
A P A P P U S T Y P E THEOREM IN THE A F F IN E GROUP 

R. P a r é 

( rece ived F e b r u a r y 12, 1968) 

In t roduc t ion . In [3] H. Schwerdt feger embedded the o n e - d i m e n s i o n a l 
affine group over the r e a l n u m b e r s in the p ro jec t ive p l an e . The r e l a t i onsh ip 
be tween g r o u p - t h e o r e t i c a l p r o p e r t i e s and g e o m e t r i c a l concepts was s tud ied . 

In this pape r the m e t h o d s of [3] a r e used to p rove P a p p u s ' t h e o r e m . 
In the f inal sec t ion we give a s i m i l a r t h e o r e m for (4n+2)-gons . 

This p a p e r i s a g e n e r a l i z a t i o n of p a r t of m y m a s t e r ' s t h e s i s , w r i t t e n 
under the d i r e c t i o n of P r o f e s s o r H. Schwerd t feger . 

1. P r e l i m i n a r i e s . Let Q be the affine group over the r e a l n u m b e r s , 
i . e . 

{ (a, b) | a, b e R , a + 0 } 

with the ope ra t i on 

(a, b) (a», b1) = (aa ' , ab ! + b ) . 

Embed Q in the c a r t e s i a n m o d e l of the p ro j ec t ive p lane , TT , by 
a s soc i a t i ng with the e l e m e n t (a, b) e Q, the point with the c a r t e s i a n 
c o o r d i n a t e s (a, b ) . 

T h e r e a r e two "excep t iona l " l ines of TT whose points a r e not 
e l e m e n t s of Q, the y - a x i s and the line at infinity, which we sha l l ca l l 
<£ and <£ r e s p e c t i v e l y . Two l ines that i n t e r s e c t in a point of <£ a r e 

0 oo r ] 0 
said to be O-para l l e l and two l ines that i n t e r s e c t in a point of <£ a r e 

r ^ co 

said to be oo- p a r a l l e l . The point of i n t e r s e c t i o n of £_ and X wil l 

be cal led uL. 
Given a line in the p ro j ec t i ve p lane , we sha l l ca l l the se t of al l 

e l e m e n t s of Q which c o r r e s p o n d to points on this l ine, a Q-line. IE 
P and Q a r e two points of the p lane , we sha l l r e p r e s e n t the Q-l ine 
th rough P and Q by (P; Q). In what follows, we sha l l identify a 
Q-l ine with the line to which it c o r r e s p o n d s . 
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In [3] it is shown that a l l Q - l i n e s a r e the c o s e t s of n o r m a l i z e r s 

of s ingle e l e m e n t s . It is e a s i l y s een that if A, B e Q, then 

w h e r e by defini t ion 

(A; B) = n ( A B - 1 ) B = B l l ( B " 1 A ) 

h(C) = {X G Q | XC - CX}, 

Two oo-para l le l l ines a r e shown to be left c o s e t s of the s a m e 
n o r m a l i z e r w h e r e a s O-pa ra l l e l l ines a r e the r igh t c o s e t s . It is a l so 
shown that ÎJ = h ( ( l , 1)) is the c o m m u t a t o r subgroup of Q . It is 
eas i ly s een that & m u s t p a s s th rough \j^ . 

The conjugate c l a s s e s of Q a r e {I}, M \ { I } , and the p r o p e r 
c o s e t s of ft, w h e r e I is the unit e l e m e n t of Q. 

2 . In this s ec t ion we p r o v e a p r o p o s i t i o n needed for our proof 
of P a p p u s ' t h e o r e m . F i r s t we p r o v e the following s p e c i a l c a s e : 

P R O P O S I T I O N ! . Let G . Go e £ and G . G, G X with 
= 1 3 0 2 4 oo 

G. + JX, i = 1, 2, 3, 4 . Let A. e (G. ; G. , J , 
l _ . i l l + l 

A1A2 A 3 ^ G 4 ' V -

1, 2, 3, then 

F i g u r e 1 

Proof . Le t the l ine ( G ; 6 ) = A ft(B) for s o m e B e Q . A MB) 

is oo-para l le l to A n(B) and A e A h(B) , thus A h (B) = ( G ; G ). 
J- C* ùà Ce cL -D 

(See F i g u r e 1.) It is ea s i ly shown that 
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A2h(B) = n ( A 2 B A 2 " V 2 . 

Now ft (A BA " ) A is O-para l l e l to tl(A BA " )A and 

A 3 6 h ( A 2 B A 2 " 1 ) A 3 > thus 

n ( A 2 B A 2 - 1 ) A 3 = (G 3 ; G 4 ) . 

- 1 - 1 
Cons ide r the line U(A,BA, ) A A ^ A^. This line is O-para l l e l to 

1 1 1 2 3 ^ 

M A 1 B A 1 " 1 ) A 1 = Adn(B) = (a l 5G2). 

Also 

1 1 ( A . B A . " 1 ) A . A _ ' 1 A - = A A 0
_ 1 A Q h (A " ̂ B A " * A) 

1 1 1 2 3 1 2 3 3 2 2 3 

is oo-para l le l to 

A 3 n ( A
3 " l A

2
B V l A 3 ) = h ( A 2 B V 1 ) A 3 = (G3 : V 

T h e r e f o r e 

n ( A 1 B A 1 " 1 ) A 1 A 2 " 1 A 3 = (G4;Gi) 

-1 
and consequent ly A A A e (Q ; G ). 

The following p ropos i t i on is ea s i ly proved by induction us ing 
P r o p o s i t i o n 1. 

PROPOSITION 2. Let G. € £A and G. , . e £ for i = 1, 3, 5, . . . , 
l 0 l + l oo 

2n - 1 , and suppose G. / XL fQr i = 1» 2, . . . , 2n. If A. e (G. ; G . . ) 

- 1 -1 
for i = 1, 2, . . . , 2 n - l , then the p roduc t A A„ A„ . . . A 0 A 0 P ((? ; G J . 

' 1 2 3 2n-2 2 n - l ^ n 1 

^ • P a p p u s 1 t h e o r e m . 

THEOREM. If the v e r t i c e s of a s imple hexagon lie a l t e r n a t e l y on 
two s t r a igh t l ines , then the t h r e e p a i r s of opposi te s ides i n t e r s e c t in 
co l l inea r p o i n t s . 
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F i g u r e 2 

Proof . Since t h e r e ex i s t co l l inea t ions t r a n s f o r m i n g any two 
d i s t i nc t l ines into any o ther two d i s t i nc t l i n e s , t h e r e wil l be no loss in 
g e n e r a l i t y if we suppose that the v e r t i c e s of the hexagon lie on <£ and ZQ 

Let G 
1 

Go J G_ e <£L and G . G. , G. e £ be the v e r t i c e s of 
3 5 0 2 4 6 oo 

the hexagon. We m a y a s s u m e that Q , G , G , G , G , G, ,'\X a r e a i l 
1 2 3 4 5 6 

dif ferent , for o t h e r w i s e the hexagon has coinciding s ides and the t h e o r e 
then is t r i v i a l . 

Let 

( see F i g u r e 2). 

{A} = (G d ; G 2 ) f \ (G 4 ; G5) 

{B} = (G 2 ; G 3 ) 0 ( G 5 ; G6) 

{C}= (G 3 ; G 4 ) 0 ( G 6 ; Gd) 

By P r o p o s i t i o n 2, AB~ CA~ B e (G ; G A Also AB~ CA" Bft=Ctf , 

- 1 - 1 
s ince Q A. i s abe l ian , thus AB CA B e CU. But Cft p a s s e s th rough 

U, and (G ; G ) does not, t h e r e f o r e they cut in a poin t of Q. 
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•1 ^ -1 
Consequently {AB CA B} = CHn(G 5 G, ) but { C} = CUf\{G; G) 

-1 -1 
therefore C = AB CA B 

=» AB_1C = CB_1A 
-1 -1 -1 -1 

=» AB CB = CB AB 

=> CB"1
 € MAB"1) » C e h ( A B _ 1 ) B ; 

therefore A, B, C are collinear. 

4. Generalization. 

Definition. In what follows a non-degenerate simple m-gon will 
mean a polygon consisting of m distinct points and m distinct lines 
joining these points in their given order. 

THEOREM. Given two lines £ and «£ and 2n points A. 
1 2 ^ l 

not on Z, or «£ , then there exists a line £ such that if a non-degenerate 
^ — 2 = 

simple (4n+2) - gon with vertices, G. , lying alternately on Z and £ , 

is such that 

{A.} = ( G i ; C . + 1 ) n ( G 2 n + 1 + , G 2 n + 2 + . ) 

for i,£ 2n, then (G ; G ) and (G ; G ) cut on «£ . 
2n + 1 2n + 2 4n + 2 1 

(Figure 3 illustrates the case where n = 2.) 

Figure 3 

5 5 1 
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Proof . As in § 3 , we sha l l a s s u m e that £ .= £_ and «£ = £ 

Let 

and 

-1 - 1 
A„ A„ A . . .A A = C 

2n 2 n - l 2 1 

A / 1 A - > • • • A O "î A9 = D 
1 2 2 n - l 2n 

Since Q/M is c o m m u t a t i v e <C& = DM and thus C is a conjugate of D, 
- 1 

i . e . t h e r e ex i s t s E e Q such that C = EDE 

Let £ = Eh(D) and 

^Zn + l ^ Z n + z W ' W Gl » = { B > " 

We sha l l show that B € E h ( D ) . 

Note that G £ XX. for o t h e r w i s e G. =1-1 for a l l j , and our polygon 
i J 

would be d e g e n e r a t e . By P r o p o s i t i o n 2, the p roduc t 

A A - 1 A . . . A , _ 1 B A 4
_ 1 A 0 A ~ \ . . A_ ^ C ^ B D e f G x o ; G J . 

1 2 3 2n 1 2 3 2n 4n+2 1 

- 1 
But C B D e B K and BUf)(G4 ? i G ) = { B } thus 

C _ 1 B D = B 

==> B D B " = c = E D E " 1 

- 1 - 1 -1 
(E B)D(E B) = D 

^> E " d B e n ( D ) 

B G E h(D) 

It would b e i n t e r e s t i n g to find a g e o m e t r i c a l d e s c r i p t i o n of the l ine 
<£ defined above . The following p a r t i a l r e s u l t s a r e no t ewor thy . 
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(1) If A , A , A , . . . , A a r e co l l inea r , then £ p a s s e s 

th rough A^ . 5 2n 

A s s u m e that A . A . A , . . . , A,, M e Lh(K) , then A. = LK. 
1 2 3 2 n - l i l 

w h e r e K. e h ( K ) . We see that 

- 1 - 1 - 1 -1 
C = A„ K K K „ . . . K K L 

2n 2 n - l 2n-2 2n-3 2 1 

and 

- 1 -1 - 1 - 1 -1 
D = K K K . . . K Q K K L A 0 . 

1 2 3 2n-3 2n-2 2 n - l 2n 

Now U(K.) is the line pas s ing through K and I , and so is U(K), 
i ' i 

thus U(K ) = n(K) = h (K. ) , t h e r e f o r e K. c o m m u t e s with K. and 
i J i J 

- 1 
K. . We conclude that 

J 

C = A o DA9 " d 

2n 2n 

and thus £ = A^ U(D). T h e r e f o r e A o e £ . 
2n 2n 

(2) By r e l abe l i ng the A. , we show that if A , A , . . . , A 

a r e co l l i nea r , then «£ p a s s e s th rough A . 

(3) Jf a l l the A. a r e co l l inea r , then by combining (1) and (2) 

we see that £ m u s t p a s s through A1 and A^ . If A, / A^ then 
1 2n 1 2n 

X m u s t p a s s th rough al l the A. . 

P a p p u s 1 t h e o r e m is a spec i a l c a s e of this l a s t r e s u l t . 
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