T(iX: )eo)-
Hence 7r(p(iX1 ))eo = 0 and, again by Proposition 4.5, p = 0. [

REMARK 4.9. It follows from Proposition 4.8 that (py, px), # 0 if k < s. Thus, if
s = 00, then the polynomials p, are orthogonal with respect to the moment functional y
in the sense of Chihara [3, Chapter I, Definition 2.2].

Proof of Theorem 4.2. Assume 7 unitary. Then for 0 # (cy,...,c) € CK k < s, we
have by Proposition4.5 that

0< <7r(pzs:kc,,(iX1)”>eo,7r<qu( cq(iX) )‘l)e0>
=2 Cp‘CZ<7r((iX1)”“’)eo,eo> = 2 Cplqlipsg-
k

Pq<k Pg<

Conversely assume that 3=, ;< ¢,Cqltp+g > 0 whenever k < s and 0 Z£(Cly..., ) € ck.
Use that

(ex, ®(pj(iX1))eo) = (m(piiX1))eo, 7 (pj(iX1))eo) = (m(Pi(iXDpi(iX1))eo, €o).
Hence
(ex, #(p;(iX1))eo) = ax by for all j,k < s, where o >0 (0 < k < s).
Also, by Proposition 4.5,

<ek,7r(pj(iX;))eo> = B b, forall j,k <'s, where 8 >0 (0 <k <s).
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Let v := oy /B > 0. Then
(e 7(p(iX1))e0) = Ve ew m(p(iX1))eo)

for all k < s and all polynomials p of degree < s, in particular for p(x) := ¥, j < s.
Hence

(ex, T(@)eo) = Velex, m(a)eo)
fora € A, k <'s. Since 7(a)eg and m(a)ey are M-invariant, it follows that
(v, F(@)eo) = Vi (v, m(a)eo)
fora € A, k < s, v € H*. Finally, by Cartan decomposition of G,
(v, (g)eo) = Vilv, m(g)eo)

forg € G,k < s,v € H* Now it follows quickly that the spherical function g +—
(m(g)eo, eo) is positive definite on G, so 7 is unitarizable. (See also [16, Theorem 6.5 and
Remark 6.6].) .

5. Relationship between moment functional and spherical function. We pre-
serve the notation of the beginning of §4. Let ¢ be the spherical function associated with
the representation , i.e.

o(x) := (m(x)ep,e0), x € G.

Then ¢ is a real analytic function on G. Each spherical function for the Gelfand pair
(G, K) can be obtained from a unique irreducible representation 7 of G, see [14, Theo-

rem [V.4.5].

PROPOSITION 5.1.  In terms of the spherical function ¢ the moments can be expressed
by
G.1) ui = (id [ dn)|i—od (exp(eX1)).

PROOE.

(m(X1)*)eo, e0) = (id/dD)|i—o(m(exp(tX1))eo, e0) = (id/dt)|=od(exp(tXy)). m

In order to associate a weight function with the moment functional ¢ in (5.1) we can
apply Fourier techniques to this formula.
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PROPOSITION 5.2.  Suppose that the functiont — ¢(exp(tX | )) is of the form
(5.2) $(exp(tX))) = 3 wje ' + /m w(E)e E d,
=1 o

where (1,...,( € C and distinct, wi,...,w, € C and nonzero, and & — €w(€) is in
L'(R) for all k € 7,. Then

= NG+ [ gu©de, ke,
]:

and the polynomials p, are monic orthogonal polynomials with respect to the orthogo-
nality measure

(w04 S3eq6 = ) e

PROOF. Substitute (5.2) into (5.1). =

Later in this section we will see when the conditions of the above proposition are
satisfied.

REMARK 5.3. If r = 0in (5.2) then the function ¢ — ¢(exp(tX |)) is the classical

Fourier transform of w. In general, (5.2) writes the function ¢t +— d)(exp(tX] )), when
identified with a distribution in D’(R), as the Fourier transform of w + E;Zl wj (. —¢)
considered as the linear functional

v L@+ [ HOwOde

on the space of Fourier transforms of D(R) (¢f. Gelfand and Shilov [12, Chapter I,
Sections 2.1, 2.2]). If d)(exp(tX 1)) can be expressed in the form of (5.2) then the function
w and the pairs (wy, ) are uniquely determined by ¢.

PROPOSITION 5.4.  Suppose that ¢ can be written in the form (5.2). Then w # 0 iff
s=o00 [fwu=0thens=r.

PrROOE.  If s < oo then, by Proposition 4.5,

0 = m(py(iX1))$(exp(1X1)) = py(id/dD$(exp(tX))) for all t € R.

It follows from (5.2) thatthen w = O and r < s.
On the other hand, if ¢ can be written in the form (5.2) with w = 0 then

plid/dDg(exp(tX))) = 0 with p(x) = f[(x —§).
j=1

Hence (p,q), = 0 for all polynomials g of degree < r, so r > s by Proposition4.8. =
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Now we will determine explicitly the polynomials p, in the various cases. Put
a:=d/2—1.
5.1 The Euclidean case G = I(R?). The spherical functions are given by
(exp(tX1)) = ja(A1),

essentially a Bessel function (cf. (2.10)), where A runs over C with A and —\ identified,
see Faraut [9, Section ILII]. The corresponding representations are unitarizable iff A € R.
If A = O then 7 is the identity representation and s = 1. If A € C\{0} then ¢(exp(tX1))
has the form (5.2) with r = 0, explicitly given by (2.11). It follows from (2.11) that the
corresponding monic polynomials p; are given in terms of Gegenbauer polynomials as

MQa)

(5.3) P = S

(a—}.a—1)
R @/ N).

5.2 The noncompact case G = Oy(1,d). We assume sectional curvature —1 in Oy(1, d) /
O(d). Then the spherical functions are given by

$(expX))) = 62,

a Jacobi function (cf. (2.1)), where A runs over C with X and —) identified, see for in-
stance Faraut [9, Sections IL.IV and IV.I]. The corresponding representations are unita-
rizable iff A € R or —a < i\ < a. Because of (2.3), the function ¢ +— d)(exp(tX]))
belongs to the class S if [Im\| < a + % Then (5.2) holds with » = 0 and we get (5.2)
explicitly from (2.6). In combination with Proposition 5.2 the corresponding polynomi-
als py are seen to be expressible in terms of continuous symmetric Hahn polynomials by
(2.13):

(—D*Qa(L + a+ M) (
k

(5.4) pr(x) == @),

By analytic continuation with respect to A this formula remains correct for all A € C.
For \ ¢ iZ, t # 0, we have an expansion of the form

d)f\a,—%)(t) _ io:(Cj(_/\)e(—i)\—(a+%+2j))[t[ +Cj()\)e(i)\~(a+%+2j))ltl)
=0
(see [17,(2.17), (2.15)]). Hence, if ImA > 0, Im\ — o — 1 ¢ 27, and —i\ ¢ Z, then
2
D= Y 2¢(=Ncosh((iA+a+ 1 +2)) + 1,00,
0<2j<ImA—a—}

where ¢, € S. Thus, for these ), the function ¢ has the form (5.2).
If —i\—a— % = n, n € Z, then, by the quadratic transformation [17, (5.32)], by (2.1)
and (2.7) we have that

¢\ (1) = R (cosh ),
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a Jacobi polynomial of argument cosh ¢, ¢f. (2.7). Then ¢ is of the form (5.2) withw = 0,
so the corresponding representation of G extends by analytic continuation to a represen-
tation of the complexification Oy(d + 1, C) and can next be restricted to a (still spherical
and irreducible) representation of the compact form O(d + 1). The spherical function for
(O(d +1), O(d)) keeps the same expression as above, except that cosh ¢ is replaced by
cost.

5.3 The compact case G = O(d + 1). We assume curvature +1 on O(d + 1)/ O(d). Then
the spherical functions are given by

(5.5) d(exp(tX))) = R (cost), n€Z,,

up to a constant factor a Jacobi polynomial (cf. (2.7)). See Vilenkin [23, Chapter 9]. Since
G is compact, the corresponding representations are all unitarizable. From (2.8) we see
that ¢(exp(1X;)) has the form (5.2) withw = O and {¢;,....¢} = {—n,—n+2,....n—
2,n}. Hence s = n+ 1 by Proposition 5.4. By Proposition 5.2 and (2.15) we get that the
corresponding polynomials p; are given in terms of Hahn polynomials by (2.15):

(=D Qa)(—n)

T Oi(3(n — x5, —5.m).

6. Associated spherical functions. We still preserve the notation of Section 4. For
the given spherical representation 7 on H and k € Z, define the vectors &, corresponding
to 7 similarly to (4.7), (4.8):

6.1) & = 7(o(PuiXi, .., X)) )eo = F(PR(iXD)eo

(cf. Remark 4.7). Then éy = ey, &, = 0iff k > s and ¢, is proportional to ¢ for all k (&
is equal to e, for all k iff 7 is unitary, cf. the end of the proof of Theorem 4.2). Note that
we have normalized the vectors & such that the constants

(6.2) i := (e, &) = (m(pa(iX1))eo, 7(Pr(iX1))e0) = (m(pi(iX1))eos €0) = (Pis i)

depend only on the representation 7, but not on the particular K-unitary structure chosen
on H (cf. Remark 4.7(a)). For instance, it follows from Theorem 4.2 that  is unitarizable
if and only if the 7, are positive real for all k < s.

Define for k € Z, the associated spherical function ¢* on G by

o*(g) 1= (m(g)eo, &).

(See [17, Section 3.3] for generalities on associated spherical functions.) Each function
¢ is real analytic on G, left M- and right K-invariant.
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PROPOSITION 6.1.  The associated spherical function ¢* is obtained from the spher-
ical function ¢ by

(6.3) #"(2) = (P(iX1)9)(8).

Here X, is the right invariant differential operator associated with the Lie algebra ele-
ment Xy, i.e. (Xif)(g) := (d/dt)|i=0 f(exp(tX1)g). In particular, for g = exp1X,,

(6.4) ot (exptX)) = pi(id/dt)p(exptXy).

The function t — ¢*(exp tX;) has a zero of order k at 0 and for k < s it is specified by
this property among the complex linear combinations

(id/dt)¢(exptXy) + i (id/dt) ' plexp X)) + - - - + coplexptX)).

PROOE. (i) ¢*(8) = (m(®)e. &) = (m(g)eo, F(Pr(iX1))eo) = (m(piiX1))m(g)eo,

eo>.
(ii) (d/dtY| =00 (exptX1) = (n((X1))eo.&) = O for all j < k by Proposition 4.5.
The converse statement follows analogously from Proposition 4.6. n

From Proposition 6.1 it follows that the associated spherical functions ¢* do not de-
pend on the particular K-unitary structure chosen on # . Furthermore, ¢* is determined
by its restriction to the one-parameter subgroup A of G. To see this, write g = kjak;
(k1,k, € K, a € A) by the Cartan decomposition. Then

(m(k1)éy, éx)
(8, &)

since m(a)eo is M-invariant, 7(k; 1)é; is in #* and, up to a constant, & is the unique
M-invariant vector in #*. The function v* is the spherical function for the pair (K, M)
associated to the representation |4 of K. It does not depend on the representation ,
neither on the type of the group G (only on the dimension d). Recall the definition of
Ad(K)-invariant inner product on f given in the beginning of Section 4. It induces an
Ad(M)-invariant inner product on the orthoplement in f to the Lie algebra of M such that
the corresponding sphere K /M has sectional curvature 1. Let Y; be a unit vector in this
orthoplement. Put kg = exp 08Y;. By formula (5.5) we have

(6.5)  ¢r(kiaky) = (m(a)eo, (ki &) = (m(a)eo, &) = ¢a)t k)

Y (kg) = R (cos B),

Up to a constant factor, the associated spherical functions ¢ +— ¢*(exp tX;) are known
as special functions on R in all cases (for instance they can be found as solutions of
singular second order differential equations on R). We shall determine the proper nor-
malization in all cases. From the function ¢* the constant Y, can be calculated as

(6.6) Ve = pilid/dn)|i—od* (exp1X1) = (id/d)}|i=o¢" (expX)).
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6.1 The Euclidean case G = I(RY). The functions ¢* associated to the spherical function
d(exp X)) = jo(A?) are of the form

k(exp X)) = const. Xjq k(A1)

(see [23, Section XI.3.3]). Hence, for o = v%,O, %, ..., formula (6.4) provides us with
a group theoretic interpretation of formula (3.6). Setting g = ky exp X in formula (6.3)
leads, in view of (6.5), to a group theoretic interpretation of formula (3.5).

The correct normalization of the associated spherical function ¢* can be read off from

formula (3.6):
(=) Qa)A*

mtkjmk()\l‘)

o*exptXy) = pr(id/dnjo(\t) =

with p; given by (5.3). Hence, by formula (6.6),
_ Qo) k! 2
dap(a+ 1)
6.2 The noncompact case G = Oy(1,d). The functions ¢* associated to the spherical
function ¢(exptX|) = ¢(;’7%)(t) are of the form

k

(a+k,—1

#*(expXy) = const. (sinh )¢\ (1)
(see [23,8§X.3.4] or [17, §4.2]). First we evaluate the constant. For Im A > 0, t — oo we
have
i » _ 22T + DTN
6.7 (a,—3) £~ Co =\ (iNa+ )t th =" "7
6.7) ¢y (D~ ca(—N)e 2 with cq(A) T a+))

(see [17, (2.18)]). Thus on the one hand we obtain

N G NI CO I SR
00 ¢§"‘*%’(t) 2kco (=) (a+ 1 —i\)y’

and on the other hand we have

. PMexptXy) | pulid/dg(expiXi) .
6. 1 =1 - _ LY
C8 M Sepory AT gepony P )
By use of formulas (5.4) and (2.12) we can calculate the right hand side of this last
formula explicitly:

(=)' Qa

(6.9) (A — i+ ) = o,

(a+ 5 +id).

Altogether, we obtain explicitly for ¢¥

(=) Qo)
A (a)(or+ 1)k

(+ L+ i@+ § — idy(sinh g

(6.10) oXexpiXy) = (1)

and then for v,

(ZO()k k!
6.11 = —
©1h T et g
By analytic continuation, formulas (6.9)—(6.11) hold for all A € C.

o+ 5+ X+ 5 — idg.
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THEOREM 6.2.  ForallX € C,k € Z, and a = 0,1, 1,... we have
. . . 1
pk(%(coseg - cothtsin@%); 24l aql o %)d)&a‘ 2(f)
(6.12) k

_ l (a+k,—1)
2k(O( + l)k

(a+ L — iAy(sinh o)\ 2 (;)R}("‘%'“‘%’(cos 0)
and in particular, for § = 0,

(6.13) "

2K+ 1)

PROOF. We use formulas (5.4) and (6.10) to write down formula (6.4) explicitly; this

leads to formula (6.13) when (o + % + i) # 0; by continuity, formula (6.13) remains

true when (o + % +iA), = 0. To obtain formula (6.12) analogously from formula (6.3),
we merely have to show that for any right K-invariant function f € C*°(G) we have

(X1f)(kgexptX;) = (cos 69 /0t — cothtsin 60 /d0)f (kgexp tX).

Note that X, and Y) span a Lie algebra isomorphic to the Lie algebra s/(2, R) and that
their images under this isomorphism can be taken, for instance, as

(1) =068

Hence ,

| - 1
_ [ cos 50 —sm#)) _ (ez 0 )
ko ( sinlf cosif )’ expiX 0 e3')"

Now define the functions r,¢: R — R by exp(sXi)kgexp(tX1) € ky) exp(r(s)X.)K.
Then

(a+ 1 — iA)(sinh ™),

(X1f) kg exptX;) = (H0)9 /0t +(0)d /90 )f (kg exp X1 ).
By an easy calculation we find
cosh r = cosh(s + 1) cos? %0 + cosh(s — 1) sin’ %6’
sinh rsin ¢y = sinhtsin 6.

We differentiate these two formulas with respect to s at s = 0 and obtain #(0) = cos 6
and ¢(0) = — coth ¢sin6. n

See [18, §2] for a purely analytic proof of (6.13).

6.3 The compact case G = O(d+1). The functions @* associated to the spherical function
P(exptX;) = R{%¥(cos 1) are of the form

(a+k,a+k)
Rn(l_; Q-+l

d)k (exp tX;) = const. (sin t)" (cost)

(see [23, §1X.4.1]). The appropriate normalizations as well as the explicit versions of
formulas (6.3) and (6.4) can be obtained by analytic continuation from the noncompact
case. Put o + % +iA = —n, n € Z, in formulas (6.12), (6.13), replace ¢ by it and use

(@,—1)

L= qﬁ‘z‘;“’)(%t) in order to obtain the following corollary.
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COROLLARY 6.3. Forallk,n € Z,, k <nand a # —%, -1, —% we have
Qk(%n — 4i(cos §9/dt — cottsin 60 /00); ar — 3,00 — %,n)Rﬁf’"’)(cos f)

&

i

~ 2K+ 1)

(04

(6.14) (n+ 20+ 1y (sin RO (cos R P cos )

and in particular, for § = 0,

Ok(3n — Jid/dt;a— 5,00 — 5, MR (cos 1)
p
_ sk platk,a+k)
= m(n + 20+ Dy (sint) R (cos ).
PROOF. Fora =0, %, 1,...equation (6.14)is obtained by analytic continuation from
formula (6.12). Now fix n, k and ¢. Then both sides of (6.14) are rational functions of o
(see formulas (2.14) and (2.7)). Hence the two sides must agree for all a. »

7. Associated intertwining functions. Again we assume the notation of Section 4.
Let f be a generalized left K-invariant matrix element of the spherical representation
of G, i.e.

(7.1 (@) = (m(g)e, e0) = (e, (g Meo),

where e € H ~(r), the anti-dual of the Fréchet space H ®(#) of C™-vectors for 7.
Denote the corresponding M-invariant matrix element of higher K-type by f*,

f* = (n(®)e,é).

Then all the functions f* are real analytic on G, and formula (6.3) and its proof generalize
to the family of functions f*:

(7.2) (&) = puliX1)f (g).

In the case e is invariant with respect to the action of some closed subgroup G’ of G, the
function f = f¥ is called an intertwining function on the homogeous space G/G’ and
the functions f* are called associated intertwining functionson G /G'. We shall derive in
this section the explicit versions of formula (7.2) for two particular homogenous spaces
of the group G = Oy(1, d).

Let G = KAN be the Iwaswawa decomposition of G = Oy(1,d) associated to the
positive Weyl chamber R, X;. Write H(g) = ¢ if g = kexp(¢X))n in this decomposition.
Let ), be the spherical principal series representation corresponding to A, i. e., 7y is left
action of G on the space

Hy, = {f:G— C | f(gmexp(tXi)n) = "™ D'f(g) flx € LAK)).

The K-unitary structure on %, is given by the scalar product {f,h) = [k f(k)h(k)dk.
It follows that 7, = 5 (use [14, Lemma 1.5.19]). If A is not degenerate, i.e. if A ¢
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+i(a + % + Z,), then 7, is spherical. If A = i(a+ % + n) with n € Z,, then 7, contains
a finite-dimensional spherical subrepresentation with s = n + 1. The K-fixed vector

eo € H, is the function

eo(g) = e~ P HHEE)

and the corresponding spherical function is ¢, (exp tX;) = ¢(Aa‘*% )(t). In this realization of

m, on H, we can identify # °°(,) with the subspace H® := {f € H, | flx € C*(K)}
of H,, cf. Wallach [24, Theorem 1.8.4] and Dixmier and Malliavin [4].

Fix A € C. Let E, be the eigenspace of the Laplace-Beltrami operator A on G /K that
contains the spherical function ¢, and let E} be the subspace of functions of at most
exponential growth (see Flensted-Jensen [11, Section IV.2]). Suppose A ¢ i(a+ % +7,);
then each function f € ‘E} can be represented as Poisson transform of a distribution T
on G satisfying T(gmexp tXin) = X ~*~1/2'T(g) (see [11, Corollary IV.6]):

£(8) = PaT(9) = [ eo(g™ T dk = (mr(geo, ),
where e € H () is defined by
(e,v) = /KTk)T(k)dk, v e HX = H®(my).
Thus we find:
LEMMA 7.1.  Let A ¢ i(cc+ § + 7). Then each f € ‘E} can be written as
(7.3) £(§) = (m(g)eo,€) = (my(g e, eo)-

for a certain e € H~°(;).

In the degenerate case, a vector distribution of the finite dimensional spherical repre-
sentation 7 is just an ordinary element of the representation space.

7.1 Associated intertwining functions on the space G/MN. The subspace of the MN-
invariant functions in ‘E; is spanned by the two functions f; given explicitly by

fi(g) — e—(iiﬂmu /2)H(g’])’

see e.g. [14, Chapter 2 ], [17, §4.1]. If ) is nondegenerate, by formula (7.3) the func-
tions f1 can be represented as generalized matrix elements of m, with two MN-invariant
elements e, of H ~°(r,),

fe(®) = (mi(g~ Ve, ).

Now define the functions ¢(g) = fi(g~1). Then ¢, are explicitly given by
(7.4) ¢+ (kexp(tXpn) = =2 ~*1/D' (ke K.t €R,n €N),
and are intertwining functions on G / MN,

$+(g) = (mr(8)ex, ).
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(See also Strasburger [21].) From formulas (7.2) and (7.4) we can calculate also the
associated intertwining functions ng"i explicitly:

(.5 ok (exp1Xy) = py(FA — i+ )=t/
Next, similarly to (6.5), we derive
ok (kgexptXin) = ¢ki(eXP(tX1)>wk(k(;) = Pk(:F/\ — i+ %))e(iix—a—l/z)rl/)k(ka).

Incidentally, we see from formulas (7.5) and (6.9) that in the case of degenerate 7, where
A= i(a+ % +n),s =n+1(n € Z,), e, is not an element of H ~*(x), since then
ps(——)\ —i(a+ %)) # 0. But ps(A —i(a+ %)) = 0, so we don’t have this obstruction for
e_,and indeed e € H (r) is then just the highest weight vector of the finite dimensional
representation .

PROPOSITION 7.2.  Forall A € C, k € Z, and  # —%,—1,—3,... we have
pi(5(cos8S —sinfZ); S+ 5 +2, 545 —%)e (iA=L /2
(O(""_’/\)k plir—a— 1/2)tpla—1/2,a-1/2)
7.6 —r ! R, 0).
(7.6) = (a+1 +z/\)k (cos 0)

PROOF. The proof is analogous to the proof of Theorem 6.2. First we show the for-
mula for § = 0, by using (2.13) and (6.9). Next we find for right MN-invariant functions
f on G that

X1f)(kgexptX;) = (cos Bi — sin Ha% W (kgexptX,).

This proves the proposition for « = 0, ! 3»1,.... Now multiply both sides of (7.6) by
e~ A== and fix A, k and ¢. Then both sides are rational functions of «. Hence formula

(7.6) remains valid for general «. ]

REMARK 7.3.  Formula (7.6) is the explicit version of formula (7.2) for the intertwin-
ing function ¢.; for ¢_ we obtain the same formula, because of the intrinsic symmetry
of the continuous symmetric Hahn polynomials. Also the consideration of associated in-
tertwining functions on the homogeneous space G/MN (where N = 6N, 6 the Cartan
involution on G) leads again to formula (7.6).

7.2 Associated intertwining functions on the space G/H. Now we consider the as-
sociated intertwining functions on the non-Riemannian symmetric space G/H, where
H = 0y(1,d—1). Note that G admits the decomposition G = KAH. The subspace of left
K- and right H-invariant functions of the Casimir eigenspace containing ¢ has dimension
two. It is spanned by an even function given explicitly by

(7.7) de(kexp(iXi)h) = 67 (k € K.t € Rh € H)

and an odd function given explicitly by

(1.8) So(kexp(tX)h) = sinh16\> (1) (k € K,1 € R, € H).
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If A is not degenerate, it follows as in the case of G/MN that ¢, and ¢, are intertwining
functions on G /H, namely generalized matrix elements of 7, with distribution vectors
e, and e,

$e(8) = (mr(R)ees€0), Do(8) = (Tr(&)eoser) (g € Gieere, € H2(m)).

On exp RXj, the associated intertwining functions can be expressed in terms of Jacobi
functions too, namely as linear combinations of the functions

k) (1) and (cosh t)* smhtqﬁ(2 Mk)( 1),

(cosh t)k
¢f. Limié, Niederle & Raczka [19] and Faraut {8, §V11]. The correct constants can be
calculated in precisely the same way as in the case of the homogeneous space G /K (see
formulas (6.7)-(6.10)); note that ¢* is an even or an odd function on R according to
whether k is even or odd and ¢ is an odd or an even function on R according to whether
k is even or odd. As a result we obtain that ¢*(exp X)) equals

D ) p
(7.9) %)5(~+ + (2 — S+ by acoshnf )
or
—i)* 2 2 i ,a+

(7.10) (2—/21((%.);)&(:2’A + 5+ Dosny/2(F = 5+ Paa—p2(cosh ¥ smhtqs(2 by
if k is even or odd, respectively, and ¢>’,§(exp tX1) equals

2 .
(7.11) oy 212(( )j)k(—+ +4)k/z(;2“- 4) k/z(cosht) smhth +k)
or

20 "
(7.12) (zl:zli ))k(—"' + Do 1)/2( P =5+ (k+l)/2(005hf)k¢( 24(p)

if k is even or odd, respectively. The explicit expression for the differential operator X;
acting from the left on right H-invariant functions f on G can be found in the same way
as formula (6.17). The result is

(X1f)(kgexptX;) = (cos 0% — tanh £ sin Ba%)f(kg exptXj).

This leads to the explicit version of formula (7.2) for associated intertwining functions
on G/H.
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PROPOSITION 7.4.  Forall\ € C,k € Z,, «=0,1,1,...and ¢ € {e,0} we have

pi(4(cosf3 —tanhsin05): $ + 1+ 5.5+ 5 — 3)o(expiXy)

7.13) = ¢k(exp X R/ P cos ),

Here ¢ is given by (7.7), (7.8), ¢f by (7.9)~(7.12).
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