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Abstract
In this paper, we define two types of strongly decomposable positivity, which serve as generalizations of (dual)
Nakano positivity and are stronger than the decomposable positivity introduced by S. Finski. We provide the criteria
for strongly decomposable positivity of type I and type II and prove that the Schur forms of a strongly decomposable
positive vector bundle of type I are weakly positive, while the Schur forms of a strongly decomposable positive
vector bundle of type II are positive. These answer a question of Griffiths affirmatively for strongly decomposably
positive vector bundles. Consequently, we present an algebraic proof of the positivity of Schur forms for (dual)
Nakano positive vector bundles, which was initially proven by S. Finski.
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1. Introduction

Let (𝐸, ℎ𝐸 ) be a Hermitian holomorphic vector bundle of rank r over a complex manifold X of
dimension n. The Chern forms 𝑐𝑖 (𝐸, ℎ𝐸 ) of degree 2𝑖, 0 ≤ 𝑖 ≤ 𝑟 and the total Chern form 𝑐(𝐸, ℎ𝐸 ) are
defined by
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2 X. Wan

𝑐(𝐸, ℎ𝐸 ) :=
𝑟∑
𝑖=0

𝑐𝑖 (𝐸, ℎ𝐸 ) := det

(
Id𝐸 +

√
−1

2𝜋
𝑅𝐸

)
,

where 𝑅𝐸 ∈ 𝐴1,1(𝑋,End(𝐸)) denotes the Chern curvature of (𝐸, ℎ𝐸 ). For any 𝑘 ∈ N with 1 ≤ 𝑘 ≤ 𝑛,
let Λ(𝑘, 𝑟) be the set of all the partitions of k by non-negative integers less than or equal to r – that is,
any element 𝜆 = (𝜆1, · · · , 𝜆𝑘 ) ∈ Λ(𝑘, 𝑟) satisfying

𝑟 � 𝜆1 � 𝜆2 � · · · � 𝜆𝑘 � 0 and |𝜆 | =
𝑘∑
𝑖=1

𝜆𝑖 = 𝑘.

Each partition 𝜆 ∈ Λ(𝑘, 𝑟) gives rise to a Schur form by

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) := det(𝑐𝜆𝑖−𝑖+ 𝑗 (𝐸, ℎ𝐸 ))1≤𝑖, 𝑗≤𝑘 ,

which is a closed real (𝑘, 𝑘)-form. The Schur forms contain the Chern forms and the signed Segre forms
as special examples; for example,

𝑃(𝑘,0, · · · ,0) (𝑐(𝐸, ℎ𝐸 )) = 𝑐𝑘 (𝐸, ℎ𝐸 )

and

𝑃(1, · · · ,1,0, · · · ,0) (𝑐(𝐸, ℎ𝐸 )) = (−1)𝑘 𝑠𝑘 (𝐸, ℎ𝐸 ).

In [14, Page 129, Conjecture (0.7)], Griffiths conjectured the numerical positivity of Griffiths positive
vector bundles (see (2.3) for a definition); that is, if (𝐸, ℎ𝐸 ) is a Griffiths positive vector bundle, then∫

𝑉
𝑃(𝑐1, · · · , 𝑐𝑠) > 0, (1.1)

where 𝑃(𝑐1, · · · , 𝑐𝑠) is a positive polynomial in the Chern classes 𝑐1, · · · , 𝑐𝑠 of any quotient bundle Q
of 𝐸 |𝑉 , 𝑉 ⊂ 𝑋 is any complex analytic subvariety. Bloch-Gieseker [2] proved that all Chern classes
of an ample vector bundle satisfy (1.1). Fulton-Lazarsfeld [11, Theorem I] extended Bloch-Gieseker’s
result and proved all Schur polynomials are numerically positive for ample vector bundles. For nef
vector bundles over compact Kähler manifolds, Demailly-Peternell-Schneider [5, Theorem 2.5] proved
the numerical semi-positivity of all Schur polynomials.

Griffiths [14, Page 247] also conjectured (1.1) holds on the level of the differential forms, which can
be reformulated as follows; see [9, Page 1541, Question of Griffiths].

Question 1.1 (Griffiths). Let 𝑃 ∈ R[𝑐1, . . . , 𝑐𝑟 ] be a non-zero non-negative linear combination of Schur
polynomials of weighted degree k. Are the forms 𝑃

(
𝑐1 (𝐸, ℎ𝐸 ), . . . , 𝑐𝑟 (𝐸, ℎ𝐸 )

)
weakly positive for any

Griffiths positive vector bundle (𝐸, ℎ𝐸 ) over a complex manifold X of dimension 𝑛, 𝑛 � 𝑘?

Recall that a real (𝑘, 𝑘)-form u is called weakly positive (resp. non-negative) if 𝑢∧(
√
−1) (𝑛−𝑘)2

𝛽∧𝛽 >
0 (resp. ≥ 0) for any non-zero decomposable (𝑛− 𝑘, 0)-form 𝛽 = 𝛽1∧· · ·∧𝛽𝑛−𝑘 , where 𝛽𝑖 , 1 ≤ 𝑖 ≤ 𝑛− 𝑘
are (1, 0)-forms; see Definition 3.1 for the definitions of (weakly) positive (resp. non-negative) vector
bundles.

Griffiths [14, Page 249] proved that the second Chern form of a Griffiths positive vector bundle is
positive by using Schwarz inequality. Guler [13, Theorem 1.1] verified Question 1.1 for all signed Segre
forms, and Diverio-Fagioli [6] showed the positivity of several other polynomials in the Chern forms of a
Griffiths (semi)positive vector bundle by considering the pushforward of a flag bundle, including the later
developments [7, 8]. See Xiao [20] and Ross-Toma [18] for other related results of ample vector bundles.

For Bott-Chern non-negative vector bundles, Bott-Chern [3, Lemma 5.3, (5.5)] proved that all
Chern forms are non-negative. Li [17, Proposition 3.1] extended Bott-Chern’s result and obtained all
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Schur forms are non-negative. Later, Finski [9, Theorem 2.15] proved the equivalence of Bott-Chern
non-negativity and dual Nakano non-negativity. Moreover, using a purely algebraic method, Finski [9,
Section 3.4] proved that all Schur forms of a Nakano non-negative vector bundle are non-negative. For
(dual) Nakano positive vector bundles, Finski [9, Theorem 1.1] proved that all Schur forms are positive
by the refinement of the determinantal formula of Kempf-Laksov on the level of differential forms.
However, as pointed out by Finski [9, Remark 3.18], the above algebraic method can be used to deal
with the case of non-negativity, while for the positivity statement, it is not clear if one can refine the
algebraic method because there is no similar criterion for (dual) Nakano positivity (see [9, Remark 2.16])
and there is little known about the specific structure of the forms defined in [9, (3.83)]. This motivates
the author to study the question of Griffiths (Question 1.1) by developing the purely algebraic method.

In [9, Section 2.3], Finski introduced the definition of decomposably positive vector bundles (see
Definition 2.2), which is a generalization of both Nakano positivity and dual Nakano positivity, and
coincides with Griffiths positivity for 𝑛 · 𝑟 ≤ 6. So it is natural to wonder if Question 1.1 holds for such
positive vector bundles. In this paper, we introduce two new notions of positivity of vector bundles,
called strongly decomposable positivity of type I and type II; see Definition 2.4 and Definition 2.7.
They fall in between (dual) Nakano positivity and decomposable positivity. Roughly speaking, (𝐸, ℎ𝐸 )
is strongly decomposably positive of type I if, for any 𝑥 ∈ 𝑋 , there is a decomposition 𝑇1,0

𝑥 𝑋 = 𝑈𝑥 ⊕𝑉𝑥
such that it is Nakano positive in the subspaces 𝐸𝑥 ⊗ 𝑈𝑥 and dual Nakano positive in the subspace
𝐸 𝑥 ⊗ 𝑉𝑥 , and the cross curvature terms vanish; see Definition 2.4. Using the purely algebraic method,
we answer Question 1.1 affirmatively for strongly decomposably positive vector bundles of type I.

Theorem 1.2. Let (𝐸, ℎ𝐸 ) be a strongly decomposably positive vector bundle of type I over a complex
manifold X, rank𝐸 = 𝑟 , and dim 𝑋 = 𝑛. Then the Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is weakly positive for any
partition 𝜆 ∈ Λ(𝑘, 𝑟), 𝑘 ≤ 𝑛 and 𝑘 ∈ N.

The proof of the theorem above primarily involves presenting an equivalent characterization of a
strongly decomposably positive vector bundle of type I. While previous algebraic methods can handle
the non-negative cases, for the strictly positive situations, by utilizing our equivalent characterization,
we can derive a contradiction if the Schur form is not weakly positive.

From [15, Theorem 1.2], a real (𝑘, 𝑘)-form u is non-negative if and only if u can be written as

𝑢 =
𝑁∑
𝑠=1

(
√
−1)𝑘2

𝛼𝑠 ∧ 𝛼𝑠 (1.2)

for some (𝑘, 0)-forms 𝛼𝑠 , 1 ≤ 𝑠 ≤ 𝑁 . By (4.15) and (4.16), the Schur form has the following form:

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) =
(

1
2𝜋

) 𝑘 ( 1
𝑘!

)2
(
√
−1)𝑘2 ∑

𝜌,𝑡 ,𝑐, 𝜖

(−1) |𝜖 |+𝑘𝜓𝜌𝑡𝑐𝜖 ∧ 𝜓𝜌𝑡𝑐𝜖 . (1.3)

where 𝜓𝜌𝑡𝑐𝜖 is a (|𝜖 |, 𝑘 − |𝜖 |)-form and is defined by

𝜓𝜌𝑡𝑐𝜖 :=
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡

𝑘∧
𝑗=1

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 . (1.4)

It is not clear how to express (1.3) as in (1.2) in the general case. Hence, it seems hard to prove that the
Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is a positive (𝑘, 𝑘)-form by using the algebraic method. However, if (𝐸, ℎ𝐸 )
is Nakano positive or dual Nakano positive, it is equivalent to 𝐴 = 0 or 𝐵 = 0. For example, for 𝐴 = 0,
(1.4) gives

𝜓𝜌𝑡𝑐𝜖1 =
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡

𝑘∧
𝑗=1

𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 , 𝜖1 = (1, · · · , 1)
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4 X. Wan

and 𝜓𝜌𝑡𝑐𝜖 = 0 for any 𝜖 ≠ 𝜖1. Then the Schur form is given by

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) =
(

1
2𝜋

) 𝑘 ( 1
𝑘!

)2
(
√
−1)𝑘2 ∑

𝜌,𝑡 ,𝑐

𝜓𝜌𝑡𝑐𝜖1 ∧ 𝜓𝜌𝑡𝑐𝜖1 ,

which satisfies (1.2) because 𝜓𝜌𝑡𝑐𝜖1 is a (𝑘, 0)-form. As a result, we can give an algebraic proof of the
following positivity of Schur forms for (dual) Nakano positive vector bundles.

Theorem 1.3 (Finski [9, Theorem 1.1]). Let (𝐸, ℎ𝐸 ) be a (dual) Nakano positive vector bundle of rank r
over a complex manifold X of dimension n. Then for any 𝑘 ∈ N, 𝑘 � 𝑛, and 𝜆 ∈ Λ(𝑘, 𝑟), the (𝑘, 𝑘)-form
𝑃𝜆

(
𝑐
(
𝐸, ℎ𝐸

) )
is positive.

Inspired by the definition of the strongly decomposable positivity of type I, it is natural to define
the strongly decomposable positivity of type II by decomposing the vector bundle, which is the direct
sum of Nakano positive and dual Nakano positive vector bundles point-wisely; see Definition 2.7. By
Littlewood-Richardson rule (see [10, Chapter 5]), the Schur class of direct sum 𝐸 ⊕ 𝐹 can be given by

𝑃𝜆 (𝑐(𝐸 ⊕ 𝐹)) =
∑
𝜇,𝜈

𝑐𝜆𝜇𝜈𝑃𝜇 (𝑐(𝐸))𝑃𝜈 (𝑐(𝐹)),

where 𝑐𝜆𝜇𝜈 (≥ 0) is a Littlewood-Richardson coefficient. In this paper, by refining the above identity on
the level of differential forms and using Theorem 1.3, we obtain the following.

Theorem 1.4. Let (𝐸, ℎ𝐸 ) be a strongly decomposably positive vector bundle of type II over a complex
manifold X, rank𝐸 = 𝑟 , and dim 𝑋 = 𝑛. Then the Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is positive for any partition
𝜆 ∈ Λ(𝑘, 𝑟), 𝑘 ≤ 𝑛 and 𝑘 ∈ N.

Remark 1.5. Comparing Theorem 1.2 with Theorem 1.4, it is natural to ask if the Schur forms are
positive for a strongly decomposably vector bundle of type I.

The article is organized as follows. In Section 2, we define two types of strongly decomposably positive
vector bundles, which are the generalizations of both Nakano positivity and dual Nakano positivity, and
are stronger than decomposable positivity. In Section 3, we recall the positivity notions for differential
forms and show the positivity of the product of two positive forms. In Section 4, we give a criterion
of a strongly decomposably positive vector bundle of type I, recall the definitions of Schur forms and
Griffiths cone, and then prove the weak positivity of Schur forms, Theorem 1.2 and Theorem 1.3 are
established in this section. In Section 5, we give a criterion of a strongly decomposably positive vector
bundle of type II and prove the positivity of Schur forms. Theorem 1.4 is established in this section.

2. Strongly decomposably positive vector bundles

This section defines two types of strongly decomposably positive vector bundles.

2.1. Connections and curvatures

In this subsection, we recall the definitions of the Chern connection and its curvature for a Hermitian
holomorphic vector bundle. One can refer to [16, Chapter 1] for more details. We use the Einstein
summation convention in this paper.

Let 𝜋 : (𝐸, ℎ𝐸 ) → 𝑋 be a Hermitian holomorphic vector bundle over a complex manifold X,
rank𝐸 = 𝑟 and dim 𝑋 = 𝑛. Let ∇𝐸 be the Chern connection of (𝐸, ℎ𝐸 ), which preserves the metric ℎ𝐸

and is of (1, 0)-type. With respect to a local holomorphic frame {𝑒𝑖}1≤𝑖≤𝑟 of E, one has

∇𝐸𝑒𝑖 = 𝜃
𝑗
𝑖 𝑒 𝑗 , (2.1)
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where 𝜃 = (𝜃 𝑗𝑖 ) (j row, i column) is the connection form of ∇𝐸 . More precisely,

𝜃
𝑗
𝑖 = 𝜕ℎ𝑖 �̄�ℎ

�̄� 𝑗 ,

where ℎ𝑖 �̄� := ℎ(𝑒𝑖 , 𝑒𝑘 ). In terms of matrix form, it is

𝜃� = 𝜕ℎ · ℎ−1.

Considering 𝑒 = (𝑒1, · · · , 𝑒𝑟 ) as a row vector, then (2.1) can be written as

∇𝐸𝑒 = 𝑒 · 𝜃.

Let 𝑅𝐸 = (∇𝐸 )2 ∈ 𝐴1,1(𝑋,End(𝐸)) denote the Chern curvature of (𝐸, ℎ𝐸 ), and write

𝑅𝐸 = 𝑅
𝑗
𝑖 𝑒 𝑗 ⊗ 𝑒𝑖 ∈ 𝐴1,1 (𝑋,End(𝐸)),

where 𝑅 = (𝑅 𝑗
𝑖 ) (j row, i column) is the curvature matrix whose entries are (1, 1)-forms and {𝑒𝑖}1≤𝑖≤𝑟

denotes the dual frame of {𝑒𝑖}1≤𝑖≤𝑟 . The curvature matrix 𝑅 = (𝑅 𝑗
𝑖 ) is given by

𝑅
𝑗
𝑖 = 𝑑𝜃

𝑗
𝑖 + 𝜃

𝑗
𝑘 ∧ 𝜃𝑘𝑖 = 𝜕𝜃

𝑗
𝑖 .

If {𝑒𝑖}1≤𝑖≤𝑟 is another local holomorphic frame of E with 𝑒𝑖 = 𝑎
𝑗
𝑖 𝑒 𝑗 , then

𝑒 = 𝑒 · 𝑎,

where 𝑒 := (𝑒1, · · · , 𝑒𝑟 ) and 𝑎 = (𝑎𝑖𝑗 ). Denote by 𝑅 the curvature matrix with respect to the local frame
{𝑒𝑖}1≤𝑖≤𝑟 . Then

𝑅 = 𝑎−1 · 𝑅 · 𝑎. (2.2)

Let {𝑧𝛼}1≤𝛼≤𝑛 be local holomorphic coordinates of X. Write

𝑅
𝑗
𝑖 = 𝑅

𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽

and denote

𝑅𝑖 𝑗 := 𝑅𝑘𝑖 ℎ𝑘 𝑗 = 𝑅𝑖 𝑗 𝛼𝛽𝑑𝑧
𝛼 ∧ 𝑑𝑧𝛽 ,

so that

𝑅𝑖 𝑗 𝛼𝛽 = 𝑅𝑘
𝑖𝛼𝛽

ℎ𝑘 𝑗 = −𝜕𝛼𝜕𝛽ℎ𝑖 𝑗 + ℎ𝑙𝑘𝜕𝛼ℎ𝑖𝑙𝜕𝛽ℎ𝑘 𝑗 ,

where 𝜕𝛼 := 𝜕/𝜕𝑧𝛼 and 𝜕𝛽 := 𝜕/𝜕𝑧𝛽 .

2.2. Strongly decomposable positivity

This subsection defines two types of strongly decomposably positive vector bundles. Firstly, we recall
the following definitions of Nakano positive and dual Nakano positive vector bundles.

Definition 2.1 ((Dual) Nakano positive). A Hermitian holomorphic vector bundle (𝐸, ℎ𝐸 ) is called
Nakano positive (resp. non-negative) if

𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑢 𝑗𝛽 > 0 (resp. ≥ 0)
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for any non-zero element 𝑢 = 𝑢𝑖𝛼𝑒𝑖 ⊗ 𝜕𝛼 ∈ 𝐸 ⊗ 𝑇1,0𝑋 . (𝐸, ℎ𝐸 ) is called dual Nakano positive (non-
negative) if

𝑅𝑖 𝑗 𝛼𝛽𝑣
𝑗 𝛼𝑣𝑖𝛽 > 0 (resp. ≥ 0)

for any non-zero element 𝑣 = 𝑣 𝑗 𝛼𝑒 𝑗 ⊗ 𝜕𝛼 ∈ 𝐸 ⊗ 𝑇1,0𝑋 .

In [9, Definition 2.18], S. Finski introduced the following new notion of positivity for vector bundles:
decomposable positivity.

Definition 2.2 (Decomposably positive). A Hermitian vector bundle
(
𝐸, ℎ𝐸

)
is called decompos-

ably non-negative if for any 𝑥 ∈ 𝑋 , there is a number 𝑁 ∈ N and linear (respectively sesquilinear)
forms 𝑙 ′𝑝 : 𝑇1,0

𝑥 𝑋 ⊗ 𝐸𝑥 → C (respectively 𝑙𝑝 : 𝑇1,0
𝑥 𝑋 ⊗ 𝐸𝑥 → C), 𝑝 = 1, . . . , 𝑁 , such that for any

𝑣 ∈ 𝑇1,0
𝑥 𝑋, 𝜉 ∈ 𝐸𝑥 , we have

1
2𝜋

〈
𝑅𝐸𝑥 (𝑣, �̄�)𝜉, 𝜉

〉
ℎ𝐸

=
𝑁∑
𝑝=1

��𝑙𝑝 (𝑣, 𝜉)��2 + 𝑁∑
𝑝=1

��𝑙 ′𝑝 (𝑣, 𝜉)��2.
We say that it is decomposably positive if, moreover,

〈
𝑅𝐸𝑥 (𝑣, �̄�)𝜉, 𝜉

〉
ℎ𝐸

≠ 0 for 𝑣, 𝜉 ≠ 0.

Remark 2.3. From the above definition, a (dual) Nakano positive vector bundle must be decomposably
positive. From [9, Proposition 2.21], for 𝑛 · 𝑟 ≤ 6 decomposable positivity is equivalent to Griffiths
positivity; that is,

𝑅𝑖 𝑗 𝛼𝛽𝑣
𝑖 �̄� 𝑗𝜉𝛼𝜉𝛽 > 0 (2.3)

for any non-zero 𝜉 = 𝜉𝛼𝜕𝛼 ∈ 𝑇1,0𝑋 and 𝑣 = 𝑣𝑖𝑒𝑖 ∈ 𝐸 . Decomposable positivity is strictly stronger than
Griffiths positivity for all other 𝑛, 𝑟 ≠ 1.

Next, we introduce the notion of strongly decomposable positivity, which falls in between (dual)
Nakano positivity and decomposable positivity.

Definition 2.4 (Strongly decomposably positive of type I). A Hermitian vector bundle (𝐸, ℎ𝐸 ) is called
a strongly decomposably positive (resp. non-negative) vector bundle of type I if, for any 𝑥 ∈ 𝑋 , there
exists a decomposition 𝑇1,0

𝑥 𝑋 = 𝑈𝑥 ⊕ 𝑉𝑥 such that

𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑢 𝑗𝛽 > 0(resp. ≥ 0), 𝑅𝑖 𝑗 𝛼𝛽𝑢

𝑖𝛼𝑣′ 𝑗 𝛽 = 0, 𝑅𝑖 𝑗 𝛼𝛽𝑣
𝑗 𝛼𝑣𝑖𝛽 > 0(resp. ≥ 0)

for any non-zero elements 𝑢 = 𝑢𝑖𝛼𝑒𝑖 ⊗ 𝜕𝛼 ∈ 𝐸𝑥 ⊗𝑈𝑥 , 𝑣′ = 𝑣′ 𝑗 𝛽𝑒 𝑗 ⊗ 𝜕𝛽 ∈ 𝐸𝑥 ⊗𝑉𝑥 and 𝑣 = 𝑣 𝑗 𝛼𝑒 𝑗 ⊗ 𝜕𝛼 ∈
𝐸 𝑥 ⊗ 𝑉𝑥 .

Remark 2.5. In fact, by taking 𝑢𝑖𝛼 = 1 = 𝑣′ 𝑗 𝛽 in the above definition, the condition 𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑣′ 𝑗 𝛽 = 0

is equivalent to 𝑅𝑖 𝑗 𝛼𝛽 = 0 for any 𝜕𝛼 ∈ 𝑈𝑥 and 𝜕𝛽 ∈ 𝑉𝑥 (i.e., 𝑅(𝑈𝑥 , 𝑉𝑥) = 0), which is also equivalent
to 𝑅𝑖 𝑗 𝛼𝛽𝑣

𝑗 𝛼𝑢′𝑖𝛽 = 0 for any 𝑣 = 𝑣 𝑗 𝛼𝑒 𝑗 ⊗ 𝜕𝛼 ∈ 𝐸 𝑥 ⊗ 𝑉𝑥 and 𝑢′ = 𝑢′𝑖𝛽𝑒𝑖 ⊗ 𝜕𝛽 ∈ 𝐸 𝑥 ⊗ 𝑈𝑥 . Hence, the
above definition is invariant under switching U and V.

For any point 𝑥 ∈ 𝑋 , if 𝑉𝑥 = {0} (resp. 𝑈𝑥 = {0}), then strongly decomposable positivity of type I
is exactly Nakano positive (resp. dual Nakano positive).

Example 2.6. Let 𝜋1 : (𝐸1, ℎ
𝐸1) → 𝑋1 be a Nakano positive vector bundle and 𝜋2 : (𝐸2, ℎ

𝐸2) → 𝑋2
be a dual Nakano positive vector bundle. Denote by 𝑝𝑖 : 𝑋1 × 𝑋2 → 𝑋𝑖 , 𝑖 = 1, 2, the natural projections.
Then

𝜋⊕ : (𝑝∗1𝐸1 ⊕ 𝑝∗2𝐸2, 𝑝
∗
1ℎ

𝐸1 ⊕ 𝑝∗2ℎ
𝐸2) → 𝑋1 × 𝑋2
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is a strongly decomposably non-negative vector bundle of type I, and

𝜋⊗ : (𝑝∗1𝐸1 ⊗ 𝑝∗2𝐸2, 𝑝
∗
1ℎ

𝐸1 ⊗ 𝑝∗2ℎ
𝐸2) → 𝑋1 × 𝑋2

is a strongly decomposably positive vector bundle of type I.

From Definition 2.4, a strongly decomposably positive vector bundle (𝐸, ℎ𝐸 ) of type I means that
there is a decomposition of holomorphic tangent bundle 𝑇1,0

𝑥 𝑋 = 𝑈𝑥 ⊕𝑉𝑥 , such that (𝐸, ℎ𝐸 ) is Nakano
positive in 𝐸𝑥 ⊗𝑈𝑥 and dual Nakano positive in 𝐸 𝑥 ⊗𝑉𝑥 , and the cross curvature terms vanish. Naturally,
one may define another strongly decomposable positivity of vector bundles by decomposing the vector
bundle.

Definition 2.7 (Strongly decomposably positive of type II). We call (𝐸, ℎ𝐸 ) a strongly decomposably
positive (resp. non-negative) vector bundle of type II if, for any 𝑥 ∈ 𝑋 , there is an orthogonal decompo-
sition of (𝐸𝑥 , ℎ𝐸 |𝐸𝑥 ), 𝐸𝑥 = 𝐸1,𝑥 ⊕ 𝐸2,𝑥 , such that the Chern curvature 𝑅𝐸𝑥 has the form

𝑅𝐸𝑥 =

(
𝑅𝐸𝑥 |𝐸1,𝑥 0

0 𝑅𝐸𝑥 |𝐸2,𝑥

)
,

and 𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑢 𝑗𝛽 > 0 (resp. ≥ 0) for any non-zero 𝑢 = 𝑢𝑖𝛼𝑒𝑖 ⊗ 𝜕𝛼 ∈ 𝐸1,𝑥 ⊗ 𝑇1,0

𝑥 𝑋 , 𝑅𝑖 𝑗 𝛼𝛽𝑣𝑖𝛽𝑣 𝑗 �̄� > 0
(resp. ≥ 0) for any non-zero 𝑣 = 𝑣𝑖𝛽𝑒𝑖 ⊗ 𝜕𝛽 ∈ 𝐸2,𝑥 ⊗ 𝑇0,1

𝑥 𝑋 .

A simple example of a strongly decomposably vector bundle of type II is as follows.

Example 2.8. Let (𝐸, ℎ𝐸 ) be a Nakano positive vector bundle and (𝐹, ℎ𝐹 ) be a dual Nakano positive
vector bundle over a complex manifold X. Then (𝐸 ⊕ 𝐹, ℎ𝐸 ⊕ ℎ𝐹 ) is a strongly decomposably positive
vector bundle of type II.

By Definition 2.4 and Definition 2.7, a strongly decomposably positive vector bundle is defined as
follows.

Definition 2.9 (Strongly decomposably positive). A Hermitian vector bundle (𝐸, ℎ𝐸 ) is called strongly
decomposably positive if it is a strongly decomposably positive vector bundle of type I or type II.

Similarly, one can define strongly decomposably negative (non-positive) vector bundles. Note that
the dual of the Nakano positive (negative) vector bundle is dual Nakano negative (positive), so we have
the following.

Proposition 2.10. A Hermitian vector bundle (𝐸, ℎ𝐸 ) is a strongly decomposably positive (non-
negative) vector bundle of type I (type II) if and only if (𝐸∗, ℎ𝐸

∗ ) is a strongly decomposably negative
(non-positive) vector bundle of type I (type II).

Remark 2.11. Let (𝐸, ℎ𝐸 ) be a strongly decomposably positive vector bundle and Q be a quotient
bundle of E. The curvature of the bundle Q is given by

𝑅𝑄 = 𝑅𝐸
��
𝑄
+ 𝐶 ∧ 𝐶

�

for some matrix C whose entries are (1, 0)-forms. From the criteria of strongly decomposably positive
vector bundles, Theorem 4.3 and Theorem 5.2, and the above curvature formula of quotient bundles,
the quotient bundle (𝑄, ℎ𝑄) ceases to be a strongly decomposably positive vector bundle in general.

2.3. Relation to decomposable positivity

From the equivalent descriptions of Nakano non-negative and dual non-negative due to S. Finski [9,
Theorem 2.15 and 2.17], one has the following:
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Proposition 2.12. A Hermitian vector bundle (𝐸, ℎ𝐸 ) is decomposably non-negative if and only if the
Chern curvature matrix has the form

𝑅 = −𝐵 ∧ 𝐵
� + 𝐴 ∧ 𝐴

�
(2.4)

with respect to a unitary frame, where A (resp. B) is a 𝑟 ×𝑁 matrix with (1, 0)-forms (resp. (0, 1)-forms)
as entries.

Proof. From Definition 2.2, (𝐸, ℎ𝐸 ) is decomposably positive if for any 𝑥 ∈ 𝑋 , there is a number 𝑁 ∈ N
and linear (respectively sesquilinear) forms 𝑙 ′𝑝 : 𝑇1,0

𝑥 𝑋 ⊗ 𝐸𝑥 → C (respectively 𝑙𝑝 : 𝑇1,0
𝑥 𝑋 ⊗ 𝐸𝑥 → C),

𝑝 = 1, . . . , 𝑁 , such that for any 𝑣 ∈ 𝑇1,0
𝑥 𝑋, 𝜉 ∈ 𝐸𝑥 , we have

〈
𝑅𝐸𝑥 (𝑣, �̄�)𝜉, 𝜉

〉
ℎ𝐸

=
𝑁∑
𝑝=1

��𝑙𝑝 (𝑣, 𝜉)��2 + 𝑁∑
𝑝=1

��𝑙 ′𝑝 (𝑣, 𝜉)��2. (2.5)

We denote

𝑙𝑝 (𝑣, 𝜉) = 𝑙𝑖 𝑝𝛽𝑣
𝑖𝜉𝛽 , 𝑙 ′𝑝 (𝑣, 𝜉) = 𝑙 ′𝑖 𝑝𝛼𝑣

𝑖𝜉𝛼,

and set 𝐴 = (𝐴 𝑗 𝑝) and 𝐵 = (𝐵 𝑗 𝑝) by

𝐴 𝑗 𝑝 := 𝐴 𝑗 𝑝𝛼𝑑𝑧
𝛼 = 𝑙 𝑗 𝑝 �̄�𝑑𝑧

𝛼, 𝐵 𝑗 𝑝 := 𝐵 𝑗 𝑝𝛽𝑑𝑧
𝛽 = 𝑙 ′𝑗 𝑝𝛽𝑑𝑧

𝛽 .

Then (2.5) is equivalent to

𝑅𝑖 𝑗 𝛼𝛽 =
𝑁∑
𝑝=1

𝑙𝑖 𝑝𝛽𝑙 𝑗 𝑝 �̄� +
𝑁∑
𝑝=1

𝑙 ′𝑖 𝑝𝛼𝑙
′
𝑗 𝑝𝛽

=
𝑁∑
𝑝=1

𝐴 𝑗 𝑝𝛼𝐴𝑖 𝑝𝛽 +
𝑁∑
𝑖=1

𝐵 𝑗 𝑝𝛽𝐵𝑖 𝑝 �̄� . (2.6)

With respect to a unitary frame, 𝑅 𝑗

𝑖𝛼𝛽
= 𝑅𝑖 𝑗 𝛼𝛽 and (2.6) is equivalent to

𝑅 = −𝐵 ∧ 𝐵
� + 𝐴 ∧ 𝐴

�
,

which completes the proof. �

From Proposition 2.12 and Definition 2.2, (𝐸, ℎ𝐸 ) is decomposably positive if and only if (2.4) holds
and

〈
𝑅𝐸𝑥 (𝑣, �̄�)𝜉, 𝜉

〉
ℎ𝐸

≠ 0 for 𝑣, 𝜉 ≠ 0. By Theorem 4.3 and Theorem 5.2, we have the following:

Corollary 2.13. If (𝐸, ℎ𝐸 ) is a strongly decomposably positive vector bundle of type I or type II, then
(𝐸, ℎ𝐸 ) is decomposably positive.

However, from Theorem 4.3 and Theorem 5.2, the two types of strongly decomposably positive
vector bundles cannot contain each other. Both are the generalizations of (dual) Nakano positive vector
bundles and are stronger than decomposable positivity. One can refer to the following Figure 1.

Remark 2.14. Note that the set of curvature operators of a vector bundle, whether they are Griffiths
positive, decomposably positive or (dual) Nakano positive, is closed under addition. Specifically, if both
R1 and R2 are curvature operators that fall into any of these categories, then their sum R1 + R2 will also
belong to the same category. Moreover, a decomposably positive curvature operator can be expressed
as the sum of a Nakano positive curvature operator and a dual Nakano positive curvature operator. As a
result, it is also the sum of the strongly decomposable positivity of type I (or type II). Since the strongly
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Decomposably positive
Griffiths positive

Nakano positive dual Nakano positive

Strongly decomposably positive (type I) Strongly decomposably positive (type II)

Figure 1. Relations of several notions of positivity.

decomposable positivity of type I (type II) is strictly stronger than decomposable positivity, the set of
strongly decomposable positive curvature operators of type I (or type II) is not closed under addition.

3. Positivity notions for differential forms

In this section, we recall positivity notions for differential forms. For more details, one can refer to [7,
Section 1.1] and [15, 9].

Let V be a complex vector space of dimension n and let (𝑒1, · · · , 𝑒𝑛) be a basis of V. Denote by
(𝑒1, · · · , 𝑒𝑛) the dual basis of 𝑉∗. Let Λ𝑝,𝑞𝑉∗ denote the space of (𝑝, 𝑞)-forms and Λ𝑝,𝑝

R
𝑉∗ ⊂ Λ𝑝,𝑝𝑉∗

be the subspace of real (𝑝, 𝑝)-forms.

Definition 3.1. A form 𝜈 ∈ Λ𝑛,𝑛𝑉∗ is called a non-negative (resp. positive) volume form if
𝜈 = 𝜏

√
−1𝑒1 ∧ 𝑒1 ∧ · · · ∧

√
−1𝑒𝑛 ∧ 𝑒𝑛 for some 𝜏 ∈ R, 𝜏 ≥ 0 (resp. 𝜏 > 0).

Now we set 𝑞 = 𝑛 − 𝑝. A (𝑞, 0)-form 𝛽 is called decomposable if 𝛽 = 𝛽1 ∧ · · · ∧ 𝛽𝑞 for some
𝛽1, . . . , 𝛽𝑞 ∈ 𝑉∗.

Definition 3.2. A real (𝑝, 𝑝)-form 𝑢 ∈ Λ𝑝,𝑝
R

𝑉∗ is called

◦ weakly non-negative (resp. weakly positive) if for every non-zero 𝛽 ∈ Λ𝑞,0𝑉∗ decomposable,
𝑢 ∧ (

√
−1)𝑞2

𝛽 ∧ 𝛽 is a non-negative (resp. positive) volume form;
◦ non-negative (resp. positive) if for every non-zero 𝛽 ∈ Λ𝑞,0𝑉∗, 𝑢 ∧ (

√
−1)𝑞2

𝛽 ∧ 𝛽 is a non-negative
(resp. positive) volume form;

◦ strongly non-negative (resp. strongly positive) if there are decomposable forms 𝛼1, . . . , 𝛼𝑁 ∈ Λ𝑝,0𝑉∗

such that 𝑢 =
∑𝑁
𝑠=1 (

√
−1) 𝑝2

𝛼𝑠 ∧ 𝛼𝑠 .

Remark 3.3. Let WP𝑝𝑉∗, P𝑝𝑉∗ and SP𝑝𝑉∗ denote respectively the closed positive convex cones con-
tained inΛ𝑝,𝑝

R
𝑉∨ spanned by weakly non-negative, non-negative and strongly non-negative forms. Then

SP𝑝𝑉∗ ⊆ P𝑝𝑉∗ ⊆ WP𝑝𝑉∗. (3.1)

Note that the above two inclusions become equalities for 𝑝 = 0, 1, 𝑛 − 1, 𝑛, and the inclusions are strict
for 2 ≤ 𝑝 ≤ 𝑛 − 2; see, for example, [7, Remark 1.7, 1.8] and [15].

Proposition 3.4. If u is a positive (𝑘, 𝑘)-form and v is a positive (𝑙, 𝑙)-form, 𝑘 + 𝑙 ≤ 𝑛, then 𝑢 ∧ 𝑣 is a
positive (𝑘 + 𝑙, 𝑘 + 𝑙)-form.
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Proof. By [15, Corollary 1.3 (a)], 𝑢 ∧ 𝑣 is a non-negative (𝑘 + 𝑙, 𝑘 + 𝑙)-form; that is, for any non-zero
𝛽 ∈ Λ𝑛−𝑘−𝑙,0𝑉∗,

𝑢 ∧ 𝑣 ∧ (
√
−1) (𝑛−𝑘−𝑙)2

𝛽 ∧ 𝛽 ≥ 0. (3.2)

By [15, Theorem 1.2], v has the form

𝑣 =
𝑁∑
𝑠=1

(
√
−1)𝑙2𝛼𝑠 ∧ 𝛼𝑠

for some (𝑙, 0)-forms 𝛼𝑠 , 1 ≤ 𝑠 ≤ 𝑁 . So

𝑢 ∧ 𝑣 ∧ (
√
−1) (𝑛−𝑘−𝑙)2

𝛽 ∧ 𝛽 =
𝑁∑
𝑠=1

𝑢 ∧ (
√
−1)𝑙2𝛼𝑠 ∧ 𝛼𝑠 ∧ (

√
−1) (𝑛−𝑘−𝑙)2

𝛽 ∧ 𝛽

=
𝑁∑
𝑠=1

𝑢 ∧ (
√
−1) (𝑛−𝑘)2

𝛼𝑠 ∧ 𝛽 ∧ 𝛼𝑠 ∧ 𝛽.

Thus, the equality in (3.2) holds if and only if

𝑢 ∧ (
√
−1) (𝑛−𝑘)2

𝛼𝑠 ∧ 𝛽 ∧ 𝛼𝑠 ∧ 𝛽 = 0, 1 ≤ 𝑠 ≤ 𝑁,

which is equivalent to

𝛼𝑠 ∧ 𝛽 = 0, 1 ≤ 𝑠 ≤ 𝑁.

Thus,

𝑣 ∧ (
√
−1) (𝑛−𝑘−𝑙)2

𝛽 ∧ 𝛽 =
𝑁∑
𝑠=1

(
√
−1) (𝑛−𝑘)2

𝛼𝑠 ∧ 𝛽 ∧ 𝛼𝑠 ∧ 𝛽 = 0,

which contradicts the positivity of v. Hence,

𝑢 ∧ 𝑣 ∧ (
√
−1) (𝑛−𝑘−𝑙)2

𝛽 ∧ 𝛽 > 0

for any non-zero 𝛽 ∈ Λ𝑛−𝑘−𝑙,0𝑉∗ (i.e., 𝑢 ∧ 𝑣 is positive). �

Let X be a complex manifold of dimension n and denote by 𝐴𝑝,𝑞 (𝑋) the space of all smooth (𝑝, 𝑞)-
forms.
Definition 3.5. A real (𝑝, 𝑝)-form 𝛼 ∈ 𝐴𝑝,𝑝 (𝑋) is called weakly non-negative (weakly positive), non-
negative (positive) or strongly non-negative (strongly positive) if for any 𝑥 ∈ 𝑋 , 𝛼𝑥 ∈ Λ𝑝,𝑝

R
(𝑇1,0
𝑥 𝑋)∗

is weakly non-negative (weakly positive), non-negative (positive) or strongly non-negative (strongly
positive), respectively.

4. Strongly decomposable positivity of type I

In this section, we give a criterion of strongly decomposably positive vector bundles of type I and prove
the weak positivity of Schur forms.

4.1. A criterion of type I positivity

In this subsection, following S. Finski’s approach [9, Theorem 2.15, 2.17], we give a criterion for the
strongly decomposable positivity (non-negativity) of type I by using M.-D. Choi’s results.
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Let (𝐸, ℎ𝐸 ) be a strongly decomposably non-negative vector bundle of type I. For any 𝑥 ∈ 𝑋 , there
exists a decomposition 𝑇1,0

𝑥 𝑋 = 𝑈𝑥 ⊕ 𝑉𝑥 . One can take local holomorphic coordinates {𝑧1, · · · , 𝑧𝑛}
around x such that

𝑈𝑥 = spanC{𝜕1, · · · , 𝜕𝑛0 }, 𝑉𝑥 = spanC{𝜕𝑛0+1, · · · , 𝜕𝑛},

where 𝑛0 := dim𝑈𝑥 and recall that 𝜕𝛼 := 𝜕/𝜕𝑧𝛼. Let {𝑒𝑖}1≤𝑖≤𝑟 be a local holomorphic frame of E such
that

ℎ𝑖 𝑗 (𝑥) = ℎ𝐸 (𝑒𝑖 (𝑥), 𝑒 𝑗 (𝑥)) = 𝛿𝑖 𝑗 .

With respect to {𝑧𝛼}1≤𝛼≤𝑛 and {𝑒𝑖}1≤𝑖≤𝑟 , the Chern curvature matrix 𝑅 = (𝑅 𝑗
𝑖 ) at 𝑥 ∈ 𝑋 has the

following expression:

𝑅
𝑗
𝑖 = 𝑅

𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽

=
𝑛0∑

𝛼,𝛽=1
𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽 +

𝑛∑
𝛼,𝛽=𝑛0+1

𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽 (4.1)

+
𝑛0∑
𝛼=1

𝑛∑
𝛽=𝑛0+1

𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽 +

𝑛∑
𝛼=𝑛0+1

𝑛0∑
𝛽=1

𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽 .

By assumption, (𝐸, ℎ𝐸 ) is strongly decomposably non-negative of type I, so

𝑛0∑
𝛼=1

𝑛∑
𝛽=𝑛0+1

𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑣′ 𝑗 𝛽 = 0

for any
∑𝑛0
𝛼=1 𝑢

𝑖𝛼𝑒𝑖 ⊗ 𝜕𝛼 and
∑𝑛
𝛽=𝑛0+1 𝑣

′ 𝑗 𝛽𝑒 𝑗 ⊗ 𝜕𝛽 , which follows that

𝑅𝑖 𝑗 𝛼𝛽 = 0, 1 ≤ 𝛼 ≤ 𝑛0, 𝑛0 + 1 ≤ 𝛽 ≤ 𝑛. (4.2)

By conjugation, one gets

𝑅𝑖 𝑗 𝛼𝛽 = 𝑅 𝑗𝑖𝛽 �̄� = 0, 𝑛0 + 1 ≤ 𝛼 ≤ 𝑛, 1 ≤ 𝛽 ≤ 𝑛0. (4.3)

Substituting (4.2), (4.3) into (4.1), one has

𝑅
𝑗
𝑖 =

𝑛0∑
𝛼,𝛽=1

𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽 +

𝑛∑
𝛼,𝛽=𝑛0+1

𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽 .

For the local frame {𝜕𝛼}1≤𝛼≤𝑛, we define a local metric g around x by

𝑔𝛼𝛽 = 𝑔(𝜕𝛼, 𝜕𝛽) := 𝛿𝛼𝛽 .

Now we define a linear map

𝐻𝑉
𝑥 : End(𝑉𝑥) → End(𝐸𝑥)

by

𝐻𝑉
𝑥 (𝜕𝛼 ⊗ 𝑑𝑧𝛾) = 𝑅

𝑗

𝑖𝛼𝛽
𝑔𝛽𝛾𝑒 𝑗 ⊗ 𝑒𝑖 = 𝑅

𝑗
𝑖𝛼�̄�𝑒 𝑗 ⊗ 𝑒𝑖 (4.4)
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for any 𝑛0 + 1 ≤ 𝛼, 𝛾 ≤ 𝑛. With respect to the basis {𝜕𝛼}𝑛0+1≤𝛼≤𝑛, the matrix of 𝜕𝛼 ⊗ 𝑑𝑧𝛾 ∈ End(𝑈𝑥)
is 𝐸𝛼𝛾 , which is the (𝑛 − 𝑛0) × (𝑛 − 𝑛0) matrix with 1 at the (𝛼, 𝛾)-component and zeros elsewhere.
The matrix of 𝑅 𝑗

𝑖𝛼�̄�𝑒 𝑗 ⊗ 𝑒𝑖 ∈ End(𝐸𝑥) is given by (𝑅 𝑗
𝑖𝛼�̄�)1≤ 𝑗 ,𝑖≤𝑟 (j row, i column). In terms of matrices,

(4.4) becomes

𝐻𝑉
𝑥 (𝐸𝛼𝛾) = (𝑅 𝑗

𝑖𝛼�̄�)1≤ 𝑗 ,𝑖≤𝑟 = (𝑅𝑖 𝑗 𝛼�̄�)1≤ 𝑗 ,𝑖≤𝑟 . (4.5)

Then (𝐻𝑉
𝑥 (𝐸𝛼𝛾))𝑛0+1≤𝛼,𝛾≤𝑛 is a (𝑛 − 𝑛0) × (𝑛 − 𝑛0) block matrix with 𝑟 × 𝑟 matrices as entries, and

(𝐻𝑉
𝑥 (𝐸𝛼𝛾))𝑛0+1≤𝛼,𝛾≤𝑛 =

(
(𝑅𝑖 𝑗 𝛼�̄�)1≤ 𝑗 ,𝑖≤𝑟

)
𝑛0+1≤𝛼,𝛾≤𝑛

( 𝑗 𝛼 row, 𝑖 𝛾 column).

Since (𝐸, ℎ𝐸 ) is strongly decomposably non-negative of type I, then

𝑅𝑖 𝑗 𝛼𝛽𝑣
𝑗 𝛼𝑣𝑖𝛽 ≥ 0

for any non-zero 𝑣 = 𝑣 𝑗 𝛼𝑒𝑖 ⊗ 𝜕𝛼 ∈ 𝐸𝑥 ⊗ 𝑉𝑥 , which follows that the matrix

(𝐻𝑉
𝑥 (𝐸𝛼𝛾))𝑛0+1≤𝛼,𝛾≤𝑛

is positive semi-definite. By using [4, Theorem 2 and Theorem 1], there exist (𝑛 − 𝑛0) × 𝑟 matrices
𝑉𝑝 , 1 ≤ 𝑝 ≤ 𝑁1 (one can choose 𝑁1 = (𝑛 − 𝑛0) · 𝑟) such that

𝐻𝑉
𝑥 (𝐸𝛼𝛾) =

𝑁1∑
𝑝=1

𝑉𝑝
� · 𝐸𝛼𝛾 · 𝑉𝑝

for any 𝑛0 + 1 ≤ 𝛼, 𝛾 ≤ 𝑛. Combining with (4.5) and considering the ( 𝑗 , 𝑖) entry, one has

𝑅
𝑗

𝑖𝛼𝛽
=

𝑁1∑
𝑝=1

(𝑉𝑝
� · 𝐸𝛼𝛽 · 𝑉𝑝) 𝑗 ,𝑖 =

𝑁1∑
𝑝=1

(𝑉𝑝)𝛼 𝑗 (𝑉𝑝)𝛽𝑖 .

Hence,

𝑛∑
𝛼,𝛽=𝑛0+1

𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽 =

𝑛∑
𝛼,𝛽=𝑛0+1

𝑁1∑
𝑝=1

(𝑉𝑝)𝛼 𝑗 (𝑉𝑝)𝛽𝑖𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽

=
𝑁1∑
𝑝=1

𝐴 𝑗 𝑝 ∧ 𝐴𝑖 𝑝 ,

where 𝐴 𝑗 𝑝 :=
∑𝑛
𝛼=𝑛0+1 (𝑉𝑝)𝛼 𝑗𝑑𝑧𝛼, and one has

���
𝑛∑

𝛼,𝛽=𝑛0+1
𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽

���1≤ 𝑗 ,𝑖≤𝑟

= 𝐴 ∧ 𝐴
�
,

where 𝐴 = (𝐴 𝑗 𝑝) is a 𝑟 × 𝑁1 matrix with (1, 0)-forms in 𝑉∗
𝑥 as entries.

Similarly, by considering the linear map

𝐻𝑈
𝑥 : End(𝑈𝑥) → End(𝐸∗

𝑥), 𝐻𝑉
𝑥 (𝜕𝛼 ⊗ 𝑑𝑧𝛾) = 𝑅

𝑗
𝑖𝛼�̄�𝑒

𝑖 ⊗ 𝑒 𝑗 .
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One can obtain that

(𝐻𝑉
𝑥 (𝐸𝛼𝛾))1≤𝛼,𝛾≤𝑛0 =

(
(𝑅𝑖 𝑗 𝛼�̄�)1≤ 𝑗 ,𝑖≤𝑟

)
1≤𝛼,𝛾≤𝑛0

(𝑖 𝛼 row, 𝑗 𝛾 column),

which follows that

���
𝑛0∑

𝛼,𝛽=1
𝑅
𝑗

𝑖𝛼𝛽
𝑑𝑧𝛼 ∧ 𝑑𝑧𝛽

���1≤ 𝑗 ,𝑖≤𝑟

= −𝐵 ∧ 𝐵
�
,

where 𝐵 = (𝐵 𝑗 𝑝) is a 𝑟 × 𝑁2 (one can choose 𝑁2 = 𝑛0 · 𝑟) matrix with (0, 1)-forms in 𝑈∗
𝑥 as entries.

Thus, if (𝐸, ℎ𝐸 ) is strongly decomposably non-negative of type I, then for any 𝑥 ∈ 𝑋 , the Chern
curvature matrix at this point has the form

𝑅 = −𝐵 ∧ 𝐵
� + 𝐴 ∧ 𝐴

�
(4.6)

with respect to a unitary frame, where B is a 𝑟 × 𝑁2 matrix with (0, 1)-forms as entries, A is a 𝑟 × 𝑁1
matrix with (1, 0)-forms as entries, and

spanC{𝐵} ∩ spanC{𝐴} = {0}, (4.7)

where

{𝐵} := {𝐵𝑖 𝑝, 1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑝 ≤ 𝑁2}

and

{𝐴} := {𝐴𝑖 𝑝, 1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝑝 ≤ 𝑁1}.

Remark 4.1. It is noted that the above argument is independent of the choice of unitary frames. If
𝑒 = 𝑒 · 𝑎 is also a unitary frame, then a is a unitary matrix. By (2.2), one has

𝑅 = 𝑎−1 · (−𝐵 ∧ 𝐵
� + 𝐴 ∧ 𝐴

�) · 𝑎

= −𝑎−1𝐵 ∧ 𝑎−1𝐵
�
+ 𝑎−1𝐴 ∧ 𝑎−1𝐴

�
,

which has the form (4.6). Moreover, spanC{𝐵} = spanC{𝑎−1𝐵} and spanC{𝐴} = spanC{𝑎−1𝐴}, (4.7) is
equivalent to

spanC{𝑎−1𝐵} ∩ spanC{𝑎−1𝐴} = {0}.

Conversely, we assume (4.6) and (4.7) hold. For any 𝑥 ∈ 𝑋 , taking local holomorphic coordinates
{𝑧𝛼}1≤𝛼≤𝑛 around 𝑥 ∈ 𝑋 such that

spanC{𝑑𝑧1 |𝑥 , · · · , 𝑑𝑧𝑛0 |𝑥} = spanC{𝐵}

and

spanC{𝑑𝑧𝑛0+1 |𝑥 , · · · , 𝑑𝑧𝑛1 |𝑥} = spanC{𝐴},

we now set

𝑈𝑥 := spanC{𝜕1 |𝑥 , · · · , 𝜕𝑛0 |𝑥}, 𝑉𝑥 = spanC{𝜕𝑛0+1 |𝑥 , · · · , 𝜕𝑛 |𝑥}.
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Then 𝑈𝑥 ⊕ 𝑉𝑥 = 𝑇1,0
𝑥 𝑋 . Using (4.6) and (4.7), one can check that (𝐸, ℎ𝐸 ) is strongly decomposably

non-negative.
Hence, (𝐸, ℎ𝐸 ) is strongly decomposably non-negative of type I if and only if the Chern curvature

matrix of (𝐸, ℎ𝐸 ) satisfies (4.6) and (4.7).
Next, we assume that (𝐸, ℎ𝐸 ) is strongly decomposably positive of type I; that is, it is strongly

decomposably non-negative of type I and

𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑢 𝑗𝛽 = 0 =⇒ 𝑢𝑖𝛼 = 0, for all 1 ≤ 𝑖 ≤ 𝑟, 1 ≤ 𝛼 ≤ 𝑛0 (4.8)

and

𝑅𝑖 𝑗 𝛼𝛽𝑣
𝑗 𝛼𝑣𝑖𝛽 = 0 =⇒ 𝑣 𝑗 𝛼 = 0, for all 1 ≤ 𝑗 ≤ 𝑟, 𝑛0 + 1 ≤ 𝛽 ≤ 𝑛. (4.9)

By the equivalent description of strongly decomposably non-negative of type I (i.e., (4.6) and (4.7)
hold), one has

𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑢 𝑗𝛽 =

𝑁2∑
𝑝=1

|𝐵𝑖 𝑝 �̄�𝑢𝑖𝛼 |2.

Definition 4.2. Let B be a 𝑟 × 𝑁2 matrix with (0, 1)-forms as entries. We define the following 𝑁2 × 𝑟𝑛0-
matrix B as

B := (𝐵𝑖 𝑝 �̄�)𝑝,𝑖𝛼 =

������
𝐵111 𝐵112 · · · 𝐵𝑟1𝑛0

𝐵121 𝐵112 · · · 𝐵𝑟2𝑛0
...

...
. . .

...
𝐵1𝑁21 𝐵1𝑁22 · · · 𝐵𝑟𝑁2𝑛0

������𝑁2×𝑟𝑛0

. (4.10)

Similarly, if A is a 𝑟 × 𝑁1 matrix with (1, 0)-forms as entries, we define

A := (𝐴 𝑗 𝑝𝛼)𝑝, 𝑗 𝛼 =

������
𝐴11(𝑛0+1) 𝐴11(𝑛0+2) · · · 𝐴𝑟1𝑛
𝐴12(𝑛0+1) 𝐴11(𝑛0+2) · · · 𝐴𝑟2𝑛

...
...

. . .
...

𝐴1𝑁1 (𝑛0+1) 𝐴1𝑁1 (𝑛0+2) · · · 𝐴𝑟𝑁1𝑛

������𝑁1×𝑟 (𝑛−𝑛0)

. (4.11)

Hence, (4.8) is equivalent to the equation B𝑥 = 0 has only zero solution. This is also equivalent to
rank(B) = 𝑟𝑛0. Similarly, (4.9) is equivalent to rank(A) = 𝑟 (𝑛 − 𝑛0).

We obtain the following.

Theorem 4.3.

◦ A Hermitian vector bundle (𝐸, ℎ𝐸 ) is strongly decomposably non-negative of type I if and only if
(4.6) and (4.7) hold.

◦ A Hermitian vector bundle (𝐸, ℎ𝐸 ) is strongly decomposably positive of type I if and only if (4.6) and
(4.7) hold, and rank(A) = 𝑟 dim𝑉𝑥 , rank(B) = 𝑟 dim𝑈𝑥 .

As a result, we obtain the following criteria of (dual) Nakano positive vector bundles.

Corollary 4.4.

◦ A Hermitian vector bundle (𝐸, ℎ𝐸 ) is Nakano positive if and only if the Chern curvature matrix has
the form

𝑅 = −𝐵 ∧ 𝐵
�
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with respect to some unitary frame, where B is a 𝑟 × 𝑁 matrix with (0, 1)-forms as entries, and
rank(B) = 𝑟𝑛.

◦ A Hermitian vector bundle (𝐸, ℎ𝐸 ) is dual Nakano positive if and only if the Chern curvature matrix
has the form

𝑅 = 𝐴 ∧ 𝐴
�

with respect to some unitary frame, where A is a 𝑟 × 𝑁 matrix with (1, 0)-forms as entries, and
rank(A) = 𝑟𝑛.

Remark 4.5. Note that the above corollary for dual Nakano positivity was previously observed by F.
Fagioli [7, Page 13, Positivity in (Fin20)] as a statement without proof.

4.2. Weak positivity of Schur forms

In this subsection, we prove the weak positivity of Schur forms for strongly decomposably positive
vector bundles of type I.

4.2.1. Schur polynomial
Each partition 𝜆 ∈ Λ(𝑘, 𝑟) gives rise to a Schur polynomial 𝑃𝜆 ∈ Q[𝑐1, . . . , 𝑐𝑟 ] of degree k, defined as
𝑘 × 𝑘 determinant

𝑃𝜆 (𝑐1, . . . , 𝑐𝑟 ) = det
(
𝑐𝜆𝑖−𝑖+ 𝑗

)
1�𝑖, 𝑗�𝑘 ,

where by convention 𝑐0 = 1 and 𝑐𝑖 = 0 if 𝑖 ∉ [0, 𝑟].
Denote by M𝑟 (C) and GL𝑟 (C) the vector spaces of 𝑟 × 𝑟 matrices and the general linear group of

degree r. A map 𝑃 : M𝑟 (C) → C is called GL𝑟 (C)-invariant if it is invariant under the conjugate
action of GL𝑟 (C) on M𝑟 (C). Now we define the following GL𝑟 (C)-invariant function 𝑐𝑖 : M𝑟 (C) → C,
𝑖 = 1, . . . , 𝑟 by

det(𝐼𝑟 + 𝑡𝑋) =
𝑟∑
𝑖=0

𝑡𝑖 · 𝑐𝑖 (𝑋),

where 𝐼𝑟 is the identity matrix in M𝑟 (C). Then the graded ring of GL𝑟 (C)-invariant homogeneous
polynomials on M𝑟 (C), which we denote here by I(𝑟) =

⊕+∞
𝑘=0 I(𝑟)𝑘 , is multiplicatively generated by

𝑐1, . . . , 𝑐𝑟 .
Let (𝐸, ℎ𝐸 ) be a Hermitian vector bundle; the i-th Chern form 𝑐𝑖 (𝐸, ℎ𝐸 ) is defined by

𝑐𝑖

(
𝐸, ℎ𝐸

)
= 𝑐𝑖

(√
−1

2𝜋
𝑅𝐸

)
.

For each 𝜆 ∈ Λ(𝑘, 𝑟), recall the Schur form (see Introduction) can be given by

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) = 𝑃𝜆 (𝑐1 (𝐸, ℎ𝐸 ), . . . , 𝑐𝑟 (𝐸, ℎ𝐸 )),

which represents the Schur class

𝑃𝜆 (𝑐(𝐸)) := 𝑃𝜆 (𝑐1 (𝐸), . . . , 𝑐𝑟 (𝐸)) ∈ H2𝑘 (𝑋,Z).
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4.2.2. Griffiths cone
By [14, Page 242, (5.6)], each 𝑃 ∈ I(𝑟)𝑘 can be written as

𝑃(𝐵) =
∑

𝜎,𝜏∈𝑆𝑘

∑
𝜌∈[1,𝑟 ]𝑘

𝑝𝜌𝜎𝜏𝐵𝜌𝜎 (1)𝜌𝜏 (1) · · · 𝐵𝜌𝜎 (𝑘)𝜌𝜏 (𝑘) , (4.12)

where 𝐵𝜆𝜇, 𝜆, 𝜇 = 1, . . . , 𝑟 are the components of the matrix B, 𝑆𝑘 is the permutation group on k indices
and [1, 𝑟] := {1, . . . , 𝑟}. An element 𝑃 ∈ I(𝑟)𝑘 is called Griffiths non-negative if it can be expressed in
the form (4.12) with

𝑝𝜌𝜎𝜏 =
∑
𝑡 ∈𝑇

𝜆𝜌𝑡 · 𝑞𝜌𝜎𝑡𝑞𝜌𝜏𝑡

for some finite set T, some real numbers 𝜆𝜌𝑡 � 0, and complex numbers 𝑞𝜌𝜎𝑡 .
The Griffiths cone Π(𝑟) ⊂ I(𝑟) is defined as the cone of Griffiths non-negative polynomials.

Proposition 4.6 (Fulton-Lazarsfeld [11, Proposition A.3]). Let

𝑃 =
∑

𝜆∈Λ(𝑘,𝑟 )
𝑎𝜆 (𝑃)𝑃𝜆 (𝑎𝜆 (𝑃) ∈ Q)

be a non-zero weighted homogeneous polynomial in Q[𝑐1, . . . , 𝑐𝑟 ]. Then P lies in the Griffiths cone
Π(𝑟) if and only if each of the Schur coefficients 𝑎𝜆 (𝑃) is non-negative.

In particular, for each 𝜆 ∈ Λ(𝑘, 𝑟), one has

𝑃𝜆 (𝐵) =
∑

𝜎,𝜏∈𝑆𝑘

∑
𝜌∈[1,𝑟 ]𝑘

𝑝𝜌𝜎𝜏𝐵𝜌𝜎 (1)𝜌𝜏 (1) · · · 𝐵𝜌𝜎 (𝑘)𝜌𝜏 (𝑘) ,

where 𝑝𝜌𝜎𝜏 =
∑

1≤𝑖, 𝑗≤𝑚

(
1
𝑘!

)2
𝑎𝑖 𝑗 (𝜏)𝑎𝑖 𝑗 (𝜎) with (𝑎𝑖 𝑗 (𝜏)) ∈ U(𝑚), see [11, (A.6)]. Denote 𝑇 = [1, 𝑚]2

and 𝑞𝜎𝑡 := 𝑎𝑡 (𝜎) for any 𝑡 ∈ 𝑇 . Then

𝑃𝜆 (𝐵) =
(

1
𝑘!

)2 ∑
𝜎,𝜏∈𝑆𝑘

∑
𝜌∈[1,𝑟 ]𝑘

(∑
𝑡 ∈𝑇

𝑞𝜎𝑡𝑞𝜏𝑡

)
𝐵𝜌𝜎 (1)𝜌𝜏 (1) · · · 𝐵𝜌𝜎 (𝑘)𝜌𝜏 (𝑘) . (4.13)

4.2.3. Weak positivity of Schur forms
We assume that (𝐸, ℎ𝐸 ) is a strongly decomposably positive vector bundle of type I over a complex
manifold X. By Theorem 4.3, for any 𝑥 ∈ 𝑋 , there exists a decomposition 𝑇1,0

𝑥 𝑋 = 𝑈𝑥 ⊕ 𝑉𝑥 such that
the Chern curvature matrix R of (𝐸, ℎ𝐸 ) has the form

𝑅 = −𝐵 ∧ 𝐵
� + 𝐴 ∧ 𝐴

�
(4.14)

with respect to a unitary frame, where B is a 𝑟 × 𝑁 matrix with (0, 1)-forms in 𝑈∗
𝑥 as entries and A is a

𝑟 × 𝑁 matrix with (1, 0)-forms in 𝑉∗
𝑥 as entries. Moreover, rank(A) = 𝑟 · dim𝑉𝑥 , rank(B) = 𝑟 · dim𝑈𝑥 .

For each 𝜆 ∈ Λ(𝑘, 𝑟), by (4.13), the Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is given by

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) =
(√

−1
2𝜋

) 𝑘
1

(𝑘!)2

∑
𝜎,𝜏∈𝑆𝑘

∑
𝜌∈[1,𝑟 ]𝑘

(∑
𝑡 ∈𝑇

𝑞𝜎𝑡𝑞𝜏𝑡

)
·

𝑘∧
𝑗=1

𝑅𝜌𝜎 ( 𝑗)𝜌𝜏 ( 𝑗) .
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By (4.14), the Chern curvature matrix satisfies

𝑅𝜌𝜎 ( 𝑗)𝜌𝜏 ( 𝑗) = (𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗𝛽 𝑗
𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 𝛼𝑗

+ 𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 𝛼𝑗 𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗𝛽 𝑗 )𝑑𝑧𝛼𝑗 ∧ 𝑑𝑧𝛽 𝑗

=
𝑁∑
𝑐 𝑗=1

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 ∧ 𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗 + 𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 ∧ 𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

=
𝑁∑
𝑐 𝑗=1

∑
𝜖 𝑗 ∈{0,1}

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 ∧ 𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 ∧ 𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 ,

which follows that

𝑘∧
𝑗=1

𝑅𝜌𝜎 ( 𝑗)𝜌𝜏 ( 𝑗) =
𝑘∧
𝑗=1

𝑁∑
𝑐 𝑗=1

∑
𝜖 𝑗 ∈{0,1}

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 ∧ 𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 ∧ 𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗

=
∑

𝑐∈[1,𝑁 ]𝑘

∑
𝜖 ∈{0,1}𝑘

𝑘∧
𝑗=1

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 ∧ 𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 ∧ 𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗

=
∑

𝑐∈[1,𝑁 ]𝑘

∑
𝜖 ∈{0,1}𝑘

𝑘∧
𝑗=1

(−1) 𝜖 𝑗+1(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 ∧ (𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗

=
∑

𝑐∈[1,𝑁 ]𝑘

∑
𝜖 ∈{0,1}𝑘

(−1) |𝜖 |+𝑘 (−1)
𝑘 (𝑘−1)

2 ·

���
𝑘∧
𝑗=1

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 ��� ∧ ���
𝑘∧
𝑗=1

(𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 ���,
where |𝜖 | :=

∑𝑘
𝑗=1 𝜖 𝑗 .

Recall that 𝜌 ∈ [1, 𝑟]𝑘 , 𝑡 ∈ 𝑇 , 𝑐 ∈ [1, 𝑁]𝑘 and 𝜖 ∈ {0, 1}𝑘 . We obtain that

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) =
(√

−1
2𝜋

) 𝑘
1

(𝑘!)2 (−1)
𝑘 (𝑘−1)

2
∑

𝜌,𝑡 ,𝑐, 𝜖

(−1) |𝜖 |+𝑘 ·

���
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡

𝑘∧
𝑗=1

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 ��� ∧ ���
∑
𝜏∈𝑆𝑘

𝑞𝜏𝑡

𝑘∧
𝑗=1

(𝐵𝜌𝜏 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜏 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 ���.
Now we set

𝜓𝜌𝑡𝑐𝜖 :=
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡

𝑘∧
𝑗=1

(𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 )
𝜖 𝑗 ∧ (𝐴𝜌𝜎 ( 𝑗) 𝑐 𝑗 )

1−𝜖 𝑗 , (4.15)

which is a (|𝜖 |, 𝑘 − |𝜖 |)-form. Hence,

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) =
(

1
2𝜋

) 𝑘 ( 1
𝑘!

)2
(
√
−1)𝑘2 ∑

𝜌,𝑡 ,𝑐, 𝜖

(−1) |𝜖 |+𝑘𝜓𝜌𝑡𝑐𝜖 ∧ 𝜓𝜌𝑡𝑐𝜖 . (4.16)

For any non-zero decomposable (𝑛 − 𝑘, 0)-form 𝜂 = 𝜂1 ∧ · · · ∧ 𝜂𝑛−𝑘 , where 𝜂𝑖 , 1 ≤ 𝑖 ≤ 𝑛 − 𝑘 ,
are (1, 0)-forms, we assume that 𝜂1, · · · , 𝜂𝑖0 ∈ 𝑈∗

𝑥 and 𝜂𝑖0+1, · · · , 𝜂𝑛−𝑘 ∈ 𝑉∗
𝑥 . Now we can take local
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holomorphic coordinates {𝑧𝛼}1≤𝛼≤𝑛 around 𝑥 ∈ 𝑋 such that

𝑈∗
𝑥 = spanC{𝑑𝑧1 |𝑥 , · · · , 𝑑𝑧𝑛0 |𝑥}, with 𝑑𝑧 𝑗 |𝑥 = 𝜂 𝑗 , 1 ≤ 𝑗 ≤ 𝑖0

and

𝑉∗
𝑥 = spanC{𝑑𝑧𝑛0+1 |𝑥 , · · · , 𝑑𝑧𝑛 |𝑥}, with 𝑑𝑧𝑛0−𝑖0+ 𝑗 |𝑥 = 𝜂 𝑗 , 𝑖0 + 1 ≤ 𝑗 ≤ 𝑛 − 𝑘,

and so 𝜓𝜌𝑡𝑐𝜖 can be written in the following form:

𝜓𝜌𝑡𝑐𝜖 =
∑

1≤𝛼1<···<𝛼|𝜖 | ≤𝑛0
𝑛0+1≤𝛽1<···<𝛽𝑘−|𝜖 | ≤𝑛

𝜓𝛼1 · · ·𝛼|𝜖 |𝛽1 · · ·𝛽𝑘−|𝜖 |𝑑𝑧
𝛼1 ∧ · · · ∧ 𝑑𝑧𝛼|𝜖 |

∧ 𝑑𝑧𝛽1 ∧ · · · ∧ 𝑑𝑧𝛽𝑘−|𝜖 | .

Then

(
√
−1)𝑘2 ∑

𝜌,𝑡 ,𝑐, 𝜖

(−1) |𝜖 |+𝑘𝜓𝜌𝑡𝑐𝜖 ∧ 𝜓𝜌𝑡𝑐𝜖 ∧ (
√
−1) (𝑛−𝑘)2

𝜂 ∧ 𝜂

= (
√
−1)𝑘2 ∑

𝜌,𝑡 ,𝑐, |𝜖 |=𝑛0−𝑖0

(−1)𝑛0−𝑖0+𝑘 (
√
−1) (𝑛−𝑘)2

𝑑𝑧1 ∧ · · · ∧ 𝑑𝑧𝑖0∧

𝑑𝑧𝑛0+1 ∧ · · · ∧ 𝑑𝑧𝑛−𝑖0+𝑛−𝑘 ∧ 𝑑𝑧1 ∧ · · · ∧ 𝑑𝑧𝑖0 ∧ 𝑑𝑧𝑛0+1 ∧ · · · ∧ 𝑑𝑧𝑛−𝑖0+𝑛−𝑘∧(
𝜓𝑖0+1, · · · ,𝑛0 ,𝑛0−𝑖0+𝑛−𝑘+1, · · · ,�̄�𝑑𝑧

𝑖0+1 ∧ · · · ∧ 𝑑𝑧𝑛0 ∧ 𝑑𝑧𝑛0−𝑖0+𝑛−𝑘+1 ∧ · · · ∧ 𝑑𝑧𝑛
)
∧ (4.17)(

𝜓𝑖0+1, · · · ,𝑛0 ,𝑛0−𝑖0+𝑛−𝑘+1, · · · ,�̄�𝑑𝑧
𝑖0+1 ∧ · · · ∧ 𝑑𝑧𝑛0 ∧ 𝑑𝑧𝑛0−𝑖0+𝑛−𝑘+1 ∧ · · · ∧ 𝑑𝑧𝑛

)
=

∑
𝜌,𝑡 ,𝑐, |𝜖 |=𝑛0−𝑖0

|𝜓𝑖0+1, · · · ,𝑛0 ,𝑛0−𝑖0+𝑛−𝑘+1, · · · ,�̄� |
2·

(
√
−1)𝑛2

𝑑𝑧1 ∧ · · · ∧ 𝑑𝑧𝑛 ∧ 𝑑𝑧1 ∧ · · · ∧ 𝑑𝑧𝑛,

which is a non-negative volume form. By (4.16), the Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is weakly non-negative.
We show the weak positivity of Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) using a proof by contradiction. Specifically,

we derive a contradiction when assuming 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) ∧ (
√
−1) (𝑛−𝑘)2

𝜂 ∧ 𝜂 = 0.
By (4.17), one knows that

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) ∧ (
√
−1) (𝑛−𝑘)2

𝜂 ∧ 𝜂 = 0

if and only if

𝜓𝑖0+1, · · · ,𝑛0 ,𝑛0−𝑖0+𝑛−𝑘+1, · · · ,�̄� = 0 (4.18)

for any 𝜌, 𝑡, 𝑐, |𝜖 | = 𝑛0 − 𝑖0.
Now we take a special vector 𝜖 = (1, · · · , 1︸���︷︷���︸

𝑛0−𝑖0

, 0 · · · , 0) and denote 𝑗0 = 𝑛0 − 𝑖0, by (4.15). Then

𝜓𝜌𝑡𝑐𝜖 =
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡𝐵𝜌𝜎 (1) 𝑐1 ∧ · · · ∧ 𝐵𝜌𝜎 ( 𝑗0 ) 𝑐 𝑗0
∧ 𝐴𝜌𝜎 ( 𝑗0+1) 𝑐 𝑗0+1 ∧ · · · ∧ 𝐴𝜌𝜎 (𝑘) 𝑐𝑘 .
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Combining with (4.18), one has

0 = 𝜓𝑖0+1, · · · ,𝑛0 ,𝑛0−𝑖0+𝑛−𝑘+1, · · · ,�̄�

=
∑
𝜏1∈𝑆 𝑗0

∑
𝜏2∈𝑆𝑘− 𝑗0

∑
𝜎∈𝑆𝑘

sgn(𝜏1)sgn(𝜏2)𝑞𝜎𝑡 · (4.19)

𝐵
𝜌𝜎 (1) 𝑐1𝜏1 (𝑖0+1) · · · 𝐵𝜌𝜎 ( 𝑗0 ) 𝑐 𝑗0 𝜏1 (𝑛0) · 𝐴𝜌𝜎 ( 𝑗0+1) 𝑐 𝑗0+1𝜏2 ( 𝑗0+𝑛−𝑘+1) · · · 𝐴𝜌𝜎 (𝑘) 𝑐𝑘 𝜏2 (𝑛) .

Since rank(A) = 𝑟 · dim𝑉𝑥 , rank(B) = 𝑟 · dim𝑈𝑥 , without loss of generality, we assume that the
submatrices

B′ = (B𝑐,𝑖𝛼)1≤𝑐≤𝑟 dim𝑈𝑥 ,1≤𝑖≤𝑟 ,1≤𝛼≤dim𝑈𝑥

and

A′ = (A𝑐, 𝑗 𝛼)1≤𝑐≤𝑟 dim𝑉𝑥 ,1≤ 𝑗≤𝑟 ,1≤𝛼≤dim𝑉𝑥

of B and A are inverse. By (4.19) and note that B′
𝑐,𝑖𝛼 = 𝐵𝑖𝑐 �̄� and A′

𝑐, 𝑗 𝛼 = 𝐴 𝑗𝑐𝛼, one has

0 =
∑
𝜏1∈𝑆 𝑗0

∑
𝜏2∈𝑆𝑘− 𝑗0

𝑟𝑛0∑
𝑐1 , · · · ,𝑐 𝑗0=1

𝑟 (𝑛−𝑛0)∑
𝑐 𝑗0+1 , · · · ,𝑐𝑘=1

∑
𝜎∈𝑆𝑘

sgn(𝜏1)sgn(𝜏2)𝑞𝜎𝑡 ·

B′
𝑐1 ,𝜌𝜎 (1) 𝜏1 (𝑖0+1) · · ·B

′
𝑐 𝑗0 ,𝜌𝜎 ( 𝑗0 ) 𝜏1 (𝑛0) · A′

𝑐 𝑗0+1 ,𝜌𝜎 ( 𝑗0+1) 𝜏2 ( 𝑗0+𝑛−𝑘+1) · · ·A
′
𝑐𝑘 ,𝜌𝜎 (𝑘) 𝜏2 (𝑛) ·

A′ − 1𝑙𝑘𝛽𝑘 ,𝑐𝑘 · · ·A′ − 1𝑙 𝑗0+1𝛽 𝑗0+1 ,𝑐 𝑗0+1 B′ − 1𝑙 𝑗0 𝛽 𝑗0 ,𝑐 𝑗0
· · ·B′ − 1𝑙1𝛽1 ,𝑐1 (4.20)

=
∑
𝜏1∈𝑆 𝑗0

∑
𝜏2∈𝑆𝑘− 𝑗0

∑
𝜎∈𝑆𝑘

sgn(𝜏1)sgn(𝜏2)𝑞𝜎𝑡 · 𝛿𝜌𝜎 (𝑘) 𝑙𝑘 𝛿𝜏2 (𝑛)𝛽𝑘 · · · 𝛿𝜌𝜎 ( 𝑗0+1) 𝑙 𝑗0+1 ·

𝛿𝜏2 ( 𝑗0+𝑛−𝑘+1)𝛽 𝑗0+1𝛿𝜌𝜎 ( 𝑗0 ) 𝑙 𝑗0
𝛿𝜏1 (𝑛0)𝛽 𝑗0

· · · 𝛿𝜌𝜎 (1) 𝑙1𝛿𝜏1 (𝑖0+1)𝛽1

for any (𝛽1, · · · , 𝛽 𝑗0) ∈ [1, 𝑛0] 𝑗0 , (𝛽 𝑗0+1, · · · , 𝛽𝑘 ) ∈ [𝑛0 + 1, 𝑛]𝑛− 𝑗0 and (𝑙1, · · · , 𝑙𝑘 ) ∈ [1, 𝑟]𝑘 .
By taking

𝛽𝑠 =

{
𝑖0 + 𝑠 1 ≤ 𝑠 ≤ 𝑗0,

𝑛 − 𝑘 + 𝑠 𝑗0 + 1 ≤ 𝑠 ≤ 𝑘,

(4.20) becomes ∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡𝛿𝜌𝜎 (1) 𝑙1 · · · 𝛿𝜌𝜎 (𝑘) 𝑙𝑘 = 0 (4.21)

for any 𝜌, 𝑙 ∈ [1, 𝑟]𝑘 and 𝑡 ∈ 𝑇 .
Remark 4.7. Note that (4.21) holds if and only if 𝜓𝜌𝑡𝑐𝜖 = 0 for any 𝜌, 𝑡, 𝑐, 𝜖 . In fact, if 𝜓𝜌𝑡𝑐𝜖 = 0, then
(4.18) holds and follows (4.21). Conversely, if (4.21) holds, then

𝜓𝜌𝑡𝑐𝜖 =
∑

𝑙∈[1,𝑟 ]𝑘
(
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡𝛿𝜌𝜎 (1) 𝑙1 · · · 𝛿𝜌𝜎 (𝑘) 𝑙𝑘 )
𝑘∧
𝑗=1

𝐵𝑙 𝑗𝑐 𝑗
𝜖 𝑗 ∧ 𝐴𝑙 𝑗𝑐 𝑗

1−𝜖 𝑗
= 0.

For 𝑘 ≤ 𝑟 , one can take 𝜌𝑖 = 𝑙𝑖 = 𝑖 for 1 ≤ 𝑖 ≤ 𝑘 . Thus,

0 =
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡𝛿𝜌𝜎 (1) 𝑙1 · · · 𝛿𝜌𝜎 (𝑘) 𝑙𝑘 = 𝑞Id,𝑡
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for any 𝑡 ∈ 𝑇 , which is a contradiction since (𝑞Id,𝑡 )𝑡 ∈𝑇 ∈ U(𝑚) is a unitary matrix. Hence, all
(𝑘, 𝑘)-Schur forms 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) are weakly positive for any 𝑘 ≤ 𝑟 . In particular, all Chern forms
𝑐𝑖 (𝐸, ℎ𝐸 ), 1 ≤ 𝑖 ≤ 𝑟 , are weakly positive.

For general k and r, we take 𝑙1, · · · , 𝑙𝑘 in (4.21) to be

𝑙𝑖 = 𝜌𝑖 , for 1 ≤ 𝑖 ≤ 𝑘,

and (4.21) implies that ∑
𝜌∈[1,𝑟 ]𝑘

∑
𝜎∈𝑆𝑘

𝜒𝜆 (𝜎)𝛿𝜌1𝜌𝜎 (1) · · · 𝛿𝜌𝑘𝜌𝜎 (𝑘) = 0, (4.22)

where

𝜒𝜆 (𝜎) = Tr(𝑞𝜎𝑡 ) =
𝑚∑
𝑖=1

𝑎𝑖𝑖 (𝜎)

is the character of the representation 𝜙𝜆(𝜎) = (𝑎𝑖 𝑗 (𝜎)) ∈ U(𝑚) corresponding to the partition 𝜆. From
[11, (A.5)], (4.22) is equivalent to

𝑃𝜆 (𝐼𝑟 ) = 0. (4.23)

Here, 𝑃𝜆 (•) denotes the invariant polynomial corresponding to the Schur function 𝑃𝜆 under the iso-
morphism I(𝑟) � Q(𝑐1, · · · , 𝑐𝑟 ).

Denote by 𝑥1, · · · , 𝑥𝑟 the Chern roots, which are defined by

𝑟∑
𝑗=0

𝑐 𝑗 𝑡
𝑗 = (1 + 𝑡𝑥1) (1 + 𝑡𝑥2) · · · (1 + 𝑡𝑥𝑟 ).

Recall that the Schur polynomial is defined by

𝑃𝜆 (𝑐1, . . . , 𝑐𝑟 ) = det
(
𝑐𝜆 𝑗− 𝑗+𝑙

)
1� 𝑗 ,𝑙�𝑘

,

where 𝜆 = (𝜆1, · · · , 𝜆𝑘 ) ∈ Λ(𝑘, 𝑟) is a partition satisfying

𝑘∑
𝑖=1

𝜆𝑖 = 𝑘 and 𝑟 ≥ 𝜆1 ≥ · · · ≥ 𝜆𝑘 ≥ 0.

Denote by 𝜆′ the conjugate partition to the partition 𝜆 (see, for example, [12, Section 4.1, Page 45]).
Then

𝜆′ = (𝜆′
1, · · · , 𝜆

′
𝑟 ), with

𝑟∑
𝑖=1

𝜆′
𝑖 = 𝑘 and 𝜆′

1 ≥ · · · ≥ 𝜆′
𝑟 ≥ 0. (4.24)

The second Jacobi-Trudi identity (or Giambell’s formula) gives

𝑃𝜆 (𝑐1, . . . , 𝑐𝑟 ) = det
(
𝑐𝜆 𝑗− 𝑗+𝑙

)
1� 𝑗 ,𝑙�𝑘

= 𝑠𝜆′ (𝑥1, · · · , 𝑥𝑟 ); (4.25)
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see, for example, [12, Page 455, (A.6)], where

𝑠𝜆′ (𝑥1, · · · , 𝑥𝑟 ) :=

����������
𝑥
𝜆′1+𝑟−1
1 𝑥

𝜆′1+𝑟−1
2 . . . 𝑥

𝜆′1+𝑟−1
𝑟

𝑥
𝜆′2+𝑟−2
1 𝑥

𝜆′2+𝑟−2
2 . . . 𝑥

𝜆′2+𝑟−2
𝑟

...
...

. . .
...

𝑥
𝜆′𝑟
1 𝑥

𝜆′𝑟
2 . . . 𝑥

𝜆′𝑟
𝑟

����������∏
1≤𝑖< 𝑗≤𝑟

(
𝑥𝑖 − 𝑥 𝑗

) . (4.26)

In particular, we have

𝑃𝜆 (𝐼𝑟 ) = 𝑃𝜆

(
𝑐1 = 𝐶1

𝑟 , · · · , 𝑐𝑖 = 𝐶𝑖
𝑟 , · · · , 𝑐𝑟 = 𝐶𝑟

𝑟

)
= 𝑠𝜆′ (1, · · · , 1) (4.27)

=
∏

1≤𝑖< 𝑗≤𝑟

𝜆′
𝑖 − 𝜆′

𝑗 + 𝑗 − 𝑖

𝑗 − 𝑖
≥ 1,

where the third equality follows from [12, Page 461, (ii)]. Hence, 𝑃𝜆 (𝐼𝑟 ) ≠ 0, which contradicts (4.23).
Thus,

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) ∧ (
√
−1) (𝑛−𝑘)2

𝜂 ∧ 𝜂 > 0

for any non-zero decomposable (𝑛− 𝑘, 0)-form 𝜂, and so 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is a weakly positive (𝑘, 𝑘)-form.
We obtain the following.

Theorem 4.8. Let (𝐸, ℎ𝐸 ) be a strongly decomposably positive vector bundle of type I over a complex
manifold X, rank𝐸 = 𝑟 , and dim 𝑋 = 𝑛. Then the Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is weakly positive for any
partition 𝜆 ∈ Λ(𝑘, 𝑟), 𝑘 ≤ 𝑛 and 𝑘 ∈ N.

In particular, if (𝐸, ℎ𝐸 ) is Nakano positive, then the Chern curvature matrix has the form

𝑅 = −𝐵 ∧ 𝐵
�
.

By considering 𝐴 = 0 in (4.15), then

𝜓𝜌𝑡𝑐𝜖1 =
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡

𝑘∧
𝑗=1

𝐵𝜌𝜎 ( 𝑗) 𝑐 𝑗 , 𝜖1 = (1, · · · , 1)

and

𝜓𝜌𝑡𝑐𝜖 = 0, for any 𝜖 ≠ 𝜖1.

By (4.16), one has

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) =
(

1
2𝜋

) 𝑘 ( 1
𝑘!

)2
(
√
−1)𝑘2 ∑

𝜌,𝑡 ,𝑐

𝜓𝜌𝑡𝑐𝜖1 ∧ 𝜓𝜌𝑡𝑐𝜖1 , (4.28)

where 𝜓𝜌𝑡𝑐𝜖1 is a (𝑘, 0)-form. For any non-zero (𝑛 − 𝑘, 0)-form 𝜂, one has

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) ∧ (
√
−1) (𝑛−𝑘)2

𝜂 ∧ 𝜂

=

(
1

2𝜋

) 𝑘 ( 1
𝑘!

)2
(
√
−1)𝑛2 ∑

𝜌,𝑡 ,𝑐

𝜓𝜌𝑡𝑐𝜖1 ∧ 𝜂 ∧ 𝜓𝜌𝑡𝑐𝜖1 ∧ 𝜂,
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which is a non-negative volume form, and so 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is non-negative. Moreover,

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) ∧ (
√
−1) (𝑛−𝑘)2

𝜂 ∧ 𝜂 = 0 (4.29)

if and only if

𝜓𝜌𝑡𝑐𝜖1 ∧ 𝜂 = 0 (4.30)

for any 𝜌 ∈ [1, 𝑟]𝑘 , 𝑡 ∈ 𝑇 , 𝑐 ∈ [1, 𝑁]𝑘 . By the expression of 𝜓𝜌𝑡𝑐𝜖1 , (4.30) becomes

0 = 𝜓𝜌𝑡𝑐𝜖1 ∧ 𝜂

=
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡𝐵𝜌𝜎 (1) 𝑐1 ∧ · · · ∧ 𝐵𝜌𝜎 (𝑘) 𝑐𝑘 ∧ 𝜂 (4.31)

=
∑
𝜎∈𝑆𝑘

𝑞𝜎𝑡𝐵𝜌𝜎 (1) 𝑐1 �̄�1 · · · 𝐵𝜌𝜎 (𝑘) 𝑐𝑘 �̄�𝑘 𝑑𝑧
𝛼1 ∧ · · · ∧ 𝑑𝑧𝛼𝑘 ∧ 𝜂.

Since (𝐸, ℎ𝐸 ) is Nakano positive, by Corollary 4.4, we can take B such that B is invertible. Multiplying
(4.31) by (B−1)𝑐1 ,𝑙1𝛽1 · · · (B−1)𝑐𝑘 ,𝑙𝑘𝛽𝑘 and summing on 𝑐1, · · · , 𝑐𝑘 , one has( ∑

𝜎∈𝑆𝑘

𝑞𝜎𝑡𝛿𝜌𝜎 (1) 𝑙1 · · · 𝛿𝜌𝜎 (𝑘) 𝑙𝑘

)
𝑑𝑧𝛽1 ∧ · · · ∧ 𝑑𝑧𝛽𝑘 ∧ 𝜂 = 0

for any 𝑙 = (𝑙1, · · · , 𝑙𝑘 ) ∈ [1, 𝑟]𝑘 and 𝛽 = (𝛽1, · · · , 𝛽𝑘 ) ∈ [1, 𝑛]𝑘 . By choosing 𝛽1, · · · , 𝛽𝑘 such that
𝑑𝑧𝛽1 ∧ · · · ∧ 𝑑𝑧𝛽𝑘 ∧ 𝜂 ≠ 0, ∑

𝜎∈𝑆𝑘

𝑞𝜎𝑡𝛿𝜌𝜎 (1) 𝑙1 · · · 𝛿𝜌𝜎 (𝑘) 𝑙𝑘 = 0, (4.32)

which is exactly (4.21). By Remark 4.7, (4.32) is equivalent to 𝜓𝜌𝑡𝑐𝜖1 = 0. Hence, (4.29) is equivalent to
(4.32), which follows that 𝑃𝜆 (𝐼𝑟 ) = 0; see (4.23). By (4.27), 𝑃𝜆 (𝐼𝑟 ) ≠ 0, so we get a contradiction. Thus,
𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is a positive (𝑘, 𝑘)-form. Similarly, if (𝐸, ℎ𝐸 ) is dual Nakano positive, then 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 ))
is also a positive (𝑘, 𝑘)-form.

Hence, we can give an algebraic proof of the following positivity of Schur forms for (dual) Nakano
positive vector bundles.

Theorem 4.9 (Finski [9, Theorem 1.1]). Let (𝐸, ℎ𝐸 ) be a (dual) Nakano positive (respectively non-
negative) vector bundle of rank r over a complex manifold X of dimension n. Then for any 𝑘 ∈ N, 𝑘 � 𝑛,
and 𝜆 ∈ Λ(𝑘, 𝑟), the (𝑘, 𝑘)-form 𝑃𝜆

(
𝑐
(
𝐸, ℎ𝐸

) )
is positive (respectively non-negative).

Remark 4.10. Note that S. Finski proved the above positivity of Schur forms by using the following
two steps: the first one is a refinement of the determinantal formula of Kempf-Laksov on the level of
differential forms, which expresses Schur forms as a certain pushforward of the top Chern form of a
Hermitian vector bundle obtained as a quotient of the tensor power of (𝐸, ℎ𝐸 ), and the second one is to
show the positivity of the top Chern form of a (dual) Nakano positive vector bundle. Our method here
is an algebraic proof by analyzing the vanishing of Schur forms, which is very different from S. Finski’s
approach.

5. Strongly decomposable positivity of type II

In this section, we consider the strongly decomposable positivity of type II, which is the direct sum of
Nakano positive and dual Nakano positive vector bundles point-wise.
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5.1. A criterion of type II positivity

Let (𝐸, ℎ𝐸 ) be a strongly decomposably positive vector bundle of type II; see Definition 2.7. By
Corollary 4.4, with respect to a unitary frame {𝑒1, · · · , 𝑒𝑟1 } of (𝐸1,𝑥 , ℎ

𝐸 |𝐸1,𝑥 ), and a unitary frame
{𝑒𝑟1+1, · · · , 𝑒𝑟 } of (𝐸2,𝑥 , ℎ

𝐸 |𝐸2,𝑥 ) at 𝑥 ∈ 𝑋 , one has

𝑅𝐸𝑥 |𝐸1,𝑥 = −𝐵1 ∧ 𝐵1
�
, 𝑅𝐸𝑥 |𝐸2,𝑥 = 𝐴2 ∧ 𝐴2

�
,

with rank(B1) = dim(𝐸1,𝑥) · 𝑛 and rank(A2) = dim(𝐸2,𝑥) · 𝑛, where 𝐵1 = ((𝐵1)𝑖 𝑝)1≤𝑖≤𝑟1 ,1≤ 𝑗≤𝑁1 is
a matrix with (0, 1)-forms as entries and 𝐴2 = ((𝐴2)𝑖 𝑝)𝑟1+1≤𝑖≤𝑟 ,1≤ 𝑗≤𝑁2 is a matrix with (1, 0)-forms
as entries. The matrices B1 and A2 are defined in (4.10) and (4.11), respectively. Now we define the
matrices 𝐴𝑟×𝑁 and 𝐵𝑟×𝑁 (𝑁 = max{𝑁1, 𝑁2}) by

𝐵 =

(
𝐵1 0
0 0

)
, 𝐴 =

(
0 0
𝐴2 0

)
. (5.1)

Then

rank(B) = rank(B1) = 𝑟1 · 𝑛, rank(A) = rank(A2) = (𝑛 − 𝑟1) · 𝑛

and

𝑅𝐸𝑥 =

(
−𝐵1 ∧ 𝐵1

� 0
0 𝐴2 ∧ 𝐴2

�

)
= −𝐵 ∧ 𝐵

� + 𝐴 ∧ 𝐴
�
.

For the matrix B = (𝐵𝑖 𝑝 �̄�)𝑖𝛼, 𝑝, we can associate it with another matrix B by

B = (B𝛼𝑝) =
(
𝑟∑
𝑖=1

𝐵𝑖 𝑝 �̄�𝑒𝑖

)
𝛼𝑝

,

which is a 𝑛 × 𝑁 matrix with elements of E as entries. Similarly, we can define a 𝑛 × 𝑁 matrix by

A = (A𝛼𝑝) =
(
𝑟∑
𝑖=1

𝐴𝑖 𝑝𝛼𝑒𝑖

)
𝛼𝑝

.

We define

{B} :=

{
𝑟∑
𝑖=1

𝐵𝑖 𝑝 �̄�𝑒𝑖 , 1 ≤ 𝑝 ≤ 𝑁, 1 ≤ 𝛼 ≤ 𝑛

}
and

{A} :=

{
𝑟∑
𝑖=1

𝐴𝑖 𝑝𝛼𝑒𝑖 , 1 ≤ 𝑝 ≤ 𝑁, 1 ≤ 𝛼 ≤ 𝑛

}
.

By the definitions of the matrices A and B, one has

spanC{A} ⊥ spanC{B}.

Hence, if (𝐸, ℎ𝐸 ) is a strongly decomposably positive vector bundle of type II, then there are two 𝑟 ×𝑁-
matrices A, B of (1, 0)-forms and (0, 1)-forms, respectively, such that with respect to a unitary frame
{𝑒𝑖}1≤𝑖≤𝑟 of 𝐸𝑥 ,

𝑅𝐸𝑥 = −𝐵 ∧ 𝐵
� + 𝐴 ∧ 𝐴

�
, (5.2)

https://doi.org/10.1017/fms.2023.125 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2023.125


24 X. Wan

and

spanC{A} ⊥ spanC{B}. (5.3)

Moreover, the ranks of A and B satisfy

rank(B) = 𝑟1 · 𝑛, rank(A) = (𝑟 − 𝑟1) · 𝑛. (5.4)

Remark 5.1. If we consider a new unitary frame �̃� = 𝑒 · 𝑎 for a unitary matrix 𝑎 ∈ U(𝑟), by Remark 4.1,
one has

𝑅𝐸𝑥 = −𝐵 ∧ 𝐵
�
+ 𝐴 ∧ 𝐴

�
, (5.5)

with 𝐵 = 𝑎−1 · 𝐵 and 𝐴 = 𝑎−1 · 𝐴. Moreover, one has

B̃𝛼𝑝 =
𝑟∑
𝑖=1

𝐵𝑖 𝑝 �̄� �̃�𝑖 =
𝑟∑

𝑖, 𝑗=1
(𝑎−1)𝑖 𝑗𝐵 𝑗 𝑝 �̄� �̃�𝑖 =

𝑟∑
𝑗=1

𝐵 𝑗 𝑝 �̄�𝑒 𝑗 = B𝛼𝑝 .

Similarly, Ã𝛼𝑝 = A𝛼𝑝 . Hence, A and B are independent of the unitary frame. One can also check that

rank(B̃) = rank(B) = 𝑟1 · 𝑛, rank(Ã) = rank(A) = (𝑟 − 𝑟1) · 𝑛.

In a word, we show that (5.2)–(5.4) hold for any unitary frame.

Conversely, we assume that (5.2)–(5.4) hold for some unitary frame of 𝐸𝑥 , 𝑥 ∈ 𝑋 . Set

𝐸1,𝑥 := spanC{B}, 𝐸2,𝑥 := spanC{A}.

Let {𝑒1, · · · , 𝑒𝑟 ′1 } be a unitary frame of 𝐸1,𝑥 and {𝑒𝑟 ′1+1, · · · , 𝑒𝑟 ′ } be a unitary frame of 𝐸2,𝑥 . Since
𝐸1,𝑥 ⊥ 𝐸2,𝑥 , then {𝑒𝑖}1≤𝑖≤𝑟 ′ is a unitary frame of 𝐸1,𝑥 ⊕ 𝐸2,𝑥 . Now we can extend the frame {𝑒𝑖}1≤𝑖≤𝑟 ′
and get a unitary frame {𝑒𝑖}1≤𝑖≤𝑟 of 𝐸𝑥 . By Remark 5.1, (5.2)–(5.4) also hold for this unitary frame
{𝑒𝑖}1≤𝑖≤𝑟 . Hence,

𝑅𝑖 𝑗 𝛼𝛽𝑒 𝑗 ⊗ 𝑒𝑖 =
𝑁∑
𝑝=1

(−B𝛽𝑝 ⊗ B𝛼𝑝 +A𝛼𝑝 ⊗ A𝛽𝑝).

So

𝑅𝐸𝑥 |𝐸1,𝑥 = −𝐵 ∧ 𝐵
�
, 𝑅𝐸𝑥 |𝐸2,𝑥 = 𝐴 ∧ 𝐴

�

and

𝑅𝑖 𝑗 𝛼𝛽 = 0 for any (𝑖, 𝑗) or ( 𝑗 , 𝑖) ∈ [1, 𝑟 ′1] × [𝑟 ′1 + 1, 𝑟] .

By (5.4), one has

𝑟 ′1 ≥ 𝑟1, 𝑟 − 𝑟 ′1 ≥ 𝑟 ′ − 𝑟 ′1 ≥ 𝑟 − 𝑟1,

which follows that

𝑟1 = 𝑟 ′1, 𝑟 ′ = 𝑟.
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Hence, 𝐸𝑥 = 𝐸1,𝑥 ⊕ 𝐸2,𝑥 . By Corollary 4.4, we obtain that 𝑅𝑖 𝑗 𝛼𝛽𝑢
𝑖𝛼𝑢 𝑗𝛽 > 0 for any non-zero

𝑢 = 𝑢𝑖𝛼𝑒𝑖 ⊗ 𝜕𝛼 ∈ 𝐸1,𝑥 ⊗ 𝑇1,0
𝑥 𝑋 , 𝑅𝑖 𝑗 𝛼𝛽𝑣𝑖𝛽𝑣 𝑗 �̄� > 0 for any non-zero 𝑣 = 𝑣𝑖𝛽𝑒𝑖 ⊗ 𝜕𝛽 ∈ 𝐸2,𝑥 ⊗ 𝑇0,1

𝑥 𝑋 .
Thus, (𝐸, ℎ𝐸 ) is a strongly decomposably positive vector bundle of type II.

In a word, we obtain a criterion of a strongly decomposably positive vector bundle of type II.
Theorem 5.2. (𝐸, ℎ𝐸 ) is a strongly decomposably positive vector bundle of type II if and only if it
satisfies (5.2)–(5.4).

5.2. Positivity of Schur forms

In this subsection, we consider the positivity of Schur forms for strongly decomposably positive vector
bundles of type II.

Let E and F be two holomorphic vector bundles over a complex manifold X, rank(𝐸) = 𝑟 and
rank(𝐹) = 𝑞. Let 𝑥1, · · · , 𝑥𝑟 denote the Chern roots of E. For any partition 𝜆′ satisfying (4.24), we
denote

𝑠𝜆′ (𝑐(𝐸)) := 𝑠𝜆′ (𝑥1, · · · , 𝑥𝑟 ) ∈ H2𝑘 (𝑋,R),

where 𝑠𝜆′ (𝑥1, · · · , 𝑥𝑟 ) is defined in (4.26), which is also called a Schur class. Similarly, one can define
the cohomology classes 𝑠𝜆′ (𝑐(𝐹)) and 𝑠𝜆′ (𝑐(𝐸 ⊕ 𝐹)). For these cohomology classes, by Littlewood-
Richardson rule (see [1, Proposition 3.3 (3.14)]), one has

𝑠𝜆′ (𝑐(𝐸 ⊕ 𝐹)) =
∑
𝜇′,𝜈′

𝑐𝜆
′

𝜇′𝜈′𝑠𝜇′ (𝑐(𝐸))𝑠𝜈′ (𝑐(𝐹)),

where 𝑐𝜆
′

𝜇′𝜈′ is a Littlewood-Richardson coefficient. One can refer to [10, Chapter 5] for more details
on the Littlewood-Richardson coefficients. By (4.25), the Schur class 𝑃𝜆 (𝑐(𝐸 ⊕ 𝐹)) of the direct sum
𝐸 ⊕ 𝐹 satisfies

𝑃𝜆 (𝑐(𝐸 ⊕ 𝐹)) =
∑
𝜇′,𝜈′

𝑐𝜆
′

𝜇′𝜈′𝑃𝜇 (𝑐(𝐸))𝑃𝜈 (𝑐(𝐹)) =
∑
𝜇,𝜈

𝑐𝜆𝜇𝜈𝑃𝜇 (𝑐(𝐸))𝑃𝜈 (𝑐(𝐹)), (5.6)

where 𝜆, 𝜇, 𝜈 are the conjugate partitions to 𝜆′, 𝜇′, 𝜈′, respectively. The last equality follows from the
conjugation symmetry 𝑐𝜆

′

𝜇′𝜈′ = 𝑐𝜆𝜇𝜈; see, for example, [19, Page 115].
Let ℎ𝐸 and ℎ𝐹 be Hermitian metrics on E and F, respectively. The direct sum 𝐸 ⊕ 𝐹 is equipped

with the natural metric ℎ𝐸 ⊕ ℎ𝐹 . Now we can prove (5.6) on the level of differential forms.
Proposition 5.3. For any 𝜆 ∈ Λ(𝑘, 𝑟), one has

𝑃𝜆 (𝑐(𝐸 ⊕ 𝐹, ℎ𝐸 ⊕ ℎ𝐹 )) =
∑
𝜇,𝜈

𝑐𝜆𝜇𝜈𝑃𝜇 (𝑐(𝐸, ℎ𝐸 )) ∧ 𝑃𝜈 (𝑐(𝐹, ℎ𝐹 )).

Proof. We follow the method in the proofs of [13, Proposition 3.1] and [6, Theorem 3.5]. From the
definition of total Chern form, one has

𝑐(𝐸 ⊕ 𝐹, ℎ𝐸 ⊕ ℎ𝐹 ) = 𝑐(𝐸, ℎ𝐸 ) ∧ 𝑐(𝐹, ℎ𝐹 ).

Recall that 𝑃𝜆 (𝑐1, . . . , 𝑐𝑟 ) = det
(
𝑐𝜆𝑖−𝑖+ 𝑗

)
1�𝑖, 𝑗�𝑘 , so that

𝑃𝜆 (𝑐(𝐸 ⊕ 𝐹, ℎ𝐸 ⊕ ℎ𝐹 )) −
∑
𝜇,𝜈

𝑐𝜆𝜇𝜈𝑃𝜇 (𝑐(𝐸, ℎ𝐸 )) ∧ 𝑃𝜈 (𝑐(𝐹, ℎ𝐹 ))

=
∑

𝑖1+2𝑖2+···+𝑟𝑖𝑟
+ 𝑗1+2 𝑗2+···+𝑞 𝑗𝑞=𝑘

𝑓𝑖1 · · ·𝑖𝑟 𝑗1 · · · 𝑗𝑞 𝑐1(𝐸, ℎ𝐸 )𝑖1 ∧ · · · ∧ 𝑐𝑟 (𝐸, ℎ𝐸 )𝑖𝑟

∧ 𝑐1 (𝐹, ℎ𝐹 ) 𝑗1 ∧ · · · ∧ 𝑐𝑞 (𝐹, ℎ𝐹 ) 𝑗𝑞 ,
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where the universal coefficients 𝑓𝑖1 · · ·𝑖𝑟 𝑗1... 𝑗𝑞 do not depend on 𝐸, 𝐹 and X, but just depend 𝑟, 𝑞, 𝑃𝜆. By
(5.6), then the cohomology class satisfies⎡⎢⎢⎢⎢⎢⎣

∑
𝑖1+2𝑖2+···+𝑟𝑖𝑟

+ 𝑗1+2 𝑗2+···+𝑞 𝑗𝑞=𝑘

𝑓𝑖1 · · ·𝑖𝑟 𝑗1 · · · 𝑗𝑞𝑐1 (𝐸, ℎ𝐸 )𝑖1 ∧ · · · ∧ 𝑐𝑟 (𝐸, ℎ𝐸 )𝑖𝑟 ∧ 𝑐1 (𝐹, ℎ𝐹 ) 𝑗1 ∧ · · · ∧ 𝑐𝑞 (𝐹, ℎ𝐹 ) 𝑗𝑞
⎤⎥⎥⎥⎥⎥⎦ = 0.

Now we can take X as any n-dimensional projective manifold and fix an ample line bundle A on X. Let𝜔𝐴

be a metric on A with positive curvature. For 𝑚1, · · · , 𝑚𝑟 , 𝑚𝑟+1, · · · , 𝑚𝑟+𝑞 positive integers, we define

𝐸 = 𝐴⊗𝑚1 ⊕ · · · ⊕ 𝐴⊗𝑚𝑟 , 𝐹 = 𝐴⊗𝑚𝑟+1 ⊕ · · · ⊕ 𝐴⊗𝑚𝑟+𝑞 .

By the same proof as in [6, Page 14], one can show all universal coefficients 𝑓𝑖1 · · ·𝑖𝑟 𝑗1 · · · 𝑗𝑞 vanish, which
follows that

𝑃𝜆 (𝑐(𝐸 ⊕ 𝐹, ℎ𝐸 ⊕ ℎ𝐹 )) −
∑
𝜇,𝜈

𝑐𝜆𝜇𝜈𝑃𝜇 (𝑐(𝐸, ℎ𝐸 )) ∧ 𝑃𝜈 (𝑐(𝐹, ℎ𝐹 )) = 0,

which completes the proof. �

Now we assume (𝐸, ℎ𝐸 ) is a strongly decomposably positive vector bundle of type II. For any 𝑥 ∈ 𝑋 ,
there exists an orthogonal decomposition of 𝐸𝑥 ,

𝐸𝑥 = 𝐸1,𝑥 ⊕ 𝐸2,𝑥 ,

and the Chern curvature 𝑅𝐸𝑥 has the form

𝑅𝐸𝑥 =

(
𝑅𝐸𝑥 |𝐸1,𝑥 0

0 𝑅𝐸𝑥 |𝐸2,𝑥

)
.

Let {𝑒1, · · · , 𝑒𝑟1 } be a unitary frame of (𝐸1,𝑥 , ℎ
𝐸 |𝐸1,𝑥 ) and {𝑒𝑟1+1, · · · , 𝑒𝑟 } be a unitary frame of

(𝐸2,𝑥 , ℎ
𝐸 |𝐸2,𝑥 ). Let (𝑈, {𝑧𝛼}1≤𝛼≤𝑛) be a local coordinate neighborhood around x and denote by 𝐸1 =

𝑈 × 𝐸1,𝑥 the locally trivial bundle; {𝑒𝑖}1≤𝑖≤𝑟1 also gives a frame of 𝐸1. Now we define the following
Hermitian metric on 𝐸1 by

ℎ𝐸1 (𝑒𝑖 , 𝑒 𝑗 ) := 𝛿𝑖 𝑗 − 𝑅𝑖 𝑗 𝛼𝛽𝑧
𝛼𝑧𝛽 , 1 ≤ 𝑖, 𝑗 ≤ 𝑟1,

which is a Hermitian metric by taking U small enough. Then (𝐸1, ℎ
𝐸1 ) is a Hermitian vector bundle

around x and satisfies

𝑅𝐸1
𝑥 = 𝑅𝐸𝑥 |𝐸1,𝑥 .

Similarly, one can define a Hermitian vector bundle (𝐸2, ℎ
𝐸2) such that 𝑅𝐸2

𝑥 = 𝑅𝐸𝑥 |𝐸2,𝑥 . Hence,

𝑐(𝐸1 ⊕ 𝐸2, ℎ
𝐸1 ⊕ ℎ𝐸2) |𝑥 = det

(
Id𝑟 +

√
−1

2𝜋

(
𝑅𝐸1
𝑥 0
0 𝑅𝐸2

𝑥

))
= det

(
Id𝑟 +

√
−1

2𝜋

(
𝑅𝐸 |𝐸1,𝑥 0

0 𝑅𝐸 |𝐸2,𝑥

))
= det

(
Id𝑟 +

√
−1

2𝜋
𝑅𝐸𝑥

)
= 𝑐(𝐸, ℎ𝐸 ) |𝑥 ,
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which follows that

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) |𝑥 = 𝑃𝜆 (𝑐(𝐸1 ⊕ 𝐸2, ℎ
𝐸1 ⊕ ℎ𝐸2 )) |𝑥 .

By Proposition 5.3, one has

𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) |𝑥 =
∑
𝜇,𝜈

𝑐𝜆𝜇𝜈𝑃𝜇 (𝑐(𝐸1, ℎ
𝐸1 )) |𝑥 ∧ 𝑃𝜈 (𝑐(𝐸2, ℎ

𝐸2 )) |𝑥 . (5.7)

Since (𝐸1, ℎ
𝐸1) is Nakano positive and (𝐸2, ℎ

𝐸2) is dual Nakano positive at x, then 𝑃𝜇 (𝑐(𝐸1, ℎ
𝐸1 )) |𝑥 and

𝑃𝜈 (𝑐(𝐸2, ℎ
𝐸2 )) |𝑥 are positive forms. Since the Littlewood-Richardson coefficients 𝑐𝜆𝜇𝜈 are non-negative

integers (see [10, Corollary 1 in Chapter 5]), then each summand

𝑐𝜆𝜇𝜈𝑃𝜇 (𝑐(𝐸1, ℎ
𝐸1)) |𝑥 ∧ 𝑃𝜈 (𝑐(𝐸2, ℎ

𝐸2)) |𝑥

in RHS of (5.7) is non-negative. However, for any 𝜆, 𝜇, 𝜈 satisfying 𝜆𝑖 = 𝜇𝑖 + 𝜈𝑖 for all i, then 𝑐𝜆𝜇,𝜈 = 1
(see [10, Page 66]), and

𝑃𝜇 (𝑐(𝐸1, ℎ
𝐸1)) |𝑥 ∧ 𝑃𝜈 (𝑐(𝐸2, ℎ

𝐸2)) |𝑥

is a positive (|𝜆 |, |𝜆 |)-form by Proposition 3.4. By (5.7), we show that the Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) |𝑥
is a positive (|𝜆 |, |𝜆 |)-form.

Theorem 5.4. Let (𝐸, ℎ𝐸 ) be a strongly decomposably positive vector bundle of type II over a complex
manifold X, rank𝐸 = 𝑟 and dim 𝑋 = 𝑛. Then the Schur form 𝑃𝜆 (𝑐(𝐸, ℎ𝐸 )) is positive for any partition
𝜆 ∈ Λ(𝑘, 𝑟), 𝑘 ≤ 𝑛 and 𝑘 ∈ N.
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