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1. In t roduct ion . Let X and Y be two independent n o r m a l 
v a r i â t e s each d i s t r i bu ted with z e r o m e a n and a common v a r i a n c e . 
Then the quot ient X/Y h a s the Cauchy d i s t r ibu t ion s y m m e t r i c a l 
about the or ig in . Of p a r t i c u l a r i n t e r e s t in r e c e n t y e a r s has been 
the c o n v e r s e p r o b l e m and example s of n o n - n o r m a l d i s t r i bu t i ons 
with a Cauchy d i s t r i bu t ion for the quot ient have been i l l u s t r a t e d 
by Mauldon [9] , Laha [2 ; 3; 4] and S teck [10]. 

C h a r a c t e r i z a t i o n p r o b l e m s for the n o r m a l d i s t r i bu t ion b a s e d 
on the independence of su i tab le s t a t i s t i c s and the s a m p l e m e a n have 
a l s o been c o n s i d e r e d by s e v e r a l a u t h o r s [ 1 ; 5; 6; 7; 8]. In Sect ion 2, 
we obtain a c h a r a c t e r i z a t i o n of the n o r m a l d i s t r ibu t ion by cons ide r ing 
the independence of the s u m of s q u a r e s of X and Y and the i r 
quot ient X/Y. 

If X and Y a r e independent ly d i s t r i bu t ed as n o r m a l v a r i â t e s 
with z e r o m e a n and a common v a r i a n c e , we find that not only does 
the quot ient X/Y follow the Cauchy law but is independent of the 

2 2 
r a n d o m v a r i a b l e X + Y . This p r o p e r t y of independence p rov ides 
the c h a r a c t e r i z a t i o n of the n o r m a l law. A s i m i l a r p r o p e r t y of 

independence be tween X + Y and X/Y for the WeibuII 
d i s t r i bu t ion is s tudied in Sect ion 3 . 

2. A c h a r a c t e r i z a t i o n of the n o r m a l law. We need the following 
two t h e o r e m s for p rov ing the ma in r e s u l t about the n o r m a l law. 

* Th i s w o r k was done while the au thor was a Fe l low of the S u m m e r 
R e s e a r c h Ins t i tu te of the Canadian M a t h e m a t i c a l C o n g r e s s in 1967. 
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(a) THEOREM (Lukacs) [7] . Le t X and X be two non-

d e g e n e r a t e and pos i t ive r a n d o m v a r i a b l e s such that X and X,. 

a r e independent . The r a n d o m v a r i a b l e s U = X, + X0 and 
1 2 

V = X / X a r e independent ly d i s t r i b u t e d if and only if both 

X and X have the g a m m a d i s t r i bu t ion wi th the s a m e s c a l e 

p a r a m e t e r . 

(b) T H E O R E M (Laha) [3] . Le t X and Y be two independent ly 
and ident ica l ly d i s t r i b u t e d r a n d o m v a r i a b l e s having a c o m m o n 
d i s t r i bu t ion function F(x) . Le t the quot ient w = x / y follow the 
Cauchy law d i s t r i b u t e d s y m m e t r i c a l l y about the or ig in w=*CL 
Then F(x) has the following p r o p e r t i e s : 

(i) it is s y m m e t r i c about X = 0 ; 
(ii) it is abso lu te ly cont inuous and has a cont inuous 

dens i ty function f(x) = F 1 (x) > 0. 

THEOREM. Let X and Y be two independent ly and iden t i ca l ly 
d i s t r i bu t ed r a n d o m v a r i a b l e s with a c o m m o n d i s t r i b u t i o n function F(x) . 
Let the quot ient W = X/Y follow the Cauchy law d i s t r i b u t e d 

_ ^ 
s y m m e t r i c a l l y about W = 0, and be independent of U = X + Y . 
Then the r a n d o m v a r i a b l e s X and Y follow the n o r m a l law. 

2 
Proof . Applying L u k a c s ' T h e o r e m to the r a n d o m v a r i a b l e s X 
~2 2 2 2 2 

and Y , we find that X /Y is independen t of (X + Y ) and hence 
2 2 

both X and Y have the g a m m a d i s t r i bu t ion wi th the s a m e sca le 
2 2 

p a r a m e t e r a. If X ^ G( \ , a) and Y ^ G(X , a) f r o m the fact 
2 

that W = X/Y is Cauchy it is c l e a r tha t V = 1/(1 + W ) has the B e t a 
2 2 2 

d i s t r i bu t ion (0 ,1) with p a r a m e t e r s ( 1 / 2 , 1/2). But V = Y / (X + Y ) 
ha s the Be ta d i s t r i b u t i o n with p a r a m e t e r s ( \ , X ) and hence 

2 
X = X = 1/2. The dens i ty function of X i s t h e r e f o r e 

1 2 y 

2 , - 1 2 
(A) g(x ) = (\/tf/7r)x e x p ( - a x ). 

F r o m Laha 1 s T h e o r e m , (i) F(x) i s s y m m e t r i c about x = 0, and 
(ii) F(x) is abso lu te ly cont inuous with a cont inuous p robab i l i t y dens i ty 
function f(x) = F 1 (x) > 0. T h e r e f o r e f(x) = f ( -x) . F r o m (A), we have 

2 
( let t ing G(. ) denote the d i s t r i b u t i o n function of x ) tha t 
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G(X) = P[x < X] = P[-\[\ < x < \Tx] = F(4\) - F(-N/~X) = 2F( \T\ ) - 1. 
Hence g(X ) = î{sf\)/^T\ (X > 0) so that f(«s/\ ) = \TX g(X). Thus 

. 2 
f(x) = NCH/TT exp ( - ax ) which is the n o r m a l dens i ty function. 

3. A c h a r a c t e r i z a t i o n of the Weibull d i s t r ibu t ion . If X and Y 
a r e independent ly d i s t r i bu t ed as g a m m a v a r i â t e s with p a r a m e t e r s 
(X , a) and (\_,a), we o b s e r v e that X + Y is independent of the 

1 2 
sca le i nva r i an t function X/Y. On the other hand if X and Y a r e 

2 2 
independent n o r m a l v a r i a b l e s then X + Y and X/Y a r e independent . 

We find that for the Weibull d i s t r ibu t ion given by 

X - 1 X 

P(X) = exx exp(-ex ), x > i, e > o, x > o 
it t u r n s out that X + Y is independent of the quotient X/Y. This 
m o t i v a t e s the following c h a r a c t e r i z a t i o n of the Weibull law. 

THEOREM 2. Let X and Y be two pos i t ive and independent ly 
d i s t r i bu ted r a n d o m v a r i a b l e s such that the quot ient V = X/Y has the 

X - 1 X 2 
p . d. f. given by f(v) = Xv / ( l + v ) , where v > 0 and X > 1. 
The r a n d o m v a r i a b l e s X and Y have the Weibull d i s t r ibu t ion with the 

X X 
s a m e sca l e p a r a m e t e r if X + Y is independent of X/Y. 

Proof . We apply L u k a c s ' t h e o r e m to the pos i t ive and non-

d e g e n e r a t e r a n d o m v a r i a b l e s X and Y and note that both X and 

Y m u s t have the g a m m a d i s t r ibu t ion with the s ame s c a l e . Let the 
p a r a m e t e r s be (X ,0) and (X ,0) r e s p e c t i v e l y . Since the 

1 2 
d i s t r i bu t ion of V i s known we can obtain the d i s t r ibu t ion of 

W = 1/(1 + V ). It i s g(w) = 1 (0 < w < 1). W is a Be ta v a r i a b l e 

(0 ,1) with p a r a m e t e r s (1 ,1 ) . Since X and Y a r e g a m m a v a r i a b l e s 

Y / (X + Y ) = W has the Be ta d i s t r ibu t ion (0 ,1) with p a r a m e t e r s 

(X~»X J) and so \ 1 = X_ = 1. T h e r e f o r e the d i s t r ibu t ion of X is 
2 1 1 2 

p(x ) = 0 exp( -0x ) and the d i s t r ibu t ion of X is found to be 

p (x) = 0Xx exp( -0x ). The s ame d i s t r ibu t ion can be de r ived for Y 

and the proof is comple t e . 
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