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INEQUALITIES BETWEEN
THE INTEGRAL MEANS OF A FUNCTION

D. HAJELA

For a measurable function / on a probability space a basic inequality is ||/| | ^
||/| | , where 1 ^ p < q < oo and ||/ | | denotes the Lp norm of / . The above
inequality becomes an equality provided | / | is a constant almost everywhere. We
obtain an improvement of the above inequality in all cases that | / | is not a constant
almost everywhere.

1. INTRODUCTION

Let ft be a set with a probability measure fi on it. For a measurable function /
on ft and 1 ̂  p < oo define as usual:

and Lp(il) = {/ | / is measurable and ||/||p is finite}. For 1 ^ p < q < oo and a
function / in Lq(il) a fundamental inequality is ([1]):

(1) ll/ll,< 11/11,-

This inequality is best possible since equality is achieved if and only if | / | is a constant
almost everywhere (a.e.). This raises the interesting question of improving upon (1) in
the case that | / | is not a constant a.e.. The object of this paper is to give some results
doing precisely this. While there has been some work on improving (1) for special values
of p and q and also some work on related problems (see Sections 2.14.3 and 2.14.4 in
[2] for a number of references), the general problem above does not seem to have been
addressed in the literature.

To state the first result define the following: for a > 0 and p > 1 let

( U - i ] ( a P _ l - p l o g a ) f o r a ^ l
(2) S(a,p)={ Pl

{ ll - i | (1 + aloga - a) for 0 < a < 1
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and for 1 ^ p < q < oo and a function / in Lq{£l) let

i/p

d(fiP,q) = \1 -

We have the following theorem

THEOREM 3 . Let 1 ^ p < q < oo and let f be any function in Lq(Q.) such that

| / | is not a constant a.e.. Then 0 < d(f;p,q) < 1 and | | / | | , </ ;p ,g) > | | / | | p .

This theorem clearly improves upon (1) in all cases where | / | is not a constant
a.e.. While it gives a result in terms of the elementary function S(a, p), it is possible
to get a result which has a simpler form at the expense of getting a weaker result. To
state this result, for 1 < p < q < oo and for a function / in Lq(Cl) define

(4) A(/;p,,) = ! ^ ( | | / | | ; - \\f\\l

THEOREM 4 . Let 1 ^ p < q < oo and let f be any function in Lq(il) such

that | / | is not a constant a.e.. Then A(f;p,q) > 0 and for q > 31'3p, \\f\\p
q - | |/ | |£ ^

The outline of the paper is as follows. In the next section we prove some simple
inequalities which are of use in proving the above results. The reader who is so inclined
may skip directly to the third section, which contains a proof of the above results, and
refer to the inequalities in the next section only as needed.

2. SOME PRELIMINARY LEMMAS

In this section we establish some inequalities which will be of use later.

LEMMA 1. For p > 1, a > 0 and S(a, p) as in (2),

1 a?
1 1 a ^ 6(a, p).

V V
PROOF: Write A = 1/p and a = ezlp for some -oo < x < oo. Note 0 < A < 1.

We need to show:

f ( A - A 2 ) ( e I - l - z ) fo rz>0

\ (1 - \)(1 - eXx + XxeXx) forz<0.

For x > 0, we have that
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For x < 0, we have using the inequality 1 — ex < — x for x < 0:

1 _ A + \ex - eXx = 1 - A + eXx (Ae ( 1 - A ) l - l )

^ 1 - A + eXx(X(l + (1 - \)x) - 1)

proving Lemma 1.

LEMMA 2 . For p > 31/3 and a > 1,

\- - 41 («P - 1 -Ploga) > [l - i | (1 + aloga - a).

PROOF: Write A = 1/p and a = e'l* for some x ^ 0. Let
/(a;) = (A - A2)(e* - 1 - x) and S(z) = (1 - A)(l + \xex* - eXx) . We need to show
that f(x) -g(x) > 0. Let h(x) = f(x)-g(x). Then h(0) = 0. Also,

Since (logac)/z is increasing for 1 ^ x < e and decreasing for x > e, it follows that

logfc [log 2 log 31 log 3
max —j— =max —2—, —2— = —2—

*=i,2,... k [ 2 3 J 3

and so log I/A ^ (logJfc)/ifc. Thus 1 - JfcA* ^ 0 and so h'(x) ^ 0, which implies
h(x)>0. •

3. INEQUALITIES BETWEEN THE INTEGRAL MEANS OF A FUNCTION

In this section we give the proofs of the results mentioned in the inroduction which
improve upon the basic inequality ||/|L ^ ||/| |, f°r 1 ^ p < 9 < oo.

PROOF OF THEOREM 3: First note that d(f;p, q) < 1 for any / such that |/ |
is not a constant a.e., since for any b > 0 and s > 1, S(b, s) > 0 for 6 ^ 1 and
5(1, s) - 0. By Lemma 1,

(5) l-± + ^-h(x)
r r

where r = q/p, h(x) = g{x)/\\g\\r and g(x) = | / (*) | p . Note that ||«,||r - ||/||J and
/ n h(x)rdfi(x) = 1. Thus integrating the inequality (5) we get,
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which completes the proof. D

PROOF OF THEOREM 4: To see A(/;p, q) > 0 unless | / | is a constant a.e.: Let
T = q/p, y(*) = \f(x)\p and h(x) = g{z)l \\g\\r. Let e(a) = 1 - a + aloga for a > 0
and note that e(o) > 0 for a ^ 1 and e(l) = 0. Since r > 1, it follows that for any x
such that h{x)£ 1:

fl - i ] (1 + h{x)\o%h{x) - h(z)) > 0.

Integrating the last inequality we get,

unless |<7(:c)| is a constant a.e.. Substituting g(x) = | / (*) | p shows A(/;p, g) > 0 unless
| / | is a constant a.e..

Next by Lemmas 1 and 2, we have for r ^ 3 1 / 3 ,

(6) 1 _ i + MfE _ fe(a.) ^ A _ I V i + fe(a.) log h{x) _ fcj,.)).

Since ||ff||r = ||/| |J and jnh{x)Tdfi{x) = 1, Theorem 4 follows by integrating the

inequality (6) and simplifying. LJ
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