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Abstract

Let E/k be a function field over an infinite field of constants. Assume that E/k(x) is a separable
extension of degree greater than one such that there exists a place of degree one of k(x) ramified in
E. Let K/k be a function field. We prove that there exist infinitely many nonisomorphic separable
extensions L/K such that [L : K] =[E : k(x)] and Aut;y L = Autx L = Autyy) E.
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1. Introduction

Let K be an algebraic function field over a field k and let Aut; K be its full group
of automorphisms. For k = C, Greenberg [4] proved in 1974 that given a nontrivial
finite group G, there exist infinitely many Galois extensions L /K such that Gal(L/K)
is isomorphic to G and that Gal(L/K) = Autc L. This result of Greenberg gives a
positive answer to the inverse problem in Galois theory for function fields K /C.

In several other cases Greenberg’s result can be extended to function fields K/k
with k an algebraically closed field.

Madden and Valentini [6] proved that every finite group can be realized as the full
automorphism group of an algebraic function field K/k. D’Mello and Madan [3]
established the theorem of Greenberg in the case where G is a solvable group G and
K = k(x) is a rational function field.

The main result of Stichtenoth in [8] is that if E£/k(x) a finite separable extension
of degree greater than one, then, for every function field K /k of genus greater than
one, there exist infinitely many nonisomorphic separable extensions L/K such that

[E:k(x)]=[L:K] and Autyy) E=Autg L =Aut; L.
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The results of Stichtenoth and of D’Mello and Madan can be combined to obtain
the analogous of Greenberg’s theorem provided that the group G is solvable and the
genus of K is larger than one.

Madan and Rosen [5] proved that Greenberg’s result remains valid for an arbitrary
function field K/ k with k an algebraically closed field of arbitrary characteristic. This
result gives a positive answer to the inverse problem of Galois theory for any field K
over an algebraically closed field of constants.

Rzedowski and Villa [7] proved an analogue of Stichtenoth’s result for congruence
function fields without restriction on the genus, provided that in the extension E /k(x)
there exist prime divisors of degree one, one ramified and another unramified. In [1]
we remove the ramification restrictions given in [7].

A natural question is what happens when the field of constants k of a function field
is an arbitrary field. Some of the results are straightforward for separably generated
function field extensions K/ k, for instance, when k is a perfect field. If K/k is not a
separably generated extension, some of the tools we have in the case where k is perfect
are no longer available; for instance the Castelnuovo—Severi inequality, the difference
of the extension, and so on. We also have to deal with the special behavior of new
constants and so on.

The main goal of this paper is to establish an analogue of the main result of [7]
for an infinite field of constants k now under one ramification restriction. We prove
that given any infinite field k, if E£/k(x) is any separable extension, where k is the
full field of constants of E, such that a place of k(x) of degree one is ramified in E,
then for any function field K/k, there exist infinitely many nonisomorphic function
fields over k such that L/K is a separable extension of the same degree as E/k(x) and
Autg L = Auty L = Auty(y) E. This is Theorem 4.3.

Given a function field K/k, we first choose a suitable y € K and construct a
suitable C-improvement E1/k(y) of E/k(x) (see [7]) such that the field of constants
of L= FE 1K isk,while [L : K] =[K : k(y)] and the intermediate fields of L other than
K have large enough genus (Proposition 3.5). With this condition, it follows that any
element of the group of automorphisms of L over k restricts to an automorphism of K
(Proposition 3.6). The next step is to find a ramification of the places in the support
of (y)k in such a way that any automorphism of L over k fixes K elementwise. If the
constant field is finite or algebraically closed then the extension K/k(y) is separable.
We use the C-improvements constructed in Proposition 4.1 to deal with the inseparable
case.

The paper is organized as follows. In Section 2 we give several general results
that will be used to find field extensions with suitable properties to be used in our
construction. In Section 3 we find a bound for the genus of the compositum of fields.
When K /k is separably generated, we have the Castelnuovo—Severi inequality. We
find an analogue of this bound of the genus for general k. This is Proposition 3.5.
As a consequence of this variant of the Castelnuovo—Severi inequality, we have the
analogue of a result of Madden and Valentini [6] that establishes that if L/K is an
extension such that every proper intermediate field has large enough genus, then for
any automorphism o of L, we have ¢ (K) = K.
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Section 4 deals with function field extensions with a prime divisor of degree one
ramified. Under this ramification restriction it is possible to prove our main result.

We use the following notation. The field & is an infinite field and K /k denotes
a function field with full field of constants k. In a rational function field k(x),
Py denotes the place defined by the irreducible polynomial f. For a field extension
F /K, the group of automorphisms of L that fix K pointwise is denoted by Autg F.
For a function field E/k, let (x)g denote the principal divisor of x in E and deg P
denote the degree of a place P of E. For an extension F/E, Cong/g is the conorm
map with respect to F/E. If F/E is a separable extension we write Dg/g for the
different of the extension.

2. Function fields over infinite field of constants

In this section we give some general results that will be needed to prove the main
result of the paper.

LEMMA 2.1. Let F/k(x) be a Galois extension and let k(y) be a rational function
field such that ([F :k(x)], [k(y) :k(x)])=1. If E/l is an intermediate field of
F/k(x), then the field of constants of E(y) is L.

PROOF. Let N be the field of constants of E(y). Since N/ is a separable we have
that [E:I(x)]=[EN :N(x)]. Since [k(y):k(x)]=[N(y): N(x)], it follows that
([IEN:Nx)],[IN®): Nx)])=1.Hence [E(y) : N(y)]=[EN : N(x)].

1(y) E(y) F(y) N(@y) ——E(y) —— FN(y)

I(x) E F N(x) EN FN

Similarly [E(y) : I(y)] = [E : I(x)], and so we obtain [E(y) : N(y)]=[E(y) : I(y)].
Therefore N(y) =1(y) and N = 1. O

The proof of Lemma 2.2 is similar to the proof in the case where the constant field
is perfect [9].

LEMMA 2.2. Suppose that F'/ F is a finite separable extension of function fields. Let
F\, F> be intermediate fields of F' | F such that F' = F\ F>. Then, for a place P € Pp:

(1) if P is completely decomposed in Fi/F and F,/F, then P is completely
decomposedin F'/F;

(2) if P is unramified and separable in F1/F and F>/F, then P is unramified and
separable in F'/ F. O

As a consequence of (2) of Lemma 2.2 we have the following lemma.

LEMMA 2.3. Let K/ k be a function field and let E/K be a finite separable extension
with normal closure E. Assume that P € Pg is ramified or inseparable in E. Then P
is ramified or inseparable in E. O
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LEMMA 2.4. Suppose that E /K is a finite separable extension of function fields. Let
P be a place of K ramified or inseparable in E. Then for a purely inseparable finite
extension F /K the place B of F lying over P is ramified or inseparable in EF.

PROOF. Let LZ? be the normal closure of E/K. Sincei ENF=K , the normal closure
of EF/F is EF. Now we consider a place P, of E lying over P and let B be the
extension of P in E F. Since By N F is over P we have that By N F = B.

B F EF EF B

P K E E P

Denote by D(P;|P) the decomposition group of P; and by I(P;|P) the inertia
group. The restriction of an element in D(B1|B) to E belongs to D(P1|P), so there is
an embedding ¢ : D(B1|B) — D(P1|P) such that (I (B1|B)) C I(P1|P). Since the
place Bj is the only extension of P; in EF, @ is an isomorphism.

OPI/P]

Op/P

OBl/Bl

Op/B

On the other hand, [Op,/B1:Op/Bls =[Op,/P1:Op/P]; since the extensions
(Op/B)/(Op/P), (Op,/B1)/(Op,/ Py) are purely inseparable. Hence

[D(P|P):1(P|P)] =[Op,/P1:0p/Ply=[0p,/B1:Op/B];s
= [D(B1|B) : 1(B1|B)].

Therefore ¢ (I (B1|B)) = I (P1|P), so B is ramified or inseparable in EF / F. Finally,
from Lemma 2.3 we obtain that B is ramified or inseparable in EF/F. O

LEMMA 2.5. Let E/K be a Galois extension of algebraic functions fields with field
of constants k. Let 0 € Gal(E/K). Then if o #1d the set A, = {B € Pg | 0(B) # B}
is infinite.

PROOF. Suppose that A, is finite for some o #Id. Let K| be the fixed field of
o and A; ={B1, ..., By}. Now o(B)= B for each place B € P with B # B;.

Let y; € E\K; and yz € K be such that vp, (y2) > 0. Then there exists j such that
UB, (y1y2) > 0 and y1y2 ¢ K. Let ¢ be a constant distinct from 1 and let y = y1y2 +c,
y & K. Hence vp, (y) = vp,(y + 1) = 0. It follows that o (y) = y, which implies that
o (y) = ay with a € k. Similarly, there exists b € k such that o (1 4+ y) =b(1 + y),
then 14+ ay =>4 by. Since y ¢ k we obtain that o (y) =y. Thus y € K;. This
contradiction shows the result. O
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3. Bound for the genus of a compositum of fields

The Castelnuovo—Severi inequality is valid for separably generated extensions
K /k. This inequality plays an important role in [7, 8]. In Proposition 3.5 we give
an analogous inequality for K /k not necessarily separable generated. Then we deduce
Proposition 3.6 which is the main result of this section. This is the analogue of the
Madden—Valentini result in [6].

For a function field K / k of genus gk, let g% = max{gk, 1}.

LEMMA 3.1. Let F/k be a function field with separably closed field of constants.
Given a separable geometric finite extension E/F, there exist infinitely many places
in F that are completely decomposed in E/F. If d = min{deg P | P € Pr} we can
choose the places of degree less than or equal to 2g.d.

PROOF. Let P be a place of F such that d =deg P. There exists x € F with pole
divisor P2¢F. Denote by Fp the separable closure of k(x) in F and by Eq the
separable closure of k(x) in E. Since Eg and F are linearly disjoint over Fy and
[E :k(x)]; =[F : k(x)];, then E = EoF.

Ey E

Fy F

k(x)

In the extension Eg/k(x) there are a finite number of places which are either ramified
or inseparable. Hence almost all places of degree one of k(x) are unramified
and separable in Eg/k(x), so these places are completely decomposed in Eqy/k(x).
Therefore there exist infinitely many places of degree one in Fjy which are completely
decomposed in Ej.

Let Q be a place of degree one in Fy completely decomposed in E( and let R be the
place of F lying over Q. Let Eq be a normal closure of Eg/Fy. Lemma 2.2 implies
that Q is completely decomposed in Eo / Fo.

SﬂE~0 E~07E~0F S

0 Fo F R

Since, given a place S of EoF lying over R, the decomposition group D(S|R)
embeds in the group D(S N Ep|Q), then R is completely decomposed in EgF/F. The
relative degree f(R|Q) = deg R is less than or equal to [F : k(x)] = 2g’Fd. O

LEMMA 3.2. Assume that k is separably closed, and consider a function field F/k

such that F1/k is a subfield of F such that F/F| is a separable extension of degree
n> 1. Let y € F be an element such that F = Fi(y) and dy = min{deg P | P € Pr,}.
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Then there exist infinitely many places P € P, of degree at most 2g’Fl dy having the

following properties.
(1) P has n distinct extensions Py, ..., P, in F/F.
(2) The restrictions Py Nk(y), ..., P, Nk(y) are pairwise distinct places of k(y).

PROOF. Let ¢(z) =7" + an—17""V 4+ - - - + z0 € Fy[z] be the minimal polynomial of
y over Fi. By Lemma 3.1 there are infinitely many places P € Pr, completely
decomposed in F/F; and such that {1, ..., y*~!} is an integral basis of F/F; for
almost all such places P. Since by Kummer’s theorem the decomposition of the
polynomial ¢(z) € (Op/P)[z] corresponds to the decomposition of P in F, we must
have that ¢p(z) = ]_[l’-’:1 (z — ¢;) with pairwise distinct elements ¢; € Op/P.

Let b; be such that ¢; = b; + P. Again by Kummer’s theorem we have that for
i =1, ..., n there exists a unique place P; € Pr such that P;|P and vp,(y — b;) > 0.

There exist §; € k and an integer m > 0 such that bf’ "y p= Bi + P. Hence
op, (07" — B1) = minfop, (3" = b)), vp (] — B)} > 0.

Since B; = B; implies cf = cf , it follows that the elements §; are pairwise distinct,

so the restrictions P; N k(ypm) are distinct. O
The following result can be found in [9].

LEMMA 3.3. Let Fi/k be a subfield of F/k and let [F : F1]=n. Assume that
{z1, ..., zn} is a basis of F/F\ such that all z; € L(C_l)for some divisor C € DF.
Then gr <1+n(gr, —1) +degC.

LEMMA 3.4. Let F/k be a function field with separably closed field of constants.
Suppose that F/k and F,/k are subfields of F [k satisfying the following conditions.
(1) F =F|F,and F/F) is separable.

(2) [F:F;]=n;and F;/k has genus g; (i =1, 2).

Then the genus g of F/k is bounded above by 1 4 n1(g1 — 1) + 4ninag| ghdy, where
dy =min{deg P | P € PF,}.

PROOF. Since F = F| F, there are y, ..., ys € Fp with F = Fi(y1, ..., ys). The
extension F/F] is separable, hence we can find ay, . . ., a5 € k such that the element
y=_ajyj € F, is a primitive element of F/F|. Let P € Pr, be such that it has n;
distinct extensions P, . .., Py, in F and such that the restrictions Q; = P; N I, € Pp,
are pairwise distinct (Lemma 3.1). We have that deg Q; = 2g§ dy. There exists u; € F»

. .. 2g) .
with pole divisor Qigz. The elements uy, . .., u,, form a basis of F'/F;.

Suppose that Y x;u; =0 with x; € F; is a nontrivial linear combination. Let
Jefl, ..., n}besuchthatvp(x;) <vp(x;) fori =1, ..., n;. Then

vp; (xjuj) =vp, (x;) +vp;(uj) <vp(x;) —2g5.
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Fori # j,

vp; (xiui) = vp;(xi) +vp; (ui) = vp(xi),
hence vp; O xiui) = vp; (xjuj) < oo, which is not possible. Now we consider the

.. 2g, . .
divisor C = Cong/r, (Y Ql.gz). Its degree is 2n2g5 ) deg Q; < 4ninyg|gsd;. Since
the elements uy, . . ., u,, arein L(C~Y,wehave g <1+ni(g1 — 1) + 4niny g ghd
from Lemma 3.3. a

PROPOSITION 3.5. Let F, Fy, F» be function fields with field of constants k such that
F = F|F, and F/F\ is a separable extension. Then

gr <14 I[F:Fil(gr, — 1)+ 4[F : FIl[F : F2gk, &4,

where d = min{deg P | P € Pf,}.
PROOF. Consider a separable closure k| of k and let F = Flgl, ﬁ,- =Fk,i=1,2.
Since ki/k is separable, g5 = grF, 85, = 8F; and n; =[F : F;]=[F:F]l,i=1,2.
Letd; =min{deg R | R € IP’F~1 }. By Lemma 3.4,
gr=gp=l+ni(gsg - D+ 4n1n28%18}2d1
=1+[F: Fil(gr, — 1) +4[F : Fil[F : F21gk &p,di.
We choose P € Pr, such that deg P =d, and let R be a place in Fy lying over P.

Now d =[Op/P : k] > [Or/R : k1] > d since Og/R is the composition of Op/P
and kp [2, p. 128], and the result follows. a

The following result is a consequence of Proposition 3.5 with F1 = K, F, = o (K).
PROPOSITION 3.6. If L/K is a finite separable extension of function fields with field
of constants k such that, for each intermediate field M, K C M C L,

gu>1+[M:Kl(gxk — 1) +4[M : K12g). d,

then for each o € Auty L we obtain that o (K) = K.

4. Separable extensions with a prime divisor of degree one ramified

The next result is analogous to [8, Lemma 2] and [7, Lemma 2] and we will use it
to find suitable C-improvements of a given finite separable extension E/k(x).

PROPOSITION 4.1. Assume that k is infinite and let E/k(x) be a finite separable
extension of function fields over k such that Px_1 is ramified in E and the zero Q1
and the pole Q> of x in k(x) are unramified and separable in E. Let E/l be a
normal closure of E/k(x). Let C,Cy, C; € RY be arbitrary. Then there exists a
finite extension F [/ k(y) satisfying the following properties.
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(1)  There exists a subfield E1/k of F /1 such that
[E:k@]=[E1: kW], [E:k@)]=[F k)],
Gal(E/k(x)) = Gal(E1/k(y))

and F is a normal closure of E1/k(y). Moreover, P,_ is ramified in F and the
pole of y in k(y) is unramified and separable in F.

(2) Let E> be an intermediate field, k(y) C Eo C Ey. Then either there is a place in
k(y) of degree greater than Co ramified or inseparable in E,/k(y) or there are
more than Cy places of k(y) ramified or inseparable in E3/k(y).

(3) For each intermediate field k C k1 C [, the genus gy of any field kiy(y) C M C F
with constant field ki is greater than C.

(4) Let N/k be a finite separable extension. If M/N is any intermediate field,
N(y) CM C FN, then gy > C.

PROOF. First we prove (1) and (2). Choose an integer m > 0 such that m >
max{C{C», 2C + 3} and (m, p[E ck(x)]) =1. Let y" =x. Then k(y)/k(x) is a
separable extension of degree m. By the genus formula the only places of k(x)
which ramify in k(y)/k(x) are Q1 and Q», and there are no inseparable places. Let
F = E(y). Then F is the normal closure of E1 = E(y), [E1 : k(y)] =[E : k(x)], the
constant field of E; is k and Auty(y) E1 = Auty(y) E (Lemma 2.1).

Consider an intermediate field Eg, k(x) C Eg € E. By the genus formula there is
a place Qy of k(x) ramified or inseparable in Eo. Let Eo be the normal closure of
Eo/k(x) contained in E. Since Oy is different from Q1 and Q it follows that Q ¢
is unramified in k(y)/k(x); this implies that the polynomial f(x) = f(y™) splits into

irreducible distinct factors f1(y), ..., fn(y) in k(y).
k(y) —— Eo(y) —— Eo(y) ——— E(y)
PrlQr H;|J;
k(x) Ey Eo E

Let H; be an extension of Py, in Eo(y). Since J; = H; N Ey lies over Oy, then J;
is ramified or inseparable in Eo/k(x), so e(H;|0;) fi (H;|Q;) > 1. Since Py, Nk(x)
is different from Q1 and Q>, the place Py, is unramified and separable in k(y)/k(x),
hence e(H;|Py,) fi (H;|Ps,) > 1. Then Py, is ramified or inseparable in Eq(y)/k(y)
(Lemma 2.3). Since Py_1|Qy_1, it follows that P,_; is ramified in F. Since Q> is
unramified and separable in E /k(x) (Lemma 2.2), the pole of y is unramified and
separable in F/k(y) by the correspondence between the inertia groups. If deg f; < C;
for all i, the number & of factors is minimum when deg f; = C>. In this case
hCy =mdeg f > C1C», and it follows that 1 > Cj.

To prove (3), let k1 be an intermediate field of //k. Denote by R; the zero of x in
k1(x) and by R; the pole of x in kj(x). The extension ki(x)/k(x) has degree equal
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to f(R11Q1) = f(R2/Q2). Therefore if a place D; € P, (y) lies over R; we obtain
e(D;i|R;) = [k(y) : k(x)] =m. Thenin k1 (y), R; = D}" withi =1, 2.

k(y) ki(y) ki(y) —— M —— E(y)
Pyl Q1 | Pl Q2 D;|R;
k(x) ki(x) —— F k1 (x) Mo E

Let M/ k; be such that ky(y) C M C E(y). If Mo =M N E, then k{ (x) C My C E.
Let T € Py be such that T|D;. Since (m, [E : k(x)]) = 1, then e(T|T N Mg) > m.
Since [M : Mp] =m, it also follows that e(T|T N Mp) =m and f(T|T N Mp) = 1.
Since Q1 is unramified in E we have that in My, Ry =Ty --- Ty, where h > 2 or
f(T|Ry) = 2.

D; ki(y) —M T

R; ki(x) My T N My

Then at least three places of M are fully ramified in M /My or at least two places are
fully ramified and one of them is of degree greater than or equal to two. From the
genus formula we obtain that

gm =1+mgu, — 1) + 3 deg(Dy/uy)
>1l—m+3m—1)=1+1m-3).

Finally we prove (4). Let ky = N N[. Then k;(y) S N(y)NF. If M/N is any
intermediate field, N(y) CM C FNand M =M N F,then N(y)NF C M C F.

N(y) M FN

k(y) k1(y) Ny)NF M F

The constant field of M is ky and M = M N. This implies that gys = gp,, and by (3)
it follows that gy, > C. O

PROPOSITION 4.2. Suppose that K/ k is a function field such that K /k(y) is a finite
extension, where K is the separable closure of k(y) in K. Let Co € R and let ny
be the number of places P of k(y) which are ramified or inseparable in Ko/k(y).
Assume that the degree of these places is less than d;. Let F / k(y) be an extension with
the properties stated in Proposition 4.1 such that C > gk, and C1 > ng + 2(m + Cop),
Cr > ds, 2(m 4+ Cg), where m = [E : k(x)]. Then the following hold.

(1)  The constant field of E|1 K is k.

https://doi.org/10.1017/51446788710000108 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788710000108

310 C. Alvarez-Garcfa and G. Villa-Salvador [10]

(2) [E1:k(W)]=I[E1K : K], whence Auty(,) E1 = Autg E1K and FK is the normal
closure of E1 K.
(3) Each field H such that K C H C E|K has genus greater than Cy.

PROOF. First we prove (1) and (2). The constant field of K N F isk and K N F/k(y)
is a separable extension, hence gxnr < gk, < C. From Proposition 4.1 we obtain
K N F =k(y). Given that F is the normal closure of E;/k(y), assertion (2) follows
from the Galois correspondence. Let N be the constant field of E1K. Since E1K/K
is a separable extension, N/ k is separable.

K FK N(y) — KopN —— KN

k(y) FNK F k(y) Koy K

The separable closure of N(y) in KN is KoN, hence FN N KN C KgN, so
8FNNKN =< &koN = 8K,- From Proposition 4.1, the genus of each intermediate
field M/N, N(y) C M C FN, is greater than C. Since N is the constant field of
FN N KN, this implies that FN N KN = N(y).

KN —FK KN—EK ——FK

N(y) — FNNKN——FN N(y) —— E{N ——FN

Itfollowsthat[E1K : KN]=[E{NKN : KN]=[E{N : N(y)]. From (2), we deduce
that [E1K : KN]=[E1K : K],as [E| :k(y)]=[E1N : N(y)]. Therefore KN = K.

Finally we prove (3). From Proposition 4.1, for every field E such that k(y) C
E,> C Ey, either a place of k(y) of degree greater than C5 is ramified or inseparable
in Ey/k(y), or there are more than C; places of k(y) ramified or inseparable in
E>/k(y). Since C1 > ng and C» > dj, there exists a place of K¢ of degree greater
than C, ramified or inseparable in E> Ko/ K, or K9 has more than C; — ng ramified
or inseparable places in E;, K/ Ky.

Ky Er)Kgp—— FKy K E>2K FK

k(y) E> F Ko

E,Kg——— FKp

Since K /Ky is purely inseparable, by Lemma 2.4 it follows that in £, K /K there
exist more than C| — n ramified or inseparable places, or a place of degree greater
than C; is ramified or inseparable. Therefore

gek =1+ [E2K : K1(gk — 1) + 3 deg(Dg, k k)
> —m + %Z(m—i-Co):Co. a
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We are now in a position to prove the main result of this paper. This is analogous
to [8, Satz 1] and [7, Theorem 3].

THEOREM 4.3. Let E/k be a function field with an infinite field of constants and
let E/k(x) be a separable extension of degree m such that a place of degree one
of k(x) is ramified in E. Let K/k be a function field. Then there exist infinitely
many nonisomorphic fields L such that L /K is a separable extension of degree m and
Autg L = Auty L = Autyy) E.

PROOF. Letoy, ..., 0,-1 € Auty K, 0; # Id and |Auty K| = n. There exist pairwise
distinct places By, ..., B,—1 of K such that o1(By), ..., 0,—1(B,—1) are pairwise
distinct and B; # o (B;) with 1 <i, j <n — 1. By the approximation theorem, there
exists w € K such that vy, ;) (w) > 0 and vg, (w) = —1. Denote by Ky the separable
closure of k(w) in K and by n the number of places R of k(w) ramified or inseparable
in Ko/ k(w). Choose d;s € R such that deg R < d.

Let Co =1+ m(gk — 1) +4m>g%d, where d = min{deg B | B € Px}. We may
assume that the place Q,_; of k(x) is ramified in E/k(x) and that the zero and the
pole of x in k(x) are unramified and separable in E/k(x). Consider the function field
F/1 of Proposition 4.1 with C > gg,, C1 > ng +2(m + Cp), Cz > dy, 2(m + Co).
From (1) of Proposition 4.1 it follows that for z=1/y — 1 the pole Ry of z is
ramified in F/k(z) and its zero Rp is unramified and separable. The isomorphism
¢ k(w) — k(z), given by ¢(f(w)) = f(z), can be extended to a homomorphism ¢
of K into an algebraic closure k(z) of k(z). Therefore we may assume that K is an
extension of k(z), and that Ky is the separable closure of k(z) in K such that ny is
the number of ramified or inseparable places R of k(z) in Ko/k(z) and deg R < d;.
Also may replace ¢(B;) by B; and (ﬁaﬂ/_fl by o; in such a way that vy, (p;)(z) > 0 and
UB; (Z) =—1.

Define L = E1 K. From Proposition 4.2, the field of constants of L is k, the degree
of L/K is m and Auty,) E1 = Autg L. Consider an extension H; € Prg of 0;(B;)
and the restriction J; = H; N F.

Ky K E1K FK

0i (Bi)|Ro
k(z) E, F

Let o0 € Auty L. From Propositions 3.6 and 4.2, o(K) =K. Now, since Ry
is ramified in F/k(z) and the B; are unramified in K/k(z), it follows that each
B; is ramified in FK/K. Hence, from Lemma 2.3, each B; is ramified or
inseparable in E1K /K. Since the inertia group I(H;|o;(B;)) embeds into the
inertia group I(J;|Rg) and Ry is unramified and separable in F/k(z), the places
o(By),...,0(B,—1) are unramified and separable in FK/K. Then o # o;. Thus
Auty L = Autg L.

Note that since g7, can be chosen arbitrarily large, there are infinitely many fields L
satisfying the result. If n = 1 the extension L is obtained as before. O

H;|J;
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