
A NEW CONSTRUCTION OF THE 
INJECTIVE HULL 

I s i d o r e F l e i s c h e r 

( r ece ived A p r i l 30, 1967) 

The def ini t ion of in jec t iv i ty , and the proof tha t e v e r y 
m o d u l e h a s an in jec t ive ex tens ion which i s a subex t ens ion of e v e r y 
o the r in jec t ive ex tens ion , a r e due to R. B a e r [B] . An independen t 
proof us ing the notion of e s s e n t i a l ex tens ion was g iven by 
Eckmann-Schopf [ES] . Both p roofs r e q u i r e the p r e l i m i n a r y 
c o n s t r u c t i o n of s o m e in jec t ive o v e r m o d u l e . In [F] I showed how 
the l a t t e r proof could be freed f r o m this r e q u i r e m e n t by exhibi t ing 
a s e t F in which e v e r y e s s e n t i a l ex t ens ion could be e m b e d d e d . 
Subsequent ly J . M. M a r a n d a pointed out that F ha s m i n i m a l 
c a r d i n a l i t y . It fol lows that F i s equipotent with the in jec t ive 
hu l l . Be low I c o n s t r u c t the in jec t ive hull by equipping F 
i t se l f with a m o d u l e s t r u c t u r e . 

Al l m o d u l e s wi l l be u n i t a r y over a fixed r ing R. 

If x i s an e l e m e n t in an ex t ens ion of a m o d u l e M, then 
the mapping f(X) = Xx defined on {XeR: X x £ M} i s a h o m o -
m o r p h i s m f r o m an i d e a l of R to M; c o n v e r s e l y , e v e r y such 
h o m o m o r p h i s m can be r e a l i z e d with an ex tens ion of M by a 
s ingle e l emen t , which i t d e t e r m i n e s up to i s o m o r p h i s m . 

The h o m o m o r p h i s m i s i r r e d u c i b l e [B] if i t cannot be 
extended to a l a r g e r i d e a l of R. An ex t ens ion i s e s s e n t i a l [ES] 
if e v e r y n o n - z e r o e l e m e n t has a n o n - z e r o mu l t i p l e in M. The 
ex t ens ion by x i s e s s e n t i a l if and only if f i s i r r e d u c i b l e . 
Indeed, if f can be extended to X$ I then X x - f(X) i s 
annih i la ted by e v e r y m u l t i p l e sending i t into M; c o n v e r s e l y , 
if th is i s trsre of Xx - y then e v e r y l inea r r e l a t i o n be tween X 
and the e l e m e n t s of I holds as wel l be tween y and the i r 
i m a g e s in M, so one m a y extend with f(X) = y . 
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Fix M and let F be the set of those well-ordered 

sequences (f } of non-zero irreducible homomorphisms for 
a 

which f annihilates I , the domain of f , for 6 < a. I 
P P H 

propose to equip F with the structure of an essential extension 
of M in such a way that \{f } = \{f } + f (\) for X el . 

y l a* L PJ p <a a a 
Suppose this already done for a subset F* of F containing 
with every (f } all of its (f } as well as the elements 

of M identified as the void sequence and those single-termed 

sequences whose unique ideal is all of R. Let {f* } t F* be 

either a single-termed sequence or one without last term all of 
whose If*) £ F*. For the former alternative the unique 

1 p ; p < a H 

term furnishes a homomorphism into (M hence) F* ; for the 
latter, \{f*} , being on U I* independent of a for large 

P P < a a 
a, yields a homomorphism of this ideal into F#. In either 
case, extend it in any way to an irreducible homomorphism and 
construct the corresponding essential extension M* of F*. 
The identification of F* with a subset of F will be extended, 
one element at a time, to one of M* (and thus the module 
operations transferred to the new elements): At each stage the 
identified elements shall include with {f } all their 

a 
{f ) : and the next element x shall be identified with the 
1 P ; p < a9 

u n u s e d s e q u e n c e {f } of m i n i m a l l e n g t h s u c h t h a t f i s t h e 
a en 

irreducible homomorphism for the extension of M by 
x - {f } . Observe that {f* } will be used (at the latest) 

by the time the generator of the extension is identified; also, a 
multi-termed sequence with last term, If ) , must be used 

P P 1 <* 
by the time (f ) + {f } is identified. Thus all of F is 

y l p j p < a L aj 

finally made into a module. 

Replacing F* by F shows that the latter admits no 
essential extension M* : hence it is injective. Since it is an 
essential extension it is embeddable over M in every other 
injective extension. These properties determine F up to 
isomorphism: If an injective extension were embeddable over 
M in F it would be essential, hence the embedding of F into 
it would have to be onto. 
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