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Abstract

Grant (1976) has attempted to establish a relationship between fixing subgraphs and smoothly
embeddable subgraphs. Here we give counterexamples to his two main lemmas and two
characterizing theorems. We then go on to give our own version of these lemmas and theorems.

Subject classification (Amer. Math. Soc. (MOS) 1970): 05 C 25.

1. Introduction

We study finite, simple graphs G with vertex set V(G), edge set E(G) and auto-
morphism group I'(G). L(G) denotes the line graph of G, #(G) the set of spanning
subgraphs of G and.%(G) the set of induced subgraphs of G.

Fixing and smoothly embeddable subgraphs were introduced by Sheehan
(1972a, 1972b). We now give definitions of these concepts.

DEFINITION. Let He%(G). If K is any spanning subgraph of G isomorphic to
H and if for any permutation « such that H* = K, then a € I'(G), we say that H
is a fixing subgraph of G. We denote the set of fixing subgraphs of G by F(G).

DEFINITION. Let H €. %(G). If K is any induced subgraph of G isomorphic to H
and if for any isomorphism B such that H# = K, then 8 = | ¥(H), the restriction
of a to V(H), for some a € I'(G), we say that H is a smoothly embeddable subgraph
of G. We denote the set of smoothly embeddable subgraphs of G by Z(G).

As there is a unique correspondence between the spanning subgraphs of a
graph G and the induced subgraphs of L(G) it has been indicated by Sheehan
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(1972b) that ‘““the relationship between fixing and smoothly embeddable subgraphs
of G can be made explicit by a consideration of the line graph of G”. This can be
done by comparing when spanning subgraphs of G are fixing subgraphs, with
when the corresponding induced subgraphs of L(G) are smoothly embeddable
subgraphs. In Section 2 we give some preliminary results which aid this comparison.
We then list four claimed results of Grant (1976) in Section 3 and give counter-
examples. The remainder of this note is devoted to reformulating these statements.
In Section 4 we obtain two lemmas on fixing subgraphs and smoothly embeddable
subgraphs of disconnected graphs which could be considered separately but are
required for obtaining the relationship between fixing and smoothly embeddable
subgraphs in Section 5. Section 4 also includes a lemma which is basically that of
Grant (1976) on the same relationship when automorphism groups are somewhat
restricted.

2, Preliminary results

For He £(G), let I'(H,G)={aeT'(G): a| V(H)eT'(H)} and for HeH(G), let
c(H, G)=|{KeF(G): K~ H}| It follows immediately from the definitions that
He % (G) implies I'(H) < T'(G) and that He %,(G) implies

T(H) = {B: B = o| V(H), « T(H, G)}.

We now list the characterizations of fixing subgraphs and smoothly embeddable
subgraphs of a graph G in terms of the number of copies of them in G.

LemMMA 1 (Sheehan (1972a)). Given He SF(G) then He #(G) if and only if G
contains exactly |T'(G)| /| ['(H)| distinct copies of H in G.

LemMA 2 (Sheehan (1974)). Given He SyG) then He F(G) if and only if
¢(H,G) = |T(G)|/|T(H, 6)| and T(H) = T(H,G)| V(H).

The following notation will be of use later on.

NOTATION.

1. Let N, ={1,2,...,n}.

2. Let ¢(G) denote the number of components of graph G.

3. Let nG denote the union of n copies of graph G.

4. For graphs A, B let I'(4) x I'(B) be the permutation group acting on the
disjoint union ¥V (4)u V(B) whose elements are the ordered pairs of permutations
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3} Relationship between fixing subgraphs and smoothly embeddable subgraphs 355
a in I'(4) and B8 in T'(B), written «f, and whose action is given by:

v* if ve V(A),
vaﬂ =
v# if veV(B).

5. Let [T;on, I'(4;) = D(4;) x T'(4p) % ... x I'(4,) for graphs 4;, ieN,,.

The following lemmas are relevant to studying the relationship between fixing
and smoothly embeddable subgraphs. Note that I',(G) is the edge automorphism
group of G, I'*(G) is the subgroup of I',(G) whose elements are induced by elements
of I'(G), and I'}(G) = I'(L(G)).

LemMma 3 (Whitney (1932)). Let G and H be connected graphs such that L(G)~ L(H).
Then G~ H unless one of G and H is Ky and the other is K 3.

LeEMMA 4 (Behzad and Chartrand (1971)). Let G be a non-trivial connected graph.
Then I'*(G)= I'(G) unless G is K,.

COROLLARY. For a non-trivial graph G, I'*(G)= I'(G) if and only if G has neither
K, as a component nor two or more isolated vertices.

LEMMA 5 (Whitney (1932)). Let G be a non-empty graph. Then I'(G) = T'*(G) if
and only if

(1) not both Ky and K, 5 are components of G, and
(2) none of the graphs G,, G, (of Fig. 1) and K, is a component of G.

FiG. 1.

COROLLARY. Let G be a connected graph with | V(G)|2 3. Then I'y(G) = T'*(G) if
and only if G is none of Gy, G, and K.

LemMMA 6 (Sheehan (1974)). All induced subgraphs of L(K,) are smoothly embeddable.

These results motivate the following definition.
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DEFINITION. Let He &(G). We define GH to be
{Ke #(G): Kx H' umK, 30 (ny+ny—m) K30 (ny +ny—m) Ky, m#n,},

where H~H'uny K,30n, K3uny, Ky and H' has neither K5 nor both K; and X,
as components.

REMARK. K€ G¥ implies L(K)~ L(H).

3. Counterexamples

First we note some definitions of Grant (1976). We then state four results he
asserts and give counterexamples to each.

If M is a graph with a component isomorphic to K; 5 let M+ denote the graph
obtained from M by replacing a component isomorphic to K; 3 by one component
isomorphic to K, and one component isomorphic to K. If M has no components
isomorphic to K3, let M+ = M. If M has components isomorphic to both K;
and Kj, let M7 denote the graph obtained from M by replacing two components,
one isomorphic to K; and the other to K; by one component isomorphic to X, .
If M does not have components isomorphic to K; and Kj, let M T = M. Note that
by Lemma 3, LMY~ LMY~ L(MT™). If G is a graph with spanning subgraph
isomorphic to H, we say that H conforms to G provided either H= H+ = H"
or if H# H' then G has no spanning subgraph isomorphic to H" and if H# H7
then G has no spanning subgraph isomorphic to H-.

STATEMENT A. Let G be a graph with components Ay, A, ...,A,. Let H be a
spanning subgraph of G and for i = 1,2, ...,k let A} be the subgraph of H induced by
V(A,). Then

(a) if He #(G), it follows that A;e F(A;) for i=1,2,...,k, and

(b) if H¢ F(G), it follows that either (i) for some i, with 1<i<k, A;¢ F(A)),

or (ii) for some j, I, with 1< j, I<k, there exist components Bj, By of A; and
Aj respectively which are isomorphic and are such that there is no «€I'(G)
which maps B; onto By and vice versa, and fixes V(G)—(V(Bj)v V(B)).

STATEMENT B. (a) Let Ue%(G). Let K be a component of G such that
V(UYnV(K)#D. Then if K' is the subgraph of K induced by V(U) n V(K), we have
K' e #(K).

(b) Suppose U¢F(G). Then either

(i) there exists a component M of G with V(U)n V(M)#D such that if M’ is
the subgraph of M induced by V(U)nV(M), then M' ¢ (M), or
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(ii) there are components M and N of G, with corresponding subgraphs M’ and
N’ of U respectively such that there are components My and Ny of M' and N’
respectively which are isomorphic and, yet, are such that there is no auto-
morphism of G which interchanges M and N but fixes all other vertices of
M’'UN’,

STATEMENT C. Suppose He F(G). Then L(H) € #(L(G)) if and only if none of
the following hold.

(i) There is a component of H isomorphic to one of the graphs Gy, Gy, K, which is
not a component of G.

(ii) H has at least one component isomorphic to K, and at least one component
isomorphic to K, s, not both of which are components of G.

(iii) Neither (i) nor (ii) holds, and there is a component C of G, such that if C’
is the subgraph of H induced by V(C), then C' does not conform to C.

STATEMENT D. Suppose L(H) € % (L(G)). Then HeF(G) if and only if none of
the following hold.

(i) There is a component M of G, such that if M' is the subgraph of H induced
by V(M), then the ordered pair (M, M) is either (G, Py), (G, C,) or (Gy, Py).

(ii) H has at least two isolated vertices which do not share the same open
neighbourhood in G, or has at least one component isomorphic to K, whose vertices
do not share the same closed neighbourhood in G.

O

O O
A, A, A, A,

FiG. 2.

COUNTEREXAMPLE A. Let G = A, U4, and H = A] U A, of Fig. 2. Then A;€ % (4;),
i=1,2. Also 4; and A; have no isomorphic components and so H satisfies the
conditions of Statement A for H € % (G). But H¢ % (G) since there exists B, and B,
such that 4]~ B,e & (4,) and A, Bi€ % (A,) and so B,uB,~ H and as A,;# 4,
clearly H*# B, u B, for any o€ I'(G).

Statement A is false as it is not necessary given A€ #(4;),i = 1,2, and H¢ % (G)
that there must be two isomorphic components of H satisfying the stated condi-
tions. There are infinitely more counterexamples as the existence of further spanning
subgraphs, isomorphic to, but not similar to H is not as rare as implied by
Statement A.
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COUNTEREXAMPLE B. Let G = 4, U 4, and H = A; u 4, of Fig. 3. Then 4; € #(4,),
i=1,2. Also 4, and A, have no isomorphic components. Hence by Statement B,
HeZ(G). However, H¢%(G) since there exists B, and B, such that
AjxB,e¥(Ay) and A,~ B, eS(A4;) so BjuB,~H and as A;%£A, clearly
H<+# B, u B, for any o€ I'(G).

O

o—oO o—O
4, 4 4, A,

FiG. 3.

Statement B is false for similar reasons to Statement A but instead with reference
to induced subgraphs.

CounTEREXAMPLE C. Let G~ K and H~ K, 3. Then H e %#(G). Now conditions
(i) and (ii) of Statement C do not hold for G and H but as Ht2Hand HT = H
it follows that H does not conform to G and thus condition (iii) holds so Statement
C asserts that L(H) ¢ Z(L(G)). This is false because L(H)~ K; which is smoothly
embeddable in L(G)~ K,,,, the complete tripartite graph with two vertices in
each part.

Statement C is false since if condition (iii) holds it does not follow that
L(H) ¢ #(L(G)) as claimed. Furthermore, the proof relies on Statements A and B.
Also condition (i) holding does not imply ['(L(H))< I'(L(G)) as claimed in the
proof, for example G~ K, H> G,.

O

A, A{ A, A,
0—0O c&) 0—0O
L(A4,) L(A4y) L(A4,) L(A4,)
FiG. 4.
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COUNTEREXAMPLE D. Let G=4,UA4, and H =404, of Fig. 4. Then
L(H) e #(L(G)). Conditions (i) and (ii) of Statement D do not hold for G and H
so the statement asserts that HeZ#(G) which is false. The proof breaks down
because of use of Statement A and as an incorrect deduction was made from the
preceding lemma.

In the following two sections we reformulate Statements A-D.

4. Fixing and smoothly embeddable subgraphs of disconnected graphs

In this section we assume G is a graph with components 4;, ieN,. Also we
assume H is a subgraph of G and for ieN,, A4} is the subgraph of H induced by
V(4;)0 V(H) with components Ay, j€ Ny,

We now determine which spanning subgraphs of a disconnected graph are
fixing subgraphs. (Compare with Statement A.)

LEMMA 7. Given He ¥ (G) then He %(G) if and only if
(1) A€ F(A), ieN,, and
2) if Ke #(G) is a copy of H in G and « is a permutation of V(G) such that
H* = K then, given any i€N,, and j€ Ny 4,), A2 < A, implies A} = A,.
ProoF. Let G and H be as given. Let V; = V(4,). As 4;€ FL(4;),
VA) = V(4) =V

(=) First we show by the contrapositive that He % (G) implies A;eF(4,),
ieN,. Suppose A;¢ F(A4,) for some ieN,. Then there exists a copy B of A} in
A; and a permutation y of ¥; such that 4} = B but y ¢ I'(4;). Let

K=Bu U A4;
jeNa\{i}
and let B be a permutation on ¥(G) = V(H) such that H# = K with 8|V; =y so
that A)f = A;Y = B and 4}f = 4; for jeN,\{i}. As V4 =V, for each jeN, and
B|V;=y¢TI'(4;), then B¢ I'(G). Consequently H ¢ % (G).

We now show that HeZ(G) implies condition (2) holds. Suppose He Z(G).
Let Ke &(G) such that K~ H. Let « be a permutation of V(G) such that H* = K.
Since He #(G), a€I'(G). Now for ieN,, and jeN,(,), ;< 4, for some IEN,,.
It follows that 4% = A, as o preserves connectedness when acting on G.

(<) Suppose (1) and (2) hold. Let K be a copy of H in G and « a permutation of
V(G) such that H* = K. Let ieN,, and j€N,4,). Then 4;*< 4, for some /€N,
By (2), AY = A, so A;*€ F(4). Let ¥ be a permutation on N,, such that i¥ = L.
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As AY = Ay, Au= A; so there exists B '(G) such that 44 = 4 for each ieN,,.
Now A*7'~ 4} and A7 € F(4,). Since A€ F(4,) there exists y; € I'(4;) such
that Af7'vi = A, Therefore aB~ly,|V,eT(4)<I'(4;) as A;eF(4;). Let
8; = afly;|V; s0 aft|V; = §,y7 € '(4,). Let £ = [1;., 8;¥7". Then
§e Il T'(4)<1(G).
1eNp

Now
v, = Bl Sy Vi=8;vit
jeNg

as d;vy; acts only on V; for each jeN, and V;0 V; = & for j+i. Hence o |V; = £|V;
for each ieN,,. Therefore o = £ and o = £¢8 € [(G). Thus He F(G).

The next result is analogous to the last indicating which induced subgraphs of a
disconnected graph are smoothly embeddable. (Compare with Statement B.)

LeMMA 8. Given He S(G) then He F(G) if and only if

(1) A;e%(4,), ieN,, and

@) if Ke S(G) is a copy of H in G and B is an isomorphism such that Hf = K
then given any ieN, and jEN 4., AfeS(A) implies Af e F(A) and
A A,

The proof is also analogous to that of Lemma 7.

The following lemma is based on one of Grant (1976) which shows that the
relationship between fixing and smoothly embeddable subgraphs is much simpler
when the automorphism groups are suitably restricted.

LeMMA 9. Given H e F(G),

I'(G) =T*(G)x2I(G) and T(L(H))=T*H)~T'(H)
then
(1) if He Z(G), it follows that L(H) € %(L(G)) if and only if GH = @, and
(2) if L(H)e Z(L(G)), it follows that GH = @ and He F (G).

The proof is by the arguments of Grant’s Lemma 12.

5. The relationship between fixing and smoothly embeddable subgraphs

We are now in a position to prove Theorems 1 and 2 which tell us for any graph
G, which fixing subgraphs of G have line graphs smoothly embeddable in L(G)
and vice versa. Compare with Statements C and D.
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THEOREM 1. Given H e #(G) then L(H) € #(L(G)) if and only if

(1) whenever a component T of H is isomorphic to Gy, G, or K, then T is either a
component of G or T is a spanning subgraph of a component of G isomorphic to
K,, and

(2) whenever copies of H and graphs of GH have between them components
isomorphic to both K3 and K, 3 then these components are all components of
G or these are all subgraphs of components of G isomorphic to K,.

PROOF. (<=) We assume H € %(G) but L(H) ¢ #(L(G)) and it is required to show
that (1) or (2) does not hold. If

IN'L(G)) =T*G)=T(G) and T(L(H))=T*H)~T'(H),

then GH @ by Lemma 9. Thus H and any K& GH have between them a copy of
both K; and K 3. Now by hypothesis and Lemma 5 it follows that (2) does not hold.
Henceforth we assume that these statements about automorphism groups do not
both hold.

Case 1. G connected.

1.1. I'*G)£I'(G). By Lemma 4, G is isomorphic to K, whence trivially
L(H) e #(L(G)), contrary to hypothesis.

1.2. I'(L(G))# I'*(G). By Lemma 5, G is isomorphic to one of the graphs G,
G, or K;. However, #(G)) ={G,}and F(G,) ={Gs}, so that in these cases
He #(G) implies L(H) € %(L(G)), contrary to hypothesis. Moreover, if G ~ K,,
then by Lemma 6, L(H)e%(L(G)) and we again contradict our hypothesis.

13. T*(H)£T'(H) but I'(L(H)) = I'*(H) and T'(L(G)) = I'*(G)=I'(G). By
Corollary to Lemma 4, H has at least one component isomorphic to K; or at least
two components isomorphic to K;. As L(H) ¢ %(L(G)) there exists L(K)~L(H)
where L(K) € #(L(G)) and an isomorphism 7, such that L(H)" = L(K) but there
is no u, eI'(L(G)) such that w,|V(L(H)) =7, Now suppose K~ H. Then as
I'(L(H)) = T'*(H), H does not have components isomorphic to Gj, G,, K; or
both Kj and K ; by Lemma 5. Therefore %, is induced by an isomorphism % such
that H7=K. As He#(G), n€I'(G). Now ID(L(G)=T'(G) so n induces
1,€(L(G)). Clearly | V(L(H)) =1, a contradiction. Thus K#ZH. Now
L(K)=~L(H) so H and K have between them components isomorphic to K, and
K;3. As G is connected we deduce that (2) does not hold.

1.4. T(L(H))# T'*(H) and I'(L(G)) = I'*(G)= I'(G). By Lemma 5 it follows that
either (1) or (2) does not hold.

Case 2. G disconnected.

Let G have components A4;, i€N,. Let 4] be the subgraphs of H induced by
V(4;) with components A, j€ Ny 4,). As L(H) ¢ Z(L(G)), we deduce from Lemma
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8 that either (a) L(4;) ¢ #(L(4;)) for some ieN,, or (b) L(4}) € %(L(4,)) for each
teN, but there exists L(K)e%(L(G)) and an isomorphism B, such that
L(Hy=L(K) and for some ieN, and jeNy,., L(4;) e S(L(4)) but
L(A)F ¢ F(L(A) or L(A) £L(A4,).

2.1. Suppose (a) holds. As He#(G), by Lemma 7 we deduce that 4;€ % (4,).
Since L(4}) ¢ #(L(A4;)) the previous argument for G connected shows that (1) or (2)
does not hold for 4; and so not for G.

2.2. Suppose (b) holds, K~ H and (1) holds. Now B, is not induced by a permu-
tation B of V(H) such that H# = K for then 4}f ¢ S (A4)) or A;£ A, and so H¢ F(G)
by Lemma 7, contrary to hypothesis. Thus we deduce from Lemma 5 that H has
a component isomorphic to Gy, G,, K; or has components isomorphic to both
K; and K, ,.

Let y; be an isomorphism such that L(H)* = L(K) be the same as j; except that
if a component A4;, of A4, is isomorphic to G,, G, or K, then L(4; ) = L(4; )", but
| V(L(4;)) is induced by an isomorphism between 4; and B where L(B) = L(4, ).

If u, is induced by a permutation p of V(H) such that H# = K then as under
w; and B; each component of L(H) is mapped into the same component of L(K)
we have A;# ¢ F(4)) or £ A;, so H¢ F(G) by Lemma 7, contrary to hypothesis.
Thus p, and so B8, maps components of L(H) corresponding to components of
H isomorphic to K3 and K, 3 into components of L(K) corresponding to components
of K isomorphic to Kj 3 and Kj respectively. As H and K have the same number of
components isomorphic to K3 and the same number of components isomorphic to
Kj 3, there exists an isomorphism 7, which is the same as u, except that components
of L(H) corresponding to components of H isomorphic to K and K, 3, are mapped
into components of L(K) corresponding to components of K isomorphic to K,
and K, ; respectively. Clearly », is induced by a permutation » of V(H) such that
H7 = K. Thus as He #(G), by Lemma 7 we deduce that A% = 4,, for some meN,,.

2.2.1. Consider m = I. Then L(A;)~ L(A4;) and since (b) holds, L(A;) ¢ S5(L(A4)).
It follows that 8, maps a component of L(A;)} isomorphic to K; onto an
induced subgraph of L(A4,) for some r#l. But L(A;j)lf’l e S(L(A)) and thus
c(4}) = c(L(A})) = 2. Consequently (2) does not hold.

2.2.2. Consider m#I. Then we deduce that L(4;)~ K. If L(4)% ¢ S(L(4D)
then ¢(L(4;))>2 and so (2) does not hold. If L(4,)£L(4;) and c(L(A}))=2 then
again (2) does not hold. If L(4;)£L(4;) and c(L(47) =1 then it follows that
L(4;) = L(A)= K3. Now L(4;)= K; or L(K,) since otherwise (2) does not hold.
Let B, be the subgraph of K induced by V(4,), reN,, with components B,,
JE€Nyp, As L(4)eS(L(4)) it follows that L(A4;)Fr = L(B, )=~ K, forso me
keNyg). Assume L(4;)~ K, Then as L(4)%L(4;) we have L(4)#K; but
K3~ L(B,) e S(L(4)) so By is a component of K for which (2) does not hold.
Assume L(4;)~L(Ky). Then as L(4)#IL(4;) we have L(A)EL(K,) but
K3~ L(B,) € #(L(4p) and so B, is a component of K for which (2) does not hold.
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2.3. Suppose (b) holds, K£H and (1) holds. By considering Lemma 3, we
deduce that K GH. We assume further that (2) holds and show that this leads to a
contradiction. Thus the components isomorphic to Kj in copies of L(H) in F5(L(G))
are either (i) all components of L(G) or (ii) all subgraphs of components in L(G)
isomorphic to L(K,). Without loss of generality suppose (i) {r: L(4,)~ K3} = N,,
or (i) {r: L(4,)2 L(Kp)} = N,,..

2.3.1. Suppose givenany r € N, and jEN, 4, with 4; £ K, that L(4;)rre F(L(4,))
for some seN,,. Then counting components we must have

T dl4)< T o(L(By).
reNm reNy,
Now (i) L(4,)= K3, K, K, or G, or (i) L(4))= K3, P, K,, 2K, K, or G, reN,,. Now
suppose for some peN,\N,, and weN,, . that L(4; )re H(L(4,)) for some
geN,,. Then either L(4;)~O for some teN,, or L(Ap)eF(L(4,)) and
L(4;)% € H#(L(A,)) for some x,y,z€N,,, x+# y. If the former, then

L(4, )~ De F(L(4))
and as 4,~3K, or 4K, we deduce that H¢.%(G) contrary to hypothesis. If the
latter, then it follows that B,~ 2K, and L(4;)~ L(4,)= K;. Therefore
A~ 4,2 K, L 2K,

Consequently H¢.#(G) contrary to hypothesis. Thus for each reN,\N,,
J€Ne(;) such that L(4;) £ 0, L(4, )€ S(L(4,)) for some seN, \N,,.

Let y, = By| VIL(H\U,cn, 4;))- Let 8, be the same as y; except that if
A!~G,, G, or Ky and L(A) = L(By) then §, | V(L(4})) is induced by an isomorphism
between A, and B,. As L(H\U,.n, 4;) has no components isomorphic to Xj it
follows that 8, is induced by an isomorphism 6 such that

[H\ U 4P=K\ U B,
r€Nnm reNp
but A ¢ #(4)) or A;£ A, and thus by Lemma 7, H\U,.n, 4; ¢ #(G\U,n, 4r)
which implies H ¢ #(G) contrary to hypothesis.

2.3.2. Suppose for some peN,, and jeN ) that L(4; )% € F(L(4,)) for some
seN,\N,,. Let

P ={4;: reN,, and L(4; )" e H#(L(4)) where seN, 4 and teN,\N,}
and let NP = {r: A< P}. Let
Q = {B: teN,, and L(4; )" e S#(L(4)) where reN,\N,, and seN,,,}

and let NQ = {t: 4, Q}. Let P,< K be such that L(P,) = L(P)% and let O, < H be
such that L(Q,)% = L(Q) choosing P, and Q, without isolated vertices. Let
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R=H\[U,n, 4,001l and S = K\ [U,.n, B-V P ]. As L(K)~ L(H) and

L(U 4;,0Q)"=L( U B,uP)
reNm r&Nm
it follows that L(R)# = L(S).

Suppose |[NP| # |[N@|. Then if | N?| <|N@| we deduce from 2.3.1 that H ¢ #(G)
contrary to hypothesis. Therefore |N?|>|N@| and either (A) L(B)x~ @ for some
teN,, or (B) L(4,)~L(4,)= K, for some zeN,, and L(4,)/1 e H(L(4,)) and
L(4,,)1 e S(L(4,)) for some x#y in N,,. (A) Assume B;~ 3K, then as HE K we
deduce that 4;~P,uK, for some geN,, and as there must be more isolated
vertices in H it follows that H¢.%#(G) contrary to hypothesis. Assume B, 4K,
or (B) holds. Let M € #(G) be such that

LM)= U _ L(A)VLP)ULES)VL(E),
reNy\N?

where L(E)~L(Q,) and Ee€ & (U,.nrA,) Which is possible as |[NP|>|N@| and

as A,~ K,, reN,,. Let w be an isomorphism such that H® = M with the action of

w on P and R inducing that of 8; on L(P) and L(R). Then A;;';S A, where AP A,

so H¢.%(G) contrary to hypothesis.

Hence we may assume |NP| =|N@|. As Q, consists of components isomorphic
to (i) P, or K,, (ii) P, P; or K, and as A4,, reNPF, is isomorphic to (i) K; or Kj 5, or
(ii) Ky and |[NP|=|N®| there exists 0,< UJ,.n» 4, such that Q,~Q,. Now let
iy be an isomorphism the same as f5;, except that if 4.~G,, G, or K, and
L(A;)/ = L(B,) then pu,| V(L(4})) is induced by an isomorphism between 4; and B;.

Let £, be an isomorphism such that L(4,), reN,, \ NZ is fixed,

LI VILEP) = m|VIEP), LQY:=L(Qy) and &|V(L(R) = p|V(ELR)).

Now
LH¥r = U L(4)uL(P)uL(QpuL(RF

reNa\N?

= U L(A)UuL(P)VL(Qp) VL(S) = L(M)
reN,\NP

for some Me F(G). As components of L(H) isomorphic to K, are fixed by &
and as components L(4,) = L(Gy), L(G,) or L(K,) of L(H) are mapped by &, such
that &,| ¥(L(42)) is induced by an isomorphism between 4. and the appropriate
component of M, we thus have by construction that £, is induced by an isomorphism
£ such that H¢ = M. Now for A, < P we have 4;¢< 4, where t¢N,, and thus 4, £ 4,
contrary to He #(G).

(=) We now show the necessity of (1) and (2). Assume HeZ(G) and
L(H) e Z(L(G)). Then I'(L(H)) = I'(L(H), L(G))| V(L(H)) and by applying Lemma
5 we deduce that (1) holds.
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Suppose H has components 43, and A;_isomorphic to K, and K, 5 respectively.
As T'(L(H)) = T(L(H), L(G))| V(L(H)) we have

D(L(43,) = D(L(4;), L(4))| V(L(43)) and T(L(4},)) = D(L(43,), L(4) | V(L(4;,)-

If i =j then L(4;) has components L(4; )= L(4; )= K; and each vertex of L(4;)
must have the same neighbourhood in L(4,) since T'(L(4;,))~ I'(K;). As L(4;) has
a non-empty neighbourhood in L(A;) the subgraph L(M), M < 4;, of L(4;) induced
by L(4;,) and one of its neighbourhood vertices is isomorphic to K,. Now L(M) =~ K,
implies M~ K, but 4;,~ K; implies 4; ¢ M, a contradiction. Whence i3 j. Thus
L(4) = L(4)= K,. As T(L(H)) = I'(L(H), L(G))| V(L(H)) we have L(A4;)= L(4;).
Also it follows that A;~ K;UxK; and A;> K, 3UK;, x,y>0. As He#(G) and so
F(H)<T(G) we have x = 0 or y = 0. Since L(4;)= L(A;) are connected as are 4;
and A; we deduce that 4;~K; and 4;~K;; or 4;~A4;~K,. Clearly the same
results holds for any copy of H in G.

Suppose A, ~K; and K, 3~ B, = KeGH where B, is a component of B;, the
subgraph of K induced by V(4)). Let y, be an isomorphism such that L{H)" = I(K)
with L(4; ) = L(B, ). Thus as L(H) € #(L(G)) we have

L(A}) = L(4) = L(4) = L(B).

Hence A;~A; or Ay, =A;~K; and B, = A4;~K;; Assume A;=A;. Then
A;2 KyuxK; and B~ K zu(x— 1) K;, x> 1. As A;e F(A;) we deduce 4;~ K, ;.
Now L(4))x K;€ #(L(K,,3)) implies x = 1. Thus 4,2~ 4,~ K,.

Suppose 4;, > K, 3 and Kz~ B, < KeGH. Let 3, be an isomorphism such that
L(HY" = L(K) with L(Ay)" =L(B,). Thus as L(H)eH(L(G)) we have
L(A4;) = L(4,)~ L(4;) = L(B). Hence A;~ A4; or A} = A;~K,, and B, = 4= K.
Assume A;~ A Then A;~ K, ;u(x— 1)K, and B2 KzuxK;, x> 1. As A;€e #(4,)
we deduce that 4;~ K, 5 0r K; ;5. Now B, ¥ K3 K] ;050 4= A; 2K, 410 Thus
A=K, 3. Now L(A)x K3e S(L(K,,3) implies x = 1. Hence 4;~ 4, ~K;. We
conclude that (2) holds.

THEOREM 2. Given L(H) € #(L(G)) then He % (G) if and only if

(1) if M is a component of G and M’ the subgraph of H induced by V(M), then
(M, M) is not isomorphic to (Gy, Py, (G, Cp) or (Gy, Py); and

(2) all isolated vertices of H share the same open neighbourhood in G and the
vertices of any component of H isomorphic to K, share the same closed
neighbourhood in G; and

(3) G does not have components isomorphic to Ky and K, 5 with subgraphs induced
in H isomorphic to Py and P30 K; respectively.
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PRrOOF. Let H be as given.

(=) Then if (1) does not hold, by inspection H ¢ #(G). If (2) or (3) does not hold
then I'(H) £ I'(G) and so again H¢ Z(G).

(<) Now suppose that L(H) € %(L(G)) but that H¢.%(G). By Lemma 9 we can
assume that statements I'(L(G)) = T'*(G)~ I'(G) and I'(L(H)) = I'*(H)=T'(H) do
not both hold.

Case 1. Assume to begin with that G is connected. Arguments of Grant’s
Theorem 2 give the required result.

Case 2. Now suppose that G is not connected. Let G have components A4;,
ieN,. Let A4; be the subgraphs of H induced by V(4;) with components A;.j,
J€Ny4,). As H¢F(G), we deduce from Lemma 7, that either (a) 4;¢F(4,) for
some ieN, or (b) 4.eF(4,) for each reN, but there exists K€ #(G) and a
permutation 8 of ¥(H) such that H# = K and for some i€ N,,, 4;/< 4, but 4+ 4,.

Suppose (a) holds. Then A;¢.%(4;) for some ieN,. As L(H)eZ(L(G)), by
Lemma 8 L(A4)) e #(L(A;)) and the previous argument for G connected shows
that (1) or (2) does not hold for A;, and so not for G.

Suppose (b) holds. Then B induces an isomorphism B, such that L(H)# = L(K).
As L(H) e #(L(G)), by Lemma 8 if A; £K,; and 4; < 4, then L(4;)" € S(L(4))
and L(A4,)~L(A). Assume L(4;)~@. Then we deduce that (2) does not hold.
Now we can assume without loss of generality that A;jgéKl, so L(A4}) e Fy(L(4))
and L(4;)= L(4;). Therefore A4 < 4, for each A; £ K;, s€Ny(4,). Assume 4;~ 4,
Then there exists Agkg K, such that A;Jk’ < A,,, m#l, and we deduce that there are
isolated vertices in H not sharing the same open neighbourhood in G so (2) does
not hold. Assume A, A4;. Then either (i) 4;,~ K; and A;= K, 3 or (ii) 4,2~ K, 3 and
A; > K. If (i) holds then A~ P, for otherwise 4;¢ % (4;). Thus A;~P,uK; and
s0 (3) does not hold. If (ii) holds then A~ P,u K, and consequently 4;~ P, so (3)
does not hold.
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