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ON TWO NEW CLASSES OF
LOCALLY CONVEX SPACES

Kazuaki Ki1TAHARA

The purpose of this paper is to introduce two new classes of
locally convex spaces which contain the classes of semi-Montel
and Montel spaces. Further we give some examples and study some
properties of these classes. As to permanence properties, these
classes have similar properties to semi-Montel and Montel spaces
except strict inductive limits and these classes are not always
preserved under their completions. We shall call these two
classes as B-semi-Montel and B-Montel spaces. A B-semi-Montel
space is obtained by replacing the word "bounded" by "strongly
bounded" in the definition of a semi-Montel space. If a PB-semi-

Montel space is infra-barrelled, we call the space B-Montel.

In a locally convex space E(1) , if each bounded subset is relatively
compact, FE(1) is semi-Montel. If E(1) is infra-barrelled and semi-
Montel, it is Montel. In this paper we weaken the conditions of being

(semi-)Montel and introduce two new classes of locally convex spaces.

One contains the class of all Montel spaces and another contains the
class of all semi-Montel spaces. We shall call these two classes .B-Montel
and B-semi-Montel spaces. Now we explain what we investigate in each

section. In Section 1, we give some notations and definitions of
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B-(semi-)Montel space. In Section 2 we give some examples of B-(semi-)
Montel spaces which are not (semi-)Montel. 1In Section 3 we consider some
properties of B-(semi-)Montel spaces. Finally we investigate the

separability of a metrizable B-Montel space in Section L.

1. Notations and definitions

Mostly we shall use the notations of [3] and [6]. Let E(T) be a
Hausdorff topological vector space. Throughout this paper we assume that
E(T) is a locally convex space over the real or complex field X . For
the sake of simplicity, it is denoted by lecs E(T) . E' denotes the
topological dual space of E(T) . The dual of E(T) always means the
topological dual space. When two vector spaces E and F over K form a
dual pair, o(E, F), ©(E, F), B(E, F) and B*(E, F) are the topology of
uniform convergence on the set of all finite subsets, all absolutely convex
O(F, E)-compact subsets, all O(F, E)-bounded subsets and all B(F, E)-
bounded subsets of F on E respectively. Let E(T) be a locally convex

space and E' Dbe its dual. Tc(E’, E) means the topology of uniform

convergence on the set of all T-precompact subsets of E on E' . E(T)
is said to be a countably barrelled space if each O(E', E)-bounded subset
of E' which is the countable union of equicontinuous subsets of E' is
itself equicontinuous [4]. E(tT) is said to be a W-space if each

o(E', E)-bounded subset of E' is B(E', E)-bounded [5]. We say that an
lcs E(T) possesses a fundamental sequence of bounded subsets if there

exists a sequence Bl [ B2 c...Cc Bn C ... of bounded subsets in E(T)
such that every bounded subset B is contained in some Bk .

DEFINITION. 1Iet E(T) be a locally convex space and E' be its
dual.

(1) E(t) is said to be a B-semi-Montel space if each B(E, E')-

bounded subset is relatively T-compact.

(2) E(t) is said to be a B-Montel space if it is a B-semi-Montel

space and infra-~barrelled.

REMARK |. Clearly every Montel space is B-Montel. Every semi-
Montel space is PB-semi-Montel and every B-Montel space is B-semi-Montel.

PROPOSITION 1. rLet E(t) be a B-semi-Montel space and E' be its
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dual. Then the following conditions are equivalent:
(1) E(t) %s a semi-Montel space;
(2) E(1) is a W-space;
(3) E(t) is sequentially complete.

Proof. Clearly every semi-Montel space is sequentially complete. If
E(T) 1is sequentially complete, T-boundedness is identical with BR(E, E')-
boundedness. Hence E(T1) is a W-space. Finally if E(t1) is a W-space,

it is semi-Montel from the assumption and definition.

2. Examples of B-(semi-)Montel spaces

EXAMPLE 1. ©Let E(T) be an infra-barrelled locally convex space and
not barrelled and E’' be its dual. Then E'(O(E', E)) is B-semi-Montel
but not semi-Montel. If B is any B(E', E)-bounded subset in
E'(O(E', E)] , it is relatively o(E', E)-compact since it is a T-equi-
continuous subset. If E'(0(E', E)) is semi-Montel, E(T) is a barrelled

space. Therefore E'(O(E', E)) is not a semi-Montel space.
EXAMPLE 2. Let T bve a completely regular Hausdorff space. Cs(T)

denotes all continuous real valued functions on T with the topology of

simple convergence. Then the dual of CS(T) consists of all bounded Radon

measures on T with finite support. We denote this dual by M}(T)

Cé(T) is always infra-barrelled from Corollary 4 of [2]. If T is
[0, 1] with the usual topology, Cs([O, 1]) is not barrelled from
Corollary 13 of [2]. Hence in the dual pair [cs([o, 1), Mf( (o, 1)) ,
ML [0, l])(o[Mf( [0, 1]), ¢,([0, 11)}) is B-semi-Montel but not semi-
Montel.

EXAMPLE 3. We give another example from sequences spaces.

From Example F of [7],

y = {x € KN : x has finitely many non-zero coordinates} .

however K 1is a real or complex field. For each element x of ¢ , a

norm is given by |zll = sup |xi| . (Y, I Il,)) is a normed space and not
1€N
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barrelled since 4 = {:c rx €Y, Ixn| s1l/a,n =1, 2, ...] is a barrel in
(Y, I Il,) but not a O-neighbourhood in (Y, || ) - as (¢, | ll,) is a
dense subspace of (co, I Ilm) » the dual of (¥, || [I)) is 2t . 1In the

. 1 1 1
dual pair (p, 17} , we make some remarks about I  (o(Z”, ¥))

(1) 2'(o(zt, ¥)) is B-semi-Montel but not semi-Montel.

(2) 2t [G[Zl, ﬂ) is metrizable since it has a countable base of
O-neighbourhoods.

From (1) and (2), 2t (G(Zl, ¥}} is a B-Montel space but not a Montel
space.

Next we give a proposition generalizing Example 3. Before this, we

use the following notations.

Let X be a set such that IXI = NO and K be a real or complex

field. For an arbitrary positive number p with 1 =p < ® , we put

{Caer + e ¢ (T 127)" <4}

T €X

P(x)

Zm(x) = {(Zx)xEX : (Z.r)xEX ¢ KX’ :sclg} lz:z:l < m}

and
W(x) = {(zx)xéx P (2 ex € K

(Z:c)xEX has finitely many non-zero coorchnates] .

For an arbitrary positive number p with 1 = p < | we usually give a

norm on Zp(X) and W(X) such that

1/p
1) perly = (3 12,P) 7 for (2 € 0

x€X
1(22) gexllo = sup 12| for (2], € WX .

Then (Zp(X), ] ”p] is a Banach space with the dual 19(X) , vhere
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1/p +1/g =1 (if p=1, q = ). Then we have the following.
PROPOSITION 2. Let p be a positive number with 1 <p <w ., Then

Zp(X)(o(Zp(X), W(x))) <s a B-Montel space but not a Montel space.

Proof. As any B(lP(X), Zp(X)}-bounded subset is finite dimensional,
Zp(X)(c(Zp(X), W(X))) is infra-barrelled for 1 = p =« . Next we shall
show that ZP(x) (0(tP(X), ¥(X))) is B-semi-Montel but not semi-Montel.

For each p with 1 < p =% | there is a positive g such that
1/p+1/g=1 (if p=~, qg=1). [Wx), | ||q) is a dense subspace of

{lq(x), 1 “q] with the dual 2P(X) . In caseor p=1, (¥(X), | f.)

is a normed space with the dual Zl(X) . Hence Zp(X) (G[ZP(X), IJJ(X)D is
B-semi-Montel. On the other hand let Y be a countable subset of X such

. 7

that Y = {.’L‘,L L Xy € X, 1 ¢ IV} and we consider the sequence {Z } such
n R . n

that Zx=7' for z =2, 1=1,2, ..., " and Zx=0 for .”C#xi R

2=1,2, ..., n for each n € N . Then in KX(O(KY, vy, {Zn}

converges to Z = (Zx)xeX where Zx =1 for X = z; T=1,2, ...,
and Za: = 0 otherwise. However 2 does not belong to lp(X) for
1spseo .

Consequently Zp(X) (O(ZP(X), ¥(X)}) is not semi-Montel. This

completes the proof.

3. Some properties of RB-(semi-)Montel spaces

First of all we give a few permanence properties of B-(semi-)Montel

spaces.

PROPOSITION 3. The product space E(T) = Ea(Ton) of B-(semi-)
134
Montel spaces Ea(Ta) (a € I) is B-(semi-)Montel.
Proof. If E (1)) (a € I) is infra-barrelled, I?I-EG(TG) is

infra-barrelled. Let Ec't (¢ € I) be the dual of Ea(Ta) and
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El = @ E} be the dual of E(1) . As E(B(E, E")) = l:ITEa(B(Ea, EL))

a€l
in the dual pair (| [ Eo.’ (5} E'c;l , for any B(E, E')-bounded subset B ,
a €l ael
there exists a Ba (o0 € I) which is B(Ea’ EO'L)—bounded and B is

contained in | [ B

. As each Ba is relatively Ta—compact, I Bo, is
a€l o€l

a

relatively compact in E(T) , so is B .

PROPOSITION 4. 7he locally convex direct sum E(1) = @ Ea(Ta) of
a€r

B-(semi-)Montel spaces Ea(Ta) (¢ € I) is B-(semi-)Montel.

Proof. Let E! (a €I) be the dual of Ea(Ta) and E' = | [ B, bve
a€l

the dual of E(t) . as E(B(E, E")) = @ E_(B(E,, E})) in the dual pair
o€l

(@ Ea, | E’(;] , every B(E, E')-bounded subset B 1is contained in
acl ael

B, +...+B, (each B, is B(E

o 0. E'o" }-bounded in E, (Tu ),

1 n 7 7 7 1 1

1=1,2, ..., n ) As Ba + ...+ Ba is relatively compact in E(T) ,
1 n

) (o €7I) is

so is B . Clearly E(t) is infra-barrelled if Ea(Ta-

infra-barrelled.

PROPOSITION 5. 4 closed subspace H(T) of a B-semi-Montel space
E(1) is B-semi-Montel.

Proof. Iet H' ©be the dual of H(T) and E' be the dual of E(T)

If B is an arbitrary PB(H, H')-bounded subset, it is BR(E, E')-
bounded in E(t1) since R(H, H') is finer than the topology B(E, E') on
H .

Hence B is _f—relatively compact.
COROLLARY. A topological projective limit E(T) = lim AaB(E'B(TB)) is
«

B-semi-Montel if Ea(Ta) (o € I) is B-semi-Montel.

Next we give the other properties related to B-(semi-)Montel spaces.

PROPOSITION 6. Let E(T) be a countably barrelled, separable and

metrizable locally convexr space and E' be its dual. If N is a
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countable dense subset in E{(T1) and F 1is a subspace of E which is
spanned by N , then E'(o0(E', F)) is a B-Montel space.

Proof. E'(o(E', F)) is metrizable since it has a countable base of
O-neighbourhoods. E(T) 1is barrelled from the assumption. If B is any
o(E', E)-bounded subset, it is relatively o(E’, E)-compact. To show
o(E', E) < B(E', F) , it suffices to show that for each element x of E ,
there is a O(F, E')-bounded subset € such that x is an element of
T-closure of C . For an arbitrary element x of FE , there is a sequence

{xh} such that each z, is an element of F and {xn} converges to x
from its separability and metrizability. If ( is the sequence {xn} , it

is 0o(F, E')-bounded and &« 1is an element of T-closure of C . Now if B

is an arbitrary B(E', F)-bounded subset, it is o(E’, E)-bounded.

Thus B is relatively o(E', F)-compact. So E’(O(E', F)) is
B-Montel.

Let E(1) be a Montel space and E’ be its dual. Then the strong
dual E'(B(E', E)) 1is also a Montel space. In case of a B-Montel space,

a similar proposition holds.

PROPOSITION 7. Let E(T) be a B-Montel space and E' be its dual.
Then E'(B*E', E)) is B-Montel.

Proof. If B 1is any absolutely convex and R(E, E')-bounded subset,
it is relatively o(E, E')-compact from the assumption. 'Then E'(T(E', E))
is infra-barrelled since B*(E', E) = ©(E', E) . Next we show that any
B(E', E)-bounded subset in E’'(T(E’, E)) is relatively t(E', E)-compact.

If B is any RB(E, E')-bounded subset in E(T1) , it is t-precompact.
From this <T(E', E) = BYE', E) < rc(E', E) . If C is an arbitrary

B(E', E)-bounded subset in E'(t(E', E)) , it is a T-equicontinuous

subset.

Consequently ¢ is relatively o(E', E)-compact and relatively
Tc(E', E)-compact from the property of the topology TC(E', E) . Hence it

is relatively T(E’, E)-compact. Thus E'(B*(E', E)) is PB-Montel.

Using Proposition 7, we can give a B-Montel space whose completion is

not RB-semi-Montel.
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EXAMPLE 4. From Example 3, I1(o(z}, ¥)) is B-Montel.
v(e*(v, Zl)] is B-Montel from Proposition 7. On the other hand,

(¢, Il Il,)) 1is a normed space with the dual s Thus (Y, || II)) is
B-Montel and the completion of (Y, || |I) is (co, I,y - As (co, o)

is an infinite dimensional Banach space, it is not R-semi-~-Montel.
From Example 4 we obtain the following.

THEOREM 1. imder the conditions of Proposition 6, the subspace F(T)
of E(t) <s a B-Montel space.

Proof. From Proposition 6, E'(G(E' . F)) is a PB-Montel space and
F(B*(F, E")) is a B-Montel space from Proposition 7. F(T) 1is a dense
subspace of E(T) , so the dual of F(T) is E' .

As F(T) is metrizable, F(T) = F(B*(F, E')).

REMARK 2. rLet E(T) be the strict inductive limit of B-semi-Montel
spaces En(Tn) , m=1,2, ... ,and E’ be the dual of E(T) and B be

an arbitrary B8(E, E')-bounded subset in E(T) . Then it is not known

whether we can find a space E’n(‘rn) where B is B(E‘n, E'r'l)-bounded. (Er,z
is the dual of E'n('rn) .} About the other construction appeared in [7], as

in the case of a (semi-)Montel space, a B-(semi-)Montel space is not

always preserved under them.

4, Separability of a metrizable R-Montel space

In general, every Fréchet Montel space is separable. In this section
we consider whether every metrizable B-Montel space is separable. In fact
the space is not always separable. Here we give an example of the above
fact.

EXAMPLE 5. Let X be a set such that |Xx| >® From Proposition

0
2, Zl(x) (U(Zl(x) , W(X))) is B-Montel; and from Propositiom 7,
Y(X) (B*(Q)(X), Zl(X))) is also PB-Montel. However (lP(X), I ”m} is a

normed space whose dual is Zl(X) . Hence (¥(X), |l ”w\ is a metrizable

B-Montel space and clearly not separable.

https://doi.org/10.1017/50004972700021109 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700021109

Locally convex spaces 391

However we obtain a theorem that a metrizable B-Montel space is

separable under the following condition.

THEOREM 2. Let E(71) be a metrizable B-Montel space and E' be
its dual. If E'(o(E', E)) has a fundamental sequence of bounded subsets,
E(t) <s separable.

Proof. E(B(E, E')) is metrizable from the assumption. Let || e

and || "B be the F-norms on E(T) and E(B(E, E')) . Then if E(T) is
not separable, there exist a positive number & and an uncountable subset

A of E such that llz—z'IIT >8 , for z,2' €4, za#z' .

For n € N we put Kn = {a: : "x"B <1l/n, x € E} and for an arbitrary
z € E , we denote inf{t : ¢t >0, x/t € K-z} by [x]n . Then there is a

positive number Ml such that Al =4 0 {z : [.'z:]l < Ml, z €E} is an

uncountable set.
Similarly for each n € N, n 2 2 , there is & positive number Mn

= n . < i
such that An An-l {:z: : [x]n Mn’ z € E} is an uncountable set. We

obtain a sequence of uncountable subsets of E . For each Aj we take an
element zj € Aj . {zJ.} is B(E, E')-bounded since for each Kn .

{zj} < maxim , m,, MYk (z €mek,i=1,2,..,7%1) .

oy M
> el

Hence {zj} is relatively T-compact. On the other hand, ”zi-zj”‘r > 8§

for 7 # J . This leads to a contradiction.

REMARK 3. As an example of Theorem 2, Zp[O(Zp, IJJU (1 =p=w is
given. Conversely let E(T) be a separable, metrizable and B-Montel
space and E' be its dual. Then E'(0(E’, E)) does not always have a

fundamental sequence of bounded subsets. For example, we put

E(t) = (¥, Il l,) then the weak dual Zl(c(ll, ¥)) does not have a

fundamental sequence of bounded subsets.
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