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The space H , 1 £ p — c° consists of those analytic functions 
f(z) regular in the unit circle, for which M (f;r) is bounded for 
O é r ^ . 1 , where 

oo 
r1^ i/ 

rn | f (re i e) |P de) ' P , i £ p < 
U2TT ^0 J 

M (f;r) =< 
/ sup Jffre1 )1 y p x <p 

(o 4 e ̂  2*ir 
These spaces have been extensively studied. 

One well known result concerning these spaces is that if 
f(z) = £n=o a nz n and [anj £ / for some p , 1£ p ^ 2 , then 
f £ H , where p~ + q =• 1, and conversely if f £ Hp, 1 é p£ 2, 
then {an^ £ A . We propose to generalize this result to deal 
with functions f(z) = E. =o a nz n with [ n" an ; n * 1, 2, . . .} £ . / , 
where A ^ 0. The resulting generalization is contained in the 
theorems below. 

However, in order to make these generalizations we must 
first generalize the spaces H . To this end we make the follow
ing definition. 

DEFINITION. Hn _ = Hn. For A > 0, Hx „ consists of 
those analytic functions 1 , regular in the unit circle and such 
that Mn (f) is finite, where 

f 1(l-r2)qX-l(Mp(f;r)) (lr dr, Up<«>, p ^ + q " 1 ^ 

/ s u p l l - r ^ M j i f j i ) , p= 1. 
0*r<l 
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THEOREM 1. If for some p , 1 £ p é. 2 , and some A^O 
f £ H A j p where f(z) = ^ a n z n , then J n~X a n , n - 1, 2, . . . } £ J^ 
where p-^+q"* = 1 » 

Proof. As mentioned previously, the proof for À = 0 is 
well-known. Let X > 0 and suppose f irs t that p 4= 1. Then since 
M * r»(f)< °° * it; follows that M (f;r)< °° fo** almost all r , 
0 éz r < 1 e But by RJ » M (f;r) is a steadily increasing logari th-
micly-convex function of r . Hencg M (f; :)< oo for all r , 
O i r < l . Thus for each r , 0 ^ r < 1, f ( re i 9 ) £ L (0,2nï). But 

f ( re i 6 ) = I ° ° a n r11 e i n 9 . 
0 n 

Hence by the Hausdorff-Young theorem ^3; p . 190J , if 0 éz, r < 1 

K l a I * r**) ^ J j _ f 2 T f ( r e i e ) | P d e ) ^ P = M (f;r) , 
n ( 2 ^ ° J p 

that is,for 0 é r < 1 

2 : " I a | q r l " é (Mlf i r ) )*! - J a J 1 . 1 n p o 

Multiplying both sides of this last inequality by r ( l - r ) and 
integrating from zero to one we obtain 

i r (q»r r;?!1?:! v K l q ^ MA (f) - I|QL1. < «>. 

But from [ l ; 1. 18(4)] 

T ( l+ iqn) / r ( l+qX+iqn) ~ ( i q n ) " q A as n ~* oo > 

so that 

and ^ n a n , n •= 1, 2 , . . . J £ / . 

If p = 1, we have for 0 < r <. 1 that 
21T 

in 2T *A) 
A / r/ i^\ "*n - in© j n 

a = — / f(re ) r e d9 

so that 
2ir 

*nU ^ J( 
i0 . U n U - r = J 0 I f (re i y) ld0 - r~ n M ^ r ) 

26 

https://doi.org/10.4153/CMB-1958-005-8 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1958-005-8


2\X n 2\X Hence ( 1 - r ^ P r n | a n i ^ ( l - r ^ ) A M x ( f ; r ) £ MA > j(f) 

Thus sup ( l ~ r 2 ) X r11 | a n U M x ? 1 ( f ) 
G*r<l 

But an e a s y ca l cu l a t i on shows tha t 

sup 
0 * r * l 

<'-'^'B-(sB:f(^ïxT~ ^ ' e ( 2 A ; n a s n - ^ ^ o 

so tha t 
-X 

I es K , n = 1 , 2 , . . . and 

^ n ~ a n , n = 1 , 2 , . . . j £ Xoo . 

T H E O R E M 2, If for s o m e p , l £ p £ 2 , and s o m e X £. 0 

{ X °° 

n a , n= 1 ,2 , . . .>£ V , and f(z) = 21 a z , 11 » P n=0 A1 

t hen f £ H^ w h e r e p~ + q" = 1 . 

P roo f . The s e r i e s for f(z) c l e a r l y c o n v e r g e s for | zl < 1. 
The proof for X = 0 i s wel l known. L e t A > 0 and suppose f i r s t 
t ha t p ^ 1 . S ince 

£ " I ••* «J 
and 

X . i P 

r p n £ K(r)xT 

< oo 

Oé r < 1 , 

i t fol lows tha t 

2 j i anl p r P n < <*> , O t r ^ l 

Hence by [3; p. 19(0 i t fol lows tha t t h e r e i s a funct ion f ( r , 8 ) 
such tha t 

•21T . „ fa r~ n £ 0 
, 0 < r U , 

2TT ^ 0 l O n < 0 
.L/ 

and so tha t i S U t l l c i L , t 

M _ J | f ( r , e ) | q d e é I | a n l P r P n 
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But clear ly if 0 < r < 1 
/•2nr ( a r11 n £ 0 

i / si i6\ in6 ,Q J n 

1 / f(re ) e de = < , 
IFF Jo ) o n < o 

i9 so that for each such r , f(r ,0) = f(re ) a. e. , 
and our inequality on f(r ,8) becomes . , 

Hence we have 

(Mq(f ;r) )P £ lfQ J a n l P r P n 

and this inequality remains t rue for p = 1 . For then 

| f ( r e i 6 ) U £ ~ | a n | r* , 
n=0 n 

and hence 

M„<f;r>4 E ^ = 0 | a j r * . 

Thus we have for any p , 1 is. p £ 2 , 

1 „ 2 J * - 1 
M A _(f) = f ( l - r 2 ) P " (M ( f ; r ) ) P r dr 

»q J Q q 

- 2l (pM ^ o ro+p +iPn) |anl • 
But by [ l ; 1.18(4)1 . 

f ( l + i p n ) / r ( l + PX + ipn) ~ ( l p n ) p X , 

and thus since 
oo 

K \n-XaJP < 
1 ' n1 

(90 

we must have M> (f) < oo , and f £, H^ 
A>q A , P 
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