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APPROXIMATION OF A FUNCTION AND ITS DERIVATIVES BY 
ENTIRE FUNCTIONS OF SEVERAL VARIABLES 

BY 

EL MOSTAPHA FRIH AND PAUL M. GAUTHIER 

ABSTRACT. The paper gives a good approximation of a C func
tion on R" and its derivatives by the restriction of an entire function 
on C and its derivatives respectively. 

In this paper we deal with approximation of a Ck function on R" and its 
derivatives by the restriction of an entire function and its derivatives 
respectively in a way which is better than uniform approximation. As a 
particular case we obtain, for k = 0, Carleman's theorem [3]. Similar results 
were given in the case n = 1 by Hoischen [1]. 

This work was inspired by the proof of Whitney's theorem by Narasimhan, 
(see [2] ). 

We shall use the following notations. H(Cn) will denote the space of entire 
functions. If 

n ç\(xx + . . . + «„ 

a = («J, . . . , « „ ) e N", \a\ denotes 2 «,- and Da = — — . 

For S c R", k a non negative integer and / e Ck(Rn), we set 

ll/lfc = 2 -^ sup \Daf(x) |. 

Note that if / , g <= Ck(Rn) we have 

||/g|li ^ H/llillglli-

THEOREM. For some 0 ^ k ^ oo, let / and e be such that, / e Ck(Rn), 
e G C(R") and € is positive. Let (K ) be a sequence of compact sets in R" with 
K0 = <f>, K a Kp+X and UKp = Rn. Let (np) be a sequence of non negative 
integers and set k = min(/:, np). Then, there exists g e H(Cn) such that 

|Z)a/(x) - Z)ag(x) | < €(*), for x e R^XAj and |<x| ^ kp9 
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for every p ^ 0. 
For the proof we shall use the following lemma which can be found in ( [2], 

P- 31). 

LEMMA. Letf e CQ(R")9 0 â k < oo. For z = (z b . . . , zn) e Cn and X > 0 
se/, 

Gx(/)(z) = W-<"/2Vn/2)t(„/(Oexp! -x 2 (z, 
1 = 1 

',•)' rf/. 

77ie« we Aave 

(a) 

(b) 

Gx(/) G tf(C) 

HGX(/) - / | | f -> 0, as A -> oo. 

PROOF OF THE THEOREM. Set Ap = K +x\Kp, for /> â 0. There exists a 
sequence of positive real numbers (e ) such that e < e(x) for x e 4̂ and 
ip+x 5i e /2 for every p iï 0. It suffices then to prove that there exists 
g G H(C) so that: 

11/ ||^" < Sp, for every /> ^ 0, where 8p = -^-. 

We may suppose & + 1 ê k. Then we have 

(1) Up+\ < -Sn 

Let «^ G C^°(RW), «^ = 0 in a neighborhood of Kp_ j and <p == 1 in a neighbor
hood of 4̂ Set 

Cp = 1 + | |V/? | |«\ 

By the lemma, there exists X0 > 0 such that if g0 = Gx (<p0/)
 w e n a v e 

n«o - w n g < ̂ -
By induction, we define numbers Xz and functions gt in the following way. 
Suppose we have defined Xt and gt for / ^ /? — 1; then using the lemma, 
there is a function lp(\i9 gt)i ^ p — 1 such that if X̂  > / (Xz-, g,) and if we set 

8P = G\Wp(f ~ go 

(2) 

. - gp-x)l then 

4'-%*) 
K

P+\ 

< 
5C P + \ 

The function gp depends on Xp and gi9 i tk p — \\ this implies that the 
function lp depends only on X,, / ^ /? — 1. Since <pp = 0 (respectively <p = 1) 
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in a neighborhood of Kp_x (respectively in a neighborhood of Ap) we get 
from (2): 

(3) 

(4) 

II&H&- < 7 ^ - . 

/ - 2 f t 
i = 0 

5C, P+\ 

< 
5Cn 

Replacing p by p + 1 in (2) and, using (1), (4) and the fact that Cp ^ 1, we 
have 

lls„+ill# ^ * , + , ( / - 2 ft) k + l | ^ + i 

^ Il | |R" S P M ÔP + * 
< 11^+111^77— s r — 

^ 5 ^ + , 5 C , + 2 10 

With (3), this gives 

(5) ll^+ill Kp !v 

^+1 - Vp+i[ / - 2 gij 

We show now that the À can be chosen so that the series 2/^o £/(z) defines 
an entire function. Since UK = Rn, there is a /?0 such that 0 e A . Let (Br) 
be a sequence of balls with radius r centred at the origin such that Br c K for 
p ^ p0 and r —> 00 as /? —> 00. Let z e C" and i? ^ \z\. Choose p ^ p0 such 
that 

R2 2R 1 
1 - - T - — > - . 

rP rP 

For 4 > p, supp ^ c Rn\Kp c R w \£ r / 

By definition 

«.W-. -^-JC^^/- I *).-*-"•* 
where 

1 = 1 
z = (z b . . . , z„), f = (*b . . . , * „ ) and (z - 0 2 = 2 (*,- - U)2. 

From the inequality 
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\e « K(z-t)1 
e-\(\t\

2-\z\2~2\Z\\t\) 

and since \t\ = r- > 0 for q > p we obtain 

-\qft\-(R
2/fi-(2R/rp))dL 

Thus for q > p we have 

n/l^n/l-Xir/l), 

\g(z) i ^ ^ - n ^ r v v x 
where 

M, - 1 P P ^ W / - 2 o &•) A. 

Since M depends only on A1? . . . , \q-\, we can choose inductively the Xq such 
that 

and this implies that 

SA; 

q 

n
q
ne XiaMq < oo for any a > 0. 

Thus the series 2 , a 0 Si(z) converges uniformly on compact sets of C". 
Let g(z) = 2,-ao £ ;(

z)- Then using (1), (4), (5) and C^ = 1, we have 

\\f- g\\i:^ / - 2 & L ' + Sllftl 
( = 0 />/> 

^ 5e + 2 -s, 
5 ,1^5 ' 

5 5 ' ,=o 2' 

COROLLARY. L ^ / G C^R") , 0 ^ Â: < oo, e G C(R") and e positive. Then 
there exists g e H(Cn) satisfying 

\Daf(x) - Dag(x) | < c(jc) /or all x e R" W | a | ^ fc. 

PROOF. Take n0 = k in the theorem. 

REMARKS. (1) The corollary would, of course, fail for k = +00. The 
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counterexample given by Hoischen [1] in one variable works also in several 
variables. Take x0 e Rn. There is a function/ G C°°(R") such that Daf(x0) = 
(a!)2 + 1. If there is g G H{Cn) satisfying \Daf(x) - Dag(x) | < 1 for all 
X E R " and all a, we get \Dag(x0) | > \Daf(x0) | - 1 = (a!)2 and then 

This implies that g cannot be representable as an absolutely convergent power 
series in a neighbourhood of JC0, and this is a contradiction. 

(2) If / is real valued, in the theorem and the corollary, g can be chosen to 
take real values on R". 
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