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Fourth Meeting, 13th February, 1903.

Dr Mackay in the Chair.

Triangles in Multiple Perspective, viewed in connection
with Determinants of the third order.

By J. A. Tairp, M.A., D.Sc.

1. Introductory.

The theorems given in the present scction are fundamental in
the theory of triangles in multiple perspective. They are all perfectly
well known, but are given here because without them the succeed-
ing sections would be unintelligible.

Two triangles A,A,A;, B,B,B; can be in perspective in six
different ways, indicated by the following symbols, in which the A’s
are to be understood as connecting collinearly with the B’s standing
directly underneath.

(D) AdA, (D) AAA, (3) A4,

B,B,B,’ B,B,B,’ B,B,B,’
(4) AdA, (5) AAA;  (6) AAA,
B,B;B,’ B.B,B,’ B,B.B,’

If the coordinates of B,, B,, B;, with reference to the triangle A,
be given by the first, second, and third rows of the determinant
bl'l’ bl'_" bl:”
by by by, | =4,
bas  buy by,
the necessary and sufficient conditions that the various modes of
perspective enumerated above may obtain, are :
for (1 ) byrbishy = baybyobes 3 for (4) boyb1aby; = by bynbys 5
for (2) hybibys=bybuby; for (5) bybuby; = bbby

P oo

for (3) Dybubay =bybyubis;  for (6) bybuby; = bybyghs,.
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If we say that a positive (or negative) term in the expansion of
a determinant of the third order is the first, second, or third positive
(or negative) term, according as it contains the first, second, or third
element of the first column, we may express the foregoing conditions
as follows. We bave perspective of the first kind between the
triangles A and B when the second and third positive terms of Ab
are equal, of the second kind when the third and first positive terms
are equal, of the third kind when the first and second positive terms
are equal, of the fourth kind when the second and third negative
terms are equal, of the fifth kind when the third and first negative
terms are equal, and of the sixth kind when the first and second
negative terms are equal.

If the two triangles are in perspective in any two out of the first
three ways, they are also in perspective in the rewaining way, t.e.,
they are in triple perspective. This kind of triple perspective may
be called direct. If the two triangles are in perspective in any two
out of the last three ways, they are also in perspective in the
remaining way, %.e., they are as before in triple perspective. This
kind of triple perspective may be called perverse. It is to be noted
that there is no essential difference between direct and perverse
triple perspective, it being merely a matter of how the vertices of
the triangles are named whether the triple perspective be of the one
kind or the other.

When any one of the first three modes of perspective occurs
simultaneously with any one of the last three modes, we have double
perspective. Two triangles may be in double perspective in nine
not essentially different ways. When two triangles are in double
perspective it may be noted that a certain vertex of the one is twice
connected with a certain vertex of the other, and that the two
centres of perspective lie on the connector of these vertices.

When the first three conditions hold good simultaneously with
any one of the last three, or the last three with any one of the first
three, we have quadruple perspective, Two triangles may obviously
be in quadruple perspective in six ways.

When any five of the conditions hold good simultaneously, they
all hold good, and thus the two triangles are in sextuple perspective.
Two veal triangles can be in single, double, triple, or quadruple
perspective, but in the case of sextuple perspective, one of the two
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triangles must reduce to a point or else be imaginary, i.e., have
imaginary points for two of its vertices. If b, b,, b, be the
coordinates, with reference to a triangle A, of one of the vertices
of a triangle B supposed to be in sextuple perspective with A, the
other vertices of B either coincide with the point (b,, b,, b5) or are
the points (4;, wb,, w*;) and (b,, w’b,, wby), where v and «? are the
imaginary cube roots of unity., It is clear that the side of B
containing the imaginary vertices is real.

The coordinates used in the conditions given for the various
kinds of perspective have been trilinear or areal, but it is important
to observe that precisely similar results are obtained when tangential
coordinates are used.

IL

I now proceed to the problem of finding the conditions for
perspective between two triangles A and B the coordinates of
whose vertices are given with reference to a third triangle C.

Let the coordinates of A, A,, A; be given by the rows of the

determinant
Ay Gy Qg

Gy, g, Gy | =La,
Qgyy By Oy

and those of B,, B,, B, by the rows of the determinant

by, by, bis
bal s bamy by = b,
by by, by

Let B, be the complementary minor of the element b, of Ab.
Then the equations of the sides of B are
B,B,=,B, +2,B, + ;B;;=0,
B,B,=x,B,, + x.By + 2,B5; = 0,
B,B, = x,B;;, + 2,Bg + 2B, = 0.
Hence the perpendiculars from A,, A,, A; to B,B, are proportional to

@By + a1, Be + @3By, 4B+ @B+ yyBys, @3By, + a5Byy + ayBy,

say to Bny Bl‘li :313'
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Similarly the perpendiculars from A;, A,, A; to BgB, are proportional
to

@By + @12By + @3By, @By + 25, Byy + 0By 0By + @By + a5 By,

say to  Bn, Bz, Bu-

Similarly the perpendiculars from A, A,, A; to B,B, are proportional
to

3By + 813By + 0,3,Bgs, 0,8y, + a5, By + 0By, 03By 4 @By + 65 Bys,

say to By, B, Bu-

Hence the tangential coordinates of the sides of B, with reference
to A, are given by the rows of the determinant

Bus P Bu| .
Bas Bus PBu | =AB.
Ba  Bu Bu

It follows from what was said in section I. that A and B are
simply in perspective in the first, second, or third way, according
as the second and third, third and first, or first and second positive
terms of AB are equal, and that they are simply in perspective in
the fourth, fifth, or sixth way according as the second and third,
third and first, or first and second negative terms of AS are equal.
The conditions for the various kinds of perspective are, in fact,
exactly the same as those given in section I., except that for & we
have throughout 8. Thus, for example, the necessary and sufficient
condition that A and B be directly triply in perspective is that the
three positive terms of AB be equal, and the condition that they be
perversely triply in perspective is that the three negative terms of
AP be equal.

It will be noticed that
AB=Aa. A,
where A’ is the adjugate of Ab. In order that the elements of
the rows of AS may be the tangential coordinates of the sides of B
with reference to A, the multiplication of Aa and A must be by
rows, and, further, must be effected in such a manner that, in the
extended array of AB, the a’s in each vertical column may have
precisely the same suffixes. It must be observed also that no factors
may be removed from the columns of Aa or A'b before multiplica-
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tion, unless the same factor be removed from each, otherwise the
results would be vitiated. If we removed, for example, & factor
from the first column of Aaga, the elements of its rows would no
longer represent the coordinates of the vertices of A.

A determinant similar to ApB, viz. Aa, the elements of whose
rows are the tangential coordinates of the sides of A with reference
to B, is obtained by multiplying in exactly the same way Ab and
Na.

The conditions that A and B may be in perspective may, of
course, be obtained, in another form, by writing down the conditions
that the lines joining corresponding vertices may be concurrent.
This is the method adopted by Rosanes, who seems to have been
the first to deal with the subject of multiple perspective, in his
paper, Uber Dreiecke in perspectivischer Lage, Math. Ann., Bd. IL,

p- 549.
The condition found in this way for the first mode of perspective
AAA
B,B.B;,

ioby — Gygbuey @yby — by, @by, — @by

s A= | amby~ auby, Guby — by, Guby,—axby | =0.
Obs ~ @by, Byoby —~ anby, anby - anby
AAA; AAA,
For B.:B:Bl it is A,=0, and for B;B,B:’ A, =0,

where A, is derived from A, and A, from A, by cyclical inter-
change of the first suffixes of the &’s. Again for

AAA; AJAA AAL,

B,B,B,’ B,B,B,’ B,B,B,’
the conditions are A,=0, N,=0, A;=0 respectively, wherc
Ay, A, Oy are derived from A, A,, A, respectively by causing

the &’s in the second rows of the latter to exchange suffixes with the
0’s directly underneath in the third rows.
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These conditions must of course be equivalent to those already
found, and as a matter of fact

Dy Db =By oy = B BB,
A, Db=B, Py~ BuBaBas
Ay Db =Ly BBy~ B PPy
A, Ab= By fefe — BaBefus
Dy Db =By o frs ~ P PP
Dg. Db=B4 BB ~ By Pro B

From the above we deduce the following identities connecting the
elements of any two determinants, Aa and Ab, of the third order,

D+ D+ D,=0, and A, +D,+D,=0.

It may also be worth stating that if D,=A; =24\, the deter-
minants Ae and AP either arve circulants or can be reduced to
circulants by the removal of common factors from their columns, and
that if A, =A,=A,, the same determinants, when any two of
their rows are interchanged, either are circulants or can be reduced
to circulants by the removal of common factors from their columns.

I11.

If C,C.C; be taken as the fundamental triangle, it is easy to
show that all the triangles which are in direct triple perspective
with C can have the coordinates of their vertices (or sides) thrown
into the form

Pl PR Pl
P9 Pl P
Pl Pofin P02

1 have already made use of coordinates of this form in the paper
on * Triangles triply in perspective” which I communicated to the
Society two years ago, and more recently they have been employed
by Mr Ferrari in & paper “Sur les triangles trihomologiques” in
Mathesis, Jan. 1902, in the course of which he traverses some of the
ground covered by my paper and adds some new results. When the
triple perspective is perverse, the second and third rows in the above
array must be interchanged.
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The foregoing courdinates, as Mr Ferrari has pointed out, may
be regarded as the result of multiplying the coordinates of a point

P(pr, p p3)
by those of a triangle Q, viz,,

Ql 9 9 s
Q| 9 ¢ ¢
Qg 75 ¢

When one of the vertices of Q is given the others are also given,
and thus, with respect to the same fundamental triangle C, there are
o? such triangles in the plane. As P can also assume oo® positions,
there are oo* triangles in direct triple perspective with C. These
triangles are also in perverse triple perspective with C if we take
their vertices in a different order. Thus in all there are ow? triangles
triply in perspective with C.

If we regard P as fixed and Q as variable, we obtain a series
of o triangles which, adopting Mr Ferrari’s notation, I shall call
a Tp series. Every Tp series obviously includes the triangle
C,C,C; The triangles Q form a Tp series, P being in this case
the point (1, 1, 1). Following the nomenclature of my previous
paper, I shall call this particular series the dsobaric Tp series,
although the name is not strictly appropriate unless the coordinates
used be barycentric. The fundamental triangle C and any other
triangle in triple perspective with it are sufficient to determine a
Tp series, all the other triangles of the series, such as the triangles
formed by their centres and axes of perspective, being derivable
from the original two by purely linear constructions, Any Tp series
can be projected into the isobaric Ty series by projecting P into the
point (1, 1, 1), and in this way I proved, in the paper already
referred to, a considerable number of theorems respecting the
triangles of such a series, infer alia that any two of them are in
perverse triple perspective with each other.

If we regard Q as fixed and P as variable, we obtain a series
of »? triangles which Mr Ferrari has called a Tq series. The
fundamental triangle C obviously belongs to only one Tg¢ series,
namely, that in which Q coincides with C,C,C,. In this case all
the triangles of the series coincide with C,C,C,.
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The w* triangles in triple perspective with C may be usefully
represented by the subjoined diagram consisting of vertical and

horizontal lines.

- &
) &
= <
Q Q
B
Q Qs
A A
Q. Q
c < c

Each vertical line represents a Tp series, the thick vertical line
representing the isobaric Tp series, for which P is the point (1, 1, 1).
Each horizontal line represents a Tq series, the thick horizontal line
representing the Tg series every triangle of which coincides with
C,C,0,. The o' triangles are then represented by the points of
intersection of the lines, each line being supposed to have w® points.
Every point on the thick horizontal line represents the same
triangle C,C,C,. Every point on the thick vertical line represents
the defining triangle of the Tq series represented by the horizontal
line passing through the point.

As has been said, all the triangles of any Tp series are triply in
perspective with each other in pairs. The question now naturally
arises whether any of the triangles of a Tq series are triply in
perspective with each other. This question will be treated in

connection with the more general question whether triangles which
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belong to different Tp and at the same time ditferent Tq series can
be triply in perspective with each other. Another form of this
question is: Can two triangles A and B which are triply in
perspective with a third triangle C, be triply in perspective with
each other without belonging to the same Tp series with respect
to C?! Two cases fall to be considered, (1) when A, B, and C are
supposed to be triply in perspective with each other in the same
way, say directly, and (2) when two pairs are triply in perspective
in one way, say A, C and B, C directly, and the remaining pair in a
different way, say A, B perversely.

C being the fundamental triangle, let A (see diagram) belong to
the Tp system defined by the point P(p,, p., p;), and to the Tq system
defined by the triangle Qu, the coordinates of whose vertices are
given by the rows of the determinant

@y Ay G
Ay Gy Oy

Xy Gy A 1
and that B belongs to the Tp series defined by the point P'(1, 1, 1),

and to the Tq series detined by the triangle Qb, the coordinates of
whose vertices are given by the rows of the determinant

by by, b
by, b b
b;n by, b;'

There is obviously no loss of generality in waking B belong to the
isobaric Tp series, since every other Tp series can be projected into
it. The coordinates of the vertices of A and B are given by the

determinants
Ay | P&y Pty Pty B, | by, 0. by
A, | pay, Py, poay | =QDpa and By | b, b, b, | =L6.
Al pay, paty, pya, Byl &, by, b,

A and B are in direct triple perspective with C. If now it be
supposed that A and B are also in direct triple perspective with
each other, it follows from section IT that the positive terms of the
following determinant are equal,
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‘0={('d - Ao+ (Fd - Q)0 + (74 - /) *ddd +

(i - )+ o+ 5 (o - )l + g+ 00
0=1{("g - 2g) o+ (7g - 'q)fv + ('g - #g) v }edid'd +

(g - a)Fdid+ [P d + fdtd) + (\g ~ *q)(d;'d + ' d + *dFd)

‘0={(Fg - ‘D2 + ('d - FA)fr + (g - fq) o) rdedd +
Cd -"a)Gd'd + d*d + fdd) + (O - °)(d;'d + 'd fd + *d td)
‘801qno jo maysds
Suraoq(o3 eyy Jo uorjoasioqur Jo sjuiod eutu oyy Jo suo Aus oq Lew (*d ‘*d 'd)q qurod oyy ‘st ey,
. Aﬁm«.cn&+ nm_sq.& + «mneq&xnmq»%& + mmaﬁa& + .mae—&xumnsn& + -N«S««N + nmus.&v =
(*g*r*d + g w*d + 'g*p'd)(*q "v"d + 'g*v°d + ‘g*o'd)('gto’d + tg¥oid + *go'd) =
(Cg™d + 'q'v*d + g*n'd )('g'v°d + tgtvid + *q*o'd ) (*gtoid + *giutd + \go'd)

“d:%d:d
jo uoywurIatep IY3 103 suoyenbo Sulmo[io oqs asey am ‘juwysuoo sw pepaeSer oq sg pue so
oqy Jt “a't ‘poxy se papieSal aq gd) pue vY) J1 WUSH g JO 8PIS Oy} JO SHYBUIPIO0D [B3ULSUE}
oY) ‘Surgy eures oy st gEYM ‘10 ‘97 ul 59 2yy Jo saourm Livyucwadmoo oY) 98 s oY) SIOYM

gid +'giotd +fgtu'd  “gwid +'gqutd +igiu'd  qtrid + 'giotd + g w'd
‘gt +ignid +'gteld gt +-tgtuid + Sgte'd  \gtrd + fgtuid +tge'd | = AVAR l'Av/
sgd+*gid +'gtv'd  goid +igiuid +'gtd  “gtetd + Sgutd + 'gwoid

9 Vol. 21
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where F, =a.a, B,’B, + aa, B’B, +a,%, B’B,,
F,=a, a/B, B + a; 0B, B + &, a,’B, B/,
F;=a/e, BB, +ay'a, BB, +a,a, B,/B;,
F,=a,aB; B} +a;0’B, B, + 0, 0,’B, B,
F;=a)a; BB, +aa, BB, +a)’a, BB, ,
Fs=a,a B, B +a; B, B’ +a, a,’B, B,".

Tt is at once evident that these three cubics are circumscribed to C.
Hence P may coincide with any of the three vertices of C. Again,
if py:py i ps= A1 A1 A be a solution of the cubices, it is evident that
PriPeiPs=Ay: A5t A, and py:py:py=As:A 1A, are also solutions.
We cannot have Aj:A: A=At A i A=A : A 1Ay, except in the
cases where A;:A,:0;=1:1:1 or l:w:w® or 1:¢*:w. But none
of these is a solution of the cubics. Hence we conclude that of the
six undetermined positions of P, if one be real all are real, and if
one be imaginary all are imaginary, otherwise we should have the
cubics intersecting in an odd number of imaginary points. Again,
any two of the cubics are equivalent to two equations of the form

PoPs + P + 0P — kap\p2ps=0,
and  p, pl’+ps p + Py P2 - a0 =0,
where k,, &, are constants which can readily be determined.

Eliminating p, from these equations, and removing the factors which
indicate that the cubics are circumscribed to C, we obtain the sextic

(P’ = kop)’ps + ki pops® - pi°)* = 0.
The fact that the expression on the left hand is a complete square
indicates that the three cubics have contact of the first kind with
each other at three points, i.c., that the six undetermined positions
of P reduce to three distinct points. Again, since the equation

P’ = kapi’ps + ki pops® — p’ =0
is known to have at least one real solution, giving a real position
of P, it follows from what has been already said that the other
positions of P are also real. Hence we conclude that the three
cubics intersect in general in six real and distinct points, three of
which, however, coincide with the vertices of C. When P coincides
with a vertex of C, the triangle A obviously reduces to a point-
triangle coinciding with the same vertex. Hence, excluding point-
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triangles, we may say that in general and in the absence of any
particular relations connecting the a’s of A with the &’s of B, there
are three and only three positions of P which give us a triangle A
directly triply in perspective with B, and satisfying the condition
that it shall belong to a certain Tq series different from that of B,
and at the same time to some Tp series (distinct for each of the
three cases) different from that of B. Thus on the diagram there
are on the horizontal line marked Qa, three positions of A, none of
them on the same vertical line with B, which represent triangles
directly in triple perspective with the triangle represented by B.

I now turn to the special case where A and B, while still
belonging to different Tp series, belong to the same Tq series.

If we retain the same coordinates as before for the vertices of A,
those of B, which may now be denoted by A’ (see diagram) become

A | a4, a6 a
A |ay ay a | =Da.
Af e, o a

We therefore obtain for the determination of the values p,:p.:p;
the same system of intersecting cubics as we obtained on page 125,
except that in the values there given for the F’s, and in the
coefficients of p,p,ps, A is everywhere substituted for B, Ax being
the complementary minor of ax in Aa.

The resulting relations* which can be established between the

* For example, distinguishing the new F’s by dashes, and remembering that

AKEa)\au—a?x, K::l, 2' 8
A=2,31

and AxAu - A% =ax.Aa, N
n=312

we have
Fy - Fy'= - (Fy —~F/)= - ay0005. Ad?,

F) - Fy= — (F¢ ~Fy)= — (2,885 . Za,* - Zaa’)Aa,
Fy -F/=~ (B, -F)=(Fy - F,) - (Fy - F)=(F, - F,) - (F - Fy)
Yay, lag, 1/ay
lay, Vay, 1la,
Yag, 1l/ay, 1la,
Za (A~ AP)= - 2o, YA - AP)=(ZA,* - ZASAP)/Aa,
and Za3A2-AS)=0.

=a,%a.%,® . Aa,
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coeflicients of the cubics, though not devoid of interest in them-
selves, do not seem to affect the result already obtained in the more
general case, viz., that the three cubics intersect in three real and
distinct points, in addition to the vertices of C. Hence we conclude
that every triangle of a Tq series is directly triply in perspective
with three other triangles, point-triangles being “excluded, of the

same series.

I shall now discuss the second case of the general problem, where
A and B, two triangles belonging to different Tp and Tg series, are
supposed to be in triple perspective with each other not directly but
perversely. In this case, the coordinates of the vertices of A and B
being the same as before (see page 124), we have the negative terms
of the determinant ODpa. A'd equal. Hence we have the following
equations for the determination of p,:p,:p;, the a’s and the B’s
being regarded as constant,

(2.0, B, + p.a.B, + P, B)( 9@ B, + s B, + p.a Bo)(1103B: + poa, B; + pia.B))
= (p,0,B, + p.a,B; + p:2,B,)( 0,2,B; + pa;B, + p.a,By)(p.a,B; + pa, B, + p,a,B,)
= (p1a, B; + p,a. B, + pyasB.)(p10:B. + poa; B, + p.a, B)(pia. B, + p.a, B, + pya,B,).

That is, the point P(p,, ., p;) may be any one of the nine points of
intersection of the following system of cubies,

peps (i =So) + oo (s =) + 0002 (N = o)

+ 0. p2( S ~So) + s (S = S2) + o 0 (Sa - f) =0,
P (fs =)+ 050 (i —S5) + 070 (fs -~ 15)

+pu pP(fi ~ o) + P (e = L) + 21 p2(Si - i) =0,

PPy (=) + 03P (S —S5) + PP (i - 1)
+pe 0 (e =) + P 2SS + 0 p(fe - S2) =0,
where Ji=a’ay B2B, +aja, BB, +a,%. BB, ,
Sfa=a,a.B, Bl +a;a.2B; B+ ¢, a,’B, B,
“ =asa, BB, +a’a, B#B, +aa, BB, ,
Jfi=a,a.°B; B2 +a; 0B, B + @, a,°B, B,
Js=atas BZB, +a’a B'B; +aa, BB, ,
and fi=a,aB, Bl +a,a°’B, B2 +a,aB, B’ .
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Six of the points of intersection of the above cubics are evident from
inspection, viz., the three vertices of the fundamental triangle C, and
the points (1, 1, 1), (1, o, o), and (1, ¢*, w). When P coincides
with any one of the vertices of C, the triangle A, as we have already
seen, reduces to that vertex. When it coincides with the point
(1, 1, 1), A belongs to the same Tp series as B, which is contrary
to the supposition. When it coincides with either of the points
(1, w, o), (1, @’ @), A again belongs, as can readily be shown, to
the same Tp series as B, and, further, has imaginary vertices. Thus
the six positions of P which have been found give us no real
triangle A, with distinct vertices and belonging to a different
Tp series from B.

With regard to the remaining three positions of P, it is evident
from the equations that if p,:p,:p;=A: A, : A, be one solution,
then p,:py:p,=A,: At A and py:p,ipy= A, 1 A 0 A, are also solutions.
Hence these three positions of P must all be real, for if one were
imaginary the remaining two would be so also, and the cubics would
intersect in four real and five imaginary points. Again, the three
undetermined positions of P do not in general coincide with any
one of the six positions that have been determined, for it can be
shown that the cubics do not touch each other at any of these six
points, and that, in the absence of particular relations connecting
the a’s and the B’s, no one of these six points is a doublé point.
Further, the three undetermined positions do not in general coincide
with each other, for in order that A : A, : A=A A A=A 1 A 1A,
we must have A;:A,: A ,=1:1:1 or 1:w:0” or 1:0’:w. That is,
the three undetermined positions cannot coincide with each other
unless they coincide with one of the points (1, 1, 1), (1, o, o),
(1, v, w), which, as we have just seen, is not the case.

Thus we are led to the conclusion that in general there are three
and only three positions of P which give us a real triangle A in
perverse triple perspective with B, possessing distinct vertices and
satisfying the condition that it shall belong to a certain Tq series
different from that of B and at the same time to some Tp series
(distinct for each of the three cases) different from that of B.
Combining this with the result obtained in the case when A and B
were supposed to be in direct triple perspective, we conclude that
if any two Tq series be selected, every triangle of the one is in
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triple perspective with six triangles of the other, the restriction
that triangles belonging to the same Tp series be excluded from
consideration being observed. When this restriction is removed we
can say that every triangle of a Tq series is in triple perspective
with seven triangles of any other Tgq series, directly with three and
perversely with four.

In the special case when A and B, while still belonging to
different Tp series, belong to the same Tgq series, we may as before
suppose that B becomes A, the coordinates of whose vertices are
given by the rows of Da. In this case the three cubics which by their
intersection determine the nine possible positions of P are the same
as those already given on page 128, except that A must be substituted
throughout for B in the values there given for the f’s. If the new
JS’s be distinguished by dashes, we readily verify that
S - = —afa - a)A, . Da=f - f,
I == —afa’ —aP)A,. Da=f - f;,
and fy ~f) = -aia’ - a)A;. Da=f - f,.
These relations between the elements and the complementary

minors of a persymmetric determinant of the type Aa seem in
themselves noteworthy. They lead at once to the further identity

a)(a)' ~ a’)A, +axa)’ - a)") A, + ay(a,’ - a5")A; = 0.

The identities obviously still hold when, by having two of its rows
interchanged, Aa is converted into a circulant of the third order.

As a result of these identities the equations of the three inter-
secting cubics may be written

Ui =pps’ + p)as + po s’ + prf)ay + pu p1° + 1) 2a = 0,

U, =pu(ps" + p)os + po 07 + Pr¥)as + po(pr” + pa)oa =0,
and Us=pd(ps’ + p')oa+ o pi® + p)as + po( 1 + 957)0a = 0,
where a; +a,+ a;=0.

U,, U,, U, evidently intersect in the same six points as the cubics
obtained in connection with the more general case, viz., in the three
vertices of C, and in the points (1, 1, 1), (1, o, ¢, (1, ¢’ ®).
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Further,
du, I R 5
dp, (25 +pi)e, + 2pipo + 2Py,
dUK =2 2 2 P
I D100, + (05" + Pr)ay + 2papaty,
dU

K

and T = 2pspra, + 2papsa, + (P17 + pi)oy,
(x=1,2,3; A=2,3,1; p=3, 1, 2).

Therefore when p, =p,=p;=1,

dUK dUK dUK

ap, = dp, = dp, =2(ak+a)‘+a”')=0.
U,, U,, U, consequently, have a double point at (1, 1, 1). Their
nine points of intersection have therefore been determined, since
the double point counts as four intersections. It thus appears that
if we exclude imaginary and point triangles, we have only one
triangle A (viz., that derived from A’ by the multiplication of the
coordinates of its vertices by (1, 1, 1)) which belongs to the same
Tq series as A’ and is yet in perverse triple perspective with it.
But since in this case A is just the same as A’, it also must be
excluded. Thus we reach the conclusion that in any Tq series (that
series alone excepted whose constituent triangles all coincide with
the fundamental triangle C) no two triangles are in perverse triple
perspective with each other. Combining this with the result
obtained for the case when A and A’ were supposed to be in direct
triple perspective, we conclude that in any Tq series every triangle
is in triple perspective with three and no more than three other
triangles of the same series, and that the perspective is direct.

It has been proved that in general every triangle of a Tq series
is in triple perspective with seven and no more than seven triangles
of any other Tg series. When certain particular relations exist
between the coordinates of the two triangles which define the two
Tq series, this number may be exceeded. A case of this arises in
the following way.

Let A’ be the isobaric triangle and A, any other triangle of the
Tq series defined by the triangle whose vertices have for coordinates
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the rows of the determinant Aa, .c., by A’. This series I shall call
the Tg (@) series. The coordinates of the vertices of A’ and A, are
Al a, o a Ay | pa, paey, pay
A @y, gy a |, Ap | g, ps, P
Al e, a, a A Py, Py, Pus
Let B, be the triangle obtained by joining the corresponding vertices
of A’and A. The equations of the sides of B, will be
AVAp =2(p. = po)/oy + 2 p; - pr) aa + 2Py - Pa)/a; =0,
A Ap=2(p, - Pi)/as + 2 p; - i) as + xpy - )@ =0,
AJ Ay =Py~ pi)las + xpy — p)/on + 2 py — pi)/a. = 0.
The form of the coefficients shows, as Mr Ferrari has pointed out,
that B, is in direct triple perspective with the fundamental triangle
C. By forming the coordinates of its vertices we tind that it belongs
to the Tq series defined by the triangle

A, A, A
=, =, =

a, a,’ a,

A, A A,
— " -

. a; ay

A, A A,
=2 =, =2

@’ @ a |,

a series which I shall denote by the symbol Tg(d), and to the Tp
series defined by the point

1 1 1
(ﬂ.»-z’.-;’ Pi=p P —pz)'
An infinity of values of A, : A, :A; can be found to satisfy the equation
AM(p:—p) + Aps - p1) + My~ p2) = 0.

For all these values,

Ay, A, Mg, satisfy the equation of the first side of B,,

Aa., Aa,, Ada, satisfy the equation of the second side of B,
and Aa;, Aa,, \a, satisfy the equation of the third side of B,.

That is to say, B, is circumscribed not only to the triangles A’ and
A, of the Tg(a) series, but to a whole infinity of triangles of that
series.
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Again, by joining the vertices of A’ to the corresponding vertices
of A, any other triangle of the Tg (a) series which is not inscribed
in B,, we obtain another triangle B, which also belongs to the Tq(d)
series, and is circumscribed to an infinity of triangles of the Tg(a)
series. Proceeding in this way we can form an infinity of triangles,
B,, B,, B,...B_, all belonging to the series T¢(b) and each of
them circumscribed to an infinity of triangles of the series Tq(a),
thus exbausting all the triangles of that series. The triangles
B,, B,, B....B_ are all circumscribed to the triangle A’. By
starting with some other triangle of the Tg¢(a) series than A/,
and by joining its vertices to the corresponding vertices of other
triangles of the series, we find in the same way that it also is
inscribed in an infinity of triangles belonging to the Tg(b) series.
Hence we reach the conclusion that every triangle of the Tgq(d)
series is circumscribed to an infinity of triangles of the Tg(a) series,
and that every triangle of the latter series is inscribed in an infinity
of triangles of the former. Since two triangles such that one is
inscribed in the other are necessarily in triple perspective with each
other, it follows that for every two Tq series, the coordinates of the
vertices of whose defining triangles are related as in Tg¢(a) and
Tq(b), every triangle of the one is in triple perspective (perversely)
with an infinity of triangles of the other.

The coordinates given above for P in the case of the triangle B,
show that for the triangles of the subseries B,, B,, B;... B, the locus
of P is the circumconic

Three of the triangles of the series Tq(d) reduce to point-triangles
coinciding with the vertices of the fundamental triangle C, viz., the
three triangles obtained by making P coincide with these vertices
in succession. It is easy to see that these are the only point-
triangles in the series Tg(b). Since A’ is in direct triple perspective,
and consequently in perspective of the first kind, with three other
triangles of the series Tg(a), three of the triangles of the subseries
B,, B,, B; .. B, must reduce to points, viz., the centres of perspective
corresponding to these three perspectives of the first kind. Hence
the three point-triangles of the series Tgq(b) are included in the
subseries B, B,, B,...B,, and consequently in every other such
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subseries of Tg(b). Therefore we infer that every triangle of the
Tg(a) series, and consequently of every other Tg series, is in simple
perspective of the first kind with three infinities of triangles of the
same series, with respect to the three vertices of C respectively as
common centres of perspective.

A fuller exploration of the oo triangles in triple perspective with
a given triangle would, no doubt, lead to many other interesting
relations subsisting between them, but for the present those given
may suffice.

A considerable number of elementary theorems on determinants
arise in connection with the study of these triangles. The following
contingent identities connecting the elements ax and the comple-
mentary minors Ay of a persymmetric determinant of three elements,
a,, @y, &3, and consequently of the circulant obtained by transposing
two of its rows, may serve as a specimen. Let A and A’ be two
triangles belonging to the same Tq series, the latter being the
isobaric or defining triangle of the series, and let the coordinates of
their vertices be given by the rows of the following determinants,

D1y Doy Pslls
Doy P23, Pity
D3y Doy, Psly

@y Gy Gy
Gyy Gy O

Az, @, Qg

A =Apa, A’ =Aa.

Then the determinant Apa. A'a, obtained by multiplying by rows
Apa and the adjugate of Aa, has for its first, second, and third
positive terms, and its first, second, and third negative terms

respectively
3
)
2

o= (plalAl + P, A, 4+ psa':;As)(Pla‘zAs + PzaaAl + psalAa)(PlasA2+p2“1A3 + P:}azAz),
05 = (P10 Ay + Dot Ay + P A ) 010, A + Dotz Ag + P30 Ag)( P10 A+ P A + Pa0,A,),
g = (P10'1A:: + Peszl + PrsasAz)( P10 Ag + Pogis Ay + Pty Al)(pla.'iAl + 0,0 Aq+ Paa.A)

a, = I(piaxAx + parAX + psauA ), 1

K=
w=T(pachr +parhu+pande), | (A=2
r=3,

2
3
1

a; = L(piax Ay + parAx + papAr),
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The tangential coordinates of the sides of A are given by the
rows of the determinant

A, A, A,
mop B
A, A, A,
PO
A, A, A,
P

which though not strictly speaking the adjugate of Apa, being in
fact the adjugate after each row has been divided by p,p,p,, may be
denoted by A'pa. The first, second, and third ‘positive terms and
the first, second, and third negative terms of the determinant
Aa. N'pa, where the multiplication is effected in precisely the same
manner as in the case of Apa./\'a, are easily seen to be exactly
the same as «;, a,, o5, @, a;, ag respectively, except that p« is
everywhere replaced by 1/px. They may be denoted by
o, o, &), a/, a, af. Now if A and A’ be in perspective in any
way, two of the o’s must be equal, and also twe of the a”s. For
“example, suppose that we have the perspective

Adds th pive 1 ATAY
. al rspective .
AJA/A/ is is the same as the persp AA A,

Hence in this case ay=a,, and also «,=a,. Hence, generally,
if a,=a,, then a, =a), if a,=0;, ¢ =a;, if a;=0a,, then o/ =0,
if a, = u;, then oy =a/, if a, =04, then o =a;, if ag=a,, then o, =a,),
and conversely. We have already seen that the relation a,=a;=aq,,
and consequently also the relation «,=a;=ag, can be true, zero
values of the p’s being excluded, only when

Pripips=1:1:10r l:w:w® or 1:6°: 0.

It may be worth stating as affording an exercise in determinants
that if we eliminate p, by the dialytic method from the cubic equations
U,, U, given on page 130, and remove the factor p,p;, we obtain the
determinant

0 y P+ Psos s (PP y D0+ Py
Doty + Py, (P54 PPNy, PP Paca + Pia), 0
Puos+ Py, (P +P5)a, PP P+ Pya)y 0

0 v Dot paay, (24P y D3t pse: |,

https://doi.org/10.1017/5001309150003457X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150003457X

136

which, since the cubics have a double point at (1, 1, 1), and
intersect besides at (1, w, «*) and (1, «* ®), must be equal to
(P2 — ps)*(ps — ps*), when the condition

o+ ay+a;=0,
is fulfilled.

IV.

I conclude with a note on a paper by Mr Eugen Jahnke in
Crelle's Journal (Bd. 123, Heft 1, p. 42) entitled “ Eine dreifach
perspectiven Dreiecken zugehérige Punktgruppe,” in which the
author studies a group of 9 points, V,, called by him the Veronese
points, arising in connection with two directly perspective triangles
A,A A, and B,B,B,;, and defined as follows, the brackets containing
the pairs of lines whose intersections give the points :—

Viu(A3B;, AsBy), Viu(AB,, AB), Vi (A,B;, A,By),
Va(AsBs, A;B)), Vu(A;B,, ABy)), Vy(A,B,, AB.),
Va(AsBi, AsBy), Viu(AB;, ABy), Vi(AB,, A,B).

If C,, C,, C; be the centres of perspective of A;A,A, and B,B,B,
(G, lying on A,B,, C, on A,B,, and C, on A;B.), then, as is well
known, the three triangles A, B, C are triply in perspective in pairs,
the centres of perspective of each two being the vertices of the third.
Triangles related in this way are said by Mr Jahnke to be in desmic
position.

A further group of 18 points, P,, Q,, R;, X,, Y,, Z; (:=1, 2, 3)
arises in connection with the following theorem given by Mr Jahnke :
A A A, is in desmic position with the six pairs of triangles

VuVaVe, PiCCs; VipVyuVy, CCP; V,V, Ve, CPG;
VuVaVay, XiB:B;; ViV Ve, BX,By; Vi,V Ve, BBX,;
B,B,B; is in desmic position with the six pairs of triangles
Vllv‘.’_’viﬂ’ Ql 0‘2 03 ; VI'SV’Z}VI;’] ’ Cl Q2 C-'l ; V]:lvﬂlvin‘li Cl C‘.’. QZ} ’
ViVaVa, YiAA;5 ViV Ve, AYA,; V) VLV, AAY;;
and C,C,C; is in desmic position with the six pairs of triangles
ViuVaVa, Rilsde; ViViaVa, AJAR,; Vi, VaViy, ARA,;
Vuvf_r;vsz’ Z,B;B,; V,,Vu,V,, B,Z,B;; VVuVa, BB, Z,.
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Mr Jahnke gives numerous theorems regarding the V-points,
and one regarding the points of the second group, viz., that the
following triads of points are collinear :

C,P,Q; A, Y,R; B, 7, X; (":=1y 2, 3).

I add the following :

(1) The triangles A, B, C, P, Q, R, X, Y, Z are triply in perspective
with each other in pairs, and in fact belong to the same Tp
series with respect to any one of them as triangle of reference;

(2) The triads A, P, X; B, Q, Y: C, R, Z are in desmic position ;

(3) The three triangles V,,V,,Vy, V,V,V,,, V., V.V, belong to
the same Tg series with respect to A. Since, as Mr Jahnke
has shown, these triangles are also in direct triple perspective
with B, we have here an illustration of the fact already proved,
that a triangle of one Tq series is in direct triple perspective
with three triangles of any other Tq series.

The proof of these propositions, which I omit, may be obtained
by projecting the figure so that the coordinates of the vertices of B
with respect to A are given by the rows of a determinant of the

form
by, by, b
by, by, b
by, by, b,

and by calculating the coordinates of the vertices of the other
triangles involved. It will be found that the coordinates of the
vertices of P, Q, R, X, Y, Z are the rows of determinants which
either are circulants or can be converted into circulants by inter-
changing the last two rows.
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