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ABSTRACT

For some time now, the convenient and fast calculability of collective risk
models using the Panjer-algorithm has been a well-known fact, and indeed
practitioners almost always make use of collective risk models in their daily
numerical computations. In doing so, a standard link has been preferred for
relating such calculations to the underlying heterogeneous risk portfolio and to
the approximation of the aggregate claims distribution function in the individ-
ual risk model. In this procedure until now, the approximation quality of the
collective risk model upon which such calculations are based is unknown.

It is proved that the approximation error which arises does not converge to
zero if the risk portfolio in question continues to grow. Therefore, necessary
and sufficient conditions are derived in order to obtain well-adjusted coliective
risk models which supply convergent approximations. Moreover, it is shown
how in practical situations the previous natural link between the individual and
the collective risk model can easily be modified to improve its calculation
accuracy. A numerical example elucidates this.

KEYWORDS
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INTRODUCTION

For decades one of the central themes of risk theory has been the calculation of
the aggregate claims distribution of a portfolio. The aim of this paper is to take
this subject and shed a new light on theoretical aspects and practical
applications.

In the eighties, with the development of recursive algorithms, a considerable
degree of progress was made towards the numerical calculation of the aggregate
claims distribution for both the individual and the collective risk model. In
particular, the special collective risk models considered by PANJER (1981) are
generally accepted by practitioners as being adequate, and the use of Panjer’s
algorithm has meanwhile become a widespread standard technique of actuaries.
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In applied risk theory the n policies X, of which a portfolio is composed are
usually independent but, as a rule, not identically distributed random variables.
Instead of the collective risk model, in practice one is initially concerned with
the individual risk model, in which the calculation of the distribution function
of

Sind = - Xi
2

is a fundamental task. The fact that the above-mentioned collective risk model
can be calculated so quickly has led in the practical application to a switch
from the individual risk model to a collective risk model, in the hope that the
error which inevitably occurs as a result is sufficiently small. So a (hopefully)
appropriate collective risk model is linked to the individual risk model.

Until now, when this link was being made, it was not the whole class of
collective risk models

N
Scoll = z Zi
i=1

(with independent identically distributed random variables Z; and random
claims number N independent of the sequence of single claims amounts Z,, N
in the Panjer-class) which was considered with regard to its suitability. Rather,
in literature and in practice a “ classical link >, which is described precisely e.g.
in GERBER (1979, p. 50), and, for our purposes, in Section 1, Remark 1.4, has
become generally accepted. Here, the N (whether binomial, Poisson or negative
binomial distributed) and the (Z,), both characterizing the collective risk model,
are clearly determined by the individual risk model. In practice N is almost
always chosen as the Poisson distributed claims number.
For the error

(1) ' 4 = sup [P(S™ < x)= P(s°" < x)|

the paper by Hipp (1985) provides an error estimate for the classical link to the
compound Poisson model which is small enough for various practical applica-
tions. This sharpens an error estimate given by GERBER (1984).

However, for very large portfolios, these error estimates become so bad that
they are unusable — which does not of course rule out the fact that the error 4
itself may converge to zero for portfolios which are becoming increasingly
large. (The meaning of this is to be defined more specifically.)

With regard to the standard link to the compound Poisson model, in
Section 1 of this paper, proof is supplied for the (surprising?) results that this
error does not in fact converge to zero. This also applies when the Poisson
distribution is replaced by the negative binomial distribution. In the binomial
case, the situation has proved to be ambiguous (cf. Section 1, Model 1.1). In
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short, the methods normally used in practice have proved to be bad for large
portfolios.

These results can be derived from the answers to more general questions
concerning the connections between the individual and collective risk models.
These questions are of interest in their own right and of fundamental
significance, and they refer in the first instance to general collective risk modelis
with weak additional conditions. In particular there is no requirement for a
collective risk model to emerge from an individual risk model in the standard
manner.

The requirement

2 450

(for portfolio size growing to infinity) is obviously a theoretically reasonable
(asymptotic) quality criterion for judging whether individual risk models can be
adjusted precisely by means of collective risk models. This 1mmedlately gives
rise to two questions:

With regard to (2), are there equivalent and simple conditions which make it
possible to check the validity of (2) in concrete cases? Is the theoretical quality
criterion (2) also a relevant measure of quality for practical applications, or, to
put it more precisely, is the assumption contained in (2) that 4 becomes small
equivalent to the assertion that the difference in the two risk premiums does
not become overly large?

Both questions are answered in the affirmative with Theorem 2.1, the first
question in particular being answered by the fact that (2) is equivalent to the
(mostly easily verifiable) condition

coll
3) Yar§™
Var §'nd
. The more comprehensive result of Theorem 2.2 represents a quantitative
sharpening of Theorem 2.1 which is particularly interesting because equivalent
conditions are given for situations where the difference in the two portfolio
premiums even remains bounded. A useful tool for proving these central
statements of the paper is provided by the often neglected paper by voN
Coossy, R. and G. RappL (1983); here the possibility of representing
stochastic sums by means of deterministic sums is proved. These results and
required Berry-Esséen bounds are presented separately in the Appendix.

An important point for the practical application is that for good approxima-
tions, in addition to the requirement that the expected values should be equal,
it would now, in view of (3), be appropriate to seek and construct collective
risk models with

Var $°¢ = Var §°°!.

In order to ensure that collective risk models can be calculated quickly, only
collective risk models belonging to the Panjer-class are suitable. On the other
hand-—as mentioned at the beginning of this paper—collective risk models
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which emerge from an individual risk model via the standard link are ruled out.
However, converging approximation models which are simple to construct can
be obtained by scaling the range of the single claims amount in the standard
link.

If an appropriate scaling factor and the parameter modifications correspond-
ing to it are chosen, then for all three claims number distributions of the
Panjer-class, the equality of the first two moments can be achieved in the
individual and the collective risk model. Moreover, in Section 3 an analysis is
carried out to show that the best adjustment should be reached with the
compound binomial model. This is also verified by several numerical examples,
which can be taken from the Gerber portfolio (GERBER 1979, p. 53). Thus, in
practical applications, instead of the standard link to the compound Poisson
model, a modified compound binomial model, which is described precisely in
Section 3, should be used (cf. JEWELL and SUNDT (1981)).

1. The link between a given individual risk model and the related
collective risk model

In the following X; denotes the amount of claims produced by risk i, i € N. The
single risks are understood to be numbered in a suitable way. Their, in future,
undefined claims amounts are understood as random variables. The accidental
aggregate claims amount resulting from a segment of » risks, that is the sum of
all single claims amounts, is called an individual risk model, if the following is
valid

Definition 1.1. (Individual risk model, cf. BOwERS et al. (1987), p. 25).

The individual claims amounts X;, 1 <i<n, nelN, set up a sequence of
independent, in general not identically distributed random variables X; such
that X; > 0. X; = 0 means that risk /i does not produce a claim. The random

n

variable ¢ = Z X, is called the aggregate claims amount of the individual
i=1

risk model.

We shall write Si™ instead of S™™ to indicate the dependency of S on the
size of the underlying risk segment. As no misunderstanding is possible below,
we will drop the index # there. In view of later considerations and in order to
make the model tractable, we shall impose additional conditions.

Assumption 1.1. The sequence of random variables (X)), ie N, fulfills the
inequalities 0 < c < EX; <d< owand 0 <a < Var X; < b < o0, wherea, b, ¢, d
are real-valued constants.

Assumption 1.1 does not impose any restrictions on practical applications,
excluding only unrealistic cases. The validity of Assumption 1.1 follows, as a
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rule, from the fact that in practical applications the sequence of random

variables X; are even uniformly bounded, that is sup {X;| < oco.
ieN

Remark 1.1. In accordance with the sequence (X)), i€ N, we can define a

sequence of independent random variables (1)), i € N, by setting /; = 1,5 .. In

addition to this we can go on to construct a sequence of independent random

variables (Y;), ie N, by postulating for their one-dimensional distribution

functions:

(1) P(Y<x)= H=O"PX=0) 0 b P =0)=0.
P(X;>0)

Thus, we have the representation X; £ I, ¥; for each i € N. Y; can be interpreted
as the claims amount of risk i, provided that this risk produces
a claim. The claims number N* in the individual risk model is established
by ’

N*=Y I, LZB(1,q) with ¢,= P(X,>0) and § the binomial distribution.
i=1

The events {/,= 1} and {Y; < x}, x > 0 arbitrary, are independent.

In many practical situations the calculation of the distribution function F’ ind
of the individual aggregate claims amount S™ is of fundamental importance.
However, its precise numerical computation is in general impossible without
the support of a computer and, in spite of recent recursive algorithms
(KornNya (1983), Hipp (1985, 1986), DE PrIL (1989)), still costly. Therefore, at
a very early stage of risk theory, the question of the calculability of F™ led to
the concept of the collective risk model (BowERs et al. (1987), p. 317), which is
easier to handle when theoretical considerations are made. Its fast numeri-
cal calculability (Panjer-class) is another, more recent reason for using it.

In the following we shall denote by N the random number of claims occuring
in a risk portfolio in a given period, and by Z; the accidental amount of the
ith-claim, i < N. We will then be speaking of a collective risk model, if we state
the following:

Definition 1.2. (Collective risk model, cf. BOWERS et al. (1987), p. 317).

The random collective claims amounts Z;, i€ N, set up a sequence of
independent, indentically distributed random variables such that Z; > 0 for
each i € IN. The sequence Z,, i € N, is assumed to be independent of the random
claims number N. The random variable N takes on non-negative integer values.

N
The random variable S = Z Z, (with S®!'=0 if N=0) is then called

i=1

the aggregate claims amount of the collective risk model. For N and (Z)), ie N, we
assume in addition: 0 < EN< o0, 0<Var N< o0, 0< EZ, < 0, 0<Var Z;< w.
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Remark 1.2. S°! satisfies ES®! = ENEZ, and Var §*" = EN Var Z,+
Var N(EZ )~

The link between Definition 1.1 and Definition 1.2 at once becomes clear
when we refer to the individual risk model with independent, identically
distributed random variables X;, 1 <i < n. This, in turn, brings us to

Remark 1.3. If the individual model satifies X; Z F for each i, it follows that
N*Z B(n, q) with g = P(X; >0). Put NZ N* and Z, £ G, where G(x) =
(F(x)—(1—¢q))/q for x>0. Thus we get $™Z §°! with claims number
distribution f(#n, ¢) in the collective risk model.

In general the question arises how the distribution functions of N and Z,
should be chosen such that the distribution function F*!! of $°! supplies a
good approximation to the distribution function F™ of S™. The following
procedure is usual:

Remark 1.4. Define the distribution function G of Z, by

12 6@ =Y LG with Gy = X AT@)
i=1 nq 4q;

and
1 n

13) g=-) 4, ¢=PX>0), X,ZLY, X,ZF, Y,ZG,.
n i=1

In this remark the representation X, Z I,Y; is such as given in Remark 1.1.

1 n
Consequently we have Z; > 0 and EZ" = — Z EX'"<oo,m=1,2.
ng i1

Assumption 1.1 establishes the existence of real-valued constants a’, &', ¢’, d’
(independent of n) with 0 <¢'<EZ  <d' <o and 0<a’'<VarZ, <b < w.
Note that the distribution function G of Z; depends on n.

The last remark results in three different collective risk models, each of them
specified by the choice of the claims number distribution (Panjer-class).

Model 1.1. The natural approximation (compound binomial approximation).
Let
NZBn,q) and Z,ZG,
G as defined in (1.2). Then
ES®"= ES™ and Var $°" = Var S™+ 45,
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where

n n 2
Ag =) (EX)* - ( EXi) .
i=1

1
=

2

Y EX,-) :

i=1

Ag; > 0, since n Z (EX)* >

i=1

4, =0« EX;= EX, foreachi=1,...,n.

The natural approximation can also be derived from an individual risk
model as follows. Put

n
sl =Y zx  with Z* £ G*,
i=1

where for x > 0

n

1
(1.5) G*(x)=— Y. Fi(x) and X,ZF,.
n =1

Since

1 ¢ Fi(x)—(1—g;
(1.6) G*(x) _ z qiM

1 n

) (—gq)+
n =1 n =1 q;
(1—¢)+qG(x),

we conclude from the characteristic function

(1.7) (Ee"2™yn = ((1—q)+q Jm e”"G(dx))n
0

[0}

2 (Z) (1—q>""’°q"j ¢ G**(dx),

0

that the two approaches lead to the same collective model.

Model 1.2. The compound Poisson approximation.
Let
N Z n(nqg), n the Poisson distribution, and Z, %G,
G as defined in (1.2). Then
ES®'= ES™ and Var §°! = Var $™+4,,,
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where
n

(1.8) Apo = ), (EX).

i=1

Model 1.3. The compound negative binomial approximation.

Let

NZAVH

n—
1+g

G as defined in (1.2). Then

, 4 % the negative binomial distribution, and Z, Z G,

ES®" = ES™  and  Var §° = Var S+ 4y,,

where

n 1 )
(1.9) Ayg = Y. EX?+ — (ES™)?
i=1 n

‘ " 1 ‘
Var S™ + ) (EX)? + —(ES™).
i=1 n

Thus, the three collective risk approximation models correctly adjust the

n
expected claims number E ) l,y.q =ng=EN and the expected aggregate
— { I3 }

i=1

claims amount, although they overestimate Var ™. Obviously, for the

overestimation the following is valid:

0<Adp<dp, <Ayp.

In respect of Assumption 1.1 a simple calculation leads to the following

result, because EX; and Var X; are uniformly bounded.

(i) N binomial distributed:

Var §°!! Ag; d*—c?
(1.10) =T 1= B efo, ",
Var Smd n a
Z Var X;
=
(ii) N Poisson distributed:
Var s Ap, 2 g
(1.11) ST =P ¢ i,gj
Var §ind " b a
Z Var X;
i=1
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(iii) N negative binomial distributed :

Var SCO” A 2 d2
VB € [ , 1+ —

a

-
n

(1.12) _ 1= 1+
Var §™™¢ X b
ZVar X;
i=1

Hence, only in the case of binomial distributed claims number N we can
achieve Var $'™ = Var $°!. For instance, this is fulfilled if EX, = EX, for all
i=1,...,n or if even all of the X, are identically distributed (cf. Model 1.1).
The following example shows that in general the variance ratio in the
compound binomial approximation does not equal to 1 either.

1
1+v]

n

Example 1.1. Look at a sequence of random variables (X)), 1<i<n,
X,;€{0, 1}. Let for each i

3/4, i even

PX,=1 =
( ) {1/4, i odd.

Therefore we have

3/4, i 1 j
EX, - { /4, i even and Var X, = {3/ 6, 1 even
1/4, i odd 3/16, i odd.
From that
Var $°! _ {4/3 , N even
Var §'nd (4/3)—1/(3n%, n odd

easily is concluded.

'Further on we shall analyze the impact to which Var $°¢ # Var $°! leads in
the case of premium calculations which are based on the above-mentioned
approximation models instead of the individual risk model. As these assertions
depend on the number n of risks underlying the portfolio at issue, we shall now
add the dropped index 7 to our previous notations, thus S* instead of $™,
Sl instead of S, etc.

Assumption 1.1 instantly implies ES.™ ——— o0, Var Sind —— 00, and, as
ESP = ESeN also ESO" — 5 0. As shown above, the variances of the col-

lective and the individual risk models differ from one another in general.
Only in the case of binomial distributed claims number the variance ratio

‘can converge to 1. In particular we have Var Sg°!'—Var §ind ——» o0 in most

situations.
The consequences of the overestimated actual variance for premium calcula-
tion by means of collective risk models is demonstrated using the percentile
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premium. Let
(1.13) () = inf {x|P(S™ < x) > o}

with security level « € (0, 1), Z= () analogously. That is, the premium
Zn () is not exceeded by the aggregate claims amount S™ with probability
a. Of course the difference .2 (a)—.7"(a) is of interest. This heuristic
reflection serves to motivate the following. Under assumptions which are
always satisfied in practice, we obtain approximately the following result if n is
large enough (cf. Lemma A.2 (i)):

(1.14) T ) ~ pr+ 07 (@) o,
and
(1.15) Sl @) &+ 7 (@) 0y,

where ¢ = ES;™, ui" = ES;°", o," = \JVar §;, ;" = \/Var S;*". &~!

denotes the inverse function of standardized normal distribution function @.
Thus, as ™ = 4" the premium difference 7" (a)—.2™ (&) of the risk
models under consideration directly depends on the difference of the standard

deviation, namely

(1.16) T @) = 7" @) = (0, —a,") @7 (#) 2 0.

coll _ _ind

A further analysis shall show that the difference o,° — o, is strictly related
to the term sup |[F*(x)— FU(x)).
X

2. Approximation of an individual risk model by a collective risk model

In this section, at first we focus our analysis on the approximation of

n

individual risk models S;™ = Z X; of growing size by a sequence of so-

i=1

N,
called homogeneous collective risk models S = z Z;. We shall deduce
i=1

our main results in Theorem 2.1 and Theorem 2.2 and then apply these results
to a reasonable concept for a portfolio growth which conducts to Corollary 2.1
and Corollary 2.2. We start with

Definition 2.1. We call (S%°"), ., a sequence of homogeneous collective risk
N,

models if, for each ne N, S = Z Z,; is a collective risk model and the
=1

distribution function of Z; is independent of »n. In addition we assume that N,

possesses a representation N, £ L*" with arbitrary distribution function L on

Ny (cf. Proposition A.1).
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In the following, the notations used are the same as in Section 1. The
sequence (X)icn 18 supposed to fulfill Definition 1.1, Assumption 1.1 and

sup {EX?} < 0. In addition to Definition 2.1, we assume that EZ} < oo,
ielN

EN2 < oo for all neN. Under these conditions, all the results listed in the
Appendix are applicable to S" and §°" and to their distribution functions
Find and Fcoll

n n .

Let our analysis start from the supremum norm of the difference of the two
distribution functions Fi* and F°!, i.e.

(2.1) 4, = sup |[F" (x) = F' (x)1.

With F," (x) = P(S;" < x), @, (x) = & ((x— u)/0,"%); F;" and &;°" ana
logously, note that

22 FM@)-FE) = (B @)= 0, () + (2, () — 2;(x))
@ ()~ F(x).

Since

Z EX;— EX \/;l _SUB {EIX:'—EX:‘I3}
2.3) - < 0,

n 3 3 n-—
«/( VarX,-) \/(n inf {VarX,-})
i=1 ieN

the central limit theorem for S (cf. Theorem A.1) is applicable to the first
term of (2.2) and Proposition A.2 can be applied to the third term of (2.2), the
following assertion is valid.

Proposition 2.1. Under the assumptions stipulated at the beginning of this
section we have

Q4) 4y 0 0o 1 and (U o .

Proof. Referring to (2.2) it remains to be shown that
(2.5) @, (x) — ;" (x) —— 0 uniformly in x

is equivalent to the right side of the assertion.
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With r, = 6"/ we have
n n n b

(2.6) oM (x) =

coll
n

_,,coll
(p(x Hx )

+
" coll

ind ind coll

X iy e

/2 T .
on Oy

“<«="". The assertion is true, as @ is a uniformly continuous function.

“=". Because @ is a strictly increasing function, 4, —— 0 supplies

x— ind x— ind ind _ , coll )
2.7) Hn X7 Hn . Hn ~Hn 0 uniformly in x.
ind ind coll n- oo
n a.’l on
By replacing x with zi" we get (ui™— pu°t/o oM —=0.

Then by replacing x with pi"¢

+¢i we obtain r, —1

Furthermore, for the difference ZEM () — #1% () of the percentile pre-
miums related to S;"* and S¢°", we obtain a result which corresponds to
Proposition 2.1.

Proposition 2.2. Under the assumptions stipulated at the beginning of this
section we have

(2.8) , -
Fim () =7 @) = 0 (o))
<020 —— 1 and (-~ o " —— 0.

Proof. For all a € (0, 1) the following identity is true:

2.9)

coll
n

o ind o :‘:oll

n

%’coll (a)_%‘ind (a) _ ( %coll (fX) _u:oll

O_;nd

B %ind(a)_#:'lnd . /l'(lzoll_luilnd

o,,ilnd O',i,nd
Then, Lemma A.2 (i) supplies
%’coll o) — coll lggnind o) — ind
(2.10) ( ) Hn 4¢—1(a), () Hn ¢_l(a).
o.ncoll n— o O_;nd n—
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Thus, the conclusion from the right side to the left side follows directly from
the above indentity. The converse is also true, since a € (0, 1) is arbitrary. So is
& (). As (u—pu/e! is independent of a, the argumentation is
complete.

The following theorem can be gathered directly from the last two proposi-
trons.

Theorem 2.1. Under the assumptions above the following assertions are
equivalent :

() sup |F,"(x)— F (x)] —— 0,
(ll) Var S,i,“d/Var S:oll ml and (ES,ind_ES:OH)/ Var S;oll mo’

(@) 7 (@)~ M (@) = o(Var S°),  ae(0, 1),
(iv) 2N (@)~ %M (@) = o(Var S, ae(0,1).

This result can be sharpened to a “bounded version” of (iv), i.e. the
difference of the two portfolio premiums even remains bounded under certain
conditions.

Theorem 2.2. Under the assumptions above the following assertions are
equivalent :

(@ sup I ()~ F(x)) = 0(1/y/Var 5;°),
i) sup |F™ (x) = Fe(x)) = O (1/3/Var §;°1),

(iii) \/Var S —/Var S = 0(1) and ES™ - ES® " = 0(1),
(v) 7" @)=~ 2" @)= 0(1), ae(O,1).

Proof. Let us sharpen our argumentation with regard to the equation (2.2).
Since the Berry-Esséen bounds from Theorem A.l and Proposition A.3 are
applicable to the first and the third term, Theorem 2.1 yields the following
equivalence:

(2.11) 4,=0(//Var §™) = 4, = 0(1/y/Var S)
<« 4, = 0(1/\/Var S°1)
< 4, = 0(1/Var $°"),
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where A, = sup |® (x)— &% (x)|. According to Lemma A.1, (i) <> (ii) <> (iii)

has been proved. . .
With 24 (@) = (£ (@) — u")/g ™, y°l () analogously, « € (0, 1), we have

212) A @ =770 = (=) + (" @ = 7 (@) 0,
+ y:’:o[l(a) (G;,nd_G:OII .

Consequently, Lemma A.2 and (i) <> (iii) supply (i) = (iv).
It remains to prove (iv)=-(i). For all a € (0, 1) we have

@13) 0() = #™ (@)~ @)
= (U= ™ + 95 @) @ - o5+ 0 (1),

again in respect of Lemma A.2 (ii).
By choosing a; # a,, we can conclude that

(2.14) o) = (3" () =y (1)) (6™ — o).

Again using 7" (a) — &~ («), we have

(2.15) gird—geoll = (1), hence p™—u" = 0(1).
Thus (iv) = (iii) has been proved, and therefore (iv) = (i) since (iii) < (i).

It should be noted that the statements of Theorem 2.2 (i) and (ii) can be
specified by deriving explicit constants in the O-estimates from the proofs.

Each assertion of Theorem 2.2 implies the corresponding one of Theo-
rem 2.1, but the converse is false, which becomes obvious in Example 2.1 at the
end of this section.

For the rest of the section we consider a concept of a portfolio growth
described by an appropriately chosen sequence of homogeneous collective risk
models. Therefore at first we have to formulate some additional requirements
to the underlying risk portfolio. These concern the mixture ratio of its distinct
risk classes.

Assumption 2.1. In addition to the previous assumptions the sequence of risks

and its random claims amounts (X;), i € N, are required to fulfill the following:

the set of random variables (XJie N} consists of K distinct risk classes
K

Fwk=1,...,K; thus {X}Jie N} = %#,. Bach class is represented by
k=1

a distribution function Fy,. X;€.%; means that X, < F; and F; = F,. Corre-
spondingly g, € (0, 1] denotes the representative of g;, if X;€.%,, where
g; = P(X; > 0) is related to X;. It is assumed that the mixture ratio of »n risks
satisfies the stability criteria below: For each ne N define for allk=1,..., K
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n K
an integer n; = Z lix,e,y; thus n= z n, . Assume, for each k there exists
i=1 k=1
a number ¢, € (0, 1] independent of n, which fulfills n, —nc, = O(1) as »n tends
to infinity.
Continuing to use the previous notations, we also introduce some new.
Let

1 n ~ K
(2.16) g"=-) g and §= ) cqu-
n i=i k=1

This means that g € (0, 1], since ¢, < 1 for all £ and ¢;# 0 for at least one k.
Furthermore, let

r ) F.(x)-(1—g.
@17 G =Y G with Gi(x) = E=0=a) sy,
=1 ng™ q; ’
that is
_ o
k

(2.18) G,(x) = kzl - ﬁ Gy (x).
Moreover, let

K
@219) G =Y & 29 Gy (x) with Gy (x) = w®~174w) oy

1

k= q 9k

In the following, the claims number in the collective risk models specified in
Section 1 (cf. Model 1.1-1.3) is denoted by N, and N,, refering to the
parameters ¢ and §. We write Z,, Z, resp. for the collective single claims
amount variable, where Z, £ G,, Z, £ G resp.; thus

N’l
(2.20) Sel =% 2,222,
, i=1
and
ﬁfl
(2.21) Seoll = Z.,Z:2Z.
i=1
Finally, in the collective risk model S we denote by i and geol the
mean value and the standard deviation resp., in line with x™ and o™

above.

In this framework the portfolio growth is defined by the corresponding
sequence of homogeneous collective risk models (S, which fulfill
Assumption 2.1 and to which Theorem 2.1 and Theorem 2.2 can be applied.
Thus, we can prove the following:
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Proposition 2.3. Under the assumptions of Section 2 in all the three collective
risk models described above (cf. Model 1.1-1.3) the distribution function Find
of Si™ and F&! of $°! resp., fulfill a Berry-Esséen bound, i.e.

@ sup |Fi(x)— @ (x)| = 0(1/y/Var S,
(i) sup [F;" (x)~ @57 ()] = O (1/3/Var 5;°"),

_ x— ~coll
where ®2M(x) = @ (—#"— ) .

E;Oll

Proof:
(i) As E\X,—EX,’> < EX}+(EX)® we have from the assumptions
max {E|X;~ EX,*} < co. Assumption 1.1 supplies Var S, > na and thus we
ieN
conclude
Y EX—EX{® max (E|X,—EX}%}
i=1 ieN
(2.22) < < .
“ a
Z Var X;
i=1

Consequently, from the Berry-Esséen bound for non-identically distributed
random variables (cf. Theorem A.1) we obtain

n

Y EX—Exj
- . . 6 i=1
(2.23)  sup |[FiMd(x)— @M (x) < — for all n.
x a,md n
" Z Var X;
i=1

(ii) Since EN? < oo and EZ; < oo, the Berry-Esséen bound for random sums
according to Definition 2.1 can be applied (cf. Proposition A.3). When this is
done,

(2.24) Var § = p(g Var Z, + Var Z,(EZ))?)
must be taken into consideration.

Consequently Si™ and S fulfill in particular the central limit theorem with
the standard normalization and the law of large numbers.

A result such as that in Proposition 2.3 valid for $" and & resp.,
PN (x) = D((x— achy/gce), cannot be directly deduced from the Berry-
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Esséen bound in Proposition A.3. In fact, the distribution function G, of Z,
depends on n. Thus G, and the distribution function of N, do not satisfy the
assumptions required in Definition 2.1.

Nevertheless, taking into account the stability of the mixture ratio given in
Assumption 2.1 we have

(2.25) ES" = ESP"+0(1)
and
(2.26) JVar §F = \Nar 5+ 0 (1 /Var 521 .

Together with

227 sup |Fel(x)— Fell(x)] = O(1/Var S,
and the Berry-Esséen bound for $¢ and F°! j.e.

2.28) sup |F;" () = 857" ()] = O (1/yVar ),

we get ultimately the validity of Theorem 2.1 and Theorem 2.2 even for S
straightforward from the identity

229 FM00)-Fl ) = (B ()= B )+ (B () = B (x).

Thus we have proved

Corollary 2.1. Under the assumptions of Section 2 these assertions are
equivalent :

(i) sup |F"(x)— Fe' (x)] —— 0,
’ x n—

(i) Var S/"/Var §eo! —— 1,

(i) Z, M (@)~ ZM (@) = o(yVar S, ae(0, 1),
(v) FMN @)~ 7 (@) = o(Var SPY), e (0, 1).

The following result represents a quantitative sharpening of Corollary 2.1.

Corollary 2.2. Under the assumptions of Section 2 these assertions are
equivalent :

(@) sup |Fy(x) = Fel (x) = O(1/y/Var §1),
i) sup [Fy(x) = Fl ()] = 0(1//Var 8T,
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(iii) o/Var $i7 —/Var 5 = 0(1),
(v) ZM@)— 20N @) = 0(1), ae(0,1).

Obviously each condition of Corollary 2.1 follows from the corresponding
one of Corollary 2.2. The inverse conclusion is wrong as shown below by
Example 2.1. Note that from the proofs given above explicit constants can be
derived to replace the O-constants in Corollary 2.2 (i) and (ii).

Accurate premium calculation or their equivalent, precise approximation of
the distribution function in the individual model, depends mainly on well
variance fitted collective risk models. The previous collective risk models do
not achieve that as proved for Model 1.1-1.3. In the next section we shall look
at modifications of these models, which improve the variance fit.

Example 2.1. Let us consider a sequence of positive random variables (X))o
with distribution functions

(2.30) Fi(x)=(-¢)+¢;F(x), ;€ (0, 1), F(x)=1-e % x>0.
Therefore,
(2.31) P(X;>0)=gq;, EX;=gq;, Var X; = q;2—¢q)),

For each ne N, let

(2.32) a, = i g;, and b, = Zn: q?
i=1 i=1

For Sind = Z X,, this implies that
i=1
(2.33) ESiM =g, and VarSi=2q4,-b,.

N)l

We construct the collective risk model S = Z Z, corresponding to S
i=1

in the same way as described in Section 1, by means of the following equation:

_ - q; . n _ 1 ¢
(234)  G(x) = ; — G;(x) with x>0, g =" Z g,
i= q n =1

where G;(x) = (F;(x)~(1—¢;)/q;= F(x), x>0. Thus, we have G(x)= F(x).

Assuming Z, Z G, we obtain EZ, = Var Z, = 1.

Moreover, we stipulate that N, is distributed as B(n, ¢™). Hence (cf.

Model 1.1),

Bl N)

(2.35) ES®"=g and Var S =24, — 2"
n
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Now, for all « € (0, 1/2), with a suitable choice of ¢,€ (0, 1), ie N,

(l _a)2 n1—21
1-2a

(2.36) a,~n—n'"%* and b,~n—-2n'""*+

is fulfilled. For instance, ¢; = 1 —(1 —«)/i* is appropriate.
For proof of this, note that

(2.37) Z a-pi ¥t~ j"(l—ﬁ)x—ﬂdmn“ﬁ, Be(0,1).

i=1 1

All these definitions supply

an
2"
Var §¢°! n
(2.38) = 1,
Var §;nd b, "7°%
2 -2
an
since a, /n — 1 and b,/a, — 1.
However,
3 -1 coll \ —1
i n bn a, Var Sn
(2.39) \/Var S —/Var S = Va - Rl B Y R
n \/;n n Var §)
1—a)*\ 1
~ nl—4a 1 . ( a) =
1-2a | 2
-0 if ae(0,}),
n— o —ILG lf x = %’
0 if oce(%,l2 ,
2
~nb
sinceflﬁ-—n LD I
nia,

3. Modified collective risk models with variance adjusted to that of the underlying
individual risk model

In this section the assumptions of Section 2 are stipulated. The notations used
below are the same as stated previously. We drop the index n because there is
no misunderstanding possible.
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Corollary 2.1 and Corollary 2.2 proved above suggest to adjust not only
ES™ = ES°! but also Var $™ = Var ! for all n. In this case condition (iii)
and therefore all conditions of Corollary 2.2 are valid. The classical
approaches, which derive collective risk models from an individual one, do not
fulfill the two conditions (equality of the mean values and the variances)
simultaneously in general (cf. Model 1.1, 1.2, 1.3). JEWELL and SUNDT (1981)
deal with this problem in their paper too. They discuss two different modifica-
tions of the compound binomial approximation (Model 1.1) by using modified
counting distributions. In addition SUNDT (1985) studies an approach with an
“average” collective claims amount distribution.

We shall now derive a similar modification of our in Section 1 constructed
collective risk models which ensures the equality of their first two moments
with those in the individual risk models given. In view of practical applications
(i.e. numerical computation by the Panjer algorithm) we presume the range of
the collective claims amounts to be discrete and arithmetic. For the purpose of
modeling a new collective claims distribution function we define a random
variable Z™¢ with discrete range {kylk € N}, y > 0 fixed, by setting

(3.1) P(Z™ =ky)=g(k), ke N,
where (cf. Remark 1.4)

L q PX,=k 1 ¢
(32 gl= Z & g:(k), gi(k)=(—)a q9=— Z q4i> 4;= P(X;>0).

i=1 ng q; n =1

Zred differs from Z, as constructed in the models provided above only by a
simple transformation of the range. Obviously we have (cf. Remark 1.4)

(3.3) EZM = yEZ, = - Z
ng i=
and
(.4) E@rd=yEz2 =1 Y Ex?.
ng i=1
N

If one considers $°! = Z Zmd  the basic requirement ES™ = Eg!

i=1

results in EN = ng/y, because ES®®" = ENEZ*. The following is also valid in
this case:

(3.5  Var $°" = ENE(Z{*%?+ (Var N— EN) (EZ[?%?
2 n
EN
=TE0N Ex?+
ng =i

2
7\ (Var N— EN) (ES™)?
ng
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& 1 [VarN .
=y Y Ex?+ [ 22T ) (st
i=1 EN EN
= Var §™+4(y),

where

Var N
EN

(36) 4()=G-1) ), EX}+ Y (EX)*+ L ( — 1)(ESind)2.
i=1 i=1 EN

Therefore the following equivalence holds:
(3.7 Var §° = Var S™ e A4(y) =0.

A(y) =0 cannot be fulfilled with y = 1 (cf. Model 1.1-1.3), i.e. the original
range of the collective claims variables Z;, i € N, must be transformed.

Model 3.1. The modified natural approximation (modified compound binom-
ial approximation; cf. JEWELL and SunDT (1981)).

Let

z (EXi)Z__nv 1 (Esind)Z
i=1

(3.8) y=1 - and NZ B(n, q/y).

n

Y. Ex?

i=1

Then y € (0, 1], since (ES™)? <n Z (EX)? and
i=1

y=1{Y VarX,.+n‘1(ESi“d)2)/z EX2.
i=1 i=1

If g/y =1 we modify the parameters n, ¢, y, see below. Obviously we have
A(y) =0 and, hence, Var ™ = Var §°°!. However, with this stipulation

EN = ng/y differs from E Z x>0 = 1g.
i=1

A simple manipulation of the parameters n, ¢, y facilitates obtaining in
addition EN=E lix 0. For this purpose, we set NZ f(n’, ¢q'/y’) and

i=1

adjust n’, q’, y’ accordingly. The condition ES™ = ES!" implies that

n
n'q' = ng; consequently ¢’ = —gq.
nl
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From the equivalence Var §'™ = Var §°"<« 4 (y) = 0 we deduce

Y, (EX)—() ' (ES™)
i=1

(.9 y'=1- ;
Y. Ex?
i=1

On the other hand EN=E ) ly.q<p’ = L.
i=1

This leads to the choice

(Esind)Z

3.10) »n' = , [x] = greatest integer m with m < x,

Y, (Ex)
i=1
from that we have y' ~# 1(y' > 1) and n’' <n as
(ES™)?<n Y (EX).
i=1

However, note that possibly

! n
7 - I, where ¢'=—gq,
n

r

Y

is no longer valid with such a choice of n’. Clearly, increasing »n’ ultimately
guarantees ¢'/y’ < 1. Note that n’ = n<-g' = q. However, y’ is then more and
more different from 1.

To show. that possibly g’/y’ = 1, let n > 2. Choose X, ..., X, such that
g;=¢qo>1/2foreachi=1,..., nand EX,=...= EX, = 1.
The ratio

(ES™)*  _ (1+(n—1) (EX,/EX))’

(3.11)
1+ (n—1) (EX,/EX,)*

> (Exy’
i=1
takes on values near n for EX,; close to 1, and tends to 1 if EX, — 0.
Therefore, we can choose EX; such that

indy2
(3_12) _(E_S_)_ =

i (EX)’
i=1

o
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If n is even we have n’ = n/2 and y’' = 1, however:

n
A€7= ,q,=nq0—>l_

Y ny n

Model 3.2. The modified compound Poisson approximation.
Let

> (Ex) »
i=1 Var $™
(B13) y=1-— - = and N%n(fﬁ).
Y. Ex? Y. Ex? ¢
i=1

i=1

In this case we have 4(y) = 0, that is Var $™ = Var s,

n
With this choice of parameters, EN = nq/y differs from E Z Lix>0 = nq.
’ i=1
The harmonization of these two quantities fails in this case, because we can
select only two parameters.

Model 3.3. The modified compound negative binomial approximation.

Let
Z Var X; .
i=1 1 ES™ I
B.l14) y=—uon— 1—~——(—) andN%J”ﬁo”(n, .
“ n 1+
Z EX} Z Var X; aly
i=1 i=1

Obviously y < < 1.

i VarXi)/(i EX}
i=1 i=1

Hence, y=1 is impossible; that is equivalent to the assertion, that

EN = nq/y differs from E Z lix>0y = nq. However, we have achieved 4 (y) = 0.
i=1

Application 3.1 In order to verify, whether our modified collective risk models
lead to good results also in the case of small portfolios, we have calculated the
stop loss premium (without any loading) by means of the distribution functions
of the discussed standard and modified collective risk models (Model 1.1-1.3,
Model 3.1-3.3 resp.). The calculations are based on the Gerber-Portfolio (cf.
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GERBER (1979), p. 53) and the 100-fold Gerber-Portfolio. Comparison was
made between the different models by the relative error, that is the absolute
error in percentage of the ““true” risk premium, which was exactly calculated
by convolution. It can be easily seen from the figures below, that the moditied
collective risk models lead almost always to smaller errors than in the case of
the standard approximations. Obviously the absolute relative error depends on
the underlying priority, i.e. the stop loss point.

Gerber — Portfolio of 31 Policies Gerber — Portfolio of 3100 Policies
Amount at Risk Amount at Risk
Di Di
1 2 3 4 5 1 2 3 4 5
0.03 2 3 1 2 0 0.03 200 30 100 200 0
0.04 0 1 2 2 1 0.04 0 100 200 200 100
0.05 0 2 4 2 2 0.05 0 200 400 200 200
0.06 0 2 2 2 1 0.06 0 200 200 200 100
Total 006 035 043 036 020 Total 06 35 43 36 20
Error of Stop—Loss Premiums
for the Gerber—Portfollo
related to the Standard and Modified Collective Models
negative—binomicl
. 4 modif. neg.~bin »
» 0 SN
® 10000~ M. polason
L
¢ 1000~ Sinombal
p if. binomial
o -
N 100 _
p /
o 104/
|9
aggregate claim of the portfolio
v 14 expacted value s 4.48
":'; . variance s 15, 3003
o
n .
a 0.1
L]

T T T T T T T T T 1
5 10 15 20 25 30 35 40 45 50

stop-loss point
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Error of Stop—Loss Premiums
for the 100-fold Gerber—Portfollo
related to the Standard and Modified Collective Models

negative—binomial
/

2 7 isson
¥ 100001 v P

-—
. - - —_— modif. neg.—bin.
] ~ ——— if. polsson
- 100 —_ — nomial
. — If. binomiol
o
> 144
+
[}
o 0.01 - aggregate claim of the portfolio
|3 expected value 3 449, 00
o variance s 1530.03
+
3 0.0001
]
]
0 N
% 0.000001

T T T T T T T 1
300 400 500 600 700 800 900 1000

stop-loss point

TABLE 1

STANDARD COLLECTIVE MODELS FOR THE GERBER PORTFOLIO
ERROR OF THE STOP L0OSs PREMIUM
(WITHOUT ANY LOADING)

Security Level Stop Loss Stop Loss Error
of Percentile P% int Premium in in % of the Stop Loss Premium
Premium the Ind. Mod. Binomial Poisson Neg. Binomial
50 4 1.776 0.16 1.68 35.52
60 5 1.340 0.37 2.62 52.95
70 6 1.001 0.54 3.68 75.10
80 8 0.515 1.25 6.92 146.61
90 10 0.251 2.35 11.39 268.31
95 12 0.113 428 17.97 492.38
99 16 0.019 9.87 37.51 1725.27
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TABLE 2

MoDIFIED COLLECTIVE MODELS FOR THE GERBER PORTFOLIO
ERROR OF THE STOP L0ss PREMIUM
(WITHOUT ANY LOADING)

Security Level Stop Loss Stop Loss Error
of Percentile PI; int Premium in in % of the Stop Loss Premium
Premium the Ind. Mod. Binomial Poisson Neg. Binomial
50 4 1.776 0.15 0.05 0.03
60 5 1.340 0.10 0.45 0.57
70 6 1.001 0.12 0.38 0.27
80 8 0.515 0.06 1.85 2.10
90 10 0.251 0.44 37 3.95
95 12 0.113 1.42 6.81 8.90
99 16 0.019 4.31 15.89 24.79
TABLE 3

STANDARD COLLECTIVE MODELS FOR THE 100-FOLD GERBER PORTFOLIO
ERROR OF THE STOP Loss PREMIUM
(WITHOUT ANY LOADING)

Security Level Stop Loss Stop Loss Error
of Percentile Plz)int Premium in in % of the Stop Loss Premium
Premium the Ind. Mod. Binomial Poisson Neg. Binomial
50 448 16.10 0.44 2.46 951.24
60 458 11.57 0.61 3.38 1332.18
70 469 7.70 0.84 4.66 1999.85
80 482 4.49 1.19 6.56 3406.36
90 499 1.99 1.80 9.81 7503.74
95 514 0.88 2.47 13.48 16554.90
99 543 0.14 4.22 23.18 99879.00
TABLE 4

MOoDIFIED COLLECTIVE MODELS FOR THE 100-FOLD GERBER PORTFOLIO
ERROR OF THE STOP LOSs PREMIUM
(WITHOUT ANY LOADING)

Security Level Stop Loss Stop Loss Error
of Percentile P%int Premium in in % of the Stop Loss Premium
Premium the Ind. Mod. Binomial Poisson Neg. Binomial
50 448 16.10 0.00 0.00 0.01
60 458 11.57 0.00 0.03 0.04
70 469 7.70 0.02 0.08 0.12
80 482 4.49 0.04 0.17 0.28
90 499 1.99 0.09 0.38 0.59
95 514 0.88 0.16 0.67 1.05
99 543 0.14 0.38 1.51 2.44
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APPENDIX
We start with a selection of results which are contained in a paper written by
voN CHossy, R. and G. RappL (1983). Let
NPI
(A.1) SeY Y, neN,
=1

be a random sum where (Y);.\ is a sequence of real-valued, independent,
identically distributed random variables, and (N,),cn is a sequence of integer-
valued random variables, N, > 0. N, and (Y));. are supposed to be indepen-
dent for each n € N. Furthermore, the second moments of ¥; and N, may exist
in the proper sense (cf. Definition 1.2).

vOoN CHoOSSY, R. and G. RApPpPL (1983, p. 252) proved that, in certain cases it
is possible to represent random sums as deterministic sums.

Proposition A.1. Let K be a distribution function on N, such that for each
nelN

(A2) N, Z K*".
Further, let

(A.3) F= j F* K(dk), Y,ZF.
No

Then there exists a sequence (¥}, ¥,,...) of independent and, according to F,
indentically distributed random variables with

n N,
(A.4) Set2y ( ie. $,Z) Y,.)
i=1 i=1
for all ne N.

Definition A.1. The central limit theorem (with standard normalization) is
said to be wvalid for a sequence of random variable (S,),cn if

(S,,—ES,,)/«/Qar S, converges in distribution to a standard normal distributed
random variable as n — 0, i.e. |F,(x)— ®,(x)| ——0 uniformly in x with
F,(x)=P(S,<x) and ®,(x) = ®((x—ES,)//Var S,), @ the standard nor-
mal distribution function.

From Proposition A.l and the classical central limit theorem (cf. FELLER
(1971), p. 515), voN CHossy, R. and G. RapprL (1983, p. 254) deduce
directly:
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Proposition A.2. Under the assumptions of Proposition A.1 with Var ¥, > 0,
the central limit theorem is valid for the sequence (S~ ESc)//Var Sk,

Using the standard Berry-Esséen inequality (cf. FELLER (1971), p. 542), both
authors proved, in addition, a Berry-Esséen bound for special random sums.

Proposition A.3. Let the assumptions of Proposition A.1 be fulfilled; further,
let Var ¥, > 0, E|Y;|*> < o0, EN,’ < 0. Denote by F&! the distribution func-
tion of S and put

(AS) ¢§°"(x) = ¢((x_ESnColl)/ R;ar S:OH),
@ the standard normal distribution function. Then, for all n € N, we have
3 EY,-EY)’
A6) sup [FEo! () — @ (x| < - S ENE
* Jn o (Var $))*?

Furthermore, it holds

(A7) Var ¥, = y, Var ¥,+02(EY))?,

where

A8) - j KK(d), o = j (k=) K(dk),
No Ny

and

(A9)  EF-EVP<4|(ps=3ppi+2p) i+ Bpapi—3p) 12

+ plus+ BV [ P K(dk)) ,

Ny

where

(A.10) yi=j k' K (dk), pi=j lx—EY,|' F(dx), i=1,2,3.
N R

Remark A.1. If N, is Poisson distributed with parameter ni, 1 > 0, Proposi-
tion A.1 can be applied. The same is true in the case of the binomial
distribution with parameters (n, q), g € (0, 1), and in the case of the negative
binomial distribution with parameters (n, q), g € (0, 1) (cf. voN CHOssY, R. and
G. RArpL (1983), p. 253). Thus the assertions of Proposition A.2 and
Proposition A.3 are valid for collective risk models with these distribution
functions, if Y] is appropriate.
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Finally, we formulate a Berry-Esséen bound for deterministic sums of

independent, not necessarily identically distributed random variables with finite
absolute third moments (cf. FELLER (1971), p. 544).

Theorem A.1. Let the sequence of X; be independent variables and EX; = y;,
EXi—p) =al, EX;—pl’=p;, ieN

n n n
Put m, = z Ui, SE= Z of, rl= 2 p; and denote by F, the distribution
i=1 i=1 i=1

X;, ®,(x)=®((x—m,)s, "), ® the standard normal
1

function of the sum

n

I

distribution function. Then for all n € N

(A.11) sup |F, (x)—®,(x)| <6r,s,>.

The next two lemmata state some auxiliary results which are needed in
Section 2. Notations and assumptions are such as stated there.

Lemma A.1. Let
(A.12) 4, = sup & (x)— &5 (x)].

Then we have
(A13)  4,=0Q/o;M 0" ~o = 0(1) and p™"~ 2 = O(1).

, A . .
Proof. Put a,= u™, g, = p b, =0o bl =gl

“=»"": By applying the mean value theorem we obtain

~ x—a, x—a,
(A.14) 4, = sup “D'(fn) - ,
x b, b,
where
A15)  &=0, " +(-u) " 4,601, xeR.

Choose a sequence x, = g, +cb, for any 0 # ¢ € R and replace x by x,. Hence
in view of the assumptions we have

a,—a

(A.16) é,,=oz,,c+(1—ocn)( " +cb")—>c.

’ ’ n— o0
b, b,
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In addition, we have

(A.17) - =c—

Consequently, and because Z,, =0(1/b,), &,-c#0, @ (c)>0, we get
b,—b,=0() and a,—a,= 0().
“<«=": Again, by applying the mean value theorem, we have with r, = b, /b,

~ x—a,
(A.18) 4, = sup lcﬁ’ + (1-a,) ; )

n

x—a, a,—a,
o, r, + 5

o [ X r—1) + a,—a,
b b,

n n

Therefore, according to the assumptions we have

(A19)  b.4, = sup ’ds' (oc,, “";“") @' ( x;a" (l—oc,,(l—-rn)))

n n

n

x (x;“" (b,,—b;,)+(a,,—a;)) ‘

Now the assertion follows from sup |x®'(x)| = 1/4/27ne.

Lemma A.2.

() Let the central limit theorem be valid for F** and F°". Then for all
a e (0, 1) we have

ﬁind __,.,ind ﬁcoll _,,coll
(A.20) " (Of) M (), () = pt &' ().
;nd n—» © a:oll n— o

(i) F fulfills the Berry-Esséen bound from Theorem A.1, F°! that from
Proposition A.3.
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If ¢"d/g ol — 1, then

F md (d) Mmd jcoll ((X) 'ucoll

(A.21) e g = 0(1/o/™), ae(0,1).
Proof.
(i) Put
(A.22) yind (a) = j—lid—gidind , vl (@) analogously .
On

Then

D (1" (@) = &, o (F*) ™" o F™ (inf {p € [0, 00)|F," (p) 2 a}),
(A23) F (inf {p e [0, 0)IF," (p) 2 a}) =,

¢'i‘nd ° (F,i,nd)_l —— ld
in view of the assumptions; thus ™ (a) — & ().

coll

The assertion for y,°" («) follows from a similar argumentation.

(i) From .Z™(a) = (Fi")~!(x) we obtain
(A24)  sup [F™(x)=@;"(x)l = sup |y=&; o (F) 7 ()
x yE

where .# = {y|ly = F™(x)}.

Using the mean value theorem, we have with suitably chosen a, € (0, 1)

(Fmd) (y) ul ind

(A25) y=@M o (F) N (p)=Po0 ' (y)—2 e
ag,

=@ (@, ' (M) + 1) 7™ )) (@' (1) -7 ().

Because of (i),

(A26) &' (a0, ' (»)+(1—ay)yQp)) —— @ o &' (p) uniformly in y.

n— o
@' o ®d~'(y) > 0 and the Berry-Esséen bound now supply

(A.27) e~ (M=) = 00/a,).
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The same argumentation applied to F°" and &2°" yields
(A.28) &' () - ) =01/,

Finally, the assertion follows from the last two bounds taking ¢™/g " — 1
into account.
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