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Rotnitzky et al. [6] write in the first paragraph of their introduction that ‘The
asymptotic distributions of the maximum likelihood estimator (MLE) and of the
likelihood ratio test statistic of a simple null hypothesis in parametric models have
been extensively studied when the information matrix is non-singular. In contrast,
the asymptotic properties of these statistics when the information matrix is singular
have been studied only in certain specific problems, but no general theory has yet
been developed.’ As a particular example we consider a d-dimensional von Mises
Fisher distribution on the sphere. The expected second derivative of the log likelihood
function of this distribution is singular at the true parameter point and the expectation
of the score function vector of this distribution is not zero. Hence the variance matrix
of the first derivative of the log likelihood function is not equal to the expectation of
the square of the score function vector.

Silvapulle and Sen [8] provide a full description of hypothesis testing in different
situations where the null and alternative hypotheses might be a linear space, a closed
convex cone, or a region defined by a continuously differentiable function. They detail
situations where some constraints are imposed either on the parameter space or on the
underlying distribution where the information matrix is positive definite, that are not
applicable for the von Mises Fisher distribution.

A suggestion for applying inferential statistics for data on the sphere is to substitute
one parameter by writing it as a function of the other parameters. For example, we may

eliminate µd using the relation µd =

√
1 − µ2

1 − . . . − µ
2
d−1 in the density function of the

spherical distribution. But this leads to unintuitive expressions and it is preferable to
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develop directly a methodology which can be applied to distributions with a singular
expected second derivative matrix.

Silvey [9] considers some types of hypothesis test using distributions with const-
raints on the parameter space (such as the multinomial distribution) and introduces a
new method of hypothesis testing. We explain how Neuenschwander and Flury [5]
classify different types of constraints and use Silvey’s methodology in their examples.

Chernoff [2] considers the density of a multivariate normal distribution and shows
that the supremum of this density (for its mean lying in an arbitrary set φ), when the
covariance matrix is assumed to be an identity matrix, is equivalent to the (minimum)
distance of a normal random variable from a cone approximating the set φ. Then
he applies his arguments in three different examples covering the case when the
covariance matrix is not an identity matrix. Chernoff [2, page 577], after defining the
cone (Chernoff uses the word ‘positively homogeneous set’ instead of ‘cone’), states
(while he considers the origin the true value of the parameter): ‘We may remark that
a set bounded by a smooth surface through the origin is approximated by the union
of an open half-space with an optional positively homogeneous subset of the tangent
hyperplane. It is also easy to see that if φ is approximated by a nonnull positively
homogeneous set other than the whole space, then the origin is a boundary point of
φ.’ Some other researchers including Feder [3], Moran [4], Chant [1] and Self and
Liang [7] reconsider Chernoff’s methodology and take into account the case when the
true parameter may be on the boundary of the parameter space. Silvapulle and Sen [8]
develop the method of finding an approximating cone even when the parameter space
is defined by a set of nonlinear equality and inequality constraints. They approximate
a set by a cone at the true value of the parameter.

Vu and Zhou in 1997 [10] discovered more aspects of Chernoff’s theorem and
method. They considered a general estimating function with neat and easy-to-handle
notation where having an independent and identically distributed sample is no longer
crucial. We apply their notation throughout our investigations.

As an application, we analyse financial portfolios consisting of asset allocations
from financial data. A combination of von Mises Fisher distributions from different
dimensions is assumed to fit the data which we call the spherical subcomponent
model. Therefore, we need to apply a new methodology which is applicable to the
von Mises Fisher distribution and can then be extended to the spherical subcomponent
model. Our analysis of the properties of the corresponding hypothesis test statistics
under this model combines Silvey’s approach towards constraints on the parameter
space with Chernoff’s innovations to find the asymptotic distributions of the likelihood
ratio (deviance) statistics. We apply the new methodology to hypothesis tests for the
equality of concentration parameters in the spherical subcomponent model. Properties
of the tests are examined by simulations and a real data application is given.

To study the von Mises Fisher distribution for data on a d-dimensional sphere
we treat the investigation, with our particular application in mind, working with the
density function and developing formulae based on its properties and presenting some
new proofs of the theorems which can be observed in Watson [11]. For illustration we
also graph contour plots of the distribution in three dimensions on a sphere.
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