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MULTIPLICATION OPERATORS

MARTIN SCHECHTER
1. Introduction. Let V(x) 2 0 be given on R” and define

(1.1) Cspar(V) = S‘ép “v“”q/”()‘z - A)Sﬂ“”p'
ueCy®

This constant has played a role in many investigation. For n = 3 it was shown
in Courant-Hilbert [7] p. 446 that

Ciono(x|™H = 2.

In [10], Kato estimates C53, (V) in terms of the L? + L norm of V in R>.
Stummel [22] showed that C355 (V) is bounded by

12
(1.2)  Csup (/ V(x)2|x — y|°"”dx)
y lx—y|<1

in R", n > 2, provided @ < 4. Browder [6] and Balslev [3] showed that
Cs,4,42(V) is bounded by

1/q
(13)  csup (/ V(x))x —yl“_"dX)
y |x—y|<r

in R", n > 2, when s is a positive integer and o < sq. This was extended to s
any positive real number by Schechter [18]. In [19] it was shown that C; 5, (V)
is bounded by (1.2) if a = 2s.

In [12] Mazja showed that for n > 2

Ci220(V)* < sup4 / V (x)2dx /(n — 2)w cap (e)

e

and

Cippo(V)* 2 SUP/V(x)zdx/(n — 2)w cap (e)

e

where w is the surface area of the unit sphere in R”, cap (c) is the Green
capacity of e and the supremum is taken over all compact sets e C R".
Using the Sobolev inequality, Simon [21] and others observe that
Cip20(V) = C|[V][a.
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For n = 3 he showed that

1 , 1/4
C1,2,2,A(V) < (W/ /V(X)ZV(y)le _yl_Ze—ZAlx—dedy)

(cf. [21] for references to the earlier physics literature). Schechter [17] showed
that

(14 Craan(V) = inf supp)” / VOYY0)Gaa(x = y)dy

where Gq )(x) is the Bessel potential of order s (cf., e.g., [2]). It is the kernel of
the operator

(15) (2= Ay P = / Goalx — ) 9)dy.

The infimum in (1.4) is taken over all positive functions 1(x).
Berger-Schechter [4] were the first to consider Csp 42 (V) for p # g. They
studied the case
(16) 1<p=g<oo, 1l/p<s/n+l/q.
They showed that C;,, (V) is bounded by (1.3) provided
0<a/ng<s/n+1/q—1/p, 2<n.

Adams [1] showed that for 1 <p = ¢ < 00, 2 < n, Cy, ,0(V) is equivalent to
P2Uh .

R4 /¢
(1.7) sup(/(/lx—yP‘"V@)"dy) dx) /(/V(y)qdy> .

The strongest result to date is that of Kerman-Sawyer [11] who showed that

Cs p (V) is equivalent to
1/
f (rors)
0

p/
(1.8)  sup ( / ( f GS,A(x—y)V(y)"dy> dX)
0] 9]

Here the supremum is taken over all dyadic cubes Q. They showed that this in
turn is equivalent to

NV 1d
sup ( / (MQXQVq)pdx> / ( / vo)qdy)
o (] 0

1/p'
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where

1
Mg w(x) = sup [—— / Gs,x(y)dy] / w(y)dy.
2, el Ji<iern 0

(Here |Q| denotes the volume of Q.)

Before the work of Kerman and Sawyer, the author [14, 15] announced the
results of [16] in which the norms M, 5(V) depending on four parameters
were introduced. It was shown that

(19) Cs,p,q,/\(v) =C Ma,r,l,l/)\(v)

holds for suitable choices of the parameters (we could allow g < p). In the
present paper we strengthen these results considerably. In particular, we stream-
line the norms M, ,, 5(V') to obtain stronger estimates. Details are given in the
next section.

In [18] Fefferman and Phong showed that

1/q
(1.10)  Cra20(V) < C,sup (5‘1-" f V(y)"dy)
b,x [x—y|<é

holds for any ¢ > 2. They were unaware of the result (1.4) of the author [17].
The proof of (1.10) given in [8] is rather long and involved. In Section 6 we
shall show that it is a simple consequence of (1.4). In fact we shall give a direct
easy proof of (1.10) without involving the ideas of [8].

In comparing our results with those of other authors, one should note that they
are not as strong as those of Kerman-Sawyer and Adams. The norms on the right
hand side of (1.9) are not equivalent to the expression (1.8), and theoretically
(1.8) can be bounded by these norms. However the norms M, s(V) do have
advantages over expressions such as (1.7) and (1.8). Firstly, they are norms,
while the expressions are not. Secondly, they are more easily computed than the
expressions. Moreover, the dependence of (1.1) on A is more clearly expressed.
In addition, inequality (1.9) holds even when g < p, while (1.1) is not bounded
by expressions (1.7) or (1.8) in this case. In short, there are situations in which
the norms M, ,, s(V) have a distinct advantage over expressions such as (1.7)
or (1.8).

2. The norms. For functions V (x) defined on R” we define a family of norms
Moy s(V)fora € R, 1=2r=00,121t=00,0<6=00.ForO=a=nwe
define

2.1)  MysV(x) = suppa‘"/ |V (y)|dy
[y—x|<p

p=6

and

22 MarasV) = [Mas(VION Nl 0<a<n,
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where the norm is that of L' = L'(R"). In defining the norms for other values
of a we used the following abbreviations

23)  |Vlrss = IMas(VIDOI ], 0<6 < o0,

Voo = IV,
”V”oo,t,o” =| sup VOl
[y—x|<8

We define
(24) Mgy, s(V) =8V, 05, aZn

Q.5 Mo, s(V) = Mos((VIDV ||,y r<t
=5V ]us, =7

(2.6) My, s(V) =6 \V|, 15 a<O.

Some properties of these norms will be given in Section 3. At times we shall
use the following abbreviations.

MoV = MyosV, MV =MV

Mer i (V) =Mearn(V),  [[VIlre = IVl
Ouwr first result is

THEOREM 2.1. Assume that
Q27 1<g<r, 1<p<oo, 0<s<n, p' =t
and
(28)  min©,1/r—1/) S afar =s/n+1/g—1/p—1[t < 5/n.
Then there is a constant C independent of u,V and X\ such that

2.9)  |Vully £ CMey i pn(VO2 — AYul),.

Notice that we take r > ¢ in Theorem 2.1. In general it is not true if r = q.
However, there is a case in which we can prove (2.9) when r = ¢. A function
W (x) is said to satisfy condition Ay, if there are constants o > 1 and C such
that

1/o
(2.10) (p*"/ |W(x)|"dx) éCp_”/ |W (x)|dx
B, B,
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holds for all p > 0 and all balls B, of radius p (for another definition, cf. [13]).
For such functions we can strengthen Theorem 2.1 in the following way.

THEOREM 2.2. Assume that
Q.11) 1<p,g<oo, 0<s<n, p' =t
and
(212) min,1/g—1/t) S a/ng=s/n+1/q—1/p =1/t = s/n.
Assume further that W = |V |7 satisfies condition Ao,. Then
213)  |[Vutllg £ CMegr 1 (VIO = A ul],

where the constant does not depend on u,V or \, but depends on the constant
in (2.10).

3. Properties of the norms. In this section we discuss some of the properties
of the norms M, , s(V).

Lemma 3.1, If o,820, r,t,\, p,0,72 1, and

Vu=1/r+1/X, 1/r=1/t+1]o, ofr+B/X=5s/n
then

G 1M sV S 1M (VD1 || M ()12 |-

Proof. We have

1/
(p” / |V<y)u<y>|“)
[y—x|<p
1/r /X
< | px 1% )"d) ( )*d) )
(p /|yx(<pl o)l dy I /[HKPIM(YI y

This implies (3.1).

LeMMA 3.2. There is a constant C depending only on n such that
B2 Wllreks = CE"[V]lr 6

holds for all positive integers.
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Proof. The ball |x| < k can be covered by N(k) balls of radius one and
centers z{"), ..., z{) . Then the ball [x| < k§ can be covered by N(k) balls of

radius & with centers of 6z{"), ..., 6z{f);,. Thus for v(x) Z 0
1/r N(k) 1/r
( / v(x)’dx) <> / v(x) dx
[x—y|<ks =1 |x—y~§zj‘.")|<6

N (k)

1/r
= v(x) dx .
Z (/|;-y—52;‘)!<5 )

J=1

Hence
B3)  |vllreks E NIVl

Now we note that there is a constant C depending only on » such that N (k) =
Ck".

Lemma 3.3. If1<0 =7= 00 and
34 1fo=a/n+l/r
then
(3.5)  |IMagv|lres = C5a+(n/r_n/6)”v”5’,75.
The constant C does not depend on é or v.

Proof. First assume that 7# 0o. Let Bs(y) be the ball of radius é and center
y. Let xy denote the characteristic function of the set N. Then for v(x) 2 0,

(/B:(y) (Ma’l‘))rdx) } = (/ (M. (XBz(y)V)]de) }
=C (/Bz(y)V(x)adx> l/a.

If we replace v(x) by u(éx), this becomes

1/7 1/o
( (Ma,su)de) < cgerfr=n/o ( f u(x)”dx)
Bs(y) Bas(y)

where the constant is independent of §. Taking the L' norm of both sides, we
obtain (3.5) with § replaced by 20 on the right hand side. We restore the § by
making use of Lemma 3.2. If 7 = oo we note that

1/o
Mg sv(x) = sup p"_("/ o) ( / v(z)"dz)
lz—x|<p

psé

/o
< gofo) (/ v(z)"dz)
|z—x|<8
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since n = ao. We proceed as before.

LeMMma 34. If 1S r<o=t=o00and
(36) ljo=a/nr+1/t
then
BD Mas (VIO = 8TV 06

where the constant C does not depend on 'V or 4.

Proof. First we note that
38) il = CE Ve

where the constant does not depend on v or §. Thus the left hand side of (3.7)
equals

CEM | Mas(VOf gy S Clalnlrle=n iV s
— Cl(sot/rén/a“‘/“‘m"S
by Lemma 3.3 since r < ¢.
LemMma 3.5. [f inequality (3.6) is strict, we may take o =r in (3.7).

Proof. We merely note that we may take o0 = 1 in (3.5) if inequality (3.4) is
strict.

LemMA 3.6. If t = r and 0 < o = n, then

69 ||[Mas (V)]

< CEINV |0
t

where the constant C is independent of V and 6.

Before proving Lemma 3.6 we introduce another set of norms. Let {Q 5} be
an enumeration of all cubes in R” having volumes 6" and vertices at points with
coordinates which are integral multiples of 4. If x = (x},...,x,) is a point in
Q 5i, then each x; satisfies an inequality of the form jé = x; < (j+1)é for some
integer j depending on k. We define

t/r 1/t
(3.10) )|V||L,,,,,s:(z (/va(x)rdx) ) L 1< 00

i

I/r
= sup (/ |V(x){’dx> , =00
i Qsi

=V, &=o0.
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For r = oo we replace

l/r
(/ IV(x)Irdx>
Qsi

sup [V (x)|

Qs

by

in these definitions. We shall use

LemMma 3.7. The norms ||V ||, s and 5”/’”{/

L8 are equivalent.

Proof. Assume first that r, ¢, § are not co. We may take V (x) = 0. Then

1/t
= (5 )
i Osi

t)r 1t
= Vy)d dx .
(ZLB: (\/5:5(11‘) ) y> )

For k£ > 0 and Q a cube, let kQ denote the cube having the same center as Q
and edge length multiplied by . If x is in Q s;, then Bs(x) is contained in 3Q ;.
If r < ¢, then

t/r r/t tr
G.11) / (/ V(y)’dy) dxé(/ (/ V(y)’dx) dy)
5i Bs(x) 3Qsi Qs
t/r
< g ( / V(y)'dy) .
305

If ¢t < r, the left hand side of (3.11) is bounded by

t)r 1—(t/r) t/r
([ o) (] ) "z (], ore)”
Qs JBs(x) Os 30

Thus

t/r 1/t
(3.12) IIM,,,5<V')‘/'||,§6"/’(Z( / V(y)'dy) ) .

I i

The cube 3Q ; is contained in the 3" cubes Qg;, adjacent to Q 5;. Thus

l/r 3n l/r
(3.13) (/ V(y)’dy) < Z (/ V(y)’dy) )
30si k=1 Qs
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Hence
(3.14)  |[My (VY| £ 3% ||V | s
Conversely, let k be any number 2 4/n. Then any ball of radius ké and center

in Qg contains Q5. Let y be a point in O 5; such that

8" (MupsV )" S | Mygs(VY".
Qsi

Such a point exists since the integrand cannot always be greater than the average
value of the integral. Thus

tfr
(/ V(x)rdx) S5 | Mus(VHT
Osi Qi

Summing over i and taking the #-th root, we obtain

B15) ([Vlpes £ 5V || ihs-

‘We now make use of Lemma 3.2 to reach the desired conclusion. When t = 0o
we have

1/r 1/r
|Mp 5V || oo = sup (/ V(y)’dy) < sup (j V(y)’dy)
X Bjs(x) i 30 s

since Bs(x) C 3Q s if x € Q ;. If we use (3.13) we obtain the desired estimate.
The converse is obvious. The case r = oo is also simple and is omitted.

Now we give the

Proof of Lemma 3.6. Assume that r, ¢, § are not oo and that V (x) 2 0. Note

that

(3.16) Ma,5V(X)§/ ly = x|*"v(y)ldy.
ly—x|<6

Hence

1/t
”Ma,b(vr)l/r”t = (Z/ Ma’g (X3Qﬁivr)t/r dx)
i YQsi

t/r 1-(t/r) 1/t

(B wtwre)” (L))
Osi Qsi
t/r l/t
< 5n/t7n/r (/ / |y _xla—nv(y)rdydx)
(Z Qs /305
t/r 1/t
< Can/t«f(a—n)/r (/ ViyYd )
(Z L, O

IIA

i

< Cl‘sn/t+(a—n)/r”V

‘Lr,r,é
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Now we apply Lemma 3.7.

CoRroLLARY 3.8. If
(317) 1/r <afnr+1/t

then the norms Mo, 5(V) and §"I"||V ||, .5 are equivalent.

Proof. When a > 0 and ¢ = r, inequality (3.9) holds by Lemma 3.6. On the
other hand, we always have

B18)  ||Vrns = IMus(VHT||, £ || Mg sV,

If « =0 and ¢ = r, the two norms are equal by definition. When a > 0 and
r < t, inequality (3.9) follows from Lemma 3.5. The case = 0 and r = ¢ is
excluded by (3.17).

CoROLLARY 3.9 Ifr = p and T = t, then

(319 |[Vllrys = C«S"/’*”/"”/T‘”/”IIVHpma-

Proof. The inequality
(320)  ||V||pras < 8PV || e

is a simple consequence of the definition. We apply Lemma 3.7.
For s >0, A 2 0 we let G, \(x) be the Bessel potential of order s. It satisfies

—s5/2

(B21) (N =A) T f=G*f

(3.22) Gsp * Gy = Gy
(323) Gy~ X ™Ax| =1, 0<s<n
~ [ Ax|STmD2 AR k] > 1.

(For properties of Bessel potentials, cf. e.g., [2]). It follows from (3.23) that
(324) M4f = CsGy,1 /5 * Ifl, 0<s<n.

The following was proved in [20] employing a method of Muckenhoupt-
Wheeden [13].

Lemma 3.10. If 1 £t < 00 and 0 < s < n, then there is a constant C
independent of v and )\ such that

(325) “Gs,,\ * v||, = C“MLI/)\VH,.
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We also have

Lemma 3.11. If

(3.26) 1/r=1/r0+1/r1, 1/[=1/l‘0+1/[1
then

(3.27) ||Vu||,’,,5 s ”V“r0,t075||u“rhth5'

Proof. By (3.26)

1/r
(/ |V(Y)u()’)|rd)’>
Bs(x)
1/ro 1/n
([ wors) ([ wore) .
Bs(x) Bs(x)

If we take the L’ norm of both sides, we obtain (3.27).

Lemma 3.12. Suppose
(328) 1/1=1/p=1/o+s/n.
where o # 00 if n = sp. Then
(329 |[ullozi/n S CAWP=omID=S | (A2 — Ay /2y]|,

where the constant C does not depend on n or \.

Proof. By the local Sobolev imbedding theorem there is a constant C inde-
pendent of y such that

1/o
(3.30) </ |v(x)|”dx)
[x—y|<1

1/p
<c (/ (1 — A)S/%(x)lpdx) .
[x—y|<2

Since p = 7, we have

T/p U
3.31) wmﬁ§c(/(/ Iu—AW%uww) @)
lx—y|<2
p/r p
<c (/ (/ (1 — A)s/zv(x)]Tdy) dx)
ly—x]<2

1/p
<c (/1(1 — A)f/zv(x)v’dx) .
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This proves (3.29) for A = 1. For the general case, substitute v(x) = u(x/}) in
(3.32). The left hand side becomes

(/ (A—ykx Iu(x/)\)lgdx)f/ody) 1r
= (/ ( /Alx'~y/|<1 |u(x')| /\”dx’)T/a /\ndy/)

— )\n/o+n/7-”u”0;r’1//\

1/r

where we made the substitutions x = Ax’,y = Ay’. The right hand side becomes

1/p
c </|(1 — A)s/zu(x/)\)l”dx)

/p
= ( / [¢ ~/\_2A)‘/2u(x')|”/\"dx')
= CNPIO2 — Ay ul),.

This gives (3.29).

4. The proofs. In this section we give the proof of Theorem 2.1. We begin
by considering the case 0 = o < n. Take

p=1, 7=p, X=r, B=(@r—oy/r
in Lemma 3.1. Then we have
@D MoVl < MgV IO (| IMa5(ul ™1 .
where
42 1/p=1/t+1/o.
Let
@3) K =|Mes(VIDI.
Since ' < ¢’ = o and
1/q < B/nr' +1/0
we see by Lemma 3.4 that

@4 (M5l N |+ 0 £ Cllully
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Let § = 1/A. In view of Lemma 3.10, inequalities (4.1) and (4.4) imply
@5) |Gy *x (V) = CK|lully-

By duality we have

4.6)  ||VGs x V||, = CK|v|lp-

If we take v = (A2 — A )*/2u, we obtain (2.9).
Next we note that Lemma 3.11 implies

@7 (Vullg = 5NV || sllllo,z-
provided
48) l/g=1/r+1/o=1/t+1/T.

On the other hand Lemma 3.12 tells us that (3.29) holds if (3.28) holds and
o # 0o. Inequalities (3.28) and (4.8) are equivalent to

49 1/r+1fp—s/n=1/g=1/t+1/p

which is implied by (2.8). Moreover, in our case o # 0o since g # r. Hence
(2.8) implies

@.10)  |Vully = CA V|1 61N = A)2u],

where the constant does not depend on u, V or A. Here we took § = 1/ A in
(4.7) and noted that

n(l/q+1/p—1jc—1/1—5s/n) = (n—a)/r.

In view of (2.4)—(2.6), inequality (4.10) implies (2.9) for the cases a < 0 and
a = r. The remaining cases follow from (4.6).

Proof of Theorem 2.2. Let W satisfy (2.10) for 0 > 1. Let r = oq. Then
(2.7) and (2.8) are satisfied with o replaced by § = oa. Thus by Theorem 2.1

@10 [|Vully £ CMg, 1 n(VIOE = A ul,.
It is easily checked that in general

(4.12)  Moaoq0,6(V) S CMag s(V)
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when W = |V|7 satisfies (2.10), the constant in (4.12) depending only on the
constant in (2.10). In fact we have

U 1/r 1/oq
Moas (IV]") =SUP(/J""‘" / W") = SUPP“/"(/J"' f W”)
B, B,

1/q y
éCSUPp"/"(p*”f W) = CMqs (V1) 7.

8,

Inequality (4.12) certainly holds if o > n or if & < 0. If we now combine (4.11)
and (4.12) we obtain (2.13).

5. Relationship to other norms. The norms (3.10) give rise to mixed L”
spaces known as “amalgams” (cf. [9] for references to the literature). Lemma
3.7 and Corollary 3.8 give conditions under which they are equivalent to the
Mg, 1,5(V) norms.

Another set of related norms are given by the Lorentz spaces L, (for defini-
tions and discussions we refer to [S]). We note the following

THEOREM 5.1. If
(5.1) 1=5r<o<tso0 and 0<a/nr=1jo—1/t<1
then

(52) Mo(,r,t(v) § C”V”Lml'

Proof. First we note that by Sobolev’s inequality
5.3 NGs*flly = Cill flloy i =1,2,G, = Gy,
provide o; # 1, t; # oo and
0<s/n=1/o;—1/t; <1.
Let © satisfy 0 < ® < 1, and set
1/o=(1—-0)/o,+0]/oy, 1/t=(—0O);+6n.
If we apply the real method of interpolation to (5.3), we obtain
G4 NG+ Sl = Cll I,
provided o # 1, t # oo and

(5.5 O0<s/n=1/o—1/t<1.
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Inequality (5.4) implies by (3.24)
6.6 Mol = 1f ).

provided (5.5) holds. Moreover (5.6) holds even when ¢ = 00. To see this note

that
J

It is easily checked that

( )!f(y)ldy = £ leocollxB,c0lley, -

s cole,, = Co'.
Consequently,
5T Mo rf () = ClIfllL,o

showing that (5.6) holds when ¢ = oo. Now let a,r, o, ¢ satisfy (5.1). Then by
(5.6)

Max VOloyr = CIV o = ClIV L, -
The last equality is a simple consequence of the definition of the space L,,.

6. A simple proof of the Fefferman-Phong estimate. We give a proof of
(1.10) using only an elementary argument. By Holder’s inequality

1 !
My (VV2u) < M, (Vi) m (|u|‘f) o

holds for any ¢ 2 1. Let p > 1 be given and take ¢ = 2p > 2. If
Ky = Moy (VPSP
then

MV Pyl < KM ule)
= K\ M (ul)13% < CKY2|[|ul 134
= CK}?||ul)»

since ¢’ < 2. By a theorem of Muckenhoupt and Wheeden [13], this implies

11V 2wz < 'K ulla.
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This in turn is equivalent to

V212 < K]
If u=1Iv, then ||v|| = ||Vu]||. Thus

Wi,y = |V P10 S €K, vl = €K ||Vl
This shows that (1.10) holds.
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