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T-function of discrete isomonodromy
transformations and probability

D. Arinkin and A. Borodin

ABSTRACT

We introduce the 7-function of a difference rational connection (d-connection)
and its isomonodromy transformations. We show that in a continuous limit our
T-function agrees with the Jimbo-Miwa—Ueno 7-function. We compute the 7-function
for the isomonodromy transformations leading to difference Painlevé V and difference
Painlevé VI equations. We prove that the gap probability for a wide class of discrete
random matrix type models can be viewed as the 7-function for an associated
d-connection.

Introduction

The theory of isomonodromy deformations of rational connections over P! has a long history. It
was pioneered in the beginning of the 20th century by Fuchs and Schlesinger, and after being
dormant for 50 years, it sprang back to life with the work of Jimbo, Miwa, Mori, Sato, Ueno
and other members of the famous Kyoto school in the late 1970s. Since then the theory found a
number of applications in statistical physics (see, e.g., a series of papers on holonomic quantum
fields by the Kyoto school), random matrix theory (see, e.g., [BD02, HI02, JMMS80, Pal94,
TW94]), theory of Frobenius manifolds (see [Dub96]), and representation theory (see [BD02]).

A central role in the theory of isomonodromy deformations is played by the so-called
T-function: a holomorphic function on the universal covering space of the space of parameters
of the connection, which vanishes when the corresponding isomonodromy deformation fails to
exist. The isomonodromy 7-function was initially introduced and studied by Jimbo, Miwa and
Ueno in [JM81, JM82, JMUS81]. It found various interpretations in applications, e.g. in random
matrix theory the 7-function appears as the gap probability: the probability that no eigenvalues
of the random matrix are present in a union of intervals. This fact can be seen as one reason
why the gap probabilities for one-interval gaps are often expressible through solutions of the
classical Painlevé equations, see e.g. [AvMO01, BD02, FW01, FW02, FW03, FW04a, FW04b,
HI02, JMMS80, Meh92, TW94] for details.

The theory of isomonodromy transformations of difference rational connections
(d-connections, for short) on P! is much younger. It was suggested by one of the present authors
in [Bor04] and employed in [AB06, BB03, Bor03, Kri04, Sak06]. There are presently two principal
applications of the theory. On the one hand, isomonodromy transformations of d-connections with
few singularities provide a key for understanding the geometry of discrete Painlevé equations
from Sakai’s hierarchy (see [Sak01] for the hierarchy and [AB06, Sak06] for explicit connections).
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On the other hand, the discrete isomonodromy transformations can be used to compute the gap
probabilities in various discrete probabilistic models of random matrix type, see [Bor03, BB03].

The main goal of this paper is to introduce the notion of the 7-function of a rational
d-connection and its isomonodromy transformations. We also show that in a continuous
limit our 7-function agrees with the conventional version; we compute the 7-function for the
isomonodromy transformations leading to difference Painlevé V (dPV) and difference Painlevé
VI (dPVI) equations (in the terminology of [AB06]), and we prove that the gap probability
for a wide class of discrete random matrix type models can be viewed as the 7-function for an
associated d-connection.

Let us describe our results in more detail.

Let £ be a vector bundle on P! of rank m. Define a one-dimensional vector space detRI'(£) by
detRT(£) = det(H°(P*, £)) ® (det(H'(P*, £))) .

Recall that HY(P!, L) is the space of global regular sections of £, and H'(P!, L) can be
interpreted as the space of obstructions for a Mittag—Leffler problem, see § 1.4 for details. Both
HO(P, £) and H(P!, L) are finite dimensional.

In a sense, detRI'(L£) is the only nontrivial way to associate a one-dimensional vector space to
a vector bundle £. More precisely, we can view detRI" as a line bundle on the moduli space of
vector bundles on P, and any other line bundle is its tensor power (see [LS97] and references
therein for the statement and its generalizations).

The definition of detRI" makes sense (and is widely used) in a much more general situation;
one description can be found in [KM76].

Observe that if £~ (O(-1))", then H°(P!, £)= H'(P', L) =0, so detRI'(£)=C and
detRI'(£)~! = C. In particular, there is a canonical element 1 € detRT'(£)~*.

DEFINITION. Suppose that £ has slope —1; that is, deg(£) = —m. We define 7(£) € detRI'(£)~*
by

0 otherwise.

0) = {1 if £~ (O(=1))™,

By itself, the element 7(L£) € detR['(L£)~! provides almost no meaningful information.
However, if £ is equipped with an additional structure, the derivatives of 7 might be meaningful.
More precisely, given a d-connection on £ (of a certain kind), we have a sequence of ‘modifications’
{Ln}nez and a canonical isomorphism detRI'(L,41) = detRI'(L,,) ® S, where L, is a vector
bundle on P!, £y =L, and S is a one-dimensional vector space that does not depend on n.
Therefore, the first ratio 7(L,41)/7(Ly) is a functional on S, while the second ratio

T(Ln)T(Ln+2)
7—2 ('Cn—f—l)
is a number (assuming that the denominator is nonzero).

All of the modifications L, are equipped with d-connections, which can be viewed as
‘isomonodromy transformations’ of the initial d-connection on Lj. Explanations of the term
can be found in [Bor04, Kri04].

This paper is organized as follows.

Section 1 contains general definitions.
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In § 2 we explicitly compute the ratios of the 7-function for modifications of three types: when
two simple zeros of A(z) shift in different directions, when a simple zero and a simple pole shift
in the same direction, and when the shifting simple zero and simple pole coalesce. Note that
these are the simplest modifications that preserve the degree of L.

In § 3 we consider a limit transition that turns a d-connection into an ordinary connection. We
verify that the second difference logarithmic derivatives of our 7-function converge to the second
logarithmic derivatives of the conventional isomonodromy 7-function for the limiting connection,
see Theorem 3.1. It is worth pointing out that in the continuous situation the definition of the 7-
function prescribes its first logarithmic derivatives rather than the second logarithmic derivatives.
However, in the difference situation the first derivatives are defined only up to a constant, and
we were unable to find a natural way to fix this constant.

In §4 we compute the second ratios for 7-functions of isomonodromy transformations that
reduce to dPV and dPVI equations. The resulting expressions, see Theorems 4.3 and 4.4, are
surprisingly simple, and they should be viewed as functions on the corresponding moduli spaces
of d-connections. The zeros and poles of these second ratios show when modifications of the
corresponding d-connection lead to a nontrivial vector bundle.

Section 5 is dedicated to evaluating gap probabilities for discrete biorthogonal random
matrix type ensembles associated with multiple orthogonal polynomials of mixed type in the
sense of [DKO7]. This is a broad class of measures that naturally appears in a variety of
domains of mathematics including enumerative combinatorics, tiling models, models of random
growth, etc. In Theorem 5.3 we prove that if the difference logarithmic derivatives of all of
the relevant weight functions are rational, then there exists a vector bundle with a rational
d-connection such that the first difference logarithmic derivatives of its 7-function (correctly
defined because of certain explicit choices we make) coincide with those of the gap probabilities
for the biorthogonal ensemble.

The final §6 provides an example: we deal with the Hahn orthogonal polynomial ensemble
that comes up naturally in the statistical description of tiling of a hexagon by rhombi (see [Joh02])
and in harmonic analysis on the infinite-dimensional unitary group (see [BO05]). Using the results
of §84 and 5, we show that the one-interval gap probability for the Hahn ensemble is expressible
through a solution of the dPVI equation, see Theorem 6.1. Even though a variety of results of
this type are known, see [AvMO03, Bai03, BB03, Bor03, FW01, FW02, FW03, FW04a, FW04b],
it is the first time that such a result involves a discrete Painlevé equation that is so high in
Sakai’s hierarchy.

Let us note in conclusion that most results of this paper are easily extended to g-difference
equations (see [Sak06] for examples of such equations).

1. Modifications and detRT

1.1 Let £ be a vector bundle on P! of rank m.
DEFINITION 1.1. A (rational) d-connection on L is a linear operator
A(z): L, — L,

that depends on a point z € P! — {00} in a rational way (in particular, A(z) is defined for all
z € C outside of a finite set); here £, is the fiber of £ over z € PL. In other words, A is a
rational map between the vector bundle £ and its pullback via the automorphism P! — P! that
sends z+— 2z + 1.
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DEFINITION 1.2. We say that a point zg € P! is a pole of A if A(z) is not regular at z = zy. We
say that zp € P! is a zero of A if the map

A_I(Z') Lo — L
is not regular at z = zy. Note that A can have a zero and a pole at the same point.

Denote by Sing(.A) C C the set of all zeros and poles of A on C =P — {co0}.

Ezample 1.3. Suppose that A has no pole at x € C and that det(A) has a simple zero at z.
Obviously x is a zero of A. We say that z is a simple zero.

Dually, suppose that .4 has no zero at z € C and det(A) has a simple pole at z. Then z is a
pole of A; we say that = is a simple pole.

1.2

DEFINITION 1.4. Suppose that R:L--»£' is a rational isomorphism between two vector
bundles £ and £’ on P1. We call L' a modification of L (of course, £ is also a modification
of £). If R is a regular map (that is, it has no poles, but it might have zeros), we say that £’ is
an upper modification of £ and £ is a lower modification of £'. For a fixed finite set S C P!, we
say that L' is a modification of £ on S if R(z) and R~!(z) are regular outside S.

A d-connection A on £ induces a d-connection A" on £'. We call A" a modification of A.

Remark 1.5. Modifications can be viewed as an isomonodromy deformation in the sense
of [Bor04], see also [Kri04]. Indeed, the monodromies of the difference equations associated with
A and A’ coincide (for the monodromies to exist, A and A’ have to satisfy certain non-degeneracy
conditions).

Ezample 1.6. Suppose that R : £-">L' is regular and det(R) has exactly one simple zero at
x € C. In this case, £’ is an elementary upper modification (at x) of £, and L is an elementary
lower modification (at x) of L.

An elementary upper modification R:L— L' at z is uniquely determined by a
one-dimensional subspace [ C £, given by | =ker(R(z): L, — L) C L,. Conversely, any one-
dimensional [ C £, defines an elementary upper modification at z.

Dually, elementary lower modifications of £’ at x are in one-to-one correspondence with
subspaces " C L of codimension one. (For R : £ — L, we set ' =im(R(z) : L, — L]).)

1.3 Let A be a d-connection on £, and suppose that x € Sing(A). Then there exists a unique
modification A} of A at z such that z is not a singular point of A*}. Also, there exists a
unique modification Ay, 1y of A at z + 1 such that z is not a singular point of Ag,;.

LEMMA 1.7. Suppose that x — 1 ¢ Sing(.A). Then:
(i) Sing(Al}) = (Sing(A) \ {z}) U {z - 1};
(ii) A is the unique modification of A\"} at = with no singularity at x — 1, that is, A = (A{x}){m}.
Dually, suppose that x + 1 ¢ Sing(.A). Then:
(i) Sing(Ags1y) = (Sing(A) \ {2}) Uz + 11

(iv) A is the unique modification of Ay,y1y at x with no singularity at x+1, that is,
A= (A{x-l-l}){x—H}' u
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Ezample 1.8. If A has a simple zero at z, then A"} is an elementary upper modification of A
at z. This modification corresponds to the one-dimensional subspace [ =ker(A(x): L, — Lz41)
in the sense of Example 1.6.

Dually, if A has a simple pole at z, then A%*} is the elementary lower modification of A at z
corresponding to the codimension-one subspace im(A~'(z) : L1 — Ly).

1.4 Consider cohomology spaces H°(P!, £) and H'(P!, £). They have the following classical
interpretation: fix any non-empty finite set & C P1. Consider the (infinite-dimensional) vector
space I'(L(oco - &)) of rational sections of £ that are allowed to have poles of any order at the
points of &. Consider also the vector space of polar parts for rational sections of £ at the points
of &. It is natural to denote the space by I'(L(co - &)/L).

The natural linear map
['(L(o0 - 6)) = T'(L(c0 - 6)/L)
sends a rational function to its polar part. The kernel of this map is identified with the
space H(P!, L) of global regular sections of £. The cokernel is identified with H'(P!, £); this

corresponds to the interpretation of classes in H!(P!, £) as obstructions for a Mittag Leffler
problem. Both HO(P!, £) and H'(P1, £) are finite dimensional.

Notation. For a finite-dimensional vector space V', det(V') denotes the top exterior power of V.
In particular, det(0) = C. If dim(V') = 1, the dual of V is denoted by VL.

DEFINITION 1.9. Define a one-dimensional vector space detRI'(L) by
detRT(£) = det(H°(P*, £)) ® (det(H' (P, £)))~".

For instance, suppose that £ ~ (O(—1))™. Then H°(P!, £) = HY(P, £) =0, so detRI'(£) =
C and detRI'(£)~! = C. In particular, there is a canonical element 1 € detRT'(£)~!.

DEFINITION 1.10. Suppose that a rank-m vector bundle £ has slope —1, that is, deg(L) = —m.
We define 7(£) € detRI'(£)~! by

£) = {1 if £~ (O(=1))™,

10 otherwise.

Example 1.11. Suppose that £ has slope —1. Let £’ be an arbitrary upper modification of £. The
quotient £'/L is supported at finitely many points (the zeros of the map £ — £’) and its space
of global sections H°(P1, £'/L) is finite dimensional. The long exact sequence corresponding to
the sequence

0—-L—-L —-L/L—0
induces an identification between detRI'(£) and det(H°(P!, £')) ® det(H°(PY, £'/L£))~.

Consider now the natural map
q:HPL, 'y — HO(PY, £'/L).
Its determinant

det(q) € det(H°(PY, £'/L)) ® det(H°(PY, £)) ™! = detRI'(£)~*

m

equals 7(£). In particular, ¢ is an isomorphism if and only if £~ (O(-1))
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Example 1.12. Let Lo be a modification of L. Suppose that L, has slope —1 and £;
~ (O(—1))™. One can choose an upper modification £’ of £ that is also an upper modification
of L9. Consider the ratio
7(£L2)
7(£1)

By the previous example, we can identify

detRI'(£1) ® detRT(L2)™t and  det(H°(P, £'/Ls)) @ det(H (P, £'/L1)) 7 .

€ detRT'(£;) ® detRI(Ly) 7t

Under this identification, the ratio corresponds to the determinant of the composition

HOPY, £'/Ly) = HO(PL, £') — HO(PY, £'/Ls). (1.1)

2. Ratios of the r-function

In this section, we study 7-functions of vector bundles with d-connections. First, we consider
d-connections with arbitrary singularities, and then look at three special cases.

2.1 Let £ be a rank-m vector bundle and A be a d-connection on L. Suppose that A has
singularities at n distinct points aq,...,a, and no singularities at a; + k for k€ Z — {0},
1=1,...,n. We impose no restrictions on the behavior of A elsewhere.

Consider the lattice
A:=(a1,...,an) +2Z" CC".

Fix u= (u1, ..., uy) € A. By virtue of Lemma 1.7, there exists a unique modification £,, of £ at
a subset of A such that the d-connection A, on L, satisfies

Sing(A,) = (Sing(A) \ {a1, ..., an}) U{ur, ..., up}.

In other words, the singularities at a; are shifted to u;.

For u € A,
deg(L,) = deg(L) — Z ki(ui — a;),

where k; is the order of zero of det(A) at a; (k; can be negative). Consider the sublattice
Ay i ={ueA:deg(L,) =—m} CA.

Set T, :=detRI'(L£,)~!. This is a one-dimensional vector space depending on wu € A; if
u € A_,,,, we have a natural element 7(L,,) € T,.

Note that according to our definition, 7 is not a function on A_,,, because its value belongs
to a one-dimensional vector space that has no natural basis. Nevertheless, it turns out that the
‘second logarithmic derivative’ of 7 makes sense as a function on A_,,. Let us make the statement
precise.

ProrosiTION 2.1. Fori=1,...,n, let e; € Z" be the ith standard basis vector. Then the ‘first
derivative’

Sz(j) =Ty ® (TU*ei)_l

does not depend on w € A. That is, there exists a canonical isomorphism qui)z&(f) for
any u, v € A.
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Proof. Fix u= (u1,...,un) € A and i=1,...,n. The bundle £,_., is a modification of £, at
u;; let us write it as a combination of an upper modification £, — £/, and a lower modification
Ll — Ly, at u;. As in Example 1.12, we have an isomorphism

S = detRI(Ly-,) ® detRI(L) ™" = det(HO (P, £],/L,)) ® det(H (P, L],/ Lu—c,)) ™" (2.1)

From this description of I(f), one immediately obtains an identification Sz(f) = Sgi) provided
that v and v have equal ith component. Indeed, £, and £, are naturally identified in the
neighborhood of u; = v;; denote the identification by ¢. There is a unique upper modification £ of
L, at u; such that ¢ identifies £/, and £}, near u;. Then £, _., is a lower modification of £/, and ¢
is also an isomorphism between £,_.;, and L,_., near v;. Therefore, ¢ induces an isomorphism
between the right-hand side of (2.1) and the corresponding formula for Sf,i).

It remains to construct an isomorphism Sl(f) = Sfﬁei. For z close to u; — 1, the map A, (z) is
an isomorphism between £,,_., near u; — 1 and £, near u;. Indeed, £,,_., coincides with £, near
u; — 1, while A, has no singularity at z =wu; — 1. There is a unique upper modification E;,ei
of Ly, at u; — 1 such that A, identifies 5;—61- near w; — 1 with £, near u;. Then L£,_o, is
a lower modification of E;,ei, and A, is also an isomorphism between L,_2., near u; — 1 and

Ly, near u;. Therefore, A,, induces an isomorphism between the right-hand side of (2.1) and the
corresponding formula for Sl(ﬁei.

It is easy to see that the constructed isomorphisms S&i) = ngi) do not depend on the choice

of the upper modification £,, — L/,. O

Since Sq(f) does not depend on u € A, we suppress the index u from now on.
Let us now define the ratios of 7. Set

8:{3:(81,...,3n):2m¢8i:0}.
i=1

For any uw € A_,,,, s € Z}, we have u + s € A_,,. Consider the ratio

7(u + s) €Ty @T ! = ®(S(i))®si'

(u) Z.

Now fixing t € Z{, we see that the second ratio

Dgr(u) :=

Dg7(u+t)
D u) = ————=
S,tT( ) Ds(u)
makes sense as a number.
2.2 Sign issues
Let us choose bases in vector spaces S for i=1,...,m. Then for any s € Zg, u € A_p,, the

ratio D7 (u) becomes a number. It is tempting to say that these numbers are partial derivatives
of a function

7:A_,, — C.
To construct such 7, we need to choose bases in vector spaces T, (for all u € A_,,;) consistent
with the bases in S in the sense of Proposition 2.1.

Generally speaking, this is impossible. More precisely, one can choose bases in T;, that are
consistent up to sign. Equivalently, 7 can be defined as a function on a two-fold cover of A_,,.
Let us explain the sign in more detail.
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The basic reason for the sign is that for two finite-dimensional vector spaces V, W, the
isomorphism det(V @& W) ~ det(V) @ det(W) agrees with permutation up to sign only. Indeed,
the composition

det(V) @ det(W) ~det(V e W) ~det(W @ V) ~det(W) @ det(V) ~ det(V) @ det(W)

(_ 1)dim(V) dim(W)

equals . As a result, when we use Proposition 2.1 to identify

T, ® (Tu—ei—ej)il = (Tu ® (Tu—ei)il) ® (Tu—ei ® (Tu—ei—ej)il) = S(i) @ SU)?

the identification is multiplied by (—1)%"s when ¢ and j are permuted (assuming i # j).

Denote by 7" the group generated by €; (i=1,...,n) and € subject to relations
2'620, e—i—éi:éi—i—e, éi—i—éj:(lﬂil‘{j)e—;réj—i—éi.

Recall that k; is the order of zero of det(A) at a;. Consider the homomorphism 7 : 7" — 7™ that
sends €; to e; and € to zero. Using 7, we can view Z" as a central extension of Z" by {0, €}. The
group Z" acts on A; the action lifts to a natural action of Z" on {73 }4en. That is, for u, v € A,
an isomorphism 7T, — T, is determined by an element of 7= (v — u) C Z".

Set 28 =7~ 1(ZP). Fix a basis in T, for single u € A_,,. Acting by 5 € Z{}, we obtain a basis
in T, 1 (5. Therefore, 7 is well defined as a function on the set

A pi={ut3:5eZ}.

Remark. The situation is simplified if all k; are even. In this case, the central extension Zn splits,
and 7 makes sense as a function on A_,,. An example of such situation is considered in §2.5.

2.3 d-connections with simple zeros

Suppose that A has a simple zero at z =a; for i =1, ..., n. Let us make the construction of §2.1
more explicit in this case.

ForueA,i=1,...,n, L, is an elementary upper modification of £, at u;. The modifi-
cation is given by a dimension-one subspace [ =1, ; in the fiber of £, at u; (see Example 1.6).
By Example 1.8, [ is the kernel of the operator

A (u;) : (ﬁu)uz - (EU)uiJrl-
As in the proof of Proposition 2.1, we have an isomorphism

I = detRI(Ly_e,) ® detRI(L,) ' = SV (2.2)

u
(this corresponds to taking L) = L,_,).

Set s=¢; —e; € 7Y and let us give explicit formulas for the ratio
T(u + e; — €j)
7(u)

Fix ue€ A_,,, and let [ =1, ; C (Eu)uj be the dimension-one subspace corresponding to the
upper modification £, of L. By (2.2), SU) =1,

Similarly, let us consider L,i., as a lower modification of £, (instead of viewing L,
as an upper modification of L4,;). Let I' = l&,i C (Ly)u;+1 be the codimension-one subspace

corresponding to this modification. By the proof of Proposition 2.1, we obtain an identification
S0 = ('Cu)uz--&-l/l/'

Dyt (u) = €80 g (sW)~L,
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The identifications S = lyte;i and S () = (Ly)u;+1/U" are related as follows. Consider
multiplication by z — (u; + 1); it gives a morphism £,, — L4, (with a pole at infinity). Taking
the value of this morphism at z = u; + 1, we obtain a linear operator (L), +1 — (Lute; )u;+1- It
is easy to see that the operator factors into a composition

(Lu)u+1 = (Lo)uit1/I = lutei = (Lute; u- (2.3)
This provides an isomorphism between e, ; and (Lq)u;+1/1-

The isomorphism (2.3) becomes more natural if we use the d-connection to identify [, ;
with ly4e;. (as in Proposition 2.1). Specifically, we obtain an isomorphism

_ dA, (u;
lu,i - (‘Cu)uﬁ-l/ll W dEU)UL (2.4)

Suppose now that £,, ~ (O(—1))™. Fixing an isomorphism ¢ : £,, ~ (O(—1))™, we can identify
the fiber (L,). with (O(-1))7'=C™ for any point z € C. In particular, the fibers (L),
and (Ly)u,;+1 are identified. Actually, this identification does not depend on the choice of
isomorphism ¢.

PROPOSITION 2.2. The composition
SV =1 (Lu)u; = (Lt = (Lu)u1 /U =5

is equal to multiplication by

T(u+ei —ej)

7(u)

Proof. By Example 1.12, the first derivative Dy7(u) is equal to the determinant of the
composition

(ui +1 —uy) = (u; + 1 —uj)Ds7(u).

HY(PY, Lue,/Lu) = HY(PY, Ly—e,) = HO (P, Lu—e,/Lute,—e,)- (2.5)

We can identify HO(Pl,Eu,ej/ﬁu) with [ and HO(IP’l,Eu,ej/Equei,ej) with (Lu—e; )u;+1/
l;_em = (Lu)u;+1/l'; where the last equality follows from the fact that £, and L, ., coincide
near u; + 1. Finally, global sections of £,_; are of the form

A
z—uj

, AELC(Ly)y, =C™

J

(we are using the identification ¢ : £,, >~ (O(—1))™ here). O

Let us rewrite Proposition 2.2 using explicit coordinates. Fix an isomorphism ¢: L, >~
(O(—1))™. The d-connection A, is then given by its matrix A,(z). By assumption, A,(z) is
regular at all points a; +Z, i=1,...,n. Also, det(A,(z)) has simple zeros at u; and no zeros
at u; + (Z —{0}),i=1,...,n.

Using ¢, we identify l,; C (Ly)y; with the kernel of Ay (uj). Similarly, l:m' C (Lu)u;+1 18
identified with the image of A,(u;). Instead of working with the codimension-one subspace
lim CC™ we can consider its orthogonal complement, which is a one-dimensional

subspace (l;vi)L c(cryr=cn.
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Pick bases w=w,;€l,; and w’:wgﬂe(l;ﬂ)L. We have the following formula for
Au+6i*€j (Z):

Aute—e;(2) = Rugj(z + 1)Au(Z)Ru,i,j(z)_17

Ry 1 Ry Z = u;
wij(z) =1+ ——, i, =1- , det Ryj(2) = ————,
Ry j(2) +z—ui—1 Ruij(2) P et Ryi,j(2) Z—u; — 1 (2.6)
u; —u; + 1
Ro= izt
0T oy )

Observe that Auﬂi,ej and R, ;; are independent of the choice of w and w'.

In Proposition 2.1, we show that for fixed £, the vector space [, ) does not depend on
u € A_,, in the sense that the corresponding spaces are related by natural isomorphisms. The
isomorphisms 1, , — lu+ei,ej7k are given by the following formulas:

R j(ug) - w, k#4, j,
W Ryii(uj — DA, (u; — 1) w, k=47, (2.7)
Ru,@j(ui + 1)_1Au+e¢fej (ul) -w, k=1i.
It is not hard to check explicitly that the isomorphisms are consistent. Therefore, a choice of a
basis w € [, , for one u € A_,;, determines bases w, j, € l,, 1, for all v € A_,,,. Let us fix these bases.
Dually, the vector spaces (l; k)J- are identified for all u € A_,,. The identifications are given
by formulas similar to (2.7), which can be obtained using (2.4). Denote by w/, , €1 , the basis
dual to wy k.
We can now rewrite Proposition 2.2 as the following formula:
%(u + & = éj) _ <wu,ja w;,i>

7(u) _ui+1—uj'

Clearly, the second derivatives of 7 are independent of all choices.

These formulas can be used in a more ‘classical’ definition of the 7 function as a solution
to a system of difference equations. From this point of view, the existence of a solution is not
obvious; this leads to the following statement.

COROLLARY 2.3. Let A(z) be a square matrix with rational entries that is regular at points

a;+7Z,i=1,...,n. Assume that det(A(z)) has simple zeros at a; and no zeros at a; + (Z — {0}),
1=1,...,n.
For any w = (u1,...,u,) € (a1, ...,an) +2Z" with ) u; =) a;, we define the isomonodromy

deformation A,(z) recursively using formulas (2.6).

(i) The matrix A,(z) is well defined, provided that A(z) is generic in the sense that (w,w’)
does not vanish in (2.6). In particular, A,(z) does not depend on a representation of u — a
as a linear combination of generators e; — e;.

(ii) Choose bases wy, i, w., , as above. There exists a function 7(a + §), where § € 7", such that
Fla+é—é)  (wugw,;)
%(ﬁ) u; +1 —wuy

for every i =a + 3, @ € Z. Here u = (i) = a + 7(3).

Proof. Part (i) follows from Lemma 1.7; part (ii) follows from Proposition 2.2. O
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Remark. Corollary 2.3(i) is a version of [Bor04, Theorem 2.1].

2.4 d-connections with simple zeros and poles

Now suppose that the d-connection has simple zeros and simple poles. Let us consider
isomonodromy deformations corresponding to a simultaneous shift of a simple pole and a simple
zero. This kind of equation is important because it has one of the simplest continuous limits (§ 3).
Let us give an analog of Corollary 2.3; the proof is completely similar. We omit the coordinate-free
formulation (an analog of Proposition 2.2).

Suppose that A(z) has simple zeros at n, distinct points ay, ..., a,,, simple poles at ny
distinct points by, . . ., by,, and no singularities at a; + (Z — {0}), b; + (Z — {0}). Suppose that

(U3 0) = (Uly « oy Ung; U1y« vy Uny) € (A1y+ vy Qg3 D1y v o vy by ) + 27
satisfies

> (ui—a) =Y (v;—bj).

Assuming that A(z) is generic, there is a unique matrix R(z) with rational coefficients that
satisfies the following conditions.

(i) All singularities of R(z) and R™!(z) belong to the progressions a; + Z, bj + Z.
(ii) We have R(o0) = 1.
(iii) The matrix Ay.,(2) = R(z + 1)A(2)R(2)~! has simple zeros at u1, . . ., up,, simple poles at

U1, ..., Up, and no singularities at u; + (Z — {0}), v; + (Z — {0}).
For instance, if u= (a1 — 1, a2, ...,an,) and v=(by —1,ba,...,by,), R(z) is given by the
following formulas:
R R -
Riz)=I+—2 R '=I-—"2" detR(z)=-—"2
z—b zZ—ai z—b (2.8)
R:bl_alw-(w')t '
" {ww) |

Here w is a basis in the kernel of A(a1), and w’ is a basis in the image of lim,_;, (z — by ) AX(2).
Similar formulas can be found for other ‘elementary shifts’. One can then use these formulas to
compute Ay, (z) recursively.

Similarly to (2.7), a choice of w and w’ for all singular points of A(z) determines bases in
the corresponding spaces for all deformations A,,,(2). This allows us to consider 7 as a function
of (u;v).

Similarly to §2.2, the function 7 is defined only up to a sign (that is, it is a function on
the two-fold cover of the set of (u;v)). One way to avoid this complication is to assume that
ng = np =n and that we always move ith zero and ith pole simultaneously. Let us make this
assumption, so that u; — a; = v; — b; for all . Then the function 7 satisfies the following equation:

T(ur — 1 ug, ..., up;v1 — 1,02, ..., 0,)  (w,w')

T(ur, ug, . ooy Up; V1, V2, ooy Up) U — U1

Here w is the basis in the kernel of A,.,(u1), and v’ is the basis in the image of lim,_,,, (z —
v1)AL.,(2). As above, the second derivatives are independent of the choice of w and w’.
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2.5 Let us now look at another type of singularity structure that becomes useful in § 5. Suppose
that A(z) has singularities at n points ay, ..., ay, and no singularities at a; + (Z — {0}). The
singularities at a; are of the following kind:

— matrix elements of A(z) have at most a first-order pole at a;;

— resq, (A(z)) is a matrix of rank one;

— det(A(z)) is regular nonzero at a;.
This can be viewed as a degeneration of the situation considered in the previous section, when
zeros and poles coalesce.

If A(2) is generic, for (u1,...,u,) € (a1, ..., a,) + Z", there exists a unique rational matrix

R(z) = R, (z) with the following properties:
(i) all singularities of R(z) and R~!(z) belong to the progressions a; + Z;
(i) R(o0) = I;
ii) Au(z) = R(z+ 1)A(2)R(2)~! has the same singularity structure as A(z) with singularities
at u;.

(iii

Choose a basis w =w, in the image of res,, (A;'(z)), and a functional w’ + w"(z — u1)
= w!, + w(z — up) such that

w' #0 (2.10)
AN () (w + w"(z — uy)) vanishes at z = uj. (2.11)

Note that (2.9) implies that (2.11) is regular at z = u;. Equivalently, (2.9)—(2.11) mean that in
a neighborhood of z = u;, we can write

A(z) = H(2) <1+ L w (w’)t>

z—uy (w,w")

for a holomorphic invertible matrix H(z). The pair (w’, w” mod w™) is defined up to a scalar.

Remark. Geometrically, the choices can be explained in terms of §2.1. Suppose that the
d-connection A, on a vector bundle £, has at z =wu; a singularity of the kind we consider.
There exists a unique elementary upper modification £!, of £, at u; such that £,_., is an
elementary lower modification of £}, at uj. The vector w is a basis in the dimension-one space
1 C (Ly)u, corresponding to the modification £,, — £/, while w’ + w”(z — u1) should be thought
of as a functional on the fiber (£,),, whose kernel is the codimension-one space I’ C (L)),
corresponding to the modification L], « L.

For w=(a; — 1, ag, ..., ay), we can write R(z) in terms of w, w’, w":
Ry . Ry w - (w)’
R(z)=1 R =1- det R(z) =1, Rop= .
(Z> + Z—G,l’ (Z) Z—al, € (Z) ) 0 <w7w,,>

The choice of (w,w’,w” mod w') for A(z) yields corresponding choices (w,,w., w"
mod wy) for all deformations A, (z). Explicitly, if u; = a;, we have

wy = Ry(a)w, w), = R;t(al)w',

d —t
wl! = Ry (ay)w” + ar,’(2) w'.
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Here R,(z) is the gauge matrix: A,(z) = Ry(z + 1)A(2)R,(2)~!. On the other hand, for u =

(a1 — 1, a9, ...,a,), we have
wy, = Ry(a1 — 1)A Y a; — Dw, wl, =R, (a1 —1)A (ay — )/,
w! =R, (ay —1)A%(ay — Dw” + AU ()ATZ) w'.
dz z=a;—1
Similarly, we choose triples (w,w’, w” mod w?') at other singularities as, ..., a, of A(z),

and obtain corresponding triples for all deformations A, (z). After these choices, we can view 7
as a function of u. Note that 7 is defined canonically (not just up to sign), because zeros and
poles move in pairs (in terms of §2.1, k; = 0). The equation for 7 then becomes

T(Ul - 17 Uz, - .-, u?'L)

T(Uy -y Up)

= (Wy, Wh).

(This is the value of functional w!, + w!(z — u1) on section w/(z — uy) of the elementary upper
modification of the original bundle.)

2.6 Hirota identities

The 7-functions satisfy various determinantal identities of Hirota type. Let us show how they
arise from isomonodromy transformations. To be concrete, we restrict ourselves to the case when
A has simple zeros. Another case, when singularities are of the type considered in §2.5, appears
in §5; see Remark 5.4.

PROPOSITION 2.4. In the setting of § 2.3, assume that L, ~ (O(—1))™. Then

Tt 2ier 6 2ger ) _ g [T(u =) ej)] : (2.12)
7(u) 7(u) iel,jeJ
Here I, J C {1,...,n} are non-intersecting subsets of the same cardinality.

Remark. As explained in §2.2, 7(u + s)/7(u) is defined up to a sign, corresponding to the lift of
s € Z™ to the two-fold cover Z™. In Proposition 2.4, the lift is chosen as follows: for orderings
i1, ..., of I and jy, ..., ji of J, we take

Eiy — &jy + o+ &, — &,
as the lift of )" e; — )" e; in the left-hand side, and €; = €; as the lift of e; — e; in the right-hand
side. The orderings of I and J also fix the order of rows and columns in the determinant.

Proof. Let us choose bases w, j, wq’J’k as in §2.3. By Example 1.12, the left-hand side of (2.12)
equals the determinant of the transition matrix in H°(P?!, Ly s ej) from the basis consisting of
meromorphic sections of £, with a single pole at u; and residue w, ; to the dual basis of the
functionals that send a section s to w;, ;(s(u; +1)). (These bases come from H 0P, L5 e; /L)

and HO(P!, L5 e;/Luts ;-3 e;)s Tespectively.)
Explicitly, we can choose a trivialization £, ~ (O(—1))™, and then
T(u+ ) ier€i— EjeJ €j) . det[<wu’j7 w;ﬂ)]
7(u) uj + 1 —uy i€l jeJ

The statement follows. O
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Remark. Suppose that I = {i1,i2}, J = {j1, jo}. Then (2.12) takes the form
%(u + €4y - €1 + €iy - 6]‘2) %(u)
= %(u + €iy - ej1) %(u + Ciy - 6j2) - 7:(“ + €iy - 6]‘2) %(u + Ciy - ej1)'

This is often called Hirota’s difference bilinear equation.

3. Continuous limit

3.1 Let us recall some properties of isomonodromy deformation of connections on P! in the
simplest case of regular singularities.

Consider the system of linear ordinary differential equations

dY (¢) B
S 2 BOY(O), B = , 3.1
i QY (<) (€) ; o (3.1)
where B; are constant m x m matrices. Clearly, (3.1) has regular singularities (simple poles) at
C=9Y1,---,Yn, 0 and no other poles. Geometrically, we can view (3.1) as a connection on the

trivial vector bundle on P1.

The isomonodromy deformation of (3.1) is controlled by a system of differential equations
on B; (viewed as functions of y;) called the Schlesinger system:
0B; [Bi,Bj] 0B; _ Z [B;, Bj]‘ (3.2)
Yi —Yj

dyj  vi—vyj Oy o

Instead of working with B;, let us consider B(() given by (3.1). Then (3.2) can be written as
0B B; B;
9_ L[] (33
i (C—w) ¢ — i
Let us now introduce the 7-function of the Schlesinger system. We follow Jimbo, Miwa and
Ueno [JMUS81].

For any solution of the Schlesinger system, the 1-form

k

o= (S50 )

S\ vy
is closed. Locally, there exists a function 7 with d log(7) = w.
Using Schlesinger system, one easily computes
9%log(r)  tr(BiB;)  0%log(r) B Z tr(B;Bj)

oyioy;  (yi —y;)?’ dy? (yi —y;)?

J#i
Our goal is to show how (3.2) and (3.4) appear as limits of their discrete analogs.

3.2 Return now to the setting of §2.4. Let A(z) be a d-connection on (O(—1))" with simple

zeros at n distinct points aq, ..., ay, simple poles at n distinct points by, ..., b,, and no other

singularities. Assume also that A(co) =I. As usual, we assume that no two singularities differ

by an integer. We consider the action of Z"™ by isomonodromy transformations that shift a; and
b; simultaneously.

760

https://doi.org/10.1112/50010437X08003862 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X08003862

T-FUNCTION OF DISCRETE ISOMONODROMY TRANSFORMATIONS

For every (u;v)=(ui,...,up;v1,...,v,) such that wu; —a;=wv; —b; €Z, denote the
corresponding modification of A(z) by Ay.(z). The matrix of A, (2) is denoted by Ay, (2).
Also, for every index i =1,...,n, we choose a basis w,,|; of ker(Ay;(u;)), and a basis fw;,vﬁ

in the image of lim, ., (z — v;) A% (). The choices for different (u;v) have to be compatible as
described in §2.4.

Let us introduce the following notation. For (u;v) as above, set

Di(r (s ) = T(U—F@i;’l)—f—ei)’ -
7(u;v)
Dig,j(T(u;v)): T(u+e +ej;v+e +ej)- 7(u;v) i1 ..n

T(u+ei;v+¢) T(u+ej;v+ej)’
THEOREM 3.1. Assume that our data depend on the small parameter € # 0 so that

/ t

Yi Y; . wa;b|i(5) : (wa-b\i(‘g)) B;
a=o;+—, b=p0+=, lim ’ =

% ? e 7 ﬂz £ e—0 (wa;b‘i(e), w(ll;b|i(6)> ﬁl —

for some matrices B;.

Fix (u;v) as above and ( € C —{y1,...,yn}. Then

f?iyi +o(e), (3.5)

Au;v(Cs_l; g)=I+¢ Z c
i=1

. Au—l—ei'v—&-ei (C‘Sil; 6) - AU;U(Cgil; E) B’L [Bu B]]
1 ) — — .
fim = gD DY i N
tr(BiBj) . .

- DYj(r(usvie) =1 ) (i —yy)? WA

lim 2 - tI‘(Bin) . . (37)

e=0 € - Z 9 (Z = j)

= (Wi =)

The right-hand sides of (3.5), (3.6), and (3.7) correspond to (3.1), (3.3), and (3.4).

Remark. Note that Theorem 3.1 leads to the Schlesinger system with rank-one matrices B;. One
can obtain the general case by a proper limiting procedure bringing several singularities together.

3.3 Proof of Theorem 3.1

LEMMA 3.2. Let wgy;(e) and w;~b|i(5) (t=1,...,n) be vector-valued functions of € #0.
Suppose that they satisfy the limit relation above. For € small enough, there exists unique
Agp(2; €) of the kind we consider that corresponds to these data.

Proof. Uniqueness of A,.(2; €) is almost obvious, since a rational matrix is determined by its
singularity data and asymptotic behavior at infinity.

Let us prove existence. Proceed by induction in n. Set
,82‘ — o . wa;b\i(g) : (w;;b\i({‘:))t

z—b; <wa;b\i(€)a w;;b|z’(€)> .

Rypi(z;e) =1+
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By the hypotheses,

RagilGe™58) =T+ 62— +ofc). (3.9)

We then construct A,;(2; €) as

Aa;b(z; E) = Aa;b(z; E) : Ra;b\n(z; ‘5)’ (310)

where Ea;b(z; €) is a matrix-valued function such that Zla;b(oo; €)=1, /Ta;b(z; €) has simple zeros
at ay, ..., ap—1 and simple poles at by, . .., b,—1 (and no other singularities), and ker(Aq.;(as; €))
(respectively the image of lim, ., (2 —b;)AlL.,(z;€)) is spanned by Ry, (as; €)wqpi(€)
(respectively R (b;; e)w;;bu(e)). Such A exists by the induction hypothesis. O

a;b|n

Let us now prove Theorem 3.1. Clearly, (3.5) follows from (3.9) and (3.10).
Let us prove (3.6). Without losing generality, we can assume (u;v) = (a — €;, b — e;). Then
Auw(z5€) = Rogji(2 + 15 €) Agp (25 €) Ry, ¢)~!, where Rgp); is given by (3.8). We then have
Au+ei;v+e¢(cg_l§ £) — Au;v(45_15 €)
= Aa;b(C€_1§ 6) - Ra;b\i(ce_l + 1; €)Aa;b(66_1; E)Ra;b|i(C6_1; 6)_1
= [I - Ra;b\i(cﬁil + 1 G)Ra;bﬂ(ceil; 6)71]
_[Ra;b|i(C6_1 + 1; 6)(Aa;b(<6_1; 6) - I)Ra;b|i(ce_1; 6)_1 - (Aa;b(ce_l; 6) - I)]
Using (3.5) and (3.8), we see that the first bracket divided by €? (respectively the second bracket
divided by €?) converges to the first (respectively second) term in the right-hand side of (3.6).
It remains to prove (3.7). By (2.4), we have
o — i
/

Di(t(u;v;€)) =
‘ T <wu+€“v+61|l<€)7 wu+el’v+el|1(€)> ’

7,L+5i;v+€i|7;(€)>

<wu+ei;v+e¢|i(€)a
2 U, v, €)) =
Di,j (T( y Uy )) ( )

w
€),w

. / :
<w“+€i+€j?v+ei+6]’|’ ’ u+6i+3j;v+6i+6]'|'l:(6)>

Without loss of generality, we can assume that (u;v) = (a —e; —e;;b—e; —e;). For i # j,
we have

wafej;bfejli(e) = Ra;b|j(ai; 6)wa;b|’i(6)7 wéfej;bfej”(e) = R;z‘](bu e)w;;b“(e)-

Then
<Ra;b|j(ai; 6)wa;b|i(6>7 R;Z‘J(bu 6>w;;b|i(6)>
<wa;b|i(€)> w;;b‘i(e» .

The difference of the numerator and the denominator equals

(R (53 ©) — Rl (035 € V0apa(), Riky (b3 o).

D} (r(u; v;€)) =

By (3.8),
Ra;b|j(ai; 6) - Ra;b\j(bi; E) = 62(/81' - ai)

This implies the statement.
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Finally, suppose that i = j. Then (cf. (2.7))

wa—ei;b—eili(E) = Ra;b|i(a’i - 1; G)Ag;zl;(ai - 1; E)wa;bﬁ(e)a
w, () = R;Z\i(bi -1 E)Ata;b(bi -1 G)w:z;bu(ﬁ)-

a—e;;b—e;li
The statement now follows from the asymptotics

Rypji(a; — 1; E)A;i(ai —1;5€) = Ryppi(bi — 15 €)A;;11)(bi —1e)

2 J 2
B — oy B + , |
€ ( ) JZ; (yZ y] )2 0(6 )

4. Discrete Painlevé equations

In some special cases, isomonodromy transformation gives rise to discrete Painlevé
equations [AB06, BB03, Bor03, JS96, Sak06]. In this section, we evaluate the 7-function for
the two cases considered in [AB06].

4.1 dPV and dPVI

Suppose that £ is a rank-two vector bundle on P!, and that the d-connection A has simple zeros
at ai, ao, simple poles at by, ba, and no other singularities. Also, fix the ‘formal type’ of A at
infinity: there exists a trivialization R(z): C? — L, on the formal neighborhood of infinity such
that the matrix of A with respect to R equals

di+bi1+b 1
p1<1 ! + 1j 2 + ) 0
R(z+1) " AR)R(2) = dy+by+by+1Y\]"
0 P2 (1 + 2 )

for p1, p2, di, do € C. (This choice of parameters is used to match the formulas of [AB06].) Finally,
suppose that

di +dy+ai+ax+b +by=0.

This implies that deg(L) = —2.

Assuming the parameters are generic, the moduli space of such d-connections is a surface
(of type Dfll)), see [AB06]. Let us introduce the coordinates on this surface.

For generic (£, A), there exists an isomorphism £ = (O(—1))? such that the matrix of A is
of the form
a11(z) O(z) ‘ 1
z—=q p22?+padaz+O01)] (2 —b1)(z—bo)’
where a11(2) is of the form a11(2) = p122 + p1d1z + O(1). A(2) is uniquely determined by ¢ and
a11(q); the other coefficients can be found using the singularity structure of A(z). We take the
(rational) coordinates on the moduli space to be ¢ and

A(z) =

a11(q)
q—az)(q—b2)

p =
(
Consider the isomonodromy deformation that shifts ay — a; — 1, by — by — 1. According to
our choice of parameters, it also shifts dy — dy + 1, do — do + 1, because the formal type at the
infinity does not change.
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PROPOSITION 4.1 (Arinkin and Borodin [AB06, Theorem B|). The transformed coordinates
¢, p’ are related to p and q by the following equations (dPV):

p1(di + ag + ba) n p2(da +az+ by + 1)
p—p2 ’

q’—l—q:a2+b2+

, , _p —pP1
oy = (¢ —ar+1)(¢ —bi+1) pup
(¢ —az2)(q" — b2) '

Now consider d-connections with different singularity structure. Namely, suppose that A has
simple zeros at ay, as, az, simple poles at by, ba, b3, and no other singularities. Assume that in

the formal neighborhood of infinity, there exists a trivialization R(z):C2 — £, such that the
matrix of A with respect to R equals

1
1+d1+b1+b2+b3+

R(z+ 1) TAR)R(2) = . z X

0
+d2+b1+b2+bg+1 ’
z

for dy, do € C. Finally, suppose that
di+do+ a1+ as+az+ by + b+ b3 =0.

This implies that deg(L) = —2.

For generic (£, A), there exists an isomorphism £ = (O(—1))? such that the matrix of A is
of the form

A(z) = aii(z) O(z) ‘ 1
z—q P+d+0(2)] (z-b)(z—bo)(z —b3)

where a11(z) is of the form 23 4 d;2%2 + O(z). Then A(z) is determined by ¢ and a11(q). It is
more convenient to work in coordinates ¢ and

(¢ —a2)(q —as)(q — b2)(g —b3)
a11(q)

T =

As above, consider the isomonodromy deformation that shifts a; — ay — 1, by — by — 1; it
also shifts dy +— dy + 1, do — dy + 1.

PROPOSITION 4.2 (Arinkin and Borodin [AB06, Theorem F]). The transformed coordinates
¢, p' are related to p and q by the following equations (dPVI):

(r 4+ a2)(r + ag)(r + ba)(r + b3)
(r+1—a1—bl—dl)(r—al—bl—dg)’
(¢ —a2)(q' — a3)(q' — b2) (¢’ — b3)
(¢ = (a1 = 1))(¢ = (b1 — 1))
Remark. These equations previously appeared in [GRO03] as the asymmetric dPVI equation;

see also references therein. The equivalence of [AB06, Theorem F] and the equations is explained
in the introduction to [ABO06].

(g+7)d +r)=

(¢ +r)d +1r")=

4.2 T-functions

Following the recipe of §2.4, we can write the second (logarithmic difference) derivative of the
7-function in the direction of the above isomonodromy transformations. The computations are
somewhat tedious, but the answer is remarkably simple.
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THEOREM 4.3. In the settings of Proposition 4.1,

p2r T _ W = p)(pi(d —ar +1)(¢" = b+ 1) —p'(¢' —az)(q' — b2))
(7'/)2 pl(az — a1 + 1)(b2 — bl + 1)p/
(0" = p1)(p = p2)(q' = a2) (¢’ = ba)

p1p2(az —ay +1)(by — by + 1)

Here 7" and 7" correspond to shifts (a1, b1)+— (a1 — 1,01 — 1) and (a1, b1) — (a1 — 2, by — 2),
respectively. O

THEOREM 4.4. In the setting of Proposition 4.2,

. 1

(’7'/)2 (al—ag—l)(al—a3—1)(b1—b2—1)(b1—b3—1)

v —a; —by —dy+1
x q +1 ) ((q/ - a2)(ql - a3)(q, - bQ)(ql - b3)
(¢ —ar+1)(¢ - +1)(¢ +di+a1+b—1)(¢ + r’))
(r'—ay—by—do+1)(r—a1—by—di+1)(¢ —a1 +1)(¢d — b1 +1)
(a1—az—l)(al—a3—1)(b1—b2—1)(b1—b3—1) '

Here 7" and 7" correspond to shifts (a1, b1)+— (a1 —1,by — 1) and (a1, b1) — (a1 — 2, b1 — 2),
respectively. O

Remark. Propositions 4.1 and 4.2 and Theorems 4.3 and 4.4 remain valid in various degenerate
situations. For example, zero at z = a; and pole at z =b; can coalesce, giving a singularity of
the type considered in §2.5. This degeneration is used in §6.

5. Gap probabilities

The goal of this section is to show that 7-functions arise naturally as the gap probabilities in the
discrete probabilistic models of random matrix type.

5.1 Fix a finite set X C C (the phase space), and two families of weight functions
Wil ...y Wlp, W21,...,W24

defined on X. Assume that the weight functions have no zeros on X. Also, fix two multi-indices

n=(ny,...,npy),m=(my,...,my) such that
p q
VoY= Ym
i=1 i=1
Set
_ N N
F(x1, ..., 2n) =det[di(z;)]; ;=1 det[vi(x;)];=1,
where

{qbi(a:)|i:1,...,N}:{w1,i(a:)xj|i:1,...,p,j:O,...,ni—l},
{Wi(x)|i=1,..., N} ={woi(x)2’ |i=1,...,¢,5=0,...,m; — 1}.
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We always make the following basic assumption:

= Z F(xy,...,zn)#0. (5.1)

Remark. Let § (respectively &) be the subspace of ¢2(X) spanned by ¢; (respectively ;).
Then (5.1) is equivalent to dim(g) = dim(®) = N and § N &+ = {0}.

LEMMA 5.1. Let K(z,y) be the matrix of the projection in £2(X) onto § parallel to &+

N
v,y) =Y Mydi(x);(y) for M = ||, )l 1y n-
ij=1
Then, for any subset ) C X,
1
~ > F(zy,. .. an) =det((1 - K)|p_g).

Z1,..,.NEQ)
The proof is a standard argument in the random matrix theory.

5.2 Consider on P! the vector bundle
Lo=0m—-1)& - ®0n,—1)@0(-mi1—1)@---dO(—my —1).
For any subset ) C X, define a modification Lg) of L& by:

(i) Lo and Ly coincide on P\ ;
(ii) near any y € Q), sections of Lg) are rational sections

s = (81,1, cee3 81pi 821, 827q)t S [:g
such that s;; is regular at y (i=1,...,p), s2; has at most a first-order pole at y
(i=1,...,q), and

resy(s2,i) =wai(y ZWLJ y)s1,;(y

Note that deg(Ly) = deg(Ly) = —p —q.
PROPOSITION 5.2. Under the assumption (5.1), Lz~ (O(—1))PH4.

Proof. This follows from a discrete version of [DK07, Theorem 3.1]. Since we do not need
an explicit solution to the associated Riemann—Hilbert problem, we provide an independent
argument.

Since deg(Lx) = —p — g, it suffices to show that Lx has no global sections. A global section
of L% is of the form

§= (81,1, 5195521, 524)"
where s1; is a polynomial in z of degree at most n; —1 (i =1,...,p), and sy ; is given by
wa,i(®) - 3E_ wij(@)s1(x)
SQ,Z'(Z)_Z s ) (7’_1)"-7Q)
reX
and satisfies the following condition:
The order of zero of sy ;(z) at z = oo is at least m; + 1. (5.2)
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Equivalently, (5.2) means that for any polynomial p(z) of degree m; — 1 or less,
res s2.i(2)p(z) =0.
zZ=00
Evaluating the residue as the sum over finite poles, we obtain
P
Z p(z)wa2i() - Z wij(z)s1j(x) =0, (i=1,...,p;deg(p) <m;—1).
zeX j=1
Equivalently, Z§:1 w1 j(w)s1;(x) belongs to &~ N F, which is trivial by our assumption. ]
Similarly to §2.5, we introduce at every point x € X a vector w, and a functional w/, + w!
(z —x):
wy = (0,...,0;w1 (), ..., wyqe)),

wh = (w11(2), ..., w1p(2);0,..., 0)t,
1

t
"=1(0,...,0; 0,...,0]).
Wy < ) ) 7&)271(.%')’ ) ) >

Remark. In what follows, w” is important only modulo w,. In this sense, the definition of w is

(5.3)

symmetric:

1 t 1\
(0,...,0; ,0,...,0> E---E(O,...,O;O,...,O,) mod wy.
w21(7) w2,q()

The modification Lg) (for Y C X) can be described in terms of these data as follows:
the sections of Lg) near y €% are sections s € Ly with at most a first-order pole such
that res, s € Cwy, and (wy, + wy(z — y))s|.=y = 0. Note that (wy, wy) =0, so the last condition
makes sense.

THEOREM 5.3. For any ) C X, we have
T(Ly)
T(Lx)

Here we identify detRT'(Ly) = detRI'(Lx) by means of (wy, w), w)), v € X\ Y, so we can view
the left-hand side as a number, see below.

= det(l — K|€2(x_@))

Let us describe the identification detRI'(Lg) = detRI'(Lx) explicitly. Let 5“@1) be a
modification of Lg) on X — %) whose sections near x € X — ) are of the form

S=(S1,1,---,81,p;S21s-- -, 827q)t € Ly,
where s ; is regular at « (i =1, ..., p), s2; has at most a first-order poleat x (i=1, ..., q), and
resy s~ wy = (0,...,0;wa1(7),...,wq(x))".

Note that E%) is also an upper modification of Lx.

For every point x € X — %), consider two functionals on sections of L%’:

fo(s) = (w:/v + wg(z — 2))8|2=z,

9z(8) =resy s/wy.
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Note that sections of Lx (respectively Lg) are exactly sections of E%’ on which f;

(respectively g,) vanish for all x € X — Q). In this way, we obtain identifications
fe=(fr)eexg: H(P', Ly /Lx) = CFI7RI,
929 = (9:)zcxg: H' (B, L]/ Lyy) = CFXI71DL,

This induces an isomorphism (see Example 1.12):

detRI' (L) ® detRT (L) ™" = det(HO(P', L]/ Ley)) © det(HO(P', L] /L))" = C.
In other words, the ratio 7(Lg))/7(Lx) is the determinant of the composition
CIXI-D =5 HO(EY, L8 /L) ~ HOBY, £3) — HO(PY, L3f /Lp) = ORI

Proof of Theorem 5.3. Define an embedding ¢ : HO (P, E%p) s (2(X) as follows: given

s = (81,1, sy S1,ps 82,15 - - -y 827q) S HO(PI, ﬁ%p),
we set (z € X)
P
P(x) = Z sti(@)wii(z),  Y(z) =resy(s)/we, u(s) =+ .
i=1

Note that ¢ € §, 1) € &+ (see the proof of Proposition 5.2), so s is uniquely determined by «(s).

The image +(H° (P!, [Z%p)) is the space of functions supported by X —2). The functionals f,
and g, can be written as f(s) = (¢(s))(x), gz(s) = (w0 t(s))(x), where 7 : £?(X) — (*(X) is the
projection onto &= parallel to § (that is to say, 7(.(s)) = v(z)). Thus, the ratio 7(Lg)/7(Lx)
equals the determinant of the composition

Cx-9) = CX) 5 4X) - (X -D). o

Remark 5.4. The entries of the matrix 1 — K can be interpreted as ratios of suitable r-functions.
Namely, fix z, y € X, and consider the modification E;w,ly of Ly at x and y such that for x # y:

— sections of £;§’ly near x are of the form

s = (81,1, cee 3 81821, - 827q)t S ﬁx,
where s ; isregularat « (i =1, ..., p), s2,; has at most a first-order poleat x (i =1, ..., q),
and
resy s ~wy = (0,...,0;wa1(7),...,wq(2))

— sections of E;g’ly near y are of the form
¢
s = (8171, S 81821, - - 827q) S Ex,

where s1; is regular at y (i=1,...,p), sg; isregularat y (i=1,...,¢), and
P
> wrily)sii(y) =0.
i=1

Thus, if x # v, Lv;w,ly is an elementary upper modification of £ at x and its elementary lower
modification at y. If z =y, we set ﬁgg,ly =Ly (}-

Taking 9 = X — {x}, we see that E%y is an upper modification of both £ and Egg’ly. Under ¢,
HO(PY, E%D) goes to the (one-dimensional) space of functions supported by {z}. The (z, y)-entry
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of m=1— K is the ratio of functionals g,/f, on this one-dimensional space, which equals
T(Egg’ly)/T(Ex). This statement can be viewed as a discrete analog of [DK07, Theorem 4.3].

From the point of view of §2.6, Theorem 5.3 is a Hirota-type determinantal identity similar
to Proposition 2.4.

5.3 Suppose now that there are rational functions

w11(2), ..., wip(2), @21(2), ..., w24(2)
such that for any = € X such that x + 1 € X, we have

w :wu(x), wijif(l_)l) :YEQ,Z‘(ZE).

In particular, @i ; and wy; are regular nonzero at x.
On
Lo=0m—-1)@® ---®0n,—1)@0(-m1—1)®---®O0(—myg—1),
consider the d-connection

A(z) = diag< L

le(Z)’ Y wljp(z)’

w21(2), .-, wQ,q(z)>.

For a,be C such that b—a € Z>g, we call the set [a,b], ={a,a+1,...,b} the integral
segment with endpoints @ and b. Suppose that a= (a1,...,a,), b= (b1,...,b,) are such that
la, bs],, i =1, ..., n, are non-intersecting integral segments contained in X. Set

1
D(a, b):f Z F(.xl,. . .,xN):det(l _K|€2(U [ai,bi}z))

7 i
xl,...,xNe%—Ui [ai,bi]z

(see Lemma 5.1 for the last equality).

Set 9 =X — |, [ai, bi], and consider A(z) as a d-connection on Lg). For every ¢ such that
b +1€9), the connection A(z) has at z=0b; a singularity of type described in §2.5. The
corresponding modification of Lg) is exactly Lgy 3,11y Following §2.5, we need to choose
at z="b; +1 a vector w and a functional w’ + (z —b; — 1)w”. It is natural to set w = wp, 41,
w' =w ,, W =wy, ., with the right-hand sides defined by (5.3). Moreover, it is explained
in §2.5 that a choice of (w,w’,w” mod w') at z=b; + 1 determines the corresponding choice
at z=b; +2. Our definition of .A(2) is such that the new triple is exactly w12, wy, o, wy 5.
Here we assume that b; +2 € 9).

Similar arguments apply to a;. These observations imply the following statement.

THEOREM 5.5. Suppose that
Ly~ (O(-1))F"1, (5.4)

and let A(z) be the matrix of A(z) corresponding to a choice of isomorphism (5.4). Then D(a, b)
is a T-function of A(z) in the sense that its second difference logarithmic derivatives

D(a, b+e; + ej) . D(a, b)
D(a, b+ ei) . D(a, b+ €j)

can be computed using the recipe of §2.5. The same statement holds true for derivatives with
respect to a and for the mixed derivatives. O
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6. Example: Hahn orthogonal polynomial ensemble

In the notation of the previous section, take X ={0,..., M}, p=qg=1, m; =n; = N. Set
() = @ +gj: L) \ [ J&\y_ x;u!+ 1)
This corresponds to
N
F(zi,...,2n) = H (2 — x;)? le(a:i)wg(xi).
1<i<j<N i=1

Note that if o and (3 are such that w;(x)wa(z) > 0 for x € X, wiws is the weight function for the
classical Hahn orthogonal polynomials.

Set
1
D(s) =, > Flar,...,an).
1, ENS<S
THEOREM 6.1. For generic o and [3, there exist sequences (qs,7s), where s=N —1,..., M,

that satisfy the dPVI of Proposition 4.2 with
ar=s8, ax=-—1, az=M,
by=s, byo=—a-—-1, b3=0+ M,
di +by+by+b3=—a—N, dy+b+by+b3=0F+N,
such that the second derivative of D(s) is given by Theorem 4.4. Here

4=4qs, ¢ =qs-1, T=rs T =741,
T=D(s), 7=D(s—1), 7"=D(s—-2).

Remarks. (1) We assume that a and [ are generic so that all bundles involved are isomorphic to
(O(—1))%. However, one can view « and 3 as parameters and the statement of Theorem 6.1 as
an identity between rational functions. If & and § are such that wy (z)wz(z) > 0 on X, all bundles
are isomorphic to (O(—1))? by Proposition 5.2.

(2) The initial conditions for the recurrences (that is, px—1, gn—1, D(IN — 1), and D(N)) can
be explicitly evaluated using the algorithm of [BB03, §6].

(3) Consider the limit M — oo. If we scale the lattice X by M~!, the Hahn orthogonal
polynomials converge to the Jacobi orthogonal polynomials on [0, 1] (with same parameters a, (),
and D(s) converges to the corresponding quantity for the Jacobi polynomial ensemble. At
the same time, the d-connections become ordinary connections and discrete isomonodromy
transformations converge to the continuous isomonodromy deformations, as in §3; see
also [Bor04, §5]. In the one-interval case Y= {s+1,..., M}, this corresponds to the
degeneration of dPVI (from Theorem 6.1) into classical PV I. This degeneration is described
in [AB06, §6.4]. In the continuous setting, a description of the relation between isomonodromy
transformation and the Jacobi polynomial ensemble, including the PV I case, can be found
in [BD02, §8.1].

Proof. We set
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Thus the matrix A(z) = diag(ww(2) ™!, wa(z)) has simple zeros at —1 and —M, simple poles at
—a — 1, B+ M, and it behaves at infinity as 1 + diag(—ca, 3)/z + O(z~2). If we now consider the
corresponding d-connection A on Lg) for P ={s+1,..., M}, we see that it has simple zeros
at —1, —M, simple poles at —a — 1, f+ M, and that at z = s, its singularity is of the type
considered in §2.5. Finally, on the formal neighborhood of infinity, there exists a trivialization
R(z) : C? — L, such that the matrix of A with respect to R equals

—a—N+1
CH)TAGRE = | X
R(z + Z2)R(z) = N1
0 1+ u
z
Proposition 4.2, Theorem 4.4, and Theorem 5.3 conclude the proof. O
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