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INVOLUTORY MATRICES OVER FINITE LOCAL RINGS
B. R. McDONALD

1. Introduction. A square matrix 4 over a commutative ring R is said
to be involutory if A% = I (identity matrix). It has been recognized for some
time that involutory matrices have important applications in algebraic
cryptography and the special cases where R is either a finite field or a quotient
ring of the rational integers have been extensively researched. However, there
has been no detailed attempt to extend the theory to all finite commutative
rings. In this paper we illustrate in detail the theory of involutory matrices over
finite commutative rings with 1 having odd characteristic. The method is a
careful analysis of finite local rings of odd prime power characteristic. The
techniques might be also used in the examination of involutory matrices over
local rings of characteristic 2*; however, as illustrated by finite fields of charac-
teristic 2 and Z/2*Z (Z the rational integers), the arguments are basically
different. The reader will note the methods are not limited to only questions
on involutory matrices.

Acknowledgement. The author would like to express his appreciation to Joel
Brawley and John Fulton for communications on several occasions.

2. Preliminaries and notation. Let S denote a finite commutative ring
with identity. Since .S is Artinian there exists a ring direct sum decomposition
of S, S = @ X% 1R, into finite local rings R; where ¢ is unique and the R;
are unique up to ring isomorphism (for example, see [1, Theorem 8.7, p. 90].
If (S), and GL,(S) denote the ring of #» by # matrices over .S and the invertible
n by n matrices over S, respectively, then the above decomposition induces
naturally

(S), = @i; (R:), and GL,(S) = @i; GL,(R)).

Thus, for most questions we may reduce the study of matrices over finite
commutative rings to matrices over finite local rings. Observe that if 4 in (S),
has the decomposition 4 = 4; @ ... @ 4, then 4 is involutory if and only
if each 4 ; is involutory. Thus, we restrict our attention to (R), where R is a
finite local ring.

We now introduce conventions and notation which will be utilized through-
out the paper. We let R denote a finite local ring with maximal ideal M and
finite residue field K = R/M. The maximal ideal is nilpotent and we let 38
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denote the least positive integer satisfying M# = 0; i.e., B8 is the degree of
nilpotency of M. For simplicity we refer to 8 as the nilpotency of R.

The characteristic of R, x(R), is a power of a prime x(R) = p» (A = 1).
Indeed R contains a copy of Z/Zp*. The case where x(R) = 2* causes con-
siderable difficulty (for example, see [10] for finite fields of characteristic 2
and [3] for Z/Z2*). For this reason we assume throughout that x(R) = p*
where p is an odd prime.

If T is a finite set we denote the cardinality of 7" by |7 and the set of # by »
matrices with elements in 7" by (7),.

It is important to observe that we have the following natural sequence of
ring morphisms ¢;, 2 £ ¢ £ B,

s %8 g1 104 -1 202
R=R/M"SR/M™"7"—...»R/M'>R/M""7"—...->R/M°"—-SR/M =K
where ker(¢;) = M*!/M" Let o, : K — 0 and take M° = R; thus ker(s;) =
M°/M*'. We denote R/M* by R for 1 <4 =< B. Also for each 7 we have a
natural ring morphism g; : R — K with ker(u;) = M/M?".

For simplicity of notation we will suppress the subscript ¢ on ¢; and u;
using only ¢ and p. Further, the morphism ¢ : R®Y — R¢=D (respectively,
w: R® — K) induces natural morphisms (R?), — (R(D), (respectively,
(R™), — (K),) and GL,(R®) — GL,(R¢ D) (respectively, GL,(R®) —
GL,(K)). These morphisms will also be denoted by o (respectively, u).

Let ¢, denote the cardinality of M*1/Mifor1 <7 < 8. Wecall {¢y, ..., ¢g}
the invariants of R. Observe

B
[Rl = g o

TuroreM 2.1. Let R be a finite local ring. Then

n—1
GLa(®)| = [RTT (1 = 7).
We take |GLo(R)| = 1.
Proof. Observe u : GL,(R) — GL,(K) is surjective. Thus

|GL.(R)| = |ker (u)| |GL,(K)|.
But

IGL.(K)| = {KW"Q) (1 — ¢

where ¢1 = |K| and |ker(x)| = |M|™. Since [R| = |M||K| the result follows.

We remark that the characteristic of R does not enter into the proof. Thus
the above is valid for all finite local rings. Indeed, R does not even need to be
commutative.

To conclude this section we single-out two items which will be used
repeatedly. First, for ¢ : R® — RC-D the kernel of ¢ is the ideal M*1/M* in
R®; hence (M*'/M?), is a two-sided ideal in (R®),. Further, since the
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product of any two elements in M*™1/M*is in M?/M? and is thus zero, we
have that the product of any two matrices in (M*1/M?), is the zero matrix.
Second, (R¢*~V), is the image of (R™), under ¢. Thus if 4 is in (R(D), then
we may write a preimage A under o as

A=A+ N

where N may be chosen arbitrarily in (M*1/M?),. Indeed, without loss we
may think of 4 as also an element of (R(), (if we are careful with multiplica-
tion). This is often implicitly done in classical number theory—the element
pisin Z/Zp* and in Z/Zp*t1 but in the former ring p* = 0 while in the latter
ring p* # 0.

3. Involutory matrices—canonical sets under similarity. Again we
repeat that R denotes a finite local ring with x (R) = p* (p odd prime).

Hodges [9] determined a canonical set under similarity for the n by =
involutory matrices over a finite field of odd characteristic. Hodges further
determined the number of such matrices. Brawley [2] extended the canonical
set to Z/Zp# (p odd prime) and enumerated the matrices for this case. The
even characteristic is discussed in [10] (for finite fields) and in [3] (for Z/28Z).
We now establish the Brawley-Hodges canonical form for finite local rings of
odd prime power characteristic.

TuarOREM 3.1. Let R be a finite local ring and A be in GL,(R). Then A? = 1
if and only if there exists a Q in GL,(R) and a unique t, 0 < ¢t < n, with

QAQ™ = J,
where J, = diag(I,, —I,_,) (Is denotes an s by s identity matrix).

Proof. Let V be a free R-module of R-dimension #. The matrix A determines
naturally an R-linear morphism « : V — V with o? = 7. Let

N() = {xin V]a(x) = x} and P(a) = {xin Vl|a(x) = —x}.
Clearly N(a) N\ P(a) = 0. If x is in V, expressing x as
x =30 —ak)) + 3@k + x)

(note: 2isa unitin R) showsthat V' = N(a) + P(@). Thus V = N(a) ® P(a)
and since V is R-free we have that N(a) and P (a) are projective R-modules.
But projective modules over local rings are free. Thus if {71, ..., v} and
{wi, ..., w,_,} are free R-bases for N(a) and P (), respectively, then their
union is a free basis for V. The matrix of « relative to this basis is J,. It
remains only to check uniqueness. Here recall that if W is a free R-module
then {wy, ..., w,} is a free R-basis of W if and only if their images form a
K-basis for W/MW. This reduces the problem to the field case where unique-
ness is well known.
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The above proof replaces the matrix theoretic approach of Hodges and
Brawley and is easier. Note that the proof is also valid for non-commutative
local rings.

We now enumerate the # by # involutory matrices in GL,(R).

Let S(x, t, R) denote the number of distinct » by #» matrices in (R), similar
to J;. This number is determined by letting GL,(R) act as a transformation
group on (R), by conjugation, i.e., let

GL,(R) X (R)x — (R)»
by
(G, A) — GAG™.
Then S(n, t, R) is the cardinality of the orbit of J, and is [GL,(R) : I(J,)],

the index of the stabilizer I(J,) of J, in GL,(R). Thus, we need only compute
|7(J,)|. But this is easily seen to be |GL,(R)||GL,—,(R)|. Hence

IGL,(R)|

St b R) = 6L, R (GL®)]
_ |R|2z(n—t) _.g”__
Z18n—1

where
s—1
=11 1=

(Recall ¢; = |[R/M] and g, = 1.) Consequently, the number N of involutory
matrices in GL,(R) is

N = Z S(n,t, R) = gnz <]R|2t(n—z) L)
= =0 Lidn—1

We now give the extension of another well-known result on involutory
matrices over finite fields and Z/Zpf. It was first proven by Levine and
Nahikian [10] for fields of odd prime characteristic and later by Brawley [4]
for quotient rings of rational integers. If an # by # matrix 4 is involutory and
QAQt = J, (J, defined in Theorem 3.1) then the integer s = # — ¢t is called
the signature of A. We take s = 0 if and only if 4 = I,.

TaEOREM 3.2. Let R be a finite local ring and A in GL,(R). Then A 1is involutory
of signature t if and only if A has the form I, — 2QP where Q and PT are n by s
matrices over R and PQ = I,

Proof. Using (3.1) the proof is easily adapted from [10] and [4].

In Theorem 3.2 two matrix pairs (Q, P) and {Q’, P’) may yield the same
involutory matrix. We now utilize Brawley’s technique [4] to account for this
duplicity. As utilized above, if P is a matrix over R we say the rank of P is
the rank of uP as a matrix over uR = K.
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If P is an s by # matrix over R, the Q-set (P) of P is
(P) = {Q|Qisn by s, rank(Q) = sand PQ = I}.
The P-class [P] of P is the corresponding set of involutory matrices
[P] = {I, — 20P|Qis in (P)).

We now state two results for finite local rings of odd prime power charac-
teristic which were initially observed by Brawley for finite fields and Z/Zp8.
The proofs given by Brawley (see [4, Theorems 3 and 4, pp. 474-475]) suffice
also for this setting.

THEOREM 3.3. If P is an s by n matrix of rank s (s > 0) over R, then the map
Q—1I, —20P
determines a bijection between (P) and [P].

TeEOREM 3.4. Let P and P’ be s by n matrices of rank s over R. Then [P] = [P']
if and only if there exists an invertible matrix B in GL;(R) with P = BP'.
Further, the classes [P] and [P'] are either identical or disjoint.

LeMMA 3.5. Let R be a finite local ring. If P is an s by n (s < n) matrix over R
with rank s and o (n, s) denotes the number of n by s matrices X satisfying
PX =1,
then
o(n,s) = |R|*"9.

Prior to the proof we make several remarks concerning matrices under
equivalence transformations. Yohe ([11]; in particular, [11, Theorem III,
p- 344]) has shown that in general a matrix P over a Noetherian local ring R
can be brought to diagonal form under equivalence; i.e., 7'PU = diagonal
matrix where 7" and U are invertible, if and only if the maximal ideal of R
is principal. However, it is easy to convince oneself that if P is s by # and of
rank s, then there exist invertible 7" (s by s) and U (» by ) such that

TPU = [I,, 0].

Important to this is the observation that under the map u : R — K a preimage
of a non-zero element of K is a unit of R.

Proof. Consider PX = I, where P is s by # and of rank s and X is » by s.
By the above comment there exist 7" (s by s) and U (# by ») such that

TPU = [I0].
Thus, letting ¥ = U~1X the above equation is equivalent to
I, 01Y = T.

Partitioning ¥ = [¥3, ¥,]” where ¥;is s by sand V. is# — s by s we see that
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¥y = T and 7, is arbitrary. Consequently, there exist |R|*®9 choices for ¥
and hence for X.

CoOROLLARY 3.6. If P is an s by n matrix of rank s over R, then
|P| = |R|*=.

4. Symmetric involutory matrices. In this section we examine sym-
metric involutory matrices over finite local rings. The work in this area was
pioneered for finite fields and for Z/Zp* by Fulton [7]. Note that for any
commutative ring R and matrix 4 in (R),, any two of the following imply
the third.

(a) A is involutory.

(b) A is symmetric.

(c) A is orthogonal.

We continue the assumption that R has odd prime power characteristic.

LeEMMA 4.1. Let R be a finite local ring. Let o, as, x be units of R. Then there
exist elements £ and n (of which at least one is o unit) with

a:1f? + am? = x.

Proof. The proof is by induction on the nilpotency 8 of R. If 3 = 1 then R is
a finite field and this is handled by Dickson [6, p. 46]. Thus assume the result
is true for RV where 8 > 7 = 1. Consider R and ¢ : R(® — R(D,

We may suppose there exist £;_; and 5,_1 in R™ (one of which is a unit)
such that

g tamia=x+m
where m is in M 1/M*. Let
£:(0) = &1 + 0m
7:(8) = ni_1 + Bm.

Since a unit plus a nilpotent is a unit, one of £,;(8) or #,(8) is a unit for every
choice of 8 and 8 in R™. Consider

a1£2(8) + am2(8) = x + 2&16m + 2n4_18m + m.
We want to choose & or 8 so that
28, _10m + 29418m + m = 0
in R™, This is possible since either 2¢;_18 or 25,_,8 is a unit.

THEOREM 4.2. Let R be a finite local ring. A matrix A in (R), is involutory
symmetric of signature s if and only if

A =1, —2PTD.P

where
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(1) Pissbymn.
(2) D. = diag(I;_1, €) where ¢ = 1 or e is an arbitrary non-square unii of R.
(3) PPT = DL

Proof. Suppose A = I, — 2P"D P where P and D, satisfy (1), (2), and (3).
Set Q = PTD.. Then by Theorem 3.2 4 is involutory of signature s. Clearly 4
is symmetric.

Assume A is involutory symmetric of signature s in (R),. Then by
Theorem 3.2, A =1 — 2QP. Since A is symmetric QP = PTQT and
Q = PTQTQ. Thus N = Q7Q is an s by s invertible symmetric matrix and

A =1—2PTNP.

The technique described by Dickson {6, p. 158] can be modified for a
finite local ring. Thus there exists an s by s invertible matrix B with

BTNB = diag[[,, el,_,]

for some 7 in {0, 1,2,...,s} where ¢ is a non-square unit or ¢ = 1 (in this
case r = s). Now, if »r — s > 1, following Fulton, let

C= diag[l,, [‘5" —j] Is_,_g]

where by Lemma 4.1, @ + 62 = e. Then
CTBTNBC = diaglI,, 2], el ,_s].
Repeating the argument we eventually determine an invertible F with
FTNF = diag[I,_4, €]

where ¢ = 1 or € is a non-square unit.

In enumerating the symmetric involutory matrices we will proceed by
induction on the nilpotency of R. The count when R has nilpotency 1, i.e., R is
a finite field of odd prime characteristic, is given by Fulton. We need the
following lemma.

LEMMA 4.3. The element € of RV is a non-square unit if and only if oe is a
non-square unit of R(D,

Proof. Certainly if oe is a non-square unit then e is a non-square unit.

Conversely, suppose € is a non-square unit and oe = a?. Then € = a2 + m
where m is in M*™1/M*. We now show that an element x may be chosen so
that a2 + m = (a + x)? thus contradicting choice of €. If a2 + m = (o + x)2
the element x must satisfy x? 4+ 2ax = m. I{ we select x in M*1/M? this
reduces to 2ax = m or x = (2a)~'m since 2« is a unit.

Prior to the next resuit we need some observations on the ker(o) for
o: R® — RU-D_ The ker(¢) = M*1/M?*. Since, as an R-module, M*1/M?
has an R-annihilator M then M*'/M?"is naturally a K = R/M vector space
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of finite dimension. Thus, we may select and fix once and for all a K-basis
ai, ..., a,in M*71/M* and for each element m of M*1/M? may be expressed
uniquely as m = }_ kia; where the k; are considered in K. For simplicity we
suppress reference to the basis and write m = (ky, ..., k,). Further, if 7 is in
R then r = 7 + m where m is in M /M?. Then

rm = <77k1, ey fk¢>
since mo; = 0.

The above is motivated by the following observation. The kernel of the
natural map Z/Zp* — Z/Zp"' is Zp~1/Zp" = {ap™Ya in Z/Zp} which is a
Z/Zp-vector space of dimension 1. Further, to say ap"! = bp" ! (mod p")
implies = b (mod p) means that the two Z/Zp-vectors are equal if and only
if their Z/Zp-scalars are equal.

The above comments extend naturally to the matrix ring. Thus if N is in
(M#=1/M?), then

N=<N1,...,Nt>

where N, is considered in (K),. We employ bar notation to indicate elements
considered in or over K.
Forl =7 =Blet

Yo = dim (M 1/ M.
Note for 7, ¢ = ¢4

We now consider solutions of YY? = D! in (R), where € is a non-square
unit of R.

Lemma 4.4, Let e be a mnon-square unit of RP. Let oe = p. Let
Dt = diag[l;_1, €. Then the s by n matrix P in (RD), is a solution to
YY" = Dvif and only if P = Py + A and

P1P1T=DP—1+N
where _ _
A =41, ...,4y)

N = (Ny ..., Ny
are matrices over M1/ M? saiisfying
A"+ P AT =85, — N, A7 24)
where S is given by
D1 =D,"14S5S = (S, ...,Su).

Proof. Let the s by # matrix P over RY satisfy YY7 = D 1. Then ¢P = Pjy;
ie, P=P, 4+ 4, 4 in (M~1/M?),, and PP1" = D,”! in (R¢D),. Thus
PPy" = D, + N for N in ker(c). Then

D4+ S =Dt = (Py+ A)(P1+ A)T = D'+ N + AP, + PA".
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Therefore
S,= N, + AP + P
forl1 £j7 = ¢,
Conversely, if P = P; + A with A described above, then

PPT = P\P\* + AP,"+ P\ AT =D, '+ N+ (S— N) = DL

We note that the above holds also if e = 1.

Let N (i, 8) denote the number of distinct solutions over (R(?), of the
matrix equation YV7T = Dg 1. For agiven P; and S — N over (R(®), and
(M*=1/M?),, respectively, let 7'(z, j) denote the number of distinct solutions
X in (K),

XP," + P, X"=5,— N,
By the above lemma,

2
N(i,e) = N@Gi — 1,6)]I=I1 T, 7).

Hodges [8] determines 7'(z, j) and N (1, ¢) has been found by Carlitz [5].

However, as noted by Fulton, a pair of distinct s by #» solutions to
YY?T = D! do not necessarily determine distinct involutory symmetric
matrices in (R(?),. Duplications arise from the automorphisms of D.~1. For
if P satisfies YY7 = D!, then so does B~'1P where B is any automorph of
D and

(B~'P)*D.(B~*P) = PT(BY)*D.B~'P = PTD.P.

Conversely, if the symmetric involutory matrices I, — 2P,"D.P; and

I, — 2PTD P are equal, then P,*D P, = PTD.P and

D. = (PP*)"D.(PP*) = B'D.B

where P,* is a right inverse of P; and B = PP;*,
Hence it is necessary to determine distinct automorphs of D 1.

THEOREM 4.5. For D1 in (R®), let
Dl=D, 14 S

where oe = p and S is in (M*~'/M?*),. Then B'D B = D1 if and only f
B = By + P and B:*D,'B, = D, + Q where P and Q are in (M*=1/M?),
and where, further, if

P ={(Py,...,P),
S = (Sly ’ Slh’)y
N = <N1, .y N¢|~>,

then P;is a solution Y to
*) Y*D, B, + B,"D/ Y = S, — L, — B,"S,B,
for 1 £j = yiin (K
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The proof is similar to the proof of the preceding theorem.

Hodges [8] has determined the number S(¢, ) of solutions of (*). Then for
(R), let

Vi
@) = ,Dl S, 7).

Carlitz [5] has obtained the number of distinct solutions X to X7D; !X in
(K), where pue = 6. If Q(1, ¢) denotes this number then the number Q(8, ¢)
of distinct solutions in (R), of BTD 1B = D !is

B
@B, ¢) = QQ1, 6)1;]1 T (2)
(where B = nilpotency of R). Hence,

TaEOREM 4.6. The number S(R, n, s) of distinct symmelric n by n matrices of
signature s over R is

N(B, 1), N(B, e
Q(ﬁv 1) Q(d! 6)

where B is the nilpotency of R and € s a non-square unit of R.

SR, n,s) = +
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