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Abstract

The A-Springer varieties are a generalization of Springer fibers introduced by Levinson, Woo and the author
that have connections to the Delta Conjecture from algebraic combinatorics. We prove a positive Hall-Littlewood
expansion formula for the graded Frobenius characteristic of the cohomology ring of a A-Springer variety. We do
this by interpreting the Frobenius characteristic in terms of counting points over a finite field F; and partitioning
the A-Springer variety into copies of Springer fibers crossed with affine spaces. As a special case, our proof method
gives a geometric meaning to a formula of Haglund, Rhoades and Shimozono for the Hall-Littlewood expansion
of the symmetric function in the Delta Conjecture at ¢ = 0.
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1. Introduction

In [10], Levinson, Woo and the author introduced the A-Springer varieties Y, 1 s as a generalization of
Springer fibers that give a compact geometric realization of the Delta Conjecture at ¢ = 0. Precisely, they
showed that the symmetric function A ékf en ls=0 corresponds under the graded Frobenius characteristic
map to the cohomology ring of a certain A-Springer variety, up to a minor twist. In this article, we
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2 S. T. Griffin

give a proof of the expansion, originally announced in [9], of the graded Frobenius characteristic of
the cohomology ring of a A-Springer variety as a positive sum of modified Hall-Littlewood symmetric
functions. As a special case, our proof gives a geometric explanation of the Hall-Littlewood expansion
for A, e,l|;=0 given by Haglund, Rhoades and Shimozono [12].

€k-1

1.1. Background and context

Springer fibers B, are a family of subvarieties of the complete flag variety indexed by partitions A
that have remarkable connections to representation theory. Notably, Springer [22, 23] constructed an
action of the symmetric group S, on the cohomology ring of a Springer fiber and showed that the
top nonzero cohomology group is an irreducible representation of S,, and that all finite-dimensional
irreducible representations of S,, appear this way. Furthermore, the graded S,,-module structure of the
cohomology ring is well studied. Under the Frobenius characteristic map that sends an S, -module to
a symmetric function, the cohomology ring of a Springer fiber corresponds to the Hall-Littlewood
symmetric function [15],

H(x; q) = Frob(H*(B;Q); q).

Alternatively, the modified Hall-Littlewood symmetric functions can be obtained by counting F,-
points. Letting Steinﬁ be the Steinberg variety of partial flags of type u that are preserved by a fixed
nilpotent matrix of Jordan type 4, it is well known that for all prime powers g,

Ha(x; q) = | IStein; (Fy) my, (x), (1.1)

urn

where m,, is the monomial symmetric function and Steinf{ (F,) stands for the set of F, points of Steinf{ .

Similar interpretations have been given for the modified Macdonald polynomials H 1(x; ¢, ), which
are a generalization of modified Hall-Littlewood symmetric functions with coeflicients in two parameters
q and ¢. Haiman proved that H 1(Xx; g, t) is the bi-graded Frobenius characteristic of the fiber of a certain
tautological bundle on the Hilbert scheme of points in the plane [13, 14]. Mellit realized H 1(X;g,1) as
a weighted count of points in an affine Springer fiber [18].

In a related line of work, the Delta Conjecture of Haglund, Remmel and Wilson [11] gives two
combinatorial formulas for a symmetric function A;,__ e,, where A, _ is a certain eigenoperator that
diagonalizes the modified Macdonald polynomial basis. There has been recent progress on realizing this
symmetric function naturally as the Frobenius characteristic of an S, -module. Haglund, Rhoades and
Shimozono [12] found a graded ring R, x whose graded Frobenius characteristicisrev,ow(A;,  enli=0),
where w is the involution that swaps elementary symmetric functions e, with complete homogeneous
symmetric functions A, and rev,, reverses the coeflicients as a polynomial in g. Pawlowski and Rhoades
subsequently defined the space of spanning line configurations, which is a smooth noncompact variety
whose cohomology is R, . Additionally, Zabrocki [24] has conjectured that the graded Frobenius
characteristic of the superspace coinvariant ring in the n — k fermionic degree is A,  e,, and Bergeron
[1] has conjectured that A;, e, can be obtained via skewing operators. See [20] for a survey of these
and related results.

In [9], the author generalized the ring R, ; to a family of quotient rings R, ¢ that also include
Tanisaki’s presentation of the cohomology ring of a Springer fiber as a special case. Each ring R, ) ¢
has the structure of a graded S, -module whose graded Frobenius characteristic has several combinatorial
formulas that extend previously known formulas for A}, ey ;=0 and H(x; q). In particular, there are two
monomial symmetric function expansions in terms of inversions and diagonal inversions, respectively,
of labeled diagrams called partial row-decreasing fillings. We recall the relevant notation and statistics
in Section 2.
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Theorem 1.1 [9]. We have
Frob(Rnasia) =), D, a™Pm@=> " > ¢"™@m,(x.

u H
HEn @€PRD, pEn @€PRD;

Levinson, Woo and the author [10] then constructed a compact variety Yy, 1.5, the A-Springer variety,
whose cohomology ring is R, 1. In the special case of A = (1¥) and s = &, the variety Y, (xy.k
gives a compact geometric realization of the Delta Conjecture symmetric function at r+ = 0, since
H* (Y, (1%),x) = Ry . It was also shown that Y}, 4 s has many of the same geometric and representation-
theoretic properties as Springer fibers, including a characterization of the S,-module structure of the
top cohomology group.

Theorem 1.2 [10]. The variety Y,, a5 is equidimensional of complex dimension
d=n)+(s=1)(n-k),
where n(2) = Y; (’g) For s > (), we have an isomorphism of S,,-modules

H (Y0,5:Q) = Ind T o (S,

where S% is considered as a Sy X Sy_i-module in which S,_ acts trivially.

1.2. Results of this paper

Our main theorem is a positive expansion of the graded Frobenius characteristic of H* (Y, 1.5;Q)
(equivalently of R, » 5) into modified Hall-Littlewood symmetric functions, a result that was announced
in [9].

Theorem 1.3. We have

vi—2A.
Frob(H* (Yo,1,:Q:9) =tevg| > "] [ ; 5“} Hy(x;q) (1.2)
vePar(n,s), i>0 Vi _Vi+1 q
v2oAa
’ _ ’ .
= Z qu(S—V,{)(VI{H_/l;‘H) l_l [Vl/ /ll,'+1:| HV(X, q)’ (13)
vePar(n,s), i>0 Vi = Vin q
v2oAa

where v(’) = 5.

A special case of this formula has been used to verify the construction of higher Specht bases for
some infinite subfamilies of the rings R, 1.5 [8].

The outline of the proof of Theorem 1.3 is as follows. We start with the fact that the left-hand side
of (1.2) is given by the inversion formula in Theorem 1.1. We then show that Yr’: s the projection of
Y, 1,s down to a partial flag variety, has an affine paving such that the dimension of a cell is computed
by the inversion statistic inv. We use this to show that the m (x) coeflicient of the inversion formula
in Theorem 1.1 can be computed by counting F, points of Y, ,’l’ 1.s- We then show that the F, points of
Y r’l’ 1.5 can alternatively be computed by partitioning Y : 1,siNt02 disjoint union of copies of affine spaces
crossed with Steinberg varieties.

WhenAa = (lk) and s = k, the right-hand side of (1.2) is the right-hand side of [ 12, Theorem 6.14], the
formula for Frob(Ry, x; ¢) proven by Haglund, Rhoades and Shimozono. Since R, x = H* (Y, (15 15 Q)
(up to doubling the degree), this can be seen as a solution to Problem 9.9 in [19], but with the space of
spanning line configurations X;, x replaced by the A-Springer variety Y, (jxy -
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2. Background
2.1. Compositions and partitions

Let us recall basic notions about symmetric functions and their connections to S, -modules. A composi-
tion @ of n of length s is a tuple @ = (a1, @3, . . ., @) of nonnegative integers such that @ +- - - + a5 = n.
We write || = n for the size of @. Let Comp(n, s) be the set of compositions of n with length s. We say
a is a strong composition if a; > 0 for all i < s. Given « a strong composition of #, let

alil] ={a1+--+aim1+ L1+ +ai1+2,...,a1+- -+ a;}

be the ith block of «.

A partition is a composition A such that 1; > Ay > --- > Ag > 0. The length of A, written £(1),
is the number of positive parts of 1. We sometimes write A + n to mean that A is a partition of n. The
conjugate partition A" is the partition of n whose ith entry A/ is the number of indices j such that 1; > i.
Occasionally, we write (a”) to mean the partition (a,a, ...,a) with b many a’s. We write (4,a) to
mean the partition obtained by appending a to the end of A. Let Par(n, s) be the set of partitions A of n
such that £(1) < s, where we identify partitions up to adding trailing Os.

Given @ € Comp(n, s) and A € Par(k, s) for some k < n, we write A C @ if A; < @; foralli < 5. A
coinversion of « is a pair (7, j) such that 1 <i < j < s and @; < a;. Let coinv(a) be the number of
coinversions of . For example, forn = 10, k =4 and s = 5, we have 1 = (2,1, 1,0,0) € Par(4,5), and
a=1(2,3,1,0,4) € Comp(10,5) such that 2 C «. It can be checked that coinv(a@) = 5.

2.2. Symmetric functions and q-analogues

A symmetric function f is a formal power series in the variables x := {x,x, ... } that is invariant
under any permutation of the variables. Let m(x), h,(x) and s,(x) be the usual monomial, complete
homogeneous and Schur symmetric functions, each of which forms a basis of the ring of symmetric
functions as A ranges over all partitions of n. See [17] for their definitions.

To each finite-dimensional representation of S, over Q, we associate a symmetric function via the
Frobenius characteristic map as follows. For 4 F n, let S1 be the Specht module, which is the irreducible
representation of S, indexed by A. Given a finite-dimensional vector space V over Q that has the structure
of an §,-module, it decomposes as a direct sum of Specht modules, V' = EB /M(S’l)@“ﬂ, where a, is
the multiplicity of S* in V. The Frobenius characteristic of V is then defined to be

Frob(V) = Z aysi(x).

Arn

Given a graded vector space V = P V@ where V) is finite dimensional, its Hilbert series is

the generating function

i>0

Hilb(V; q) = Z dim(V®)q".

i>0
If each V& also has the structure of a finite-dimensional S,,-module, its graded Frobenius character-
istic is

Frob(V;q) = ZFrob(V(i))qi.
i=0
The ring Ag(q) has a basis given by the Hall-Littlewood symmetric functions P, (x; g), which
have the property that
52(%) = Y Ku(q)Py(x: ),
urn
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where K, ,,(q) is the Kostka—Foulkes polynomial; see [17] for more details. The dual Hall-Littlewood
symmetric functions are defined by

Hy(x:9) = ) Kau(9)sa(%).

Arn

These symmetric functions are sometimes alternatively denoted by Q, (x;9) = Hy(x;q). Given a
polynomial f(gq) = ap+a1q+-- - +a,,q™ with symmetric function coefficients such that a,, # 0, the g-
reversal of fisrev, (f) = am+am-19+---+ a1q™ " +apg™. In the case of Hall-Littlewood symmetric

functions, the degree of H,(X; g) as a polynomial in g is n(u) = 3; (’;l) The reversal of H,(X; q) is
the modified (dual) Hall-Littlewood symmetric function, written

H,(x;q) =rev, (H,(x;q)) = ¢"WH,(x;¢7").

We use the following standard g-analogues of integers, factorials and binomial coefficients.

[nly =1+q+-+q""", 2.1
[nlg! = [nlgln = 1g - [2]4[1]g. (2.2)
n [n]g,!
=— 2.3)
k]q [klg![n - k]g!
2.3. Flag varieties and Schubert cells
Given a field F, a partial flag in FX is a nested sequence of vector subspaces of FK,
Ve=(VicVacC---CVpy). 2.4)
Given a strong composition g = (1, ..., i) such that |u| = u; +- - -+ u,, < K, define the partial flag

variety to be the set of partial flags of FX such that the dimensions of the successive quotients V; /V;_;
are recorded by the parts of g,

BH(EKY = (Vo= (Vy € --- C V) | V; CEK dim(V;/Vi_)) = p; fori < m}. (2.5)

Here, by convention, we define V := 0. (Note that we have switched to using x as a strong composition
here, since the symbol a will be reserved later to denote a different composition.) We occasionally write
B := BH(FX) when |u| = K and the field F is clear from context.

The partial flag variety is realized as a projective algebraic variety as G /P*, where G = G Lk and P#
is the parabolic subgroup of block upper triangular matrices with blocks of sizes 1, u, . . ., tm, K—|u/.
We remark that although B (FK) is isomorphic to B#-X~I#l it will be notationally convenient for us to
distinguish the two spaces. In the case when K = n and u = (1*), BU") is the complete flag variety.

Returning to the general case when |u| < K, let n = |u| and let [n] := {1,2,...,n}. Given an
injective map w : [n] — [K], we say that w is u-increasing if for each i < €(u), w is increasing on the
ith block of u; thatis, w; < wy for all elements j < k of u[i]. Given any w, let sort, (w) be the unique
injective u-increasing function such that the images of the set y[i/] under w and sort, (w) are the same
for each i.

Define fi, f5,..., fx to be the standard ordered basis of FX. Given a u-increasing injective
map w : [n] — [K], let the coordinate flag F.") e BH(FK) be defined by setting FF(,w> =
span{fi (1), - - -» fw(ui+--+u,) } for all p such that 1 < p < £(u). Now define the Schubert cell C,,
to be the P* orbit of F.(W). When F = C, the Schubert cells are the cells of an affine paving (in fact, a
CW-complex) of the partial flag variety.

There is another description of the Schubert cells that will be useful for us. Given a vector v =
Y aifi € FX, we say its leading term is the term a; f; with i maximal such that a; # 0. Given any
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V. € C,, C BH(FX), for each i such that 1 < i < £(u), there exist unique vectors vy, ..., v, € FK such
that for p € u[i], we have v, € V; \ V;_, v, has leading term f,, (), and

w(p)-1
vp = fwip) + Bw(p).h Jns (2.6)
h=1
for some B, (), such that 8., (py p = 0if b € {w(1),...,w(p—1)}.Note V; = span{vy, ..., Vy ropp }-

The B, (p),n that are not required to be O can be taken as algebraically independent coordinates on C,, .

We will say that (2.6) is the standard coordinate representation of V, and that the j,, () » are the

standard coordinates of the Schubert cell. Equivalently, if V, is represented as a matrix whose first

{1+ -+ -+ u; many columns span V;, then the 8., ()., are the matrix entries after column reducing.
Note that we have a projection map

7 BU(FK) - BH(FK)

defined by sending V, to (Vyy,, Vi 4pr» - - -» V). Given w a p-increasing injective function, it is evident
from the coordinate description of the Schubert cell C,, € BU") (FK) that C,, is mapped isomorphically
under 7# onto the corresponding Schubert cell C,, C B (FK) (which justifies our abuse of notation by
not decorating C,, with u).

2.4. Springer fibers and Steinberg varieties

Springer fibers are subvarieties of the complete flag variety studied by Springer [22, 23]. Given a
nilpotent n X n matrix N over F, the Springer fiber associated to it is

By (F) = {V, € BY") |NV; C V; fori < n}

with the reduced induced scheme structure. Given two nilpotent matrices whose Jordan block sizes are
recorded by the partition A + n, their associated Springer fibers are isomorphic, so we simply denote
the Springer fiber by B, := By, where A is the Jordan type of N. Springer showed that although the
symmetric group S, does not act directly on B,, it does act on the cohomology ring H*(B,(C); Q),
and used this action to geometrically construct the irreducible representations of S,. The connection
between Springer fibers and symmetric functions is summed up in the following elegant formula [6, 15]:

Ha(x; q) = Frob(H*(Ba(C); Q); q). 2.7)

Here, and throughout the paper, we define the grading on cohomology so that H¥ is in degree k. This
is possible since the odd degree cohomology groups of all of the varieties mentioned in this paper are 0.

It can be shown by induction that the Springer fiber has an alternative definition as a variety where
the conditions NV; C V; are replaced with the conditions NV; C V;_; for all i, since N is nilpotent and
we are considering complete flags. For partial flags of type u a composition of K, these conditions give
rise to two different varieties, which we refer to as the Steinberg and the Spaltenstein varieties, defined
respectively as

Stein) (F) := {V, € B¥ [NV; C V; for 1 <i < {(u)},
Spalt) (F) = {Vs € B* |[NV; C Vi_y for 1 <i < €(p)}.

We note that Spaltﬁ is denoted by B/’} in [10]. By the construction of the Springer action, there is an
isomorphism of graded vector spaces [2, 4]

H*(Stein’/(C); Q) = H*(B,(C); Q)>*, (2.8)
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where the superscript S, denotes taking the fixed subspace under the action of the Young subgroup
Su = Sup X - X Supe(uwy) € Sn permuting the elements in the sets p[1], ..., u[£(u)] independently.
Similarly, there is an identification of the cohomology of Spalt’f{ (C) with the S, -anti-invariants of the
cohomology of the Springer fiber, up to a grading shift.

For X a complex variety, an affine paving of X is a filtration of X by closed subvarieties

P=XpCXiCXoC---CX,,=X

such that for all i, X; \ X;_| = |_|j Ci,;, a disjoint union where C; ; = C%-/ for some a; ;. If a compact
complex variety X has an affine paving, then the dimensions of the even degree cohomology groups can
be computed by counting dimensions of cells,

dimg H**(X; Q) = #{(i, j) | dimc(C; ;) = d},

and the odd degree cohomology groups are 0.
It is well known [4, 5, 21] that both Stein’/{ (C) and Spaltg (C) have affine pavings. Hence, their odd
degree cohomology groups are 0.

2.5. A-Springer varieties and affine pavings

We now recall the definition of the A-Springer variety Y, 1 ; and the affine pavings of ¥}, ¢ constructed
in [10].

Fix anintegern > 0, a partition A of size |1| = k < nand aninteger s > £(1). Define A := A(n, 4, s) =
(AM+n—k,Ay+n—k,...,As+n—k), where A; := 0fori > £(1), and define K := |A| = k+ (n—k)s.
Given F a field and a nilpotent matrix N over F of Jordan type A, the A-Springer variety over F is
defined to be

Yoas(F) = {Vo € BTV (EFK) | NAV: € V; for all i, NPFEK c v, ).

When n = |A| = k and s is arbitrary, the A-Springer variety specializes to 13,4, the usual Springer fiber.

The A-Springer variety can equivalently be defined as the projection of a certain Spaltenstein variety.
Letting (1", (s — 1)”"‘) =(1",s-1,s=1,...,5s — 1), where s — 1 is repeated n — k many times, and
x: B =D, g™ (FK) be the projection map that forgets all but the first n parts of the flag, we
have [10, Lemma 5.8]

Yias= H(Spaltf\ln’“_l)"ik)). 2.9
To briefly illustrate why (2.9) holds, given V, € Spaltl(\l"’(s_l) ") , then by definition NAV; C V;_; for
all i and Va,_; = CK. Combining these conditions for the n — k many indicesi =n+1,...,2n -k gives
N X‘kCK = N/’(‘k Von-k € V,, which is the same condition as in Y, 4 . Additionally, the conditions
NpV; € Vi fori =1,...,n are equivalent to the conditions NoV; C V; fori = 1,...,n since Ny is

nilpotent so the action of N on the 1-dimensional space V;/V;_; must be 0.
We denote by [A] the Young diagram of A according to English convention, which formally is the set

[Al={GNIT<i<lA), 1<) <A},

where (i, j) is the cell in the ith row from the top and the jth column from the left. There are two copies
of [1] inside of [A] that we will consider, which are respectively left justified and right justified inside
of [A],

A ={GH|1<i<e),1 <)<l
(A" ={G, )1 <i<lQ),A - +1<j<A}.
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[A] =

Figure 1. An example of [A] forn =1, A = (2,1), s = 3, with the two copies of the Young diagram of

A shaded.
13[9]5]3]1 13[9]5]3]1] 12]s[4]2]1]
14[10]6[4]2 , 12][8]4]2 A 13[9[5]3
- (1) = (2) =
g 15[11] 7 g 14]10] 6 g 14[10] 6
16[12] 8 15[11] 7 15[ 7
8[5]3]1 s[5]3]1
3 9]6]4 , 9]6]4
(3) = 4) =
g 1] 7 g 10[ 7
14[10 12[11

Figure 2. The reading order filling T of [A(7,(2,2),4)], and the associated labelings T'?.

The affine pavings of Y, 1.5 = Yu,2,5(C) are defined in terms of specific choices of the nilpotent
matrix Ny. Recall fi, ..., fx € CK isthe standard basis, and let [K] := {1,2, ..., K}. Given a bijection
T : [A] — [K]. define two nilpotent matrices N7 and N. by

Nt (fra.p) = n= (2.10)
fr j+1 otherwise.
0 if j=1
Nr(frap) = 2.11
rUra.p) {fT(i,]‘_l) otherwise. (2.11)

For example, for T as in Figure 2, we have Nt fs = f3 and Nt f; = 0, whereas N% f3 = fs and N% fie =0.
Observe that both N7 and NI, have Jordan type A by construction and that N. is simply the transpose
of the matrix Ny . We define Yy, and YN} to be the A-Springer varieties for Ny and N'., respectively,
where we are abusing notation by suppressing the data of n, A and s.

Definition 2.1. We say that T is (n, 4, s)-Schubert compatible if

T restricts to a bijection between [1]” and [k].

T is decreasing along each row from left to right.

For all (i, j) € [A]", the label T (i, j) is greater than all labels in column j + 1.
For i’ <i,wehave T(i’, Ay) < T(i, A;).

Whenever T'(a, b) > T(c,d) forb,d > 1,thenT(a,b - 1) > T(c,d - 1).

O O O O O

When n, A and s are clear from context, we simply say 7 is Schubert compatible.

Definition 2.2. The reading order of [A] is the sequence of cells obtained by reading down each
column of [A], ordering the columns from right to left. The reading order filling of [A] is the unique
bijection T : [A] — [K] such that T'(i, j) = € if and only if (i, ;) is the ¢th cell in reading order.

It is noted in [10] that the reading order filling is Schubert compatible. See the filling 7 in Figure 2
for an example of the reading order filling.

When T is Schubert compatible, the intersection of a Schubert cell with Yy, is either empty or a
copy of affine space, and the nonempty intersections are the cells of an affine paving of Yy,.. In fact,
these cells have a recursive structure which we state next.
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Let T be Schubert compatible. For 1 < i < s, define the flattening function fl(Ti) and filling T as

follows. If i < €(A4), then fl(Ti ) is the unique order-preserving function with the following domain and
codomain:

87 2 [KI\ AT G, A} — [K - 1].

Let 7 be the filling obtained by deleting the cell (i, A;), applying f1<Ti ) to the label in each remaining
cell and reordering the rows so that the labels in the right-most cells increase from top to bottom. If
i > €(1), then fl;f ) is the unique order-preserving function

fI [K]\ ({T G, A) Y VAT (@, 1) |87 # )) — [K = 5],

We define T(¥) in the same way as the previous case, except we also delete the cells (i/, 1) for i’ # i and
shift those rows to the left by one unit before applying f I(Ti ) and reordering the rows. See Figure 2 for
examples.

Given an injective map w : [n] — [K], we say w is admissible with respect to T if the image of w
contains [k], and whenever T (a, b) = w(i) for some i, then either b = A, or T(a,b + 1) = w(i’) for
some i’ < i. It is proven in [10].

We have the following recursion for the cells C,, N Yy,..

Lemma 2.3 [10]. Let T be Schubert compatible. The intersection C,, N Yy, is nonempty if and only if
w is admissible with respect to T. If C,, N\ Y, is nonempty, then there is an isomorphism

CyNYy, =C1x (Cﬂ(Tw(w) NYN,. ) (2.12)

where i is such that w(1) = T (i, A;).

Remark 2.4. The proof of Lemma 2.3 given in [10] can be used without change to show that for any
field F, there is a bijection

CW N YNT (F) = Fi—l X (Cﬂ;f)(w) N YNT(,') (F)) (213)

We use the symbol = throughout the paper to mean a bijection between sets, but all bijections below are
easily seen to be isomorphisms of complex algebraic varieties in the case when F = C. Furthermore,
the term ‘isomorphism’ should be translated as ‘bijection’ in the general setting and as ‘isomorphism
of complex algebraic varieties’ in the case F = C.

A partial row-decreasing filling (PRD) of [A] is a filling of a subset of size n of the cells of
[A] = [A(n, 4, s)] with positive integers such that the filled cells are right justified in each row, the
labeling weakly decreases along each row, and each cell of [1]" is filled. A PRD is standard if the
filling uses the labels 1,2, ..., n without repeats.

Given w admissible with respect to 7, let PRD7 (w) be the standard partial row-decreasing filling of
[A] such that, for 1 < i < n, if w(i) = T(a, b), then the cell (a, b) of [A] is labeled by i. It can be
checked that the map PRD7 gives a bijection between admissible w and standard partial row-decreasing
fillings. Hence, standard partial row-decreasing fillings of [A] also index the cells of Yy, . See Figure 3
for an example of PRDy (w) for T the reading order filling of [A(7, (2,2),4)] and w = 2713594 (where
we have listed out the images of 1,2, ..., 7 in order).

2.6. Monomial symmetric function formulas

In [10], it is shown that the map on cohomology induced by inclusion of varieties

H(BY)(CX);Q) » H* (Y0,1,5(C); Q)
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PRD(2713594) =

Figure 3. ForT as in Figure 2, the partial row-decreasing filling PRDy (w) associated to the admissible
Sfunction w = 2713594,

is surjective. There is a well-defined S,, action on H*(Y;,, 1,5 (C); Q) which is the unique one that makes
the above map S,-equivariant. Thus, H* (Y, 1,(C); Q) has the structure of a graded S,-module. In [9],
several formulas for the graded Frobenius characteristic of H* (Y, 1,5(C); Q) are given, which we recall
next.

For u + n, let PRDZ‘ _1s be the set of partial row-decreasing fillings of A = A(n, 4, s) with y; many
i’s. Given such a labeling ¢ € PRD’;’/LS, let ¢; ; be the label in cell (7, j). Given a pair of cells ((i, j),
(p,q)) of [A], we say they are an attacking pair if either j = gandi < p,orif j =g+ 1andi > p.

Definition 2.5. Given ¢ € PRD" a diagonal inversion of ¢ is an attacking pair ((i, j), (p, q)) of

n,A,s’

cells of [A] such that one of the féliowing hold:

(D1) (i, j) and (p, q) are filled such that ¢; ; > ¢, 4,
(D2) (i,)) is not filled and (p, q) is filled.

Let dinv(¢) be the number of diagonal inversions of .

For ¢ = PRD7(2713594) as in Figure 3, ¢ has three diagonal inversions of type (D1);
((1,5),(2,5)), ((2,4), (1,3)),and ((1,3), (3,3)); and three of type (D2); ((2, 3), (3,3)), ((4,3), (1,2)),
and ((2,3), (1,2)), sodinv(g) = 6.

We have the following restatement of Theorem 1.1.

Theorem 2.6 [10]. We have

Frob(H' (Y15(C: Q:q) = >, D, ¢™@m,(x).

U o ePRD¥

n,A,s

Remark 2.7. In Corollary 3.7, we show that the statistic dinv counts the dimensions of the cells of
Yn, when T is the reading order of [A]. There is another inversion statistic inv defined in [9, 10] that
also gives a monomial expansion of the graded Frobenius characteristic of H* (Y, 1,s(C); Q). We do not
define it here because it does not immediately come from a Schubert compatible filling of the cells of
[A]. However, it may still be possible to show it counts dimensions of cells of Yy, for some choice of
filling 7.

3. Counting F,-points of projected A-Springer varieties

In this section, we analyze the projections of the A-Springer variety to other partial flag varieties.
We then show that the graded Frobenius characteristic of H*(Y;,1,s(C); Q) can be written in terms of
counting [F, points of these projected varieties.

Fix n, A, s, and k = || as in Subsection 2.5, let A := A(n,A,s) andlet K = |[A| = k+ (n—k)s =
n+(n—k)(s-1).

Definition 3.1. Let u be a strong composition of n and let N, is a nilpotent matrix of type A. Define
the projected A-Springer variety to be

Y (F) = {V. € BY(EK) | NAV; C Vi fori < €(u), and N7 FEK C vy} (3.1)

n,A,s
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Lemma 3.2. We have

Y4 =gt (Spaltf\ln’(s_l)n_k)),

n,A,s

where ot B (=" _, gu (FK) is the usual projection map of partial flag varieties.

Proof. Let p* : BU")(FK) — BH(FK) be the usual projection map, which factors through 7# (i.e.,
n n—k

M = pH o 1), where 7 is the projection in (2.9). By (2.9), it is immediate that 7r“(Spalt/(\1 (s=) )) =

p*(Yn.a.5), which is contained in the right-hand side of (3.1). For the other containment, it is necessary

to show that any V, € B* (]FK ) on the right-hand side can be extended to an element of Y,, ; 5. This

follows from the fact that
(") ' (Vo) NYy a5 = By, X -+ X B,

where N; is the nilpotent operator induced by N on V;/V;_;. Indeed, since each of the Springer fibers
in the product is nonempty, then V, can be extended to an element W, € Y,, 1 ¢ so that p#(W,) = V,.
Thus, we have equality of the two sets. m}

For T : [A] — [K] a bijection, we denote by Y ,’t'/T the projected A-Springer variety Yr’f . for the
specific choice of nilpotent N7, and similarly for N7..

Lemma 3.3. Let T be Schubert compatible and w admissible with respect to T. The projection p* :
Yn, — YI’:,T maps Cy, NY Ny 10 Csor,, (w) ﬂYﬁT. When w is u-increasing, Cy, NYn, maps isomorphically
onto Cy, N YI’\’,T. Thus, when F = C, the subspaces C,, N le:, A’S(C) for w admissible and u-increasing
are the cells of an affine paving on":/U(C).

Proof. The first part of the lemma is immediate from the fact that p* maps Cy, t0 Csor,, (w) and the
definition of Y} . Let w be u-increasing. Since p# : B (FK) — BH#(FK) maps C,, isomorphically
onto C,, C BH(FK), then the restriction of p# to C,, N Yy, maps C,, N Yy, isomorphically onto its
image, so it suffices to show that C,, N Y, maps surjectively onto C,, N YI’\‘,T.

LetV, € C,, N Yzl\;»r' For each i, let vy,...,v, be the vectors such that for p € ul[i], we have
vp € Vi \ Vi_1, v, has leading term f,, (), and

w(p)-1

Vp = fw(p) + ﬁw(p),h Jh 3.2)
h=1

for some B, (py.n such that B,y p = 0if 2 € {w(l),...,w(p — 1)}. We claim that the partial flag
W. € BU")(FK) defined by W; = span{vy,...,v;} for i < nis in Yy, . Indeed, since NyV; C V;
then Ny W,, € W, foralli. For uy +---+p;i_1+1 < p < puy+---+py;, then Nyv, € Wy,. Let
(a, b) be the coordinates of the label w(p) in T, so w(p) = T(a, b). Since T is Schubert compatible,
either N7v, = 0 or the leading term of Nrv, is Nt fu(p) = fr(a,p+1)- In the latter case, since w is
admissible with respect to 7, then T'(a, b + 1) = w(p’) for some p’ < p. Since w is u-increasing, we
have w(p’) ¢ {p +1,...,u;}, so the expansion of Nrv, into the v; vectors cannot have any terms
with nonzero coeflicient on vp,1,...,v,, (otherwise the leading term would not be f,,(,)); hence,
Nrv, € W,,. Therefore, we have the containment Ny W), C W, for all p.

Since N;"‘]F‘AI C Ve(u) = W, then we have W, €Y, ; , and by construction, p*(W,) =V, so p¥
maps C,, NY, s surjectively, hence isomorphically, onto Cy, NY r’: At
When F = C, since C,, N Y, s is isomorphic to an affine space, then C,, N Y}’f’ s is as well. Since

the C,, are cells of an affine paving of B#(CK), then the intersections C,, NY’ : 1.5(C) for p-increasing
w are the cells of an affine paving of Y:/l L(©). O
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Recall that for T Schubert compatible and w admissible with respect to 7, PRDr (w) is defined to
be the row-decreasing filling of [A] such that if w(i) = T(p, q), then the cell (p, q) is labeled by 1.
Equivalently, if we let PRD7 (w)~! (@) be the position of the label a in PRD (w), we have

w(a) = T(PRDy (w)~!(a)). (3.3)

Definition 3.4. For 7' Schubert compatible and w admissible with respect to 7, an inversion of w with
respect to 7 is a pair (c, i) with 1 < ¢ < n, 1 <7 < s such that one of the following conditions holds:

(IT1) There exists a label £ > ¢ of PRDy (w) in row i such that w(£) < w(c),
(IT2) The condition (IT1) does not hold, and there exists an empty cell (i, j) of PRD7 (w) in row i such
that T(Z, j) < w(c).

Define invy (w) to be the number of such pairs.

For example, letting T be as in Figure 2 (reading order for A(7,(2,2),4)) and w = 2713594 as in
Figure 3, then the inversions of w with respect to T of type (IT1) are (c,i) = (1,1),(2,1) and (5,2),
and those of type (IT2) are (c,i) = (2,2), (6,2) and (6,4). Thus, invy (w) = 6.

Lemma 3.5. Let T be a Schubert-compatible filling of [A]. If w is admissible with respect to T and
p-increasing, then

Cw N Y;\;'T ~ FmVT(W)~

Proof. By Lemma 3.3, it suffices to prove the result for the case u = (1"). We proceed by induction on
n. In the base case when n = 0 (and s is arbitrary), then A = 0, and the unique admissible w is the empty
function w = (. Furthermore, Cy N Yn, = Y, is a single point and invy (w) = 0. Thus, the base case
holds.

Letn > 1 and T and w be arbitrary with w(1) = T(i, A;). To complete the induction, by Lemma 2.3,
it suffices to show

invy (w) — invy (fl(T” (w)) i1 (3.4)

First, we claim that the left-hand side of (3.4) is the number of inversions of w with respect to 7T that
are of the form (1,{"). Indeed, there is an injective map from the inversions of fl(T’ ) (w) with respect to
T to the inversions of w with respect to T by sending (c,r) to (¢ + 1,r’), where r’ is the row of T
corresponding to row r of 7¥) in the row-sorting step of forming 7", The inversions of w that are not in
the image of this map are those of the form (1,i”), together with inversions of w of the form (c, r) with
¢ > 1 of type (IT2) that involve an empty cell (p, 1) that was deleted from T to form 7 in the case
when i > £(1). However, observe that [A]/[A]" has n — k cells in each row, and the number of labels
in [A]/[A]" is n — k. Therefore, since both 1 and ¢ are not in row p, both entries (p, 1) and (p, 2) are
empty, and T'(p,2) < T(p,1) < w(c), so (c, p) is in the image of the injective map described above.
Thus, the left-hand side of (3.4) only counts inversions of w of the form (1, i’).

Second, we claim that (1,:”) is an inversion if and only if i’ < i. Indeed, if i’ < i, then T(i’, Ay) <
T (i, A;) = w(1) since T is Schubert compatible. If (i’, A;) is filled in PRD7 (w), let its label be €. Since
w is injective, then £ > 1. Furthermore, w(¢) = T(PRD7 (w)~1(£)) = T(i’, Air) < w(1); thus, (1,i’)
is an inversion of type (IT1). Otherwise, (i’, A;/) is not filled in PRD7 (w), so since T(i’, Ay) < w(1),
then (1,i’) is an inversion of type (IT2).

Suppose (1,i") is an inversion for some i’ > i. Then in either of the cases (IT1) or (IT2), there exists
acell (i’,j’) in row i’ such that T(¢’, j') < w(1) = T (i, A;) (where T(i’, j') = w({) in the (IT1) case).
By Schubert compatibility, we have T'(i, A;) < T(i’, Ay) < T(i’,j’), a contradiction. Therefore, (1,i’)
is an inversion if and only if i’ < 7, so the number of inversions counted by the left-hand side of (3.4) is
i — 1. The inductive step is thus complete. O
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Lemma 3.6. Let T be the reading order filling of [A]. For all w admissible with respect to T, we have
invy (w) = dinv(PRD7 (w)).

Proof. Let ¢ = PRDy(w). We define a map from diagonal inversions of ¢ to inversions of w with
respect to 7T as follows. For each diagonal inversion ((Z, j), (p, q)), let its corresponding inversion of w
be (¢p.q-1). The pair (¢, 4,i) is indeed an inversion. If ((7, j), (p, q)) is a type (D1) inversion, then
(¢p,q-1) is a type (IT1) inversion, where £ = ¢; ;. If ((i, j), (p, q)) is type (D2), then (¢, 4,1) is type
(IT1) or type (IT2) depending on whether there exists a label £ > ¢, , in row i of ¢ or not, respectively.
We claim that the map defined above is a bijection between diagonal inversions of ¢ and inversions of
w with respect to 7.

To show bijectivity, we give the inverse bijection, as follows. Given (c, {) an inversion of w, let (p, q)
be the coordinates of the label ¢ in ¢. If (c, i) is of type (IT1), then there exists a label £ > ¢ in row i
of ¢ such that w(£) < w(c). Since w(£) < w(c), then either i < p and ¢ is in a cell above and weakly
to the right of ¢, or i > p and ¢ is in a cell below and strictly to the right of c. In the first case, (c, i)
corresponds to the diagonal inversion ((i, ¢), (p, q¢)). Indeed, the cell (i, g) is either empty in ¢, so
((i,9), (p, q)) is atype (D2) diagonal inversion, or the cell (i, g) is labeled and ¢; , > ¢ > c by the row-
decreasing property of ¢ so ((i,q), (p,q)) is a type (D1) diagonal inversion. In the second case when
i > p, then (c,i) corresponds to the diagonal inversion ((i,q + 1), (p, q)). Indeed, the cell (i,g + 1) is
either empty in ¢, so ((i, g + 1), (p, q)) is a type (D2) diagonal inversion, or the cell (i, g + 1) is labeled
and @; 441 = € > cso ((i,g+1),(p, q)) is a type (D1) diagonal inversion.

Finally, if (c, i) is of type (IT2), then there exists an empty cell (i, j) in ¢ such that T'(i, j) < w(c).
Then eitheri < p and ((i, q), (p, q)) is a diagonal inversion of type (D2),ori > p and ((i,g+1), (p, q))
is a diagonal inversion of type (D2). It can then be checked that this is the inverse map, and hence, the
number of inversions of w with respect to T is equal to the number of diagonal inversions of ¢. O

Combining Lemma 3.6 with Lemma 3.5, we see that dinv has geometric meaning: it counts the
dimensions of cells in Y.

Corollary 3.7. For T the reading order filling of [A] and w that is u-increasing and admissible with
respect to T, we have

CW N Y[l\;T ~ FdinV(PRDT(W)) . (35)

We are now able to prove the main theorem of this section.

Theorem 3.8. For all prime powers q, we have

Frob(H" (Y,0,5(C); Q) q) = Y V¥ | (Fy)my(x).
yrizs

Proof. Let T be the reading order filling of [A] and let u + n. We claim that

Z qdinv(ip) _ Z qdinV(PRDT (w)) . (3.6)

Iz admisst
@€PRD, , ¢ w admissible wrt T,
p-increasing

Indeed, given w admissible with respect to T that is u-increasing, define ¢ € PRDZ s DY replacing the
labels uy+- - - +pi— + 1, g+ -+ -1 +2,..., 4+ - -+y; in PRDy (w) with i foreach i < €(u). Since
w is u-increasing, then the labels gy +- -+ pj—; + Ly +- -+ i1 +2, ..., 4y + -+ -+ ; in PRD7 (w)
are increasing in reading order, so there are no diagonal inversions among these labels. Therefore, it
follows from the definition of dinv that dinv(¢) = dinv(PRD7 (w)).
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Using (3.6), we have

Frob(H' (Y, 15(C1Qsq) = > > q"™®m,(x) (3.7)
HF 9 €PRDY, |
=> > |Cw N Y (Fg)lmy(x) (3.8)
M-n w admissible wrt T,
pM-increasing
= Z Ve (Eq)lmp(x). (3.9)
Hrn

The first equality is Theorem 2.6, the second follows from Corollary 3.7 and the fact that PRDy restricts
to a bijection between the set of w that are admissible and u-increasing and PRD;‘ 15> and the third

equality follows from the fact that the intersections C,, N YI’\;T for w that are admissible with respect to
T and p-increasing partition the space Y’ ]'t',T by Lemma 3.3. O

As a corollary, we obtain the following generalization of Borho and Macpherson’s result (2.8).

Corollary 3.9. For all u + n, we have an isomorphism of graded vector spaces

H*(Y* | (€):Q) = H" (Y52,5(C); Q)% (3.10)

Proof. By Frobenius reciprocity (see, for example, [3]), the m, (x) coefficient of the graded Frobenius
characteristic of a graded S,-module is the Hilbert series of the S, -invariant subspace. By Theorem
3.8, applying this fact to the cohomology of Y, 1.(C) yields

¥ (Fg)| = Hilb(H* (Y,1.4(C); Q)%; ) (3.11)

for all prime powers g. By the last part of Lemma 3.3,

. % dime (Cyo Y (T
Hilb(H* (Y}, [(C);Q);q) = Z g O ()
w admissible wrt T,
M-increasing

dimg (Cyy N

By (2.13), it can be checked by induction that |C,, N YI’\‘,T F)l=q Y (©)) for each w admissible

and p-increasing. Since the C,, N'Y I’f,T (F,) partition IF;, we have

V! (Bl = Hilb(H*(Y¥  (C):Q):q). (3.12)

Combining (3.11) and (3.12), the two spaces have the same Hilbert series and are hence isomorphic as
graded vector spaces. O

Remark 3.10. We note that a second proof of Corollary 3.9 has been given by Gillespie and the author
[7] by realizing Y, 1,5 as a special case of a variety studied by Borho and MacPherson in their study of
partial resolutions of nilpotent orbit closures [2].

4. A Springer fiber decomposition of Y;, ; s

In this section, we decompose the A-Springer variety Y’ r/: 1. into subspaces that are isomorphic to
Steinberg varieties crossed with affine spaces, so, in particular, ¥, 4 s decomposes into copies of Springer
fibers crossed with affine spaces. We then use this to prove our expansion of the graded Frobenius
characteristic of the cohomology ring in terms of Hall-Littlewood polynomials in Section 5.
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Figure 4. The reverse reading order filling T for [A(7, (2,2),4)], with [1] = [(2,2)] shaded in orange.
The diagram of a = (2,4,0, 1) € Comp(7,4) is the union of the orange and blue cells.

o o —

Definition 4.1. The reverse reading order of [A] is the sequence of cells obtained by reading down
each column of [A], ordering the columns from left to right. The reverse reading order filling of [A]
is the unique bijection T : [A] — [K] such that T'(i, j) = ¢ if and only if (i, j) is the ¢th cell in reverse
reading order.

Note that in reverse reading order, only the order of the columns are reversed (not the order of the
rows). See Figure 4 for the reverse reading order filling of [A(7, (2,2),4].

Throughout this section, we let T be the reverse reading order filling of [A]. For notational conve-
nience, we use the simplified notation N := Ny and N' := NJ..

Given a € Comp(n, s) such that 1 C a, let [a] be the subdiagram of [A] defined by

Note that the inequality a; < A; = (n — k) + A; is guaranteed for all i by the fact that @ has size n and
contains A (which has size k), so [@] is indeed a subdiagram of [A].

Let F® C FX | which is the subspace spanned by f; for i a label of T contained in [«]. Similarly, let
F1 := (N*)"~¥ FK be the subspace spanned by f; for i a label of T contained in [1].

Letw : [n] — [K] be the unique (n)-increasing injective function whose image is the set of labels
of T in [], and let C,,, be the corresponding Schubert cell in the Grassmannian B"K~") = Gr(n, FX).
Define

Zy = {Ve €Yy, | V) =F}, 4.1)
Zh = {VeeYk, |V, eCy} (4.2)

Note that since N’ restricts to a nilpotent matrix on the subspace F® with Jordan type sort(«), then

B o QrainH
Z, = Stein (a)°
The following is the main theorem of this section. In the case u = (1), it says that the subspaces

ZQ, which partition Y, , s, are isomorphic to a Springer fiber crossed with an affine space.

Theorem 4.2. We have
7' =~ Fl x ZH,

where £ = 3 (s — a])(a},, — A,,) + coinv(a) (where coinv was defined at the end of Subsection 2.1)

and a] is the number of cells of (@] in the ith column where ) = s.
In order to prove Theorem 4.2, we need several definitions and lemmata.

Definition 4.3. A pair (i, j) with i > j is a free pair for « if the cell with label i of T is in [a]/[1] and
the cell with label j of T is the leftmost cell of [A] \ [@] inj’s own row.

Remark 4.4. Let w be the unique admissible (n)-increasing injective function whose image is the set of
labels of T in [«], as above. Free pairs (i, j) are defined to correspond to a subset of standard coordinates
Bi,; of Cy,. Note that 3; ; is undefined unless 7 is in the image of w, and that if 7 is in the image of w,
then §; ; = 0if j is a label in [a].
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Example 4.5. Forn =7,1=(2,2), s =4 and a = (2,4,0, 1) as depicted in Figure 4, the free pairs are
(14,9), (14,8), (14,3), (10,9), (10, 8), (10, 3) and (4, 3).

Lemma 4.6. The number of free pairs of « is

D (s = @) (e, = Ayy) +coinv(a), (4.3)
12

Proof. Let (i, j) be a free pair for @. If i and j are not in the same column, in which case j must be in
a column to the left of i, then associate (i, j) to the pair (i, j), where j’ is the label in the same row as
Jj and in the column immediately to the left of the column of i. This correspondence sets up a bijection
between free pairs in which i and j are not in the same column and pairs (i, j*) where i is a label in
[@] \ [4] and j’ is a label in [A] \ [«] in the column immediately to the left of i. Counting these latter
pairs by the column containing i, we have the sum

Z(s —ap) (@) =) (4.4)
p

If i and j are in the same column, then associate the free pair (i, j) to the coinversion (r,7”) of «,
where r is the row of j and r’ is the row of i. Indeed, (r,r’) is a coinversion since r < r’ by the fact
that i > j and the definition of reverse reading order, and @, < a,- since i is in [@] and j is not. This
correspondence is a bijection between free pairs with i and j in the same column and coinversions of a.
Thus, the total number of free pairs is given by (4.3). O

Example 4.7. For « as in Example 4.5, the free pairs (10, 9) and (4, 3) contribute to coinv(a) in (4.3).
The terms of (4.4) are: 1 -0 for p = 1,2 -1 for p = 2 corresponding to pairs (10, 3) and (10, 8), 3 - 1 for
p = 3 corresponding to pairs (14,9), (14,3) and (14,8),and 1 - 0 for p = 4.

Definition 4.8. For (i, j) a free pair with i > j, let U; ;(t) be the K X K matrix such that

Ui j() (N fi) = N™(fi + 1f}) for m > 0 such that N™ f; # 0, 4.5)
Ui, j()((ND)™ ;) = (N (fi + 1f}) form > 0, 4.6)

and U; ;(t) fr = f¢ for all labels ¢ of T that are not in the same row as i.
Similarly, let 171-, (1) be the matrix such that

Ui j()(N™f;) = N™(fi + 1 f}) for m > 0 such that N™ f; # 0 (4.7)
and ﬁi, () fe = f¢ for all labels £ of T that are either not in the same row as i or not weakly to the right
of i.

Example 4.9. Continuing our running Example 4.5, the operator U}4 9(¢) is defined by

Ura,9(2) f14 = fla +1 fo,
Ur4,9(2) fi6 = f16 + 1t f13,
Ura,9(2) fio = fio +1 f5,
Uia,9(2) fo = fo + 1,
Uiao(t) 2= f2+0,

and U4 9(t) fr = fr forall € ¢ {2, 6,10, 14, 16}. However,

° 1214,9(t)f14 = fia +1fo,
o Uiao(?) fis = fis +1fi3,

and U14.9(1) fr = fr forall € ¢ {14, 16}.

O O O O O

Lemma 4.10. The matrices U; ;(t) and l’]\i’j(t) are unipotent upper triangular.
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Proof. By construction, U; ;(¢) has 1s along the diagonal, so it suffices to check it is upper triangular.
Thus, it suffices to check that for all m, the vector N™ f; has index greater than the vector N f; (if both
are nonzero), and the vector (N*)™ f; has index greater than the vector (N*)" f; (if both are nonzero).
Both of these claims follow immediately from the definition of free pairs and reverse reading order. The
same reasoning applies to lA/i, (). O

Lemma 4.11. Let (i1, j1), (i2, j2), . . ., (i¢, je) be the free pairs for « listed so that iy > iy > -+ > ig.
Then forall p < ¢,

t,, j,;,(tp) Uz,, 1>Jp- 1(tp ]) t] j](tl)Fa =Vip,, j,,(tp) Uz,, 1>Jp- ,(Ip ]) Ai],jl(tl)Fa~ (4-8)

Proof. We proceed by induction on p. The base case p = 0 is trivial, so suppose that for some p > 0,
(4.8) holds. It suffices to show that

Uiyt sjpa (tp+1)l7i,,,j,, (tp) -+ Usyjy (11)FY = Ai,,ﬂ,j,,ﬂ (lp+1)ﬁip,jp (tp) -+ Uiy jy (11)FY. 4.9

Letv e Ul Jp(tp) == Uiy j (t1)F. Since the image of the operator U ., ;,,,, (tp+1) — U,p+1 e (Ep1)
is contained in the span of the vectors (N*)™ f; ., form > 0 (in fact, they are equal when ¢4 # 0), then

Ulp+1 Jp+l (tIH'] )V lp+1 I p+l (tp‘” )V (410)

is a linear combination of the vectors (N')" f; ., for m > 0. For a fixed m > 0, let f; = (N")" f;.,.

Then j’ is in a column strictly to the left of i, for all ¢ < p + 1. Since the operators ﬁiq, jq (tq) for
g < p+1f1ix fj, and since fj» € F?, then

fir € Utp J»(tp) - Ui, Jl(tl)ﬂw

Furthermore, since j’ is not in the same row as ij41, then U;,,, j,., (1p+1) and ﬁim],jpﬂ (tp+1) fix fi,
so fj- is in both sides of (4.9). Therefore, (4.10) is in the intersection of the left-hand side and right-
hand side of (4.9). Since U, j,., (tp+1)v and l7ip+1, jpui (tp+1)Vv are arbitrary elements of the left- and
right-hand sides of (4.9), respectively, then the two sets are equal. The induction is thus complete. O

Example 4.12. For our running example and (i1, j1) = (14,9), then Uj4,9(t) — l714,9(t) sends fio to ¢ f5
and fs to ¢ f; (and everything else to 0) but both 7 f5 and ¢ f; are in F* and fixed by both Uj4 9(¢) and

Uia,0(t), 30 Urao(t)F? = U1a o(1)F® = span{ fia +1 fo, fio, for fs» fas fos fi}-

Lemma 4.13. Let (i1, j1), (i2, j2), - - ., (i¢, J¢) be the free pairs for a, listed so that iy > iy > --- > ig.
Then we have a well-defined map

F x zH — Z!
defined by sending (?, Vo) to Ui, j, (te) -+ Uiy, j, (22) Uiy j (21) V.

Proof. Letting V., € Z&, it suffices to show that Uy, j,(t¢) - Uy, j, (12) Uy, j, (11)Ve € Z". Since each
Ui,.j, (tp) is unipotent upper triangular by Lemma 4.10 and V,, = F* € C,,,, then

lp Je (tf) lz ]2(t2)Ul1 ]1(t1)v € C

By construction, we have U,[, jp(tp)N' =

partlal ﬂag Utg Je (tf) 12 ]z(tz)U,] 1 (ZI)V
Finally, we must check that Uy, j, (t¢) - - - Us,., j, (12) U, j, (11) Vi 2 FA. Indeed, this follows from the

fact that V,, = F® 2 F4, Lemma 4.1 1, and the fact that each U, (1p) fixes F. Thus, the map is well

lp»jp

defined. ]

(tp) for all p < £, so N' preserves each part of the

lp ]p
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Example 4.14. For our running example with n = 7, 1 = (2,2), s = 4 and a = (2,4,0, 1), one (of

many) partial flags in Z((,17) is the one represented by the K X n matrix A below (we do not need the full
K x K matrix because the span of the first n columns completely determines the type (1", K — n) partial
flag). The reader can check that the matrix representative of the partial flag

U 3(17)Ur03(t6)Ut0,8(t5)U10,9(12) U143 (13) U148 (12) Ur4,9(21)

is the matrix B below.

(003010 0] (14113 0 10 0]
1000000 1000000
0000000 001001
0000061 0156006 1
0003010 0746, 3010
0100000 0100000
0000000 0004000
4_|0000000] L 00455000
0000000 00216000
0010000 0010000
0000000 0000000
0000000 0002000
0000000 00024000
0001000 0001000
0000000 0000000
000000 0] 000000 0]

~(17
We leave it to the reader to check that B represents a partial flag ZC(J ).

Lemma 4.15. Let V, € Z% and let (i1, j1), (i2, j2), . .., (i¢, je) be the free pairs for a listed so that
i1 2 iy > 2 g Forall p <, the standard coordinate B;,, ;,, of Ui, j, (t¢) - - Uiy j, (11)Vn € Cyy is .

Proof. By construction of I’J\i,j (1), the standard coordinates of (’]\,-, j(#)V are obtained by applying (’]\i, (1)
directly to each v, and collecting terms (in terms of matrix representatives, U; ; (¢) sends column-reduced
matrices to column-reduced matrices); hence, the standard coordinates of U, j, (t¢) - - - U, j, (t1)Vs =

ﬁi,, e (te) -+ 171'1, 1 (t1)V,, are obtained by applying these operators to the standard coordinates of V,.
Observe the following:

1. The B;,j, coordinate of V,, is 0 since V,, = F¥.

2. The operator U, i,.jp (tp) is the only U, i.jq (1) operator that changes the g;, ;, coordinate. Otherwise,
there must exist some g and m > 0 such that N"'f; = f; and N™f; = f; . But this would imply
that the label j, is strictly to the right of the label j, in 7, contradicting the fact that j, is the leftmost
label in [A]/[A] in j,’s row.

3' Uil7sj1) (tp)ﬁp = ﬁp + tp-fjp'

Combining 1-3 above, the 8;  ;, coordinate after applying all of these operators is 7). O
Lemma 4.16. Let V € C,, such that N'V C V and let (i, j) be a pair of labels of T such thati > j, i is
in [a], and j is in [A]/[a] (for example, (i, J) is a free pair of a). Suppose that for all labels r < i of

T in [a], we have f, € V. Then for any m > 0, if N"' f; = fi and N™ f; = f:, then the 3; ; and B j
coordinates of V are equal.
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Proof. Letting v, be the vectors for the standard coordinate representation of V and letting a, = §; ¢
and by = B;r ¢ for notational convenience, we have

Vw‘l(i) = ﬁ + Lljfj + Z agf{,

J#l<i
Vy-i(iry = Jr + by fr + Z be fers
JrEl<it
N'Y™ = fi+bif; be (N
(N)"™ymriry = fi+ by fj + o (N fer).
jrEe<it

Since all of the above vectors are in V, then

Vo) = (ND)™oiy = (aj = bp) fi+ Y acfe— > be((N)"fr) €V. @.11)

J#C<i J#EU<i’

Observe that the f; coeflicient of this vector is exactly a; — b, since the two sums contain no f; terms.

Suppose by way of contradiction that a; # bj.. Then the vector (4.11) is nonzero, and since it is
in V, its leading term must be a scalar multiple of f,, for some p a label in [«]. Since a; = B;, = 0
for all £ € {w(1),w(2),...,i}, then no nonzero terms in the first sum correspond to ¢ a label in [«].
Therefore, the leading term must be by ((N*)™ f¢:) for some ¢’ in the second sum. Let £ be such that
(N")™ fpr = fr, and note that € > j since it is the leading term. However, since £’ < i’ by assumption,
then £ < i (a property of reverse reading order). Since we necessarily have that ¢ is a label in [«],
then by the hypothesis in the statement of the lemma, we have f, € V. Therefore, we can eliminate the
be fr =be((N')™ fr) term from (4.11). After repeating this process of eliminating terms from (4.11),
we get a nonzero vector in V whose leading term does not correspond to a label in [«@], a contradiction.

Therefore, we must have a; = b/, which completes the proof. O
Lemma 4.17. Let (i1, j1), (i2, j2), ..., (i¢, j¢) be the free pairs for a, listed so that iy > iy > --- > ig.
Then the map

F x zZh — Zf:
defined by sending (f,V,) to Uiy, jo (te) - Usy j, () Uiy, (11) Ve is an isomorphism.

Proof. First, observe that the map is well defined by Lemma 4.13. Second, by Lemma 4.15, the §;, |
coordinate of U;, j,(t¢) - - Ui, j, (t2) U, Ji (t1) V. is t,, for each m. Therefore, any two pairs that map to
the same partial flag must have the same 7 vector, and since the operators U; ,j (1) are invertible, the map
is injective.

Finally, we show that the map is surjective Let V. € Z¥ andlet1,, = Bi,,.j. be the standard coordinate
of V,,. We claim that U:'. (1)) U!. (1) -- (t¢)Vs € Z!,. Observe that U 1(t) U;,j(—t). Thus, it

i1,J1 0,2 lf Jt"
is clear that this flag is in Zﬁ, so it suffices to prove that

11 jl( tf)Ulz ]2( t2) l{' ]f( tt’)Vn =F?

This follows from the next claim.

Claim: Letting S. . be the standard coordinates of U;, ;,(~tp) -+~ Ui, j, (=t¢)Vy, forall 1 < p <
g < ¢, wehave g;_; =0, and for all pairs (iy, j) with j < i, that are not free pairs, we have ;,_ ; = 0.

We prove the claim by reverse induction on p. In the base case when p = ¢ = ¢, then for all r < i,
such that r is a label of T in [a], then f. € V,, so we have U, j,( te)Vn = Ui, j,(=t¢)V,. Since the
standard coordinates of U,f ”( t¢)V, are obtained by applying Ul[ ¢ (=t¢) to the standard coordinate
representation of V,,, then U; ¢.jc (—t¢) eliminates the §;, ;, coordinate by construction, so the first part
of the claim holds in the base case.
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Let (i¢, j) be a pair with j < i, that is not a free pair. If j is a label in [@], then §;, ; = 0 by definition,
so assume j is a label of T in [A]/[a]. Let i’ be the label in the cell immediately to the left of iy and let
J’ be the label of the cell immediately to the left of j (both of which must exist since (i¢, j) is not a free
pair. Notice that if i, were in the first column, then j would also have to be in the first column). Since, as
we mentioned above, f,. € V,, for all r < iy such that risin [«], then f, € ﬁi[,,-[(—zg)vn = Ui, j, (=te)Vy
for r < i’. By Lemma 4.16, we have §;,,; = By ;. Furthermore, by the minimality of i,, we have that
i’ is in [A] (otherwise, (i’, j’) would be a free pair, contradicting the minimality of i¢). Thus, By » =0
and so also S;, ; = 0, which completes the base case.

In the inductive step, suppose the statement of the claim holds for p. Then by the inductive hypothesis,
for all < i,,_; such that r is a label of T in [a] (note, this may exclude i), if i, = i,,_1), then all 5, ;
coordinates of Uj,,j, (—tp) - -+ Ui, j,(—t¢)Vn are 0, so f, € Uj, j, (=tp) - -+ Ui, j, (—t¢) V. Therefore,

Ui, 1jpr (Ztp=D Ui, j, (=tp) - Ui, j, (=te) Vi

Uzp 1> Jp- 1( tp l)Ulp ]p( tp) lp ][( t[’)v

By construction, l7i ot edpe (=tp-1) eliminates the §; ot edpe coordinate and does not change the coordi-
nates guaranteed to be 0 in the inductive hypothesis. Given a pair (i,,_1, j) such that j is a label of T not
n [a], then there exist m and ¢ > p — 1 such that (N')"f; _, = fi, and (N")"f; _, = f;,. Note this
implies N"' f; = f;, , and N" f; = f; . Since

fr € Uz,, 1>Jp- 1( Ip- l)Uzp ]p( tp) lg 1/( t[)V

forall r < iy such that r is a label in [a], then by Lemma 4.16, the B;, ;, and B;,_, ; coordinates of this
subspace are equal and thus are both 0. This completes the induction and the proof of the claim.

By the claim, we have for p = 1 that U, j, (=t1)U,,, j,(=t2) -+ Uy, j,(=t¢)Ve € Z4, so the map in the
statement of the lemma is surjective. In the case when F = C, since the inverse is a regular map, it is an
isomorphism of varieties. O

Proof of Theorem 4.2. The isomorphism Z* = F x Z" follows by combining Lemma 4.6 and
Lemma 4.17. |

5. Proof of Theorem 1.3

In this section, we use the results from Sections 3 and 4 to prove the main theorem, Theorem 1.3.
Throughout this section, we utilize the notation v, := s for v € Par(n, 5). Recall our convention that we
consider H%* (Y, 1.s; Q) to be the degree k component of the cohomology ring.

Lemma 5.1. Let v € Par(n, s) such that A C v. Then

Z qcoinv(a) — l_l [ {_ l’+1] . 5.1
i

aeComp(n,s), i>0 Vil
sort(a)=v,
a2

Proof. We proceed by induction on m = v. In the base case m = v; = 1, then A = (1¥) and v = (17).
In this case, each @ in the summation has parts 0 and 1 such that @) = - - - = @x = 1. Deleting the first &
parts from a, we get a weak composition consisting of Os and 1s of size n — k and length s — k (and the
same number of coinversions as ). Thus, the left-hand side of (5.1) can be rewritten as

qcoinv(a) — [S—k] — [S_k] —
n—kq s—nf,

which equals the right-hand side, so the base case holds.

’ !’
VO_/ll}
’ ’ ’
VO—V

1lg

aeComp(n—k,s—k)
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Let m > 1 and assume by way of induction that the identity holds for all v with vi = m — 1, and let
v € Par(n, s) such that 1 C v. Define ¥ and A by removing all cells in column m of the Young diagrams
of v and A, respectively. Then @ € Comp(n, s) such that 1 C @ and sort(a) = v is obtained uniquely by
the following process:

o Start with @ € Comp(n — v/, s) such that 1 C @ and sort(a@) = v,
o Append one cell to the first A/, rows of [a],
o Append one cell to (v;, — A;,) many of the remaining rows of [a] that have length m — 1.

There are (v, _, —4;,) many rows of [@] with length m — 1 (apart from the first A, rows). Furthermore,
the difference coinv(@) — coinv(@) is the number of pairs i < j such that ¢; = m — 1 and @; = m. For a
fixed @, the total contribution to the left-hand side of (5.1) is thus

qcoinv(ﬁ) [V;n—l - /1;71:| — qCOiﬂV(ﬁ) [V;n—l - /l;n]
q

’ ’ ’ ’
Vi — A V-1 ~ Yml,

which is ¢®™ (@ times the i = m — 1 factor on the right-hand side of (5.1). An application of the
inductive hypothesis then completes the proof. O

Theorem 5.2. We have

] AoV (v -2 vi=A! ~
Frob(H* (Y as:Q:q) = Y. q=t700 ”m)]_[[ i 3”] H,(x;q). (5.2)
vePar(n,s), i>0 Vi ™ Vin q
voa

Proof. Combining (1.1), Theorem 3.8, Theorem 4.2 and Lemma 5.1, we have for all prime powers ¢
the following string of identities.

Frob(H"(Yy,2,5:Q); q) (5.3)
= > (Flmy(x) (5.4)
u-n
=D D, |ZhE)Im(x) (5.5)
prn @eComp(n,s),
a2
— Z Z qz,-(s—al’.)((llf+1—1;+l)+coinv(ar)|Z,;(Fq)|m'u (X) (56)
prn @eComp(n,s),
a2
= S DY |Z£(Fq>|m,1(x>) (5.7)
aeComp(n,s), ukn
a2
= > gEab el @ (xg) (5:8)
aeComp(n,s),
a2
— Z qz,»(sfvlf)(v,fﬂﬁl:ﬂ) Z qcoinv(a)ﬁy (X; C]) (5.9)
vePar(n,s), acComp(n,s),
v2oA1 sort(a@)=v,
a2
Ny v, = ~
= Z qzi(s_"i)("m_/lm) I_l [vl’ _ VI/H] H,(x;q). (5.10)
vePar(n,s), i>0 L7i i+ldg
v2A4

In (5.9), we have used the fact that if sort(a) = v, then @] = v; for all i. Since the identities hold for
infinitely many values of ¢, the final identity holds for g a formal parameter. o
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Corollary 5.3. We have

TN
Frob(H* (Yn,a.s:Q); q) = revg Z q"<V“>]—[ [V‘, 1“} H,(x:q)], (5.11)
vePar(n,s), i20 UYi T Vinly
voAa

where v =5, 1) = s, and n(v/2) = ¥; (V;;’l;).

Proof. By [10, Theorem 1.2], the degree of Frob(H* (Y, 1.5; Q); ) is n(1) + (s —1)(n—k). By Theorem
5.2, it suffices to show that rev,, applied to the right-hand side of (5.2) is equal to the expression in the
right-hand side of (5.11) inside of rev,. In other words, it suffices to prove that

vePar(n,s), i>0 Vi_yi+1 q!
voAa
n(v/A) vi = Ay,
Z 4 l—l , | He(x:g). (5.13)
vePar(n,s), i>0 V[. Vi+1 q
v2oAa

Since H, (x;¢™") = ¢ H, (x; q) and [‘é]q_l = gbla=b) [Z]q, we are reduced to proving that
n(vj) =n(Q) + (s - )(n—k) - Z(s V)V =) - Z(v; VLD =) —n(v), (514
7 i

which follows by a straightforward calculation using the facts that }.; v/ = n and }; A; = k. Indeed,
combining terms in the right-hand side of (5.14), we have

1 ’ ’ ’ ’ ’ ’ ’

3 Z/li(/li -1 -2(s—1)(n-k) - ZZ(S Vi =) - Z vi(vi— 1))
1 ’ ’ ’ ’ ’ ’ ’ ’

=3|26-Dor-0+ Z(ZS(VH S AL = A D7+ () - 2vi+lﬁi+1))

= > -2(s = D(n— k) +25n =25k +2 3" (v = A) + D ((AD* + (v)* = 2v}A] - v} - /1;))
i i

| —

= |0+ > 0r = a0 - i - 1)) = n(v/A).

The proof is thus complete. O

6. Further directions

We list a few open problems and possible further connections with geometry and combinatorics:

o Counting partial flags also has connections with the g-Burge correspondence by work of Karp and
Thomas [16]. Is there a generalization of the g-Burge correspondence that corresponds to counting
pairs of points of the A-Springer varieties?

o The proof of Theorem 1.3 given in this article is geometric, relying on counting the points of the
A-Springer variety over F, using different ways to partition the space. A more direct combinatorial
proof should be possible starting from Theorem [.1. Such a combinatorial proof would find a
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weight-preserving bijection that collects terms of this formula into sums that can be identified as
monomial expansions of Hall-Littlewood symmetric functions.

o Formulas for Macdonald polynomials, which are two-parameter generalizations of Hall-Littlewood
symmetric functions, have been obtained by Mellit [ | 8] as weighted sums over points of affine Springer
fibers. It may be possible to define generalizations of A-Springer varieties in the setting of affine flag
varieties. One can then ask whether weighted point counts over these varieties yield symmetric
functions that can simultaneously be defined using Macdonald eigenoperators. In particular, since
A, enli=0 is, up to a minor twist, the graded Frobenius characteristic of the cohomology of ¥,, (;xy x,
one might hope that extending the definition of ¥, (jx ; to the affine setting and taking a weighted

point count can recover the full symmetric function A/, e
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